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Introduction and Mashke’s theorem

All vector spaces, V', have field of scalars C and are finite dimensional and GL(V') denotes invertible C-linear
maps from V to V.

A representation of G of degree (or dimension) n is a homomorphism p : G — GL(V), where V is an
n-dimensional C-space. That is

e p(e) =idy, identity maps to identity
e p(gh) = p(g)p(h), group multiplication turns into matrix multuplication

We can think of p as describing a particular way in which G acts on V by linear transformations. For this
reason, we sometimes write G ~ V in place of p : G — GL(V') and just say ¢ - v in place of p(g)v.

A G-invariant subspace W C V|, is a vector subspace such that p(g)w € W for all g € G and w € W. The
subrepresentation of p : G — GL(V) restricted to G-invariant W is the representation p|ly : G — GL(W)
obtained by restricting p(g) € GL(V) to only act on W. An irreducible representations (also called
irrep) is a representation, p : G — GL(V'), whose only G-invariant subspaces are 0 and V.

A direct sum of two representations o : G — GL(W) and 7 : G — GL(U) is defined as 0 & 7 : G —
GL(W @ U) obtained in the natural way by taking the direct sum of matrices:

wanw=|"" ]

Two representations o : G — GL(V), p : G — GL(W) are isomorphic (dentoed p = o) if there is a bijective
linear map A : V — W, such that Ao (g) A~! = p(g) for all g € G. In other words the representations are
the same upon a change of basis.

Proposition 1 (Mashke’s theorem). Take any finite group G and finite dimensional V, and any represen-
tation p : G — GL(V). Then there are pairwise non-isomorphic irreducible representations, o1, - ,0r and
c1, -+, ¢, € Ny such that

pE o @ode EB-uEBU,?C’“.

Furthermore, this decomposition into irreps, is unique up to isomorphism and reordering of the o;.
First, we need the following lemma

Lemma 1. If W is a G-invariant p : G — GL(V), then there exists a “G-compliment”, a G-invariant
UCYV, such that V=W @ U. In this case p = plw ® plu-



Proof. Take some inner product on V, {-,-)’ and replace it with a new one by defining

<U7w> = Z<g U, 9 'w>/
geG
so that
<g~’u,g U)> = <v,w>,
in other words the inner product is G-invariant. Given G-invariant subspace W C V, one can take its

orthogonal complement
U=Wt={veV: (v,w) =0, Ywc W},

with respect to (,), so that V =W @ U. We claim that U is also G-invariant and this holds since if u € U,
then ¢ - u is orthogonal to all w € W since

(g-u,w) = (g-u,g(g”"w)) = (u,g~'w) =0,

since g~'w € W by G-invariance of W. The isomorphism p = p|y @ p|y just comes from the (internal)

isormorphism of vector spaces V=W & U. O

Here are two ways Lemma 1 can fail when G is not finite, or we are not working over C. Let G = (R, +),
an infinite group, and consider
1 a
pla)=1{, 1)

which is a representation since you can check that p(a 4+ b) = p(a)p(b) and maps the additive identity to the

identity matrix. Now
1
W =S
pen (0)

is a G-invariant subspace since p(a) ((1)) = ((1)) € W but has no G-compliment. Similarly, if we are working

over a finite field Fp, then G = (Fp,, +) has similar representation

pla) = ((1) Cf) ;

which exploits the necessary fact that p(p-1) = p(1+---+ 1) = p(1)? = ids. Again the span of ((1)) has no
G-compliment.

(Proof of Mashke’s theorem). The idea is that if p : G — GL(V) is irreducible than we are done. Otherwise,
it has some G-invariant subspace W # 0,V and by the lemma p = ¢ @ 7 for some subrepresentations o, ™
both of which have dimension less than dim(V). Then by applying the argument to o, 7 we keep going
until p 2 oy @ - - - ® 0y, where all o; are irreps (can’t be broken further as a direct sums since they have no
non-trivial subrepresentations). At this point once can group up the o; that are isomorphic. We will see the
uniqueness later by using character theory. O

Characters and class functions

We saw that all representations break down as a sum of irreducible ones and so it makes sense to understand
what the irreps are. They are the fundamental building blocks of representations.

A class function is a function « : G — C, such that agrees on conjugacy classes: a(g) = a(hgh™!) for
all g,h € G. The set of class functions forms a vector space, which we will call C(G). Let ¢ = dim(C(G))
and observe that c is the number of conjugacy classes of G.



An important family of class functions are characters. The character of representation p : G — GL(V)
is the class function obtained by taking trace x, : G = GL(V), x,(g) := tr(p(g)). Notice that if p = o & 7,
then x,(9) = Xo(9) + Xx(g). Soif p= 6P B 0oF? @ @0 is a decomposition into irreps, then

Xp:CIXU1+"'+CkXUk'

In other words, all characters are a sum of characters of irreps. Hence, to understand characters it suffices
to study characters of irreps. Also notice that isomorphic representations have the same character, since

tr(Ap(g) A1) = tr(p(g)).

The columns of the character table have dot product 0 and this follows from orthogonal rows implies

orthogonal columns.
The following is one of the many useful values related to a representation you can extract from looking

at the character.

Lemma 2 (Fixed point formula). Let p: G — GL(V') be a representation and let
Ve .={veV:p(gv=uvVg G},
the set of vectors fized by all elements of G. Then
. 1 1
dimg (V) = 1l Z Xo(9) = Gl Z tr(p(9))

geG geG

Proof. Definep:V -V, p= ‘—é,l deG p(g). Observe that for v € V¥, pv = v so it acts as the identity on

V&, Furthermore, for any v € V, pv € VY, since it is fixed by all g € G. Thus, p is a projection matrix onto
VY. From linear algebra we have that tr(p) = dim(im (p)) = dim(V'¥). O

Corollary 1 (Burnside’s lemma). Let G be a group acting on a set X. Then

Z number of pts fized by g
geG

number of orbits =

1
G

Proof. Consider the permutation representation and fix an element g € G. If G is a group acting on a set
X, then there is a homomorphism ¢ : G — Aut(X). If {e,} is basis for a vector space V, then G acts by
g.e; = €4, Hence the matrix M = p(g) has entries [M];; = 1 if g.z; = x;. In other words, the trace of
M ={z € X | gr = 2¥g € G} = the number of fixed points. On ther other hand, the number of orbits is
equal to the dimension of the fixed vectors. O

List of some important representation constructions and corresponding characters. Let p; : G — V;
02 : G = GL(V3) be two representations of G:

e Contragradient (dual): Recall from lin alg, that a vector space V has a dual V*, the set of linear
maps from ! : V' — C. If G acts on V via p, then this induces an action on V*, called p* : G — GL(V*):

(p*(9)D)(h) = U(g~'h)
and the associated character is
Xp=(9) = Xp(97")
e Direct sums: Xp1®p2 (9) = Xp1 (9) + Xp2 (g)

e (Internal) tensor product: Let p; ® p2 : G — GL(V; ® V3) be the representation defined as
p1(g) ® p2(g), where here ® is the Kronecker product of matrices. Then the trace of the this product

is tr(p1(9))tr(p2(9)) = Xp (9)Xp» (9)


https://en.wikipedia.org/wiki/Kronecker_product

e Hom: Consider Hom¢(V1, Va), the set of linear maps from Vi to Vo and make G act on it in the
following way for A: V3 — V5

g+ A= p2(9)Apr(g™).
From linear algebra, we know that Homc(V1, Va) = Vi* ® Va. It turns out that the above is also an
isomorphism of G representations based on how we defined representations ®, * and Hom. Thus,

Xtome(Vi,v2) (9) = Xo1 (97 )Xps (9)

The vector space C(G) admits an inner product known as the scalar product, defined as
<O[7 G =
|G| D alg

Notice (a, 8)a = (8, a)¢ It has the following interpretation. For characters of representations, we sometimes
abbreviate

<Xp1 ) Xp2>G = [,017 pQ]

Lemma 3. Let
Homg(V1,V2) ={A € Homc(V1,Va) : A(g-v) =g - (Av)},

called the intertwiners of representations Vi, Va. Then

dim(Homg(Vi,Va)) = (Xp1» Xpa) G

Proof. The important realization is that Homeg(V1, Vo) =
text Home (V7 Vg)G7 the set of linear maps from V; to V5 that are fixed under the GG action as defined in the
above list, since

A= pa(g)Api(9™)
implies that Ap;1(g) = p2(g9)A and so A(p1(g)v) = (p2(g)A)v. Hence by the fixed point formula

dim(HomG(Vlv VZ) |G‘ ZXHomL V17V2) |G| me XP2 g) = <XPI’XPZ>

O

Remark 1. Every element of a finite group has finite order, i.e. for all g € G, there is a k > 0 so that ¢g* = e.
Hence, for any representation, p, p(g)*® = e. From linear algebra this means that p(g) is a diagonalizable

matrix over C and its eigenvalues are roots of unity, e2™*/* for t = 0,1,...,k — 1. Hence Xp(9) is a sum of
2mit/k

roots of unity. In particular, if e is an eigenvalue of p(g) then it corresponds to e—2mit/k — e2mit/k heing
an eigenvalue of p(g~1!). This implies that

Xp(9) = Xp(gil) = m

and so

(orXn)e = 17 G| > g
geG
This essentially agrees with the standard inner product over C with the exception of the normalizing ﬁ
factor.

Proposition 2 (Orthonormality of irrep characters). If p1 : G — GL(V1) and ps : G — GL(V3) are
non-isomorphic irreducible representations, then (X,,,Xp,)a = 0. If they are isomorphic irreps, then
(Xp1s Xps)a = 1. In other words, the irrep characters form an orthonormal set in C(G).



Proof. In the non-isomorphic case this is the same as showing that Homg (V1, V2) = {0}, the set containing
only the zero map from V; to Va. Suppose for contradiction f € Homg(V1, V2) is non-zero. Since f is G-
invariant, one has that the ker (f) C V; is a G-invariant subspace. Since G ~ Vj is irreducible, ker (f) = 0,1}
and it cannot be V; since we assume f # 0. Hence f is injective. Similarly im (f)V; is a G-invariant subspace
and since G ~ V3 is irreducible, im (f) = 0, V2 and since f # 0, f is surjective. Hence f is a G-invariant
bijective linear map from V; to V5 making it an isomorphism, contradicting that p;, ps are non-isomorphic.

For the second part we have to show that Homg(V7, V2) is 1-dimensional if Vi and Vs are isomorphic.
Since they are isomorphic, this is the same as showing Homg(V1, V1) is 1-dimensional. Let f € Homeg(Vy, V1)
and let A\ be one of its eigenvalues (with corresponding eigenvector v). Then f— -1 :V; — V; is also a G-
invariant map. Since V; is irreducible, we know that ker (f—AI) = 0, V4 and it cannot 0, since v € ker (f—AI)
by definition of eigenvector. Hence, f — Al =0 and f = Al and

Home (V4, Vi) = Spang (1),
scalar multiples of the identity map (a 1-dimensional space). O

We can now complete the proof of Mashke’s theorem Let p be a representation of GG, that decomposes
into irreps
pE T BT D@ o,

then up to isomorphism and reoordering this decomposition is unique, with

& = [0, 3] = (xor Xoi)a = ﬁ S X ()Xo (0)-

Additionally, two representations are isomorphic, if and only if, their characters are the same function.

Proof. We have x, =, ¢iXs,- Then

(Xps Xo;) = ZQ‘(XU“ Xoy) = €5
i
by orthonormality. For the second part, we already saw that isomorphic representations have the same
character. Conversely, if two representations, pi, p2, have the same characters, then for each irreducible
[p1,0i] = [p2,0;] and hence we can construct an isomorphism between them by making the map restrict to
isomorphisms between their irreducibles. O

Let II(G) denote the set of characters of irreps.
Example: The regular representation. The regular representation of G, is defined by considering the
vector space with G as a basis (you can picture {v, : g € G} as being the basis vectors), and G acting on left
by multiplication, so h - v, = vpy. Let’s compute the character of this representation, call it p. Since p(e)
is the identity matrix, x,(e) is the dimension of the representation, so x,(e) = |G|. For any g # e, observe
that gu, = vgn # v and so tr(p(g)) = 0. Hence

Xol) = {G" =

0, else

Now for the decomposition into irreducible, if x, € II(G) is an irrep character, then

1 G
o) = o 3 xe 2010 = :G:me),

which is just the dimension of irrep o, dim(c). Hence

@ o® dim(o)7

o€ll(G)

Il

P



i.e. each irrep occurs in p with multiplicity being its dimension.
Let II(G) denote the set of characters of irreps. We saw that it forms an orthonormal set in C(G) with

resepect to (,)g. Now we will show that they in fact form a basis (we just need to show that they span the
set of class functions, C(G)).

Proposition 3. The set II(G) forms a basis for C(G). In other words, the number of irrep characters is
precisely dim(C(Q)) equal to the number of conjugacy classes of the group.

1 Induced representations and restrictions

Suppose H is a subgroup of G, H < G, and V is a representation of G, the restriction Resg(V) is quite
straightforward. It is just V' again now being a representation of H (we are restricting p : G — GL(V) to
pla : H— GL(V)).

Is there a natural way to go in the other direction? Say you start with a representation of H, W (via
p: H — GL(W)), and you want to extend it to G. You can’t undo restriction since information is always
lost when restricting but maybe there is a “most natural” way of defining how G acts on W. This is called
the induced representation, Ind% (W) or

Ind% (p) : G — GL(W®IGH],

which is now a representation of [G : H] = |G|/|H| copies of W. We will give an explicit matrix based
construction without getting into why this is the most natural one. For each ¢ € G we must assign a

2
dim (W) - % by dim(W) - % matrix. We give this as a block matrix of (%) blocks (each block being in
dim(W) by dim(W)):

Ind§ (p)(g) = [p(z™" 9l yHEG) H

where x H, yH are cosets (the matrix depends on which coset representatives x, y you pick but one can change
basis so the definition is unique up to representation isomorphism) and we are setting p(§) = 0 to be the
zero block matrix if § ¢ H (p only makes sense for elements of H). As a consequence the corresponding
characters is
-1
Xmag () (9) = D> xplz'gx),
cHeG/H

where now the definition really doesn’t depend on choice of coset representative and again we are setting
X,(9) = 0 whenever § ¢ H. Since this definition is linear in x,, we may extend it to class functions.

Example: if 1y is the 1-dimensional trivial representation of H, then Indg(l p) ends up yielding a
bunch of permutation matrices. In particular, the permutation matrix Indg(l 1)(g) captures the way g
permutes the cosets {tH € G/H} (recall these are |G/H| by |G/H| matrices). (This example turns out be
very closely related to the hy symmetric functions as well as Polya enumeration). In particular, transitive
group actions are precisely induced trivial representations.

A special case of this is that the regular representation is equal to Indf(le), where e is the trivial sub-
group of G.

One super important result involving induced representations is Frobenius reciprocity.

Proposition 4. Frobenius reciprocity Let H < G and 7 : G — GL(V) and p : H — GL(W) be representa-
tions. Then the characters satisfy

(Ind§; (xx), Xp)G = (Xr, Res§ (X)) 1



Proof.

<IndH(X7r G |G| ZIHdH X‘fr (g)
geG

Z Z Xa(z " gx) Xp(x Lgx), since x, is a G-character
qEG cHeG/H

| YooY xalaTlgr)x, (e Tge)

:L’HGG/H geG
z lgzeH

| Z Z XW(h) : Xp(h)

heH geq, IHGG/H

x~ gz h
|G| heH
|H| };{xw

= (xm Res (X)) mr,

where the number of ways to pick #H € G/H and g € G to hit given h = z~1gx is [G : H] since each distinct
xH gives a different g = zha~!. O

Example: Consider k-element subsets of [n], ([Z]) with the natural S,-action. Since this is a transitive
group action, with stabilizer of [k] being Sp) X Sjp41,n], We have

]\ o Sn
(k: = Inds[k]xs[k+1,n](1)'

2 Symmetric group

We now restrict attention to the symmetric group S,. The conjugacy classes are determined by cycle type,
a non-increasing sequence A = (A\; > Ag > --- > ;) with parts A; > 0 denoting the lengths of the disjoint
cycles of an element of the conjugacy class. Hence Ay +--- 4+ \; = n. We call A F n a partition of n. The
goal is ultimately to determine the irreps corresponding to these .

Let’s compute the size of the conjugacy classes. Let ¢;(A\) be the number of parts A; equal to ¢. So for
A=(3,3,2), c1(A) =0, c2(A) =1 and c3(\) = 2. We claim that centralizer of a o € S,, with cycle type A is

(1) 1)

Then by orbit-centralizer theorem the number of permutations with cycle type A is [Sy|/2zx = n!/zx. Denote
this conjugacy class Cy. We will write A = sh(c) to say that A is the shape or cycle type of o

2.1 Class functions of symmetric group as a ring

Let C(S,,) be the space of class functions f : .S, — C, which have a basis given by the irreducible represen-
tation characters of S, x* : S, — C, where A - n is a partition (there should be as many characters as
conjugacy classes, so there is one irreducible representation character for each partition). If f € C(G1) and
g € C(G2), we may define

[Xg€eC(Gi x Ga), fRg(x1,72) = f(21)9(72),



w

a pointwise product. If the two functions are characters f = x", g = x", then f ® g = xV®W a character

of G1 x Ga-representation.

Let C(S) = ®,C(Sy,), an infinite dimensional C-space. We can give it a ring structure by defining
multiplication: for f € C(S,) and g € C(Sy,), define

frg=Tdg" s (fRg)) € C(Sntm)-

Here S,, x S, is viewed as a subgroup of Sy, 4, via sending (o, 7) to a permutation that makes o act on
1,---,nand 7 actonn+1,--- ,n+m. This also turns C(S) into a graded ring. This is sometimes called the
Grothendieck ring of the tower of symmetric groups, (C(S), *, +). Let’s determine what the ring actually is.

Proposition 5. Let C[T1,T5, - - -] be the ring of polynomials in indeterminants Ty, Ty, - - -, with deg(T},) := n.
Then

C(S)=CN, Ty, -]
as graded rings, where the isomorphism, call it ®, maps 1o, (the indicator of the conjugacy class Cy) to

LTAI AN

22 i

Let T :=T), ---Ty,. Then we can also write this isomorphism as

1 1
o(f) =~ Z f(0) (o) = Z —f(0)Tx any o € Ch.
n: Z\
€Sy Abn
The map ® is a degree preserving isomorphism.

Proof. The map is bijective since it maps a basis for C(S,,) to a basis for degree n polynomials in Ty, T3, . ..
We see that it is degree preserving since deg(Ty) = A\ + Ay + -+ =n for A+ n.

Let (™ : S, — C[T}, Ty, -] map o to Tsh(o)- This is a “C[T1,T5, - -]"-valued class function. If o € S,
and 7 € S,, and 7 is the corresponding permutation in S, |, then (™) (v) = Tsn(or) = Tsn(o)Tsn(r) =
(™) ()™ (7). We can interpret this as saying Resgzygm () = () [ 4 (m),

Then we have

o(f) = ] Z () Tanioy = (fo ™),

" oES,

Using Frobenius reciprocity:

o(f+g) =0 (d s (FHg)) = (dLs (FBg), ™),
= (/B g, Resg) {5, (0" ™))s, xs,,

= <fﬂ/’(n)>sn <ga ¢(m)>5m
= 2(f)®(9)

showing that ® is an isomorphism. O

2.2 Symmetric polynomials and Frobenius map

It turns out there is a more combo-friendly way of viewing C[T}, 75, -] that involves using the ring of
symmetric functions. Symmetric polynomials are polynomials, f(z1, - ,2x) invariant under re-ordering
the variables: f(x1,---,21) = f(z501), - Tor)) for all o € S. Symmetric functions are a generalization

of this to an infinite variable set f(x1,29,---). Let A(™ be the set of homogeneous degree n symmetric
functions and A the set of all symmetric functions.



One simple basis for A is the monomial basis, indexed by partitions A F n. Essentially, one takes the
symmetric function with the least number of terms containing the monomial 23252 - - - xl)":

mA($1,$27"') = Z x?ll...xal

i< <14
aER(N)

where R(A) = {(As1); - Aot)) : 0 € Si} the set of rearrangements of parts in \.

When expanding a symmetric function in the monomial basis
flze,...) E axmy(x1,...)
AFn
A1 A2

we may compute the coefficient ay, by simply reading off the coeflicient of x5 - xl , which is why this
sometimes the easiest basis to work with.

Another basis is the power sum basis defined as follows. The power sum symmetric functions are
pk($1,$27"') :‘r]1€%>'rl2C+
which are used to define

DX = PxiPxy " Pxp-
It turns out that {py : A - n} form a basis for A,

Notice then that
dim(A(")) = #partitions of n = #conj classes of S,, = #irreps of S,

It turns out that since the pj are algebraically independent, A = C[T},T5-- -], by sending pj to T} and
notice that deg(pr) = k = deg(T}). This motivates the definition of the Frobenius map, which is also
degree-preserving ring isomorphism:

F:C(S)— A
that maps f € C(S,) to

1
= ﬁ Z f((f) *DPsh(o)-

’ g€Sy

[Fundamental property of the Frobenius map| Let f € C(S,,) and g € C(S,,), then
S"l m
F(fxg)=F(ndg' (s (fXg))=TF(f)F(g)
Examples: Let’s consider the trivial and sign representations. The character of trivg, is 1 on every

conjugacy class and so
Px
Fltrivs,) = — Z Pah(e) = D — o
cES, AFn

Let hp (21,22, ) =3\, 2, which has the following simpler description

ho(1, 2, ) = Y @i e,

11 <1 <<y,

the sum containing every possible degree n monomial exactly once. This is called the complete homoge-
neous symmetric function. We can define hy := hy, --- hy, and it turns out hy is yet another basis for
A(™) as X ranges over partitions of n. As a representation we can think of

F (h)\) _IndSk - ><S>\l (triVSAIX"'XSAZ)'



In the case of the sign representation, notice that if A\ = sh(o), for o € S,,, then the sign determined by the
number of even length cycles, sgn(co) = (—1)"~!™) where I()\) is the number of parts in . Then

1 n—1(\) Px
F(sgng, ) = ! Z sgn(0)Psh(o) = Z(—l) Z(A);~
" o€Sn AFn A

Let e, (z1, 22, +) 1= EAM(—l)”_l(A)’;—i, which has the following simpler description
en(T1, 20, +) = Z iy * Ty
11 <t2< - <ip

and is called the elementary symmetric function. Again the ey := ey, ---ey, form a basis for A and
the corresponding representation is

}—_l(eA) = Indg:1 XX Sy, (SgnS,\l - Sgnle)'

Exercise: Show that F(x"®) = h(in), the image of the regular representation. Also notice that h(n) =
ey = pa~) (you can prove justifying why all three F ~1 of these symmetric functions give the same
character, x™°8).

2.3 Transferring the inner product

We have the graded ring isomorphism F : C(S) — A and an inner product on C(S), (f, g)s, which can be
extended to C(S) by making characters from different S,, orthogonal. But we have no inner product on A
on symmetric functions. So let’s just carry it over. We know that

<1CA’10H>S71 = {n' =

so this induces the following inner product on A

(22, Buy

oz T (lcy,1c,)s,

or in other words (px,p,) = 210, Since the py form a basis this extends to an inner product on symmetric
functions.

Here are two identities involving this new inner product

(hx,mp) = 0,
and
(52 80) = Ox s

which is expected since we claimed that F(sy) = Irr* and we know that irrep characters are orthonormal.
We can go through the proofs of these two identities using the Cauchy kernel method.

Here is a clutch example application of this inner product to figuring out the irrep decomposition of
FH(hy) = H* = Indg sy, (ETIVS, xoxsy, ). Let

hy, = § :AMLS)U
AFn

for some unknown A, ,, (they are unique since the sy form a basis). Then take the inner product of both
sides with s, to get

(hys ) =D AxuOaw = Ay
AFn

10



On the other hand,

(M ) = (hys Y Kypymy) = Ky 1.
yEn

Therefore,

hy, = E :KA,ALSA’
AFn

and we have gotten the expansion into irreducible:

1 2 @)K

AFn

Proof of important lemma (h*, eX) = 1. Assuming we have used the Cauchy kernel method to show (hy,m,),
we have enough tools to show that (hy,ey) = 1, which implies [H?*, EX] = 1 completing the proofs that the
Irr” defined in the previous section are irreducible.

Expanding e, in the monomial basis gives
€, = E B ,m,,
pEn

where By, is the number of matrices containing 0’s and 1’s with row sums k1, k2,... and column sums
11, f2, 3 - . .. For example if k = (3,2,1,1) and p = (4,1,1,1), then

11 01 1 011 1 110

1010 1100 1 0 0 1

1 0 0 Of[’f1 0 O O0]”|1 0 0 O

10 0 0 10 0 0 10 00
are the three matrices contributing to B, , = 3. These matrices essentially dictate how to build the
monomial 241 2#2 - -+ out of ey, ey, --. So for the first matrix, the first row says: “pick zizizdz) = 1201y

from e3” the second row says “pick ziz3 from e;”, and then the last two rows say “pick x; from e;”. Together
the products yields J;‘llxgxgm contributing to m,,.

Then
(harex) = Bxudau = Bas
pkn
By staring at the boolean matrices for a bit one can see that there is a unique matrix with row sums A’ and
column sums A, with the 1’s essentially giving the shape of A. If for example A = (3,2) and X = (2,2,1), we
have

—
S = =

is the only matrix contributing to By/ x. Hence By, y = 1. O]

Proposition 6. IfV is an S,, representation with character XV, then dim(V') is the coefficient of x1xo - - - T,
in F(xV).

Proof. Recall that if ¥V is the character of a representation then dim(V) = xV (e). In Irt", the identity has

cycle type (1) and since
F vy — w vV A ,,&
() = o2,

where “x"()\)” means evaluation at any o of cycle type . We have that

dim(V) = x"(e) = (F(x"), p(any),

11



but since p(iny = h(in), this is the same as (F(x"), h(1n)). Expanding F(x") in the monomial basis, and
using the fact that (h,,mx) = 0x,. We have that this inner product is the coefficient of m»y in the
monomial expansion. Then this follows by the definition of the monomial basis.

Notice that the coefficient of zyxs -z, in sy is #SSYT(A, (1™)) = #SYT(A), which agrees with what
we said the dimension of the irrep Irr™.

Proposition 7. The monomial coefficient of z* in F(V') is equal to the dim(V ), the S,,-invariants, where
Sy =85, X xSy,

Proof.
F(V)gn = [m,]F(V) expanded in monomial basis

= (F(V), hy)

_ Sn

= [V, Indg" (1)]

=[Vls,:1s,]

= dim (V")

O

2.4 Cauchy Kernel method
We say a pair of basis of symmetric functions, {ux}, {vs} are dual if (ux,v,) =0 . Let X =21, 29,... and

Y =y1,¥2,... denote two variable sets.

Proposition 8 (Cauchy Kernel method). Consider the dual basis {px}, {p,/zu}, where indeed (px,p./z.) =
Oz, and define

0 (X,Y) = ZpA(X)p/\(Y).
Abn ZA

Then any other pair of basis {uy}, {va} are dual if and only if

D ua(X)oa(Y) = Qn(X,Y).
AFn

Note that Q,(X,Y) = Q, (Y, X).
Proof. We will show this through the following claim: for all f € A(™)
<Qn(X7 Y)a f(X)>A(;) = f(Y)a

where we indicate that the inner product is for symmetric functions in variables X (it sees y; as scalars). In
other words, taking the inner product with the Cauchy kernel performs a variable substitution.

Writing f = )", axpx, we have

@) XN = ) (P 0)

A,ubn

= Z P (Y)au(s)\,u

A,ubn

=Y am(¥) = £(V).

AFn

12



Hence if >, ux(X)oa(Y) = Q,(X,Y), then
uA(Y) = (0a(X), @ (X, Y))
= Z(UA(X)vuu(X»Uu(Y)

pukEn

and since the vy forms a basis, comparing coefficients above shows that (v (X),u, (X)) = dx ..

Conversely, (vx(X),u, (X)) = dx,,, then using spanning property of basis we have

0 (X,Y) =D AV )ua(X),
A

for some fy(Y) € Agf). Then taking the (-, v,(X)) we see that fy(Y) = v,(Y) completing the proof. O

What is the Cauchy kernel? Well we can define the variable set XY = {z;y,; : 4,7 = 1,2,...}. Notice
that

pr(X)pe(Y) = (Zl“f) STyl = (i)t = pe(XY)
% J 7
and 0 px = pa,P», - - implies that py(X)pa(Y) = px(XY). Then
Qn(X,Y) = ZPA(X)P,\(Y)/Z/\ = ZP,\(XY)/Z/\ = hn(XY).
ARn AFn
Thus showing that (hy,m,) = 6, and (s, s,) = 0x, is equivalent to showing
S I X)m(¥) = ha(XY) = 3 sa(X)sa (V).
AFn AFn
2.5 The irreps of 5, via representations of polynomials

Consider the polynomial ring C[y1, - ,ys], which forms an infinite dimensional S,, representation via the
action o - y; = y,(;)- Recall the Vandermonde determinant

A(tl, s ,tk) = det(t{il)i)jzlw. k= H(tl — tj).
1<j

Now consider the S,-submodule Spanc(A(y1,- -+ ,yn)) < Cly1,- - ,yn], which is closed under the S,, action
since

oAy, ,yn) = sgn(0)Ay1, -+, Yn)

so this is a 1-dimensional representation and in fact the sign representation of S,.

An injective tableau of the diagram corresponding to A is a filling of the cells of the box diagram for A
with the numbers 1,...,n all appearing once. For example if A = (4, 3,1), one could take

T =

@%Cﬂ‘

78]

We will say Inj()\) is the set of injective tableau of A. Let Ar called Garnir polynomials be the product
of Vandermonde determinants of variables corresponding to columns of this injective tableau:

Ar = A(ye, Y4, ys) A(y2, y3) Ay, y1) Ays)
= (Y6 — ya) (Y6 — y5)(Ya — y5)(v2 — y3)(yr — 1),

13



where A(ys) = 1 so columns of height 1 contribute nothing.
Here is the definition for the irreducible representation of S,, corresponding to partition A:

Irr* := Spanc(Ar(y, ..., yn) : T € Inj(A)).

We can discuss on Friday how this is just a different way of picturing the construction in Sagan section 2.3.

So the example from earlier is
Ir b = Spanc (A(y1, .-, Yn)),
since all the Ar for T € Inj(\) are linearly dependent (they are all + each other).
Note that because Irr* ends up being irreducible you can pick any one Ar and just take the span of o Ap

ranging over o € S,,. You can also define an action of S,, on Inj(\) directly by letting o - T' be the tableau
with the cell containing ¢ being replaced by o (i) for i = 1,...,n so for example

(134)-

3]
257
1

W N[ >
ot

8]

and observe that o - A = Ag.p.

As was mentioned for the sign representation, the Ar are generally not linearly independent. One can
rearrange the entries of a column to get a new tableau T', but Ay = £Ar. One can also swap two columns
of equal size to get the same Ar.

Proposition 9. A basis for Irr is given by
{Ar : T € SYT(\)}

Proof. First, we show that the Ar span Irr*. Recall that standard Young tableau are tableau with entries
increasing down the rows and up columns. Let column strict tableau be tableau that are increasing allong
columns and will be denoted by CS()). By the earlier observation Irr* is spanned by Ap for T € C'S()). A
crucial step in the proof is establishing the Garnir relation.

Suppose that a T' € CS(A) is not row strict and so it contains a pair of adjacent values a > b in some
row. Let C denote the column values in a’s column and C’, the column values in b’s column. Let A C C be
the values including and above A and let B C C’ be the value including and below b. We will abuse notation
and let (Alif) denote the set of permutation of AU B that leave the values ending up in A and B in order

(this set does in fact have cardinality (lAllz‘lB‘)). Then the Garnir relation says that

Z sgn(m)rAr = 0.

me(747)
For example if -
7|5
412
3116

witha =4 and b = 2, then A = {4,5}, B = {1, 2} and the possible 7 consiting of id, (42), (124), (542), (5412), (52)(41)
corresponding to

Ar— - A A Ar— — A— Ar— =
) ) * ) * 4 4 + 2 0
412 214 114 215 1 115
31116 3 6 3 6 3 6 3 6 314|6

14



The proof of this relation is as follows. Without loss of generality we can forget about columns outside of
C, C’ since these can be factored out of the relation and are not affected by any 7 and so it suffices to show

Z Sgn(ﬂ')TFAcAC/ =0.
re(ar)

The above sum expands as

Z sgn(m)m Z Sgn(g)sgn((},/)ma(C)xa/(cl)’

I
where if C = {c; < c2 <---}, we let z°(©) = xg(cl)x}r(c ---. Each o € S, factors uniquely as 0 4G4, where
o4 € Sy and G4 € S¢ maintaining the relative order o% the values in A. Applying these factorizations we
get
Z sgn(moaop)ToACE Z sgn(&A5B)x6Acxf’BC/,

me(far) 7408

0AESA

oB€ESB

which simplifies as

Z sgn(7)T Z sgn(g405)x74C 8¢

TESAUB GA,0B
and as it turns out ) Saun sgn(7)7 kills each monomial 2749275C"  Indeed by Pigeonhole _prin(zipa/l,
|AUB| = |C|+1 but there are only |C| possible exponents for the variables occuring in monomial x74¢ 275",
Hence there is a pair ¢,j € AU B, with the same degree
54C 55C k. k
IUA IUB :...xil'j...
but then the for each 7 € Saup, we have 7(i j) € Saup and a sign-reversing involution shows ZTGSAUB sgn(T)T

kills the monomial.

The use of the Garnir relation is that it removes the row defect a > b (all other tableaux in the relation
don’t have this row strictness failure in this location and none of them pick up new row defects). By re-
peatedly using this relation we decrease the number of row defects. Thus, any Ap for T' € C'S()\) is a linear
combination of Ag for T € SYT(A).

The linear independence of the A for T € SYT(]) is fairly straightforward, since Ar is the only element
in the proposed basis that has 27 = 21 ... 2% as a monomial. O

As a corollary we immediately get
dim(Irr?) = [SYT(\)],

the number of standard Young tableau.

(n—1,1)

Exercise: Check that Irr™ is the trivial representation and check that Irr is the standard irreducible

representation {aje; + -+ + apen : a1 + -+ + a, = 0}.

More generally you can consider the “hook shape”: A\ = (n — k,1¥) (here 1¥ means 1 k-times: (n —
k,1,1,...). This is a standard way of writing a repeating part of a partition). What are the T € SYT(\)
and basis elements A7 in this case? What is the dimension?

(Tricky): Letting W = (eq,...,e,) and S, acting on the e; by permuting, justify why for k=1,...,n—1

AR 2 Tpp(n—h1®) @ Irr(”#”l’lk_l),

are isomorphic S, representations, where the left hand side is the k-fold wedge product (spanned by
ei, A -+ A e;, with the usual wedge product rules, so like (1 2) - e; A ez = —ea Aeg). Notice how we already
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saw the special case k = 1: W = It~ 5D & Irr™ for the standard representation. By taking dimensions of

both sides, the above is the “representation-ification” of the binomial identity: (Z) = (”;1) + (Zj)

One approach that may or may not help is that

NFW = Indgzikxsk (trivs, _, Msgng, ).

2.6 Proof of irreducibility

Here is the main idea for showing why the Irr* precisely range through the irreducible representations of S,,.
Irr* can be viewed as a submodule of

S .
Indsi”1 N (trlvsAl XX Sx; ).

Consider the monomials that show up by expanding Ar for some 7. A monomial that shows up is of the
form +y7* - - - yon, where form some injective tableau T, ¢ appears in row a; + 1. Call this monomial m(T)
and let H» be the span of such monomials

H* = Spang(y$"* ---y% : T € Inj()\), i in row a; + 1)
So for
T =

4]
25

3

m(T) = yaysy7y3. Note that m(T) may arise from Az for a different 7" (in particular m(7T) shows up in
the expansion of Ap if and only if there is a permutation only within rows so that 7’ = T'). Also note
that you might get the same m(T) for different 7. In particular m(T) = m(T”) if and only if there is a o
permuating only within rows of T' such that o' = T’. This essentially shows that

A~ Sn :
H" = Indle SN (trlvsAl SN ).
A A
and we have Irr™ C H*.

See page 20 of Sagan for the another way of thinking about the module H A via A-tabloids (page 55-56).
Exercise: Show that H('") is the regular representation of S,, (example 2.1.7 in Sagan).
It also turns out that Irr™ can be viewed as a submodule of

N S
EN = IndSA/1 SN (sgnSA,1 X---X sgnsxi),
where A is the conjugate partition of A\. We prove this using character theory starting with the following
lemma.

Lemma 4. If Sgy,. ,y acts on a submodule, V' of Cly1,...,yn] and Sgnq1,.. m) act on a submodule W of
Clyn+1s--->Ym] and now let

VW := Spanc(o - (fg) : 0 € Spim, fEV, ge W),
an Spi+m representation. It turns out that

[V.W, Indar 7 (V@ W)] > [V, Vs, [W, W)s,,.

'n X Sm

Proof.
VW, Indg" % (V@ W)ls

n X Sm

= [Resg" s (V.W),V ® Wls, xs,,
> [Span(fg: feV, geW),V&Wls,xs.
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Observe that by definition of Az, we have that Irr® may be viewed in light of Lemma 4 as It =
V1. Va. V3. where Vi = CA(yy,--- ,y,\/l) and so on. Thus, using lemma 4 repeatedly one gets

[IrrA,EX] > [sgn,sgn]g,, -+ = 1.

!
A

Thus, Irr* C H* shares at least one irrep with E*'. The final step in the proof follows since (H*, E)‘/> =
(hx,ex) =1, i.e. there is a unique irrep occurring both in H* and E*". But then this irrep has to be Irr*
and in particular Irr* has to be an irrep.

2.7 Connection to SSYT and Schur functions
Proposition 10. A basis for the S,-invariants (IW)‘)S“ is given by

{>_ oT:TeSYT(\), Des(T)C {p,p+pa,...}}.
€S,

The T in the above set arise bijection from SSYT (X, u) by applying standardization. In particular
dim((Ir1?)5r) = #SSYT(\, p) = K,

and so
f(ITT/\) = ZK)‘*“m“ = S).

m

Proof. In general, the space of S,-invariants is obtained by applying the averaging operator »_ 5,0 to

all Ap € Irr* for T € SYT()). The operator will kill Ay if entries of the same p-block (p-blocks are
{1,...pa {1 +1,..., 41 + pe2},...) appear in the same column of T'. Since T is a standard Young tableau
this implies that the u-blocks appear as horizontal strips in 7" and hence T' p-destanderdizes to an element of
T € SSYT(\, it). Amongst, the various 7" € SYT(\) which p-destanderdize to T, T being the standerdiza-
tion of 1" is an S ,-orbit represenative.

Hence, this shows that all T € SYT(\), have Ar are either killed by the averaging operator or appear in
a unique sum in the proposed basis based on the p-destanderdization. By comparing monomials as before,
we see linear independence of the propsed basis elements. O

The deep and surprising fact about Schur functions is that they not only show up naturally in the study
of S,-representation theory but also as characters in the theory of G Ly-representation theory (but they will
show up in a different way: literally as functions where the x; are replaced by eigenvalues of matrices). This
connection comes from something called Schur-Weyl duality.

3 Principal specialization of s)

Let’s show that

1 .
5)\(17(]7 q25 < ) = qmaJ(T)a
(I—q)--(1-g") Tes;m)

where maj(T") = 3_;cpes(r) - Consider the expression
AX, =Y > ¢Dsx)=> Y ¢ .ap
AFn TESYT(A) Abn TESYT()

SESSYT(N)

We apply the inverse of RSK to pairs (7,.5), with T' € SYT(A) being treated as an recording tableau and
S € SSYT()) as an insertion tableau, the inverse of this RSK yields pairs

1 2 DR n

w1 Wo PP wn’
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where w = wyws - - - w,, is some word whose content is the same as that of S (same number of 1’s 2’s etc.).
It is easy to generalize the first part of Theorem 5.18 to running RSK on words (insert the word w to get
P(w) = S and while recording 1,2,--- ,n to get Q(w) = T) instead of just permutations. The word (not
tableau) maj of w is then maj(w) = maj(Q(w)) = maj(T"). By ranging over all length n words we get that

RSK has bijectively proved
Z Z g™ g = Z i GO

AFn TESYT(N)
SESSYT(N)

Now let’s group up words by content. Say that w has a1 1’s, as 2’s and so on («; = 0 is allowed). We may

write this as w being a rearrangement w € R(1%1,2%2 ...) so
| | N
S = Y (@) 3 g = N (aragE )W
” a Zl oi=n wER(1a1,202a”') «, Zl a;=n q q-*

where the last part follows from Chapter 1 and we effecitvely drop a; = 0 since [0],! = 1. Now group further
by rearranging each « to be a partion u F n (so for example o = (0,2,1,0,2,0,...) becomes (2,2,1)). Then
the sum becomes

[n]q' (e RN D) [n]q'
% [Ml]q'[ﬂ&]q' arcarrgr:lgc to p b /Lzl—;v [ e

where the g-multinomial coefficient becomes

[n],! s (1—¢")-(1—q)

[a]g!lpalg! - A2 % S (l—gm) - (T=g)(T—gr2)--(1—q)--

which can be simplified as
(Dn
(Q)m (Q)M2 T (Q)m ’
where (q), = (1 —¢")(1 —¢"1)--- (1 — q). By the exercise

hm(17Q7q27”') = 7N
and so the above expression becomes

(Q)nhﬂl (17 q, q27 to ) e h,ul (17 q, q23 co ) = (Q)nh#(lv q, q2a e )
and our original expression is thus equal to
A(X Z mu(X)hu(1,q, @, ).
pkn
But now we can use the Cauchy kernel with X = (21,29,---) and Y = (1,¢,¢?,---) to get
nzmu 1QQ7):(Q)TLQ( ZS)\ Sklcbqv"')'
= AFn

This equals the original expression

Z Z g™ sy ZS,\ )sa(l,4,6°,--)

AFn TeSYT(N) AFn

and since s (X) is a basis for symmetric functions (here technically the coefficients are power series in q),
the coefficients of s)(X) above must agree and

ST D = (g)asa(l,q,63 ),

TESYT(N)

which is equivilant to Thm 5.19.
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