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Abstract. In this paper, we survey the major contributions of Abhyankar to the devel-
opment of the theory of fundamental groups and Galois covers in positive characteristic.
We first discuss the current status of four conjectures of Abhyankar about Galois covers in
positive characteristic. Then we discuss research directions inspired by Abhyankar’s work,
including many open problems.

1. Introduction

In this paper, we discuss S.S. Abhyankar’s contributions to Galois theory in positive
characteristic, and directions emerging from his work on this topic. As in the classical
case over the complex numbers, extensions of function fields correspond to branched covers,
and the Galois groups of those field extensions are quotients of the associated fundamental
groups. But here, instead of considering function fields and covers of Riemann surfaces or
other complex varieties, one works with algebraic varieties over a field of characteristic p.
Abhyankar’s investigation of covers of varieties in positive characteristic led to the discovery
of many unusual examples and phenomena that simply do not exist in characteristic 0, and
which were later studied further by many authors.

In fact, these phenomena emerge even when studying covers of the affine line. Viewed as a
one-dimensional complex algebraic variety, C is the “complex line”, and as in topology it is
simply connected. Hence it has no non-trivial unramified covers. But if C is replaced by an
an algebraically closed field k of characteristic p, the line has many unramified covers, and so
it is far from simply connected. For example, in the x, y-plane over k, the curve yp−y−x = 0
is a p-to-one unramified cover of the x-line, since ∂

∂y
(yp− y−x) never vanishes. Abhyankar’s

explorations went well beyond this Artin-Schreier example, whose Galois group is cyclic of
order p; he found that the fundamental group of the affine line in characteristic p is not even
solvable! His explorations also included higher dimensional varieties in characteristic p, and
also varieties over finite fields, where arithmetic considerations arise.

In searching to explain the structure underlying the examples he found, Abhyankar de-
veloped a philosophy emerging from two themes. The first, which limits the possible phe-
nomena, is that the theory of covers of varieties should be the same in characteristic p as in
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characteristic 0, after eliminating the prime p from the situation. The second, which pulls
in the opposite direction, is a kind of Murphy’s Law: whatever can happen in characteristic
p, will happen.

This philosophy was in part realized in later work by Serre on embedding problems and
by Grothendieck on the prime-to-p fundamental group. However, turning this philosophy
into precise statements about Galois covers turned out to be surprisingly subtle. Abhyankar
stated several conjectures about Galois theory in positive characteristic and gradually refined
these conjectures over the course of his career.

1.1. Abhyankar’s Conjectures. We begin by mentioning in particular four of Abhyankar’s
conjectures that emerged from this philosophy. These conjectures, and the current state of
knowledge about them, will be discussed in greater detail in Sections 3–6 below.

1.1.1. Galois covers of affine curves. Classically, if X is a smooth projective complex curve
(i.e., a compact Riemann surface) of genus g ≥ 0, and if B ⊂ X is a set of r > 0 distinct
points, then the fundamental group of U = X−B is isomorphic to the free group on 2g+r−1
generators. The quotients of π1(U) are precisely the covering groups of Galois (i.e., regular)
covering spaces of U , also called the Galois groups of those covers. By the structure of π1(U),
the Galois groups that arise are precisely the groups that have a generating set of size at
most 2g+r−1. In characteristic p, though, there are more covers, and more covering groups,
over a given affine curve U = X −B. For example, if U is the affine line in characteristic p,
then 2g + r − 1 = 0, yet Z/pZ is a Galois group over U . Abhyankar’s philosophy says that
the Galois groups of order prime to p over U should be the same as those that arise in the
analogous situation for complex algebraic curves; and that this should be the only constraint
on the types of Galois groups that arise.

More precisely, Abhyankar posed the following conjecture, where p(G) denotes the sub-
group of a finite group G that is generated by the p-subgroups of G, and k is an algebraically
closed field of characteristic p > 0.

Conjecture 1.1 (Abhyankar’s Conjecture for affine curves.). Let X be a smooth projective
curve of genus g defined over k. Let B be a non-empty set of points of X having cardinality
r and let U = X − B. Then a finite group G is the Galois group of an unramified cover of
U if and only if G/p(G) has a generating set of size at most 2g + r − 1.

In Section 3 we describe the proof of Conjecture 1.1, which involves work of Serre, Ray-
naud, and Harbater. The proof and progress leading up to it involved the development of a
significant amount of new theory, including results on embedding problems for fundamental
groups, formal patching of modules, and semi-stable reduction of Galois covers.

In particular, consider the situation when X is the projective line and B is the point at
infinity. Conjecture 1.1 states that a finite group G is the Galois group of an unramified cover
of the affine line U if and only if G is generated by its p-subgroups. The groups satisfying
this property are called quasi-p groups.

1.1.2. Inertia groups of Galois covers of the affine line. Classically, given a covering space
V of U = X − B, where X is a compact Riemann surface and B ⊂ X is finite, there is
a Riemann surface Y that compactifies V , together with a map Y → X that extends the
given map V → U . If V → U is Galois with group G, then so is Y → X. But Y → X is a
branched cover, with the branch locus contained in B and the ramification locus contained

2



in Y − V . The map Y → X is not evenly covered over the points of B; instead, for each
point P of B, the map Y → X is conformally equivalent to the map yn = x near each point
Q over P , where n is the “number of sheets” of the cover that coalesce at Q. If n > 1, then
the subgroup of G that fixes Q is non-trivial; in fact it is cyclic of order n, whose generator
is given locally near Q by sending the coordinate y to ζny. (Here ζn = e2πi/n, a primitive
n-th root of unity.) This group is called the inertia group at Q. If Q′ is another point over
P , then the inertia groups at Q and at Q′ are conjugate in the Galois group.

But over an algebraically closed field of characteristic p, an inertia group need not be cyclic
if its order is divisible by p. Instead, it is a semi-direct product of a p-group with a cyclic
group of order prime to p; this is also referred to as an extension of a cyclic group of order
prime-to-p by a p-group. Abhyankar’s next conjecture aims to give necessary and sufficient
conditions on a subgroup of the Galois group of a cover over k to be an inertia group, in the
case of the affine line. As above, k is an algebraically closed field of characteristic p.

Conjecture 1.2 (Abhyankar’s Inertia Conjecture). Let G be a finite quasi-p group. Let G0

be a subgroup of G which is an extension of a cyclic group of order prime-to-p by a p-group
G1. Then G0 occurs as an inertia group for a G-Galois cover of the projective line branched
only at ∞ if and only if the conjugates of G1 generate G.

The motivation here is that for Galois branched covers Y → X of the Riemann sphere, all
the inertia groups together generate the Galois group G. This is because the intermediate
cover of X corresponding to the subgroup of G that they generate would then be an unram-
ified cover of the Riemann sphere and hence trivial. Thus if we pick one point of Y over
each branch point in X, then the conjugates of the corresponding inertia groups generate G.
In characteristic p, this observation combined with the two parts of Abhyankar’s philosophy
suggest the above conjecture; see also Section 4.1.

The status of Conjecture 1.2 is still open (although the “only if” direction is known by
Grothendieck’s result on the tame fundamental group). In Section 4, we discuss the few sit-
uations in which it has been verified. Section 4.8 contains a new result about the interaction
between the structure of the inertia group, the ramification filtration, and the genus of a
quotient of the cover.

1.1.3. Galois covers of curves defined over finite fields. If ` is a finite field, then its algebraic
closure ¯̀ is an infinite Galois extension of ` whose finite subextensions all have cyclic Galois
groups over `. This suggests that replacing the algebraically closed field of constants k by
a finite subfield ` adds a generator to the fundamental group of an affine curve, somewhat
like the effect of deleting a point. This perspective motivated:

Conjecture 1.3 (Abhyankar’s Affine Arithmetical Conjecture). A finite group A occurs as
the Galois group of an unramified cover of the affine line over Fp if and only if it occurs as
the Galois group of an unramified cover of A1

k − {0} (in other words, if and only if A/p(A)
is cyclic).

The status of Conjecture 1.3 is still open. We discuss this further in Section 5, along with
a related result.

1.1.4. Galois covers of higher-dimensional affine varieties. Abhyankar also made conjectures
about Galois covers of higher dimensional affine varieties over algebraically closed fields of
characteristic p. In particular, he considered the following higher dimensional spaces:
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(i) X = Spec
(
k[[x1, . . . , xn]][x−1

1 , . . . , x−1
t ]
)
, where n ≥ 2 and t ≥ 1.

(ii) X is the complement of a set of t + 1 hyperplanes in general position in Pnk , where
n ≥ 2 and t ≥ 1 Here, “general position” means that the union of these hyperplanes
is a normal crossing divisor.

These situations had been studied by Zariski in the case of complex varieties; see Sec-
tion 2.1 below for a discussion of this history and background. For the characteristic p
analog, the statements of Abhyankar’s conjectures are more complicated than those above,
see Section 6 for details. In fact, some modification of the original versions of the conjectures
turned out to be necessary.

1.2. Current research directions. Abhyankar’s conjectures in Galois theory continue to
motivate new developments. In addition to the two open conjectures highlighted above,
there are many questions about Galois covers of varieties that arise naturally when studying
his work. In the second part of the paper, we describe several current research directions
in Galois theory that are inspired by Abhyankar’s research and which may contribute to
the solution of some of his problems. These include: projective curves (Section 7); ramifi-
cation theory (Section 8); and lifting problems (Section 9). There are many other current
research directions in Galois theory which we will not address here. Also, since our focus
is on Abhyankar’s work in Galois theory, we do not discuss his work on other topics, such
as resolution of singularities, valuation theory, computational algebraic geometry, and the
Jacobian conjecture, except tangentially. For a brief overview of the topics on which Ab-
hyankar worked, we refer the reader to the obituary article that appeared in the Notices of
the AMS [3].

2. Algebraic fundamental groups

2.1. History and motivation. Abhyankar’s advisor, Oscar Zariski, had studied the fun-
damental groups of complex varieties, and in particular the complements of curves in the
complex projective plane [98]. But whereas this study could rely on the definition of funda-
mental groups in terms of homotopy classes of loops, another approach is needed in order to
work with varieties over more general fields.

Namely, one can consider the inverse system of finite unramified Galois covers, and the
corresponding inverse system π(U) of Galois groups. In the case of varieties over C, the
inverse limit of these groups is the profinite completion of the classical (topological) funda-
mental group. Over a more general field, one can consider this inverse system of groups to
be a replacement for the fundamental group. This is what was done by Abhyankar in [7],
where he studied the complements U of curves C in the projective plane over an arbitrary
algebraically closed field of characteristic p ≥ 0.

In that paper, Abhyankar also considered the subsystem π′(U) of Galois groups of covers
that are only tamely ramified over C. In particular, generalizing a result in [98], he showed
in Section 13 of [7] that the groups in π′(U) are abelian if C is a divisor with strict normal
crossings, i.e. a union of smooth curves that intersect transversally. He also stated the
assertion in the case of more general normal crossings (allowing the components of C to be
nodal curves), and this was later shown by Fulton [36]; cf. also [52, Remark 4.3].

Abhyankar’s motivation for studying fundamental groups from this perspective arose from
a rather different problem that he had considered in his thesis, related to resolution of
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singularities. His advisor, Zariski, had suggested to him that he try to prove the local
uniformization theorem for algebraic surfaces over an arbitrary algebraically closed field, by
generalizing the proof that was given by Jung [53] in the complex case. For complex surfaces,
Zariski had proven resolution of singularities [99] using Jung’s ideas (by way of Walker [96]);
and it was hoped that by carrying over Jung’s proof to more general fields, resolution of
singularities for surfaces could be proven over such fields too. But as Abhyankar liked to put
it, this effort was the “failure” part of his thesis, because Jung’s proof did not carry over to
varieties over fields of characteristic p > 0 [4]. Instead, Abhyankar was able to prove local
uniformization over such fields in another way [5], and that led to further work of his on
resolution of singularities, including his proof of resolution for rather general surfaces ([8],
[22]).

His attempt to generalize Jung’s proof, however, led Abhyankar to study unramified covers
of varieties. He had observed that Jung’s proof relied on two key facts about branched covers
V → W of complex surfaces, with W smooth and V normal: that V is smooth at each point
lying over over a smooth point of the branch locus; and that for Galois covers, the local Galois
group is abelian at any point of the ramification locus over an ordinary double point of the
branch locus. But he discovered that these properties no longer hold in characteristic p.

In fact, as Abhyankar observed in [4, Section 3], it is possible for V to be singular at
a point P over a smooth point of the branch locus, and in fact for the ramification locus
to have multiple branches at P . He also observed there that it is possible for the inertia
group to be non-solvable at a ramification point P lying over an ordinary double point of
the branch locus, or even over a smooth point of the branch locus. As Abhyankar later
related in [18, Section 7], this was quite contrary to Zariski’s expectations. In [6, Section 1],
Abhyankar referred to these characteristic p phenomena as “local splitting of a simple branch
variety by itself.” (This phenomenon later caused difficulty in an early attempt by the first
author [45] to prove Abhyankar’s Conjecture on the fundamental group of the affine line in
characteristic p; that was bypassed a few years later by Raynaud, whose proof avoided this
problem through the use of semi-stable models [80].)

In order to understand these phenomena better, Abhyankar restricted branched covers
of surfaces V → W to curves C in W , and then studied the resulting branched covers of
curves. This led to his study of the fundamental group of the affine curve U given by the
complement of the branch locus in C. In addition to considering the inverse system π(U)
mentioned above, he also considered the set of finite groups πA(U) that arise in this inverse
system; i.e., which are Galois groups of finite unramified Galois covers of U . He said [6,
Section 4.2] that in the case of complex curves, this set can be regarded as “a good algebraic
approximation to [the topological] π1”; and that in the general case, “eventually one may
have to consider the Galois group” of the compositum of all the extensions of the function
field that are unramified over U . This in fact came to pass, in the approach of Grothendieck
using the notion of the étale fundamental group. We discuss this next.

2.2. Étale fundamental groups. In the classical situation of complex algebraic varieties,
covering spaces can be defined as usual in topology, in terms of points having evenly covered
neighborhoods. But those neighborhoods are taken in the usual complex metric topology,
not in the Zariski topology. In contrast, a more general field is not equipped with a metric,
and so only the Zariski topology is available. But that topology, whose closed sets are
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generated by the subvarieties of the given space, is extremely coarse. As a result, there are
never evenly covered neighborhoods except in trivial cases.

To remedy that, a different characterization of covering spaces Y → X is needed, which
carries over well to more general fields. The one that works uses the notion of being étale.
This condition says that the hypothesis of the implicit function theorem is satisfied. That is,
if Y is locally given over X at a point by equations f1 = · · · = fn = 0 in variables y1, . . . , yn,
then the Jacobian matrix (∂fi/∂yj) is invertible. Here the derivatives are taken formally,
without reference to a metric; one simply defines the derivative of

∑
aiy

i to be
∑
iaiy

i−1. If
Y → X satisfies the Jacobian condition at every point, it is said to be unramified, or étale.
(For more about the notion of étale, see [59, Section III.5]. According to a footnote there:
“The word apparently refers to the appearance of the sea at high tide under a full moon in
certain types of weather.”) A shorter and equivalent condition, using commutative algebra,
is that Y → X is flat and unramified. Here flatness is automatic under mild hypotheses, for
example if X is a regular curve or surface, and Y is normal.

To correspond to a covering space, a finite-to-one map Y → X also should not “miss
any points” over X (i.e., it should be topologically proper). This is equivalent to assuming
that the map is finite, in the sense of the ring of polynomial functions on Y being a finitely
generated module over the ring of such functions on X. Like étale, this condition is purely
algebraic. Thus one can speak of a (finite) étale cover Y → X even when working over a
quite general base field; and if that field is C then this is equivalent to being a covering space
of finite degree.

In order to define fundamental groups in terms of covering spaces, one classically invokes
the universal cover, which is a manifold if the given space is. But a given algebraic variety
generally does not have another variety as its universal cover. Instead, one works with the
full inverse system of finite étale covers Y → X, which is well defined once one picks a base
point P on X and a point on each Y above P . The automorphism group of this inverse
system is then called the étale fundamental group π1,et(X). As in topology, the isomorphism
class of this profinite group does not depend on the choice of P . Alternatively, this group
can be regarded as the inverse limit of the Galois groups of the Galois étale covers Y → X
in the inverse system of covers.

In the case of a smooth affine curve U , say with function field F , there is a unique smooth
projective model X of F , and U = X − B for some finite set B of closed points. In this
situation, π1,et(U) can be identified with the Galois group of the compositum of the finite
extensions of F that are ramified only over B; this recaptures the description proposed by
Abhyankar. The finite quotients of π1(X) are precisely the groups in Abhyankar’s πA(X);
but π1(X) also contains information about how these finite groups “fit together”.

In the case that X is a complex variety, this group is the profinite completion of the
topological fundamental group, and thus “approximates” the classical π1, as suggested by
Abhyankar. When working algebraically, especially over fields other than the complex num-
bers, we have only the étale fundamental group at our disposal, and one generally writes
π1(X) for short instead of π1,et(X). There are other ways as well of defining this group, e.g.
via fiber functors; see [2] for more details.

It was expected that the algebraic fundamental group of a variety over an algebraically
closed field k of characteristic zero should not depend on the choice k; and so the group
should be the same as over C, viz. the profinite completion of the topological fundamental
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group. This was a central result shown in [2]. Namely, according to [2, XIII, Corollary
2.12], if X is a smooth projective k-curve of genus g and B ⊂ X consists of r closed points,
then the fundamental group π1(X − B) is isomorphic to the profinite completion of the
topological fundamental group of a Riemann surface of genus g with r punctures. This is
the profinite group on generators a1, . . . , ag, b1, . . . , bg, c1, . . . , cr subject to the single relation∏g

i=1[ai, bi]
∏r

j=1 cj = 1. If r > 0, then π1(X − B) is a free profinite group on 2g + r − 1

generators. Thus every group generated by 2g + r − 1 elements is a quotient of π1(X −B).
Also, the freeness implies that all embedding problems can be solved: given an H-Galois
cover ψ : Y → X, a group G generated by 2g + r − 1 elements, and a surjection G � H,
there exists a G-Galois cover of X that factors through ψ. Equivalently, every H-Galois
extension of F that is unramified over B can be embedded in a G-Galois extension of F that
is unramified over B, where F is the function field of X.

There are further results in [2] concerning the case of non-zero characteristic. For a prime

p, we can consider the prime-to-p fundamental group πp
′

1 of a variety, in which one instead
takes the inverse system of étale covers whose Galois group has order prime to p. This is the
maximal prime-to-p quotient of the full étale π1. It was shown in [2, XIII, Corollary 2.12]
that if k is an algebraically closed field of characteristic p 6= 0, and U is obtained by deleting

r > 0 points from a smooth projective curve of genus g, then πp
′

1 (U) is isomorphic to πp
′

1 of
the analogous curve over C. This is consistent with what Abhyankar had proposed in [6,
Section 4.2], concerning which finite groups are Galois groups of unramified covers of affine
curves in characteristic p.

There is also a partial result for tamely ramified covers, i.e. those covers in characteristic p
whose ramification indices are all prime to p. Namely, the above theorem also asserted that
the corresponding fundamental group πt1(U) is a quotient of the étale fundamental group of
the analogous complex curve (and in fact is a quotient of the p-tame fundamental group over
C, which is the group obtained by taking complex covers of ramification index prime to p).

This theorem thus shows that πt(X −B) and πp
′

1 (X −B) are finitely generated as profinite
groups, which in turn implies that they are determined by their finite quotients [35, Prop.
15.4]. This will be discussed further in Section 7. But the full structure of πt1(U) remains
unknown.

One can also consider the pro-p fundamental group πp1, where one restricts to the Galois
groups that are p-groups. By a result of Shafarevich [90], if X is a projective k-curve then
πp1(X) is a free pro-p group on sX generators, where X has p-rank equal to sX . If C is an
affine k-curve, then the pro-p fundamental group πp1(C) is infinitely generated, also by a
result of Shafarevich [90].

2.3. Decomposition and inertia groups. In characteristic p 6= 0, the structure of ram-
ification is more complicated than in characteristic zero, as discussed in Section 2.1 above.
We describe this structure in some detail below, for the sake of later sections, where it is
needed in the study of fundamental groups and Galois covers.

Let φ : Y → X be a Galois cover of curves with group G. Let B be the branch locus
of φ and let ξ ∈ B. Let rξ be the number of ramification points η ∈ φ−1(ξ). Let πη be a
uniformizer (local parameter) of Y at η.

Definition 2.1. (1) The decomposition group D of φ at η is the subgroup D ⊂ G which
fixes η (i.e. D = {g ∈ G : g(η) = η}).
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(2) The inertia group I of φ at η is the subgroup I ⊂ D which acts by the identity on

ÔY,η/πη. (If k is an algebraically closed field and η ∈ Y is a k-point, then the inertia
group and decomposition group at η are the same.)

(3) The cover φ is wildly ramified at η if p divides the order of the inertia group at η.
(4) The cover φ is tamely ramified at η if p does not divide the order of the inertia group

at η. (In characteristic zero, all ramification is tame.)

The decomposition and inertia groups at a point η ∈ Y over ξ ∈ X can be studied by means
of the corresponding extensions of complete local rings at those points, or equivalently in
terms of their fraction fields, which are complete discretely valued fields. Namely, the Galois
group of this field extension is the decomposition group at η, which is the same as the inertia
group if the ground field k is algebraically closed. See [86], Chapter II, Section 2.

Tame inertia groups are thus cyclic, while wild inertia groups can be more complicated
(though still solvable). The prime-to-p part of inertia can be eliminated after a tame pullback,
by the following result of Abhyankar (taking n = m), generalizing behavior in characteristic
zero.

Lemma 2.2 (Abhyankar’s Lemma, [2], XIII, Proposition 5.2). Suppose φ : Y → X is a
G-Galois cover branched over x with inertia group I of the form P o Z/m, where |P | is a
power of p and (m, p) = 1. Let ψ : X ′ → X be a Z/n-Galois cover branched over x and
suppose that φ and ψ are linearly disjoint. Then ψ∗φ is a G-Galois cover and the inertia
group above points in ψ−1(x) is of the form P o Z/(m/gcd(m,n)).

2.3.1. Higher ramification groups. We now focus on the case that φ is wildly ramified at some
point η, in which case the inertia groups need not be cyclic. To understand the structure of
these more complicated groups, one introduces the notion of “higher ramification groups.”
The following material can be found in [86, IV]. While the discussion there is stated in terms
of extensions of complete discretely valued fields, it applies as well to covers of curves by the
comment above.

Definition 2.3. [86, IV, Section 3]

(1) The lower numbering filtration of higher ramification groups {Ii : i ∈ N+} of I at η
is defined as follows: If g ∈ I then g ∈ Ii if and only if g(πη) ≡ πη mod πi+1

η .
(2) If g ∈ I then the lower jump for g of φ at η is the integer j such that g ∈ Ij− Ij+1; in

other words, the lower jump for g is j if and only if j+1 is the valuation of g(πη)−πη.
The filtration {Ii} has a lower jump at j if Ij 6= Ij+1.

(3) If |I| = pm with p - m, then the lower jump of φ is defined to be the lower jump of
an element of order p in I.

For Galois covers Y → X in characteristic zero, and more generally in the tamely ramified
case, the classical Riemann-Hurwitz formula relates the genus of Y to the genus of X, the
degree of the cover, and the ramification indices, which are the orders of the (cyclic) inertia
groups. If we allow wildly ramified covers, there is the following generalization, using higher
ramification groups:

Lemma 2.4. Suppose φ is as above.

(1) The inertia group I of φ at η is of the form I = P o Z/m where |P | is a power of p
and (m, p) = 1. The higher ramification group Ii is a p-group for j ≥ 1.
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(2) (Riemann-Hurwitz formula) In the above situation,

2gY − 2 = deg(φ)(2gX − 2) +
∑
ξ∈B

Rξ,

where

Rξ = rξ

∞∑
i=0

(|Ii| − 1) and rξ = deg(φ)/|I|.

(3) In particular, if φ : Y → Pk is a Galois cover branched only at ∞ over which it has
inertia I ' Z/po Z/m and jump j, then

2gY − 2 = deg(φ)(2gX − 2) + r∞(mp− 1 + (p− 1)j).

Proof. The first item is found in [86, IV, Corollaries 3 & 4] and the others follow from [86,
IV, Proposition 4] combined with the standard Riemann-Hurwitz formula. �

There is also an upper numbering filtration of higher ramification groups with upper jumps
and an explicit formula of Herbrand relating the upper and lower filtrations [86, IV, Section
3]. The upper jumps are preserved for quotients ([86, IV, Proposition 14]) and the lower
jumps are preserved for subgroups ([86, IV, Proposition 2]). In the simplest case that
I ' Z/poZ/m has lower jump J , the upper jump σ satisfies σ = J/m. In general, there is

Definition 2.5. If j is a lower jump in the ramification filtration, then ϕ(j) = |I0|−1
∑j

i=1 |Ii|
is an upper jump.

Using Definition 2.5, one can precisely define the upper numbering filtration of higher
ramification groups using linear interpolation between the values of the upper jumps, but
this will not be needed in this paper.

3. Abhyankar’s Conjecture on affine curves

3.1. History and motivation. In [6, Section 4.2], Abhyankar stated his conjecture on the
fundamental group of affine curves over an algebraically closed field of finite characteristic.
He first posed it rather informally as follows. Let p(G) denote the subgroup of a finite group
G that is generated by its p-subgroups. Note that p(G) is characteristic in G and thus normal
in G as well.

Conjecture 3.1 (Informal form of Abhyankar’s Conjecture). Let U be an affine variety over
algebraically closed field of characteristic p > 0 and let G be a finite group. Then G is the
Galois group of an unramified Galois cover of U if and only if G/p(G) is the Galois group
of an unramified Galois cover of “the corresponding variety in characteristic zero.”

Of course, it needs to be explained what is meant by that last phrase, and Abhyankar
pointed out that there need not always be such a “corresponding variety.” But as he ex-
plained by examples, if U is an affine curve in characteristic p of type (g, r), i.e. the comple-
ment of r > 0 points in a smooth projective curve of genus g, then the corresponding variety
would be an affine curve of type (g, r) in characteristic zero. And if U is the complement
in Pn of r hyperplanes in general position, then the corresponding variety would be such
a complement in characteristic zero. (Here all the ground fields are assumed algebraically
closed.)
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In the case of affine curves, it is classical that the fundamental group of a complex curve
of type (g, r) is free of rank 2g + r − 1 (see Section 1.1.1), and this holds when the complex
numbers are replaced by any algebraically closed field of characteristic 0 (Section 2.2). Thus
the finite Galois groups of unramified covers are precisely the finite groups that can be
generated by a set of at most 2g+ r− 1 elements. In this key case, the above conjecture can
be formulated more precisely as follows:

Conjecture 3.2 (Abhyankar’s Conjecture on affine curves). Let X be a smooth projective
curve of genus g defined over an algebraically closed field of characteristic p > 0. Let B be a
non-empty set of points of X having cardinality r and let U = X − B. Then a finite group
G is the Galois group of an unramified cover of U if and only if G/p(G) has a generating
set of size at most 2g + r − 1.

The forward direction of Conjecture 3.2 follows from the work of Grothendieck. If there
is an unramified cover of U with Galois group G, then it has a quotient cover which is an
unramified cover of U with Galois group G/p(G). The fact that the order of G/p(G) is
prime-to-p implies that the quotient cover lifts to characteristic 0. As mentioned above,
the well-known restrictions on Galois covers in characteristic 0 imply that G/p(G) has a
generating set of size at most 2g + r − 1.

Remark 3.3. The affine hypothesis in Abhyankar’s conjecture is crucial as the corresponding
statement is not true for projective curves. Indeed, if X/k is a projective curve of genus g
and char(k) = p, then π1(X) is a quotient of the group

Σg := 〈a1, b1, . . . , an, bn|
n∏
i=1

[ai, bi] = 1〉

([2, XIII, Cor. 2.12]). So, for instance, G := (Z/p)N is not a quotient of π1(X) for large N ,
yet G/p(G) is trivial.

Conjecture 3.2 says in particular that the finite Galois groups over the affine line are pre-
cisely the quasi-p groups, i.e. the finite groups G that are generated by their p-subgroups.
This includes, for example, all simple groups of order divisible by p. More generally, Conjec-
ture 3.2 says that every quasi-p group is a Galois group over every affine curve in characteristic
p. In addition, it says that the set πA(U) of finite Galois groups over an affine curve of type
(g, r) is independent of the curve U , and also of the choice of algebraically closed ground
field of characteristic p.

Conjecture 3.2 for an affine curve U can be regarded as having two parts (where we write
πA(U) for the set of finite Galois groups over U , as in [4] and [6]):

(1) G ∈ πA(U) if and only if G/p(G) ∈ πA(U).
(2) If U has type (g, r) and G has order prime to p, then G ∈ πA(U) if and only if

G ∈ πA(U0), where U0 is a complex curve of type (g, r).

The motivation for the converse direction of Conjecture 3.2 came from the examples that
Abhyankar had computed in [4] and [6]. These examples showed that in characteristic p there
are non-solvable unramified covers of the affine line; that every finite group is a subgroup
of some group in πA(U) if U is the complement of any set of at least three points in the
projective line; and that every finite group is a subquotient of some group in πA(A1). These
examples, together with the phenomena discussed in Section 2.1 above, suggested a form of
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the Murphy’s Law mentioned in the introduction: that every type of cover that cannot be
ruled out must occur.

Two cases of the conjecture were known soon after. Part (2) above, on prime-to-p groups,
was shown in [2] and in [75]. At the opposite extreme, the conjecture asserts that all finite
p-groups are Galois groups over every affine curve in characteristic p. This case follows from
the fact that the pro-p part of the étale fundamental group is free, which holds because all
elementary abelian p-groups are Galois groups (by Artin-Schreier theory), together with the
fact that the curve has p-cohomological dimension one [1, Exposé X, Théorème 5.1].

But even knowing these two extreme cases, it remained far from obvious that Conjecture
3.2 was true. For example, in [54], Kambayashi asked whether every connected degree p
unramified cover of the affine line is Galois. As noted at [44, p. 356], an affirmative answer
to that question would contradict Abhyankar’s Conjecture 3.2.

In retrospect, there are other reasons why Conjecture 3.2 is remarkable. While it implies
that πA of an affine curve depends only on its type (g, r), it turns out that almost the opposite
is true for the étale fundamental group π1 of the curve. Namely, by results of Tamagawa
([93], [94]), π1(U) (and even its tame quotient πt1(U)) determines U up to isomorphism as a
scheme, if U is an affine dense open subset of the projective line over Fp. In addition, while
the philosophy that motivated Abhyankar’s Conjecture 3.2 for affine curves also suggests
that the same should hold for complements of hyperplanes in general position in Pn, that
turned out not to be the case (see Section 6 below). Nevertheless, the conjecture for affine
curves over an algebraically closed field did turn out to be true in general.

3.2. Examples. Let k be algebraically closed of characteristic p.

3.2.1. Basic examples. It is easy to see explicitly that there are infinitely many nonisomor-
phic étale Z/p-covers of A1

k, as already alluded to in the introduction. For example, there
are the covers given by the equations

yp − y = x−n,

where x is a coordinate on A1
k and n ranges through N − pN. Taking fiber products gives

infinitely many étale (Z/p)m-covers of A1
k in characteristic p for any m. For any abelian

p-group G, it is not difficult to extend this idea and to write down étale G-covers of A1
k using

Artin-Schreier-Witt theory (see, e.g., [57]).

3.2.2. Abhyankar’s examples. Abhyankar exhibited many examples of G-covers of A1
k in char-

acteristic p for non-abelian quasi-p groups G. Much of this work is collected in [9]. For
instance, let x be a coordinate on A1

k, and let f : Y → A1
k be given by the equation

yn − axsyt + 1 = 0, (3.1)

where a ∈ k is not zero, where s, t, and n are positive integers such that t 6≡ 0 (mod p),
and where n = p + t. One can readily verify that f is indeed an étale map, and the Galois
closure g : Z → A1

k of f is an étale G-cover of A1
k. Abhyankar ([9, Section 11]) calculated

the groups G for various values of n, s, and t.
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Theorem 3.4 (Abhyankar). The Galois group of the cover Z → A1
k given by taking the

Galois closure of the cover of A1 given by (3.1) is
PSL2(p) = PSL2(n− 1) if t = 1

PSL2(8) = PSL2(n− 1) if t = 2 and p = 7

Sn if p = 2

An otherwise

Furthermore, Abhyankar gave other examples of étale Sn and An-covers of A1
k using the

equation
yn − ayt + xs = 0,

with a, s, t, and n as above. Abhyankar also gave many explicit examples of covers of A1
k for

various linear algebraic groups over Fq, with q a power of p. See Section 5.2 for more details.

3.2.3. A result of Nori. We mention here a result of Nori (see, e.g., [88, Section 3.2]) that,
although not used in the proof of Abhyankar’s conjecture, gave more evidence for its truth.

Theorem 3.5. Let Σ be any semisimple, simply connected algebraic group over Fq, where q
is a power of p. Then Σ(Fq) ∈ πA(A1

k).

Sketch of proof. Consider the Lang isogeny L : x 7→ x−1F (x) on Σ, where F is the Frobenius
map. By looking at the fiber above the identity, one sees that this is a Σ(Fq)-cover. If U+

and U− are the unipotent radicals of opposite Borel subgroups of Σ, then the map

ι : U+ × U− → Σ

is a closed immersion. Pulling back L by ι gives a Σ(Fq)-cover of U+ × U− (one can show
it remains connected). Now, U+ × U− is isomorphic to affine space. Then one shows, using
a version of Bertini’s theorem, that there exists an affine line ` in U+ × U− such that the
cover remains connected when restricted above `. This is the Σ(Fq)-cover we seek. �

3.3. Proof of Abhyankar’s conjecture. Assume throughout Section 3.3 that k is an al-
gebraically closed field of characteristic p > 0. The proof of Abhyankar’s Conjecture for
affine curves (Conjecture 3.2) involves separate contributions from Serre, Harbater, and
Raynaud. Serre proved results about the cohomological dimension of curves, and his contri-
bution proved Conjecture 3.2 for solvable group covers of the affine line. Harbater developed
formal patching methods which allowed for an inductive approach for realizing Galois groups
of affine covers. Raynaud, using semi-stable reduction of curves as well as another form of
patching, proved Conjecture 3.2 for the affine line. This, together with formal patching,
proved Conjecture 3.2 for all affine curves.

3.3.1. The case U = A1
k. Let G be a quasi-p group. To show that G ∈ πA(A1

k), one uses
induction on |G|, the case |G| = 1 being trivial. The first major breakthrough was due to
Serre.

Theorem 3.6 (Serre, [87]). Let

1→ H → G→ G/H → 1 (3.2)

be an exact sequence of finite groups, with H solvable and G quasi-p. If G/H ∈ πA(A1
k), then

G ∈ πA(A1
k).
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Corollary 3.7. Abhyankar’s conjecture for the affine line is true for solvable groups, in
particular, for p-groups.

Sketch of proof of Theorem 3.6. By induction, one reduces to the case where H is elementary
abelian of exponent `, for a prime `, with the conjugation action of G/H on H irreducible.
Now, one can show, using étale cohomology, that π1(A1

k) has cohomological dimension 1,
and is thus projective. In particular, a surjection ϕ : π1(A1

k) → G/H lifts to a morphism
ϕ : π1(A1

k) → G. Now, if (3.2) is not split, then ϕ is surjective, and thus G ∈ πA(A1
k). If

(3.2) is split, then ϕ might not be surjective. However, a group cohomology argument shows
that there will exist a choice of surjective lift ϕ, provided that the natural inclusion

H1(G/H,H) ⊆ H1(π1(A1
k), H) (3.3)

induced by ϕ : π1(A1
k)→ G/H is strict, where G/H acts on H via conjugation in G.

The proof then breaks into two cases, depending on whether or not ` = p. If ` = p, then
one shows that H1(π1(A1

k), H) is infinite, and thus the inclusion in (3.3) must be strict. If
` 6= p, then the inclusion in (3.3) might not be strict as is, but we can make it strict by
replacing ϕ by some ϕ′. Namely, ϕ corresponds to an étale G/H-cover of A1

k. We can pull
this cover back by the mth power map on A1

k, where m is any natural number prime to p.
This gives a new étale G/H-cover of A1

k, corresponding to some ϕ′ : π1(A1
k) → G/H. One

then shows that
d′ = md,

where d (resp. d′) is the dimension of H1(π1(A1
k), H) as an F`-vector space, where the action

on G/H is via the map ϕ (resp. ϕ′). Thus we get a strict inclusion in (3.3) whenever
m > 1. �

Given Theorem 3.6, we may assume that G has no nontrivial normal p-subgroup. Ray-
naud’s proof of Abhyankar’s conjecture for A1

k ([80]) is subdivided into two cases, addressed
in Theorems 3.8 and 3.11 below.

Theorem 3.8 (Raynaud). Fix a p-Sylow subgroup S of G, and let G(S) ⊆ G be generated
by all proper quasi-p subgroups of G with a p-Sylow group contained in S. If G(S) = G, then
G ∈ πA(A1

k).

Remark 3.9. Since G(S) only depends on the particular p-Sylow subgroup S up to conju-
gacy, the hypothesis in Theorem 3.8 depends only on G.

Remark 3.10. In this case, the assumption that G has no nontrivial normal p-subgroup is
unnecessary.

Sketch of proof of Theorem 3.8. By induction, each proper subgroup Gi of G whose p-Sylow
subgroup is contained in S occurs as the Galois group of an étale cover fi : Yi → A1

k. By
Lemma 2.4 (1), the inertia groups of fi at ∞ are isomorphic to some Pi o Z/mi, where Pi
is a p-group and p - mi. One then takes the pullback of fi via the map A1

k → A1
k given by

raising to the mith power. Since p - mi, Abhyankar’s Lemma 2.2 shows that this pullback is
an étale Gi-cover with inertia groups Pi. Thus we may assume that the inertia groups of fi
are p-groups (which, by assumption, are contained in S).

In this case, Raynaud shows, using the technique of rigid patching, that there is an étale
G-cover f : Y → A1

k with inertia groups at∞ isomorphic to S. In order to use rigid patching,
Raynaud must work over the field K := k((t)), rather than k. Once the desired G-cover is
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constructed over K, an appropriate specialization of t gives a G-cover defined over k. For
an introduction to rigid patching, see, e.g., [50], Section 4. �

Theorem 3.11 (Raynaud). In the situation of Theorem 3.8, assume that G(S) 6= G, and
that G has no nontrivial normal p-subgroup. Then G ∈ πA(A1

k).

Sketch of proof. The field K0 := Frac(W (k)) is a complete discretely valued field in charac-
teristic zero with residue field k, where W (k) is the ring of Witt vectors over k (see [86],
Chapter II, Section 6). Let K be its algebraic closure. Since G is quasi-p, it can be gener-
ated by, say, r elements of order a power of p. Since K, like C, is an algebraically closed
field of characteristic zero, the Lefschetz principle shows that there is a branched G-cover
fK : YK → P1

K
which is branched above r + 1 points, with p-power branching indices (just

as if we were working over C). For non-trivial G, by taking r large enough we can force the
genus of Y to be at least 2. Furthermore, we may assume that the branch points lie in A1

K
,

and that they are pairwise non-congruent modulo the maximal ideal of the ring of integers
of K. This cover descends to a cover fK : YK → P1

K over some finite extension K/K0.
After possibly replacing K with a further finite extension, one can show that fK has a

stable model over the valuation ring R of K. That is, there exists a relative R-curve YR
that has stable special fiber (i.e., only nodes for singularities) and for which there exists an
R-linear G-action on YR such that the quotient morphism fR : YR → PR := YR/G has generic
fiber fK . The special fiber Pk of PR will have a tree of P1

k’s for irreducible components (and
this tree will consist of more than one component). In [80, Section 6], a detailed analysis of
the properties of stable models of Galois covers of curves shows that, under the assumptions
in Theorem 3.11, there is a “tail” irreducible component, say, Dk = P1

k, for which fR×PR
Dk

is a G-cover of P1
k branched at one point. This gives us the étale G-cover of Dk we seek. �

Remark 3.12. It is interesting and perhaps unexpected that the hypothesis G(S) 6= G is
absolutely necessary for the proof of Theorem 3.11, whereas the opposite is necessary for the
proof of Theorem 3.8!

3.3.2. Patching and the general case. Harbater’s proof of the general case of Abhyankar’s
Conjecture ([47], simplified in [49]) is divided into two steps. The first step is to prove the
conjecture for the case A1

k − {0}, and the second is to use that to obtain the general case.

Theorem 3.13 (Harbater). If G is a finite group such that G/p(G) is cyclic of prime-to-p
order, then G ∈ πA(A1

k − {0}).

Sketch of proof. We construct an étale G-cover over A1
K − {0}, where K = k((t)). An

appropriate specialization of t then yields the desired G-cover of A1
k − {0}.

First, a group-theoretic simplification allows us to assume that G ∼= p(G) o G, where G
is cyclic of prime-to-p order. Then, one proves a strengthening of Theorem 3.6, showing
that, if H is a p-group, then not only does Theorem 3.6 apply to A1

K − {0} as well, but also
that one can specify the local behavior of this cover over the complete local ring at a point
(in fact, finitely many points). Since a G-cover of A1

K − {0} is easy to construct (use the

equation y|G| = x), the above strengthening yields a P oG-cover g : V → A1
K − {0}, where

P is a p-Sylow group of G; and this can be chosen with specified local behavior.
On the other hand, the A1

k-case of Abhyankar’s conjecture can be used as a black box to
build an étale p(G)-cover h : W → A1

k. In fact, we can force the inertia groups at ∞ to be
isomorphic to P , using Abhyankar’s Lemma and deformations of covers. Taking the smooth
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projective completion of h, and looking at the (fraction fields of the) complete local ring at a
ramification point with inertia group P , one obtains a P -Galois extension L/K. By choosing
g above so that its restriction above some K-point of A1

K − {0} is the map

|G|∐
i=1

SpecL→ SpecK,

we are able to use “formal patching” (see [50]) to glue g and a thickening of h together,
giving an étale G-cover of A1

K −{0}. The cover is connected because G is generated by p(G)
and P oG. �

Remark 3.14. In fact, the cover constructed in the proof above will be tamely ramified
above 0.

Sketch of the proof of the general case of Abhyankar’s conjecture. Consider the general case,
where U is a curve of type (g, r), with r > 0, and G is a group such that G/p(G) can be
generated by 2g + r − 1 elements. As in Theorem 3.13, one can reduce to the case where
G = p(G)oG, where p - |G| and G is generated by 2g+r−1 elements. By [2, XIII, Corollary
2.12], there is a G-cover f : Y → U . Let C be an inertia group of f at some ramification
point ξ; this is a prime-to-p cyclic group. Let H be the subgroup of G generated by p(G)
and C; using group theory we may reduce to the case that this is a semi-direct product. By
Theorem 3.13 and the remark afterwards, there is an H-Galois cover h : W → A1

K − {0},
tamely pramified at the point 0, with inertia group C there. One then patches the covers
f and h. This is done so that the tame ramification of h above 0 “cancels out” the tame
ramification of f at ξ, thus leaving a total of r branch points of the (projective completion
of the) final cover. Since H and G generate G, patching these together yields a G-cover of
type (g, r) curve over K. Again, an appropriate specialization yields the desired cover over
k, showing that G ∈ πA(U). �

Remark 3.15. As in the previous remark, the cover constructed in the proof above will be
tamely ramified above all but one point of X, where X is the smooth projective completion
of U .

A related proof of the general case of Conjecture 3.2, also relying on the case of the affine
line, can be found in [73]; see the corollary to Theorem B there.

4. Abhyankar’s Inertia Conjecture

Let k be an algebraically closed field of characteristic p > 0. Earlier, we discussed the fact
that the prime-to-p fundamental group of the affine line A1

k is trivial, which implies that only
quasi-p groups can occur as Galois groups of covers φ : Y → P1 branched only at ∞. As we
have seen, Abhyankar’s Conjecture 3.2 implies that all quasi-p groups do, in fact, occur.

4.1. Abhyankar’s Inertia Conjecture. Now, consider the fact that the tame fundamental
group of the affine line A1

k is trivial. This places restrictions on the subgroups of G which
can occur as inertia groups of a G-Galois cover φ : Y → P1 branched only at infinity. The
inertia group G0 at a ramified point of φ is a semi-direct product of the form G1 o Z/m
where G1 is a p-group and p - m (Lemma 2.4 (1)). The subgroup J ⊂ G generated by the
conjugates of G1 is normal. Since the G/J-Galois quotient cover is a tame Galois cover of
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P1 branched only at ∞, it must be trivial; thus J = G. Based on this, Abhyankar stated
the currently unproven Inertia Conjecture.

Conjecture 4.1 (Abhyankar’s Inertia Conjecture, [18], Section 16). Let G be a finite quasi-p
group. Let G0 be a subgroup of G which is an extension of a cyclic group of order prime-to-p
by a p-group G1. Then G0 occurs as the inertia group of a ramified point of a G-Galois cover
φ : Y → P1 branched only at ∞ if and only if the conjugates of G1 generate G.

There are not many classes of groups for which Abhyankar’s Inertia Conjecture has been
verified. Abhyankar’s Inertia Conjecture is trivially true when G is a p-group because a
p-group cover of the affine line must be totally ramified over infinity. In this section, we first
reformulate the inertia conjecture into two distinct parts and discuss evidence for it. Then
we discuss potential constraints on the inertia group, including a new result relating the
structure of the inertia group with a congruence condition on the genus of a subquotient.

4.2. Reformulation of Abhyankar’s Inertia Conjecture. In essence, Abhyankar’s In-
ertia conjecture consists of two separate claims: one about the possibilities for the Sylow
p-subgroup of the inertia group and one about possibilities for the tame part of the inertia
group.

Conjecture 4.2 (Inertia Conjecture, [18], Section 16). Let G be a finite quasi-p group.

(1) Wild part: A p-group G1 ⊂ G occurs as an inertia group for a G-Galois cover
φ : Y → P1 branched only at ∞ if and only if the conjugates of G1 generate G.

(2) Tame part: Suppose a p-group G1 ⊂ G occurs as an inertia group for a G-Galois
cover φ : Y → P1 branched only at ∞. Suppose β ∈ G has prime-to-p order and is
contained in the normalizer of G1 in G. Then the semi-direct product G0 = G1 o 〈β〉
occurs as an inertia group for a G-Galois cover φ : Y → P1 branched only at ∞.

4.3. Changing the inertia group. Abhyankar’s Lemma 2.2 allows one to decrease the
order of the tame part of an inertia group by pulling back by a tame cover. Because of
Abhyankar’s Lemma, it is valuable to search for inertia groups with large tame order. Here
is a restatement of the lemma for Galois covers of the affine line.

Lemma 4.3 (Abhyankar’s Lemma). Suppose φ : Y → P1
k is a G-Galois cover branched only

over ∞ with inertia group I of the form P o Z/m. Let ψ : P1
k → P1

k be a Z/n-Galois cover
branched at 0 and ∞. Then the pullback ψ∗φ of φ by ψ is a G-Galois cover branched only
over ∞ with inertia group of the form P o Z/(m/gcd(m,n)).

The main results about changing inertia groups are found in [46, Theorem 2] and [49,
Theorem 3.6]. These are long results to state in full generality, but here is a special case.
Suppose φ : Y → X is a G-Galois cover of curves having inertia group I of the form PoZ/m
above a branch point b. Suppose I ⊂ I ′ ⊂ G and the index [I ′ : I] is a power of p. Then it is
possible to modify the cover φ to another G-Galois cover φ′ : Y ′ → X with the same branch
locus as φ, whose ramification at branch points other than b is the same as for φ and whose
inertia groups above b are isomorphic to I ′.

In particular, choosing φ to be a Galois cover of the affine line, one deduces the following
theorem. Because of this theorem, it is valuable to search for inertia groups whose Sylow
p-subgroup has smaller order than the Sylow p-subgroup of G.
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Theorem 4.4 ([48], Section 4.1). Suppose G is a quasi-p group. Then there exists a G-Galois
cover φ : Y → P1

k branched only over ∞ whose inertia groups are the Sylow p-subgroups of
G.

4.4. Realizing inertia groups via reduction. As we saw in the proof of Theorem 3.11,
one strategy for realizing covers of the affine line with given inertia group is to study the
reduction of G-Galois covers of the projective line in characteristic 0. If p divides one of the
ramification indices, then the cover may have bad reduction to characteristic p. Under some
conditions on the reduction and on the Galois group, there is a component of the stable
reduction which is a (connected) G-Galois cover of P1

k wildly ramified above only one point.
The following two results are based on the reduction method:

Theorem 4.5 ([28], Theorem 2). The inertia conjecture is true for the alternating group
G = Ap and the projective special linear group G = PSL2(p) for p ≥ 5.

Theorem 4.6 ([64], Corollary 3.6). Let p ≥ 7. Suppose L is a prime such that G ' PSL2(L)
has order divisible by p. Suppose I is cyclic of order pr or dihedral of order 2pr with 1 ≤
r ≤ vp(|G|). Then there exists a G-Galois cover φ : Y → P1

k branched at only one point with
inertia groups isomorphic to I.

Remark 4.7. It appears that Theorem 4.6 is the first existence result for covers of the affine
line whose inertia groups are strictly contained in a Sylow p-subgroup. Other examples of
this can be produced using the fiber product construction in [56, Section 4].

Remark 4.8. For fixed p, the condition that |PSL2(L)| is divisible by p is satisfied by
infinitely many primes L.

Remark 4.9. It is usually difficult to obtain complete information about the stable reduc-
tion. Typically, there is a vanishing cycle formula which gives information about the sum of
the conductors for the covers of the terminal components in the stable reduction. Sometimes
it is possible to use extra information to guarantee that one of the covers has non-trivial tame
inertia. The reduction of a cover with small field of definition is more likely to produce such
a cover. The authors of [28] use additional information about the reduction of the modular
curve X(2p) when G = PSL2(p) and the existence of subgroups with index p when G = Ap
to produce non-trivial tame inertia.

Also, the stable reduction method produces connected G-Galois covers of the affine line
only under some group theoretic conditions: that G has no normal p-subgroup and that
G(S) 6= G.

4.5. Realizing inertia groups via explicit equations. Abhyankar’s Inertia Conjecture
has in some cases been realized using Abhyankar’s original equations.

Theorem 4.10 ([60], Theorem 1.2). If p ≡ 2 mod 3 is an odd prime, then the inertia
conjecture is true for the alternating group Ap+2.

More generally, the authors consider the group G = Ap+s with 2 ≤ s < p. They use
Abhyankar’s explicit equation for an extension of k(x) with Galois closure Ap+s:

gs(y) = yp+s − xys + 1 ∈ k(x)[y].

From this explicit equation, the authors calculate a Newton polygon whose slopes determine
the conductor of the cover. The method is in some way akin to Abhyankar’s method of
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throwing away roots ([9, Section 4]). When s = 2, there is a maximal subgroup of the form
Z/p o Z/m containing a fixed p-cycle and it is realized as the inertia group of the Galois
closure of this extension when p ≡ 2 mod 3 is odd.

The authors also reprove Abhyankar’s Inertia Conjecture for Ap in this method, using
Abhyankar’s explicit equation for an extension of k(x) with Galois closure Ap:

f(y) = yp − xyp−t + x ∈ k(x)[y].

In addition, the proofs of Theorems 4.5, 4.6, and 4.10 determine information about the
ramification filtrations which can be realized for covers with the given Galois cover; see
Section 8.3.

4.6. Higher Ramification Groups. The proofs of the results in Sections 4.4 and 4.5 use
information about higher ramification groups, as defined in Section 2.3.1. Suppose that
φ : Y → X is a G-Galois cover wildly ramified at some point η. Here is more information
about the ramification filtration in the special case that the order of the inertia group G0

is strictly divisible by p. It follows from Lemma 2.4 that G0 is a semidirect product of the
form Z/po Z/m for some prime-to-p integer m.

By Lemma 2.3, the lower jump of φ of η is the largest integer J such that GJ 6= {1}.
Recall that the lower numbering on the filtration from Definition 2.3 is invariant under sub-
extensions and that there is a different indexing system on the filtration, whose virtue is
that it is invariant under quotient extensions.

By Definition 2.5, Gϕ(i) = Gi where ϕ(i) = |G0|−1
∑i

j=1 |Gj|. In this case, ϕ(J) = J/m.

The rational number σ = J/m is the upper jump; it is the jump in the filtration of the higher
ramification groups in the upper numbering.

Definition 4.11. Let G0 ' Z/po Z/m with chosen generators τ of order p and β of order
m. Let g be the homomorphism g : 〈β〉 → Aut(〈τ〉) given by g(β) : τ 7→ βτβ−1. Define
m′′ = |Ker(g)| and m′ = m/m′′.

One says that m′′ is the central part of the tame ramification since m′′ is the order of the
prime-to-p part of the center of G0. Also 〈βm′〉 is precisely the subgroup of order m′′ which
acts trivially on Z/p. One says that m′ is the faithful part of the tame ramification since the
image of g has order m′ in Aut(〈τ〉). Note that m′|(p− 1).

Using ramification theory from [86, IV, Proposition 9] or field theory as in [79, Lemma
1.4.1(iv)], one can see that there is a congruence condition on the lower jump modulo m,
namely

gcd(J,m) = m′′.

In other words, J/m has denominator m′ when written in lowest terms.

4.7. An unexpected constraint on ramification. There are necessary conditions on the
ramification filtration arising from class field theory. These conditions can be called local
conditions in that they arise from conditions on I-Galois extensions of complete local rings.

However, it appears that there are some non-local conditions on the ramification filtration
as well. It turns out that the set of conductors at a ramification point with inertia group
I depends not only on I but also in a subtle way on the group G. In particular, there is a
difference between the conductors that occur for Ap and PSL2(p) Galois covers despite the
fact that the same inertia groups occur.
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Theorem 4.12 ([28], Theorem 3). Suppose that p ≥ 7. Let m = (p− 1)/2. There exists an
Ap-Galois cover of P1

k branched only at ∞ with upper jump σ = (p − 2)/m, but there is no
PSL2(p)-Galois cover of P1

k branched only at ∞ with upper jump σ = (p− 2)/m.

The proof of this result uses lifting of semi-stable covers of curves to characteristic 0. The
underlying reason behind this result is that the rigid triples (e.g., [95, Definition 2.15]) for
these groups in characteristic 0 are different; namely PSL2(p) has many rigid triples whereas
Ap has very few. This idea is generalized further in [28, Sections 3.2 and 3.3].

4.8. A potential new constraint on the inertia group. This section states a new result
relating the structure of the inertia group to the upper jump and genus of quotient extensions.
Before stating it, here is some elementary group theory.

4.8.1. Group theory. Let G be a transitive subgroup of Sn. Let p be a prime such that
p ≤ n < 2p. Then, p2 - |G|. The following lemmas give an upper bound for the size of the
inertia group.

Lemma 4.13. Let τ = (1, 2, . . . , p). Then there exists θ ∈ Sp with order p − 1 such that
NSp(〈τ〉) = 〈τ〉o 〈θ〉 and such that θ fixes 1.

Proof. Let np be the number of Sylow p-subgroups of Sp; then np = [Sp : NSp(〈τ〉)]. There
are (p− 1)! different p-cycles in Sp, each generating a group with p− 1 non-trivial elements.
It follows that np = (p− 2)!. Therefore, |NSp(〈τ〉)| = p(p− 1).

Clearly, 〈τ〉 ⊂ NSp(〈τ〉). Let a be a generator of F∗p. There exists θ ∈ Sp such that

θτθ−1 = τa since all p-cycles in Sp are conjugate. Then θ ∈ NSp(〈τ〉). Also θ has order p− 1
since, for any r,

θrτθ−r = τa
r

.

Conjugating θ by a power of τ gives a new choice of θ that fixes 1. �

Recall that CSn(〈τ〉) = 〈τ〉 ×H where H = {ω ∈ Sn : ω is disjoint from τ}.

Lemma 4.14. Let G be a transitive subgroup of Sn where n = p + s and 2 ≤ s < p. Let
τ = (1, 2, . . . , p) and let θ ∈ Sp satisfy the properties of Lemma 4.13. Let Hs ⊂ Sp+s be the
subgroup of permutations of the set {p+1, p+2, . . . , p+s}. Then NG(〈τ〉) is the intersection
of G with (〈τ〉o 〈θ〉)×Hs.

Proof. The permutation θ in the proof of Lemma 4.13 has order p−1 and normalizes τ . The
elements of Hs commute with τ and θ. Thus G∩(〈τ〉o〈θ〉)×Hs ⊂ NSp+s(〈τ〉). Performing a
similar count as for Lemma 4.13, the number of Sylow p-subgroups in Sp+s is (p+s)!/(s!p(p−
1)), which must equal the index of NSp+s(〈τ〉) in Sp+s. Therefore |NSp+s(〈τ〉)| = s!p(p − 1).
Thus G ∩ (〈τ〉o 〈θ〉)×Hs = NSp+s(〈τ〉). The result follows by taking the intersection with
G. �

Notation 4.15. Let p ≤ n < 2p. Suppose G is a transitive subgroup of Sn and is a quasi-p
group. Without loss of generality, suppose τ = (1, 2, . . . , p) ∈ G. Suppose I ⊂ G is a semi-
direct product of the form 〈τ〉 o 〈β〉 for some β ∈ G having prime-to-p order m. Suppose
the action of β on {p+ 1, . . . , n} breaks into T disjoint cycles with lengths n1, . . . , nT . Then
{n1, . . . , nT} is a partition of n− p. Let L = lcm(n1, . . . , nT ).

The ideas in the following result were used frequently by Abhyankar.
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Proposition 4.16. With notation as in 4.15, Suppose φ : Y → P1 is a G-Galois cover
branched only at∞ with inertia I at a ramification point η. Consider the subgroup Sn−1 ⊂ Sn
of elements fixing 1. Let X1 be the quotient of Y by G∩Sn−1. Then the fibre of ψ : X1 → P1

above ∞ consists of T + 1 points, with inertia groups of order p, n1, . . . , nT .

Proof. Let H = G ∩ Sn−1, where Sn−1 is the subgroup fixing 1. The symmetric group acts
on {1, ..., n} via a right action and the set of cosets H\G is in bijection with {1, ..., n}, via
the image of 1. Let ψ : X1 → P1 be the quotient of Y by H. Then ψ has degree n and the
fibers of ψ can be indexed by the numbers 1, . . . , n.

After labeling a point of Y in φ−1(∞) to correspond to the identity coset, there is a
bijection from G/I to the fiber of φ above ∞. The action of G on φ−1(∞) is given by left
multiplication.

Now, the points of X1 in ψ−1(∞) correspond to the orbits of H on G/I (via left action).
In other words, they correspond to double cosets H\G/I, which correspond to orbits of I
acting on the right on {1, . . . , n}. Additionally, the lengths of the orbits correspond to the
ramification indices. From Notation 4.15 and Lemma 4.14, there is one orbit of length p,
and T additional orbits of lengths n1, . . . , nT .

�

The following proposition is a new result which gives a relationship between the central
and faithful parts of the tame ramification of a Galois cover of the affine line. It is inspired
by [27]. It is not immediately apparent whether this relationship places new constraints on
inertia groups of covers of the affine line since it depends on the genus of a quotient of the
cover.

Proposition 4.17. Assume the context of Notation 4.15 and Proposition 4.16, and let g1

be the genus of X1. Then the upper jump σ (see Section 4.6) satisfies the relationship:

σ =
2g1 + n+ T − 1

p− 1
.

In particular, the order of the faithful part of the tame ramification satisfies the relationship:

m′ =
p− 1

gcd(p− 1, 2g1 + n+ T − 1)

and the order of the central part of the tame ramification satisfies the relationship:

m′′ =
L

gcd(m′, L)
,

where L = lcm(n1, . . . , nT ).

Proof. The strategy of the proof is to calculate the genus of Y in two ways using the Riemann-
Hurwitz formula. First, by hypothesis, the G-Galois cover φ : Y → P1 is branched only at∞
with inertia I at a ramification point. Recall that I ⊂ G is a semi-direct product of the form
Z/p o Z/m. Let J be the jump in the ramification filtration of φ in the lower numbering.
By Theorem 2.4(3),

2gY − 2 = |G|(−2) +
|G|
|I|

(|I| − 1 + (p− 1)J). (4.1)

20



By Proposition 4.16, the fibre of ψ : X1 → P1 above ∞ consists of T + 1 points, with
inertia groups of order p, n1, . . . , nT . Denote these points by P0, P1, . . . , PT .

Consider the subcover φ1 : Y → X1 which is Galois with degree |G|/n. Above P0, the
cover φ1 is tamely ramified with ramification index m. Above Pi for 1 ≤ i ≤ T , the cover φ1

is wildly ramified with ramification index pm/ni. By [86, IV, Proposition 2], the lower jump
of φ1 above Pi is still J . By Theorem 2.4(2),

2gY − 2 =
|G|
n

(2g1 − 2) +
|G|
nm

(m− 1) +
T∑
i=1

|G|ni
npm

(pm
ni
− 1 + (p− 1)J

)
. (4.2)

Setting the right hand sides of equations (4.1) and (4.2) equal and multiplying by n/|G|
yields

− 2n+ n− n

pm
+
n(p− 1)

pm
J = 2g1 − 2 +

m− 1

m
+

T∑
i=1

(1− ni
pm

+
ni(p− 1)

pm
J). (4.3)

Recall that
∑T

i=1 ni = n− p. Substituting this yields that:

− 2n+ n− n

pm
+
n(p− 1)

pm
J = 2g1 − 2 +

m− 1

m
+ T − n− p

pm
+
p− 1

pm
(n− p)J. (4.4)

Thus J
m

(p− 1) = 2g1 − 1 + T + n and the first claim follows since σ = J/m. The second
claim follows from the fact that m′ is the smallest positive integer such that m′σ is integral.
The third claim follows from the fact that m = L is the order of the tame inertia of φ. �

This proposition allows one to reinterpret the Inertia Conjecture in terms of the congruence
class of g1 modulo p− 1.

Example 4.18. Suppose G = Ap+t with 2 ≤ t < p. Suppose the cycle type of β on
{p+ 1, . . . , p+ t} is a t-cycle. Then σ = 2g1+p+t

p−1
.

4.9. Open problems. Among the many quasi-p groups that are worthy of investigation,
the alternating groups An with p ≤ n < 2p appear the most accessible. In this case, to
prove (the tame part of) Abhyankar’s Conjecture, one must show that each subgroup I of
NAn(〈τ〉) having the form Z/p o Z/m occurs as the inertia group of an An-Galois cover of
the affine line. These subgroups are partially ordered under inclusion; we say that I is a
maximal inertia group for An if I 6⊂ I ′ for any I ′ ⊂ NAn(〈τ〉) having the form Z/poZ/m. To
prove that Abhyankar’s Conjecture is true for the group An, it suffices to prove that each of
the maximal I-groups for An occurs as the inertia group of an An-Galois cover of the affine
line. As n increases, the number of maximal I-groups grows quickly.

The maximal inertia groups I for An are of two types. The first type are those which
stabilize an element, say n, and thus are contained in An−1. One could ask if an An−1 cover
of the affine line with inertia I could be used to produce an An cover of the affine line with
inertia I. It appears difficult to do this, using either field theory or formal patching.

The second type are those which do not stabilize an element. Even for small s = n − p,
most of these have not been constructed explicitly. For example, the Galois closure of
Abhyankar’s equation yp+s−xys + 1 is an Ap+s cover of the affine line with inertia groups of
order p(p− 1)s/gcd(p− 1, s(s+ 1)). The factor of gcd(p− 1, s(s+ 1)) is lost from applying
Abhyankar’s Lemma to remove tame ramification. Even when this factor is trivial, this type
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of equation only produces inertia groups I ' 〈τ〉o 〈β〉 where β acts on {p+ 1, . . . , p+ s} as
an s-cycle.

Here is a very special case of Conjecture 4.1.

Question 4.19. If p ≥ 5, is Abhyankar’s Inertia Conjecture true for the group Ap+1?

We highlight this as a special case because Abhyankar’s treatment of the group Ap+1

differed from that of other alternating groups. To realize Ap+1 as a Galois group of a cover
of the affine line, Abhyankar constructed an Ap+2-Galois cover Y → P1 which factors through
a degree p + 2 cover X = P1 → P1. The Ap+1 Galois subcover Y → X is ramified at two
points, but the tame ramification above one point can be removed using Abhyankar’s Lemma.
Unfortunately, the application of Abhyankar’s lemma also eliminates the tame ramification
at the wildly ramified point. The inertia groups of the resulting Ap+1 cover of the affine line
are of order p.

5. Arithmetic covers

In the previous sections, we considered curves over an algebraically closed field k of char-
acteristic p > 0. There, we explored how the triviality of the prime-to-p fundamental group
places restrictions on the finite groups G which can occur as the Galois group of a cover
φ : Y → P1 branched only at ∞ as well as on the inertia groups that can occur over
∞. These restrictions over algebraically closed fields k also limit the finite groups G that
can occur as covers of curves defined over non-algebraically closed fields `. As usual, Ab-
hyankar conjectured that the covers that do exist are exactly those that can exist under
these limitations. When working with covers of curves over non-algebraically closed fields,
it is convenient to distinguish between the part of the cover coming from an extension of
the scalars and the part that would remain the same if the scalars were extended. This
leads naturally to the definitions of the arithmetic and geometric fundamental group and to
Abhyankar’s Arithmetical Affine Conjectures.

5.1. Background on covers over perfect fields. Let ` be a perfect field. Let X be a
smooth projective `-curve. We call a cover of `-curves Y → X regular if the algebraic closure
of ` in the function field KY of Y is ` itself (some authors use “geometric”). For algebraically
closed fields this is of course always the case, however in general the extension may have
some “arithmetic” component.

Let ` be a field with `′/` a finite Galois extension. Let Y be a curve defined over `′ and
let A be a subgroup of Aut`(Y ) such that A induces the full group of `-automorphisms of
`′. Then A induces a Galois cover Y → X := Y/A with Galois group A where X is a curve
defined over `. Let G be the normal subgroup of A which is trivial on `′. So A/G ∼= Gal(`′/`).
Then there is a Galois cover φ : Y → X`′ := X ×` `′ that is regular (over `′) and has Galois
group G. Let ∆ be the set of branch points of the cover Y → X and note that this set is
A-invariant and so defined over `. Let ∆G be the set of branch points of Y → X`′ . This set
is defined over `′.

Given any Galois cover φ : Y → X with Galois group A and branch locus ∆ defined over
`, let `′ be the algebraic closure of ` in KY . Then φ : Y → X factors through X`′ → X,
Y → X`′ is a Galois cover defined over `′, and we have a short exact sequence

1→ Gal(Y/X`′)→ A→ Gal(`′/`)→ 1.
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Notice that the algebraic closure of `′ in KY is `′ again. Thus Y → X`′ is regular and we
call G = Gal(Y/X`′) the geometric Galois group of Y → X.

If we begin with a regular non-Galois cover Y → X then its Galois closure Ȳ → X may
or may not be regular. Let A and G, respectively be the arithmetic and geometric Galois
groups of the cover Ȳ → X, then A is called the arithmetic monodromy group of Y → X
and G the geometric monodromy group of Ȳ → X.

This breakdown of the arithmetic and geometric monodromy groups can be extended to
the level of fundamental groups. Let U¯̀ = U ×` ¯̀. Then we have a short exact sequence
analogous to the one that exists on a finite level. Namely,

1→ π1(U¯̀)→ π1(U)→ Gal(¯̀/`)→ 1

and it splits if there exists a `-point on U . The group π1(U¯̀) is called the geometric fun-
damental group. In the earlier parts of this survey article, the curves in question have
been defined over an algebraically closed field and thus the fundamental group has been the
geometric fundamental group.

5.2. Abhyankar’s Affine Arithmetical Conjecture. The 1990’s brought much progress
on understanding the set of finite quotients of the arithmetic and geometric fundamental
group. For curves over algebraically closed fields, where the two groups coincide, Raynaud
and Harbater’s proof of Abhyankar’s Conjecture determined the set completely. Nevertheless,
because their proof was “existential,” Abhyankar continued to “to march on with the project
of finding explicit nice equations for nice groups....” [18]. He set about computing the
geometric monodromy groups (Galois groups) of the two families of equations mentioned in
his 1955 and 1957 papers. For a field l of characteristic p > 0 (not necessarily algebraically
closed), these families were defined by the following equations,

f = h(X, Y p)Y t − aXrY t + bXs

and
f̃ = h(X, Y p)− aXrY t + bXs

for non-zero constants a and b, and where h(X, Y ) ∈ `[X, Y ] is a monic polynomial of degree
ν in Y . By considering the Y -discriminant of these polynomials (viewed as polynomials in
Y with coefficients in K(X)), one finds the following:

(1) If r ≥ 0, s = 0, and t 6≡ 0 (mod p) then the equation f = 0 gives an unramified
covering of the affine `-line (i.e., the projective line minus one point).

(2) If r ≥ 0, s > 0, and t 6≡ 0 (mod p) then the equation f = 0 gives an unramified
covering of the punctured affine `-line.

(3) If h(X, 0) = 0, r ≥ 0, s ≥ 0, and t 6≡ 0 (mod p) then the equation f̃ = 0 gives an
unramified covering of the punctured affine `-line.

In [12], Abhyankar showed that for various choices of the parameters a, b, and t and for
suitable primes p and prime powers q, the Galois groups realized using these covers included
the symmetric and alternating groups An and Sn of any degree n > 1, the linear groups
GL(m, q), SL(m, q), PGL(m, q), PSL(mq), AGL(1, q) and F+

q for any integer m > 1, the
Mathieu groups M11, M12, M22, M23, and M24, and the automorphism group of M12. The
geometric monodromy (Galois) groups of covers of the affine line and the punctured affine
line found in [12], combined with Harbater and Raynaud’s proof of Abhyankar’s conjecture,
lead Abhyankar to state the following conjecture:
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Conjecture 5.1 (Early Affine Arithmetical Conjecture). [12, Conjecture 9.2C] Let k be an
algebraically closed field of characteristic p > 0. For a finite group A, if π1(A1

k) � A then
π1(A1

Fp
) � A.

Abhyankar went on to ask whether the finite quotients of π1(A1
Fp

) might not be exactly the

finite quotients of π1(A1
k − {0}).

To realize the groups above as Galois groups, Abhyankar used results from several of his
1980’s era papers as well as the first paper in a series under the theme “nice equations for nice
groups” ([10], [11]-[14]). In that series, he gave natural representations of classical groups
as Galois groups of factorizations of generalized Artin-Schreier polynomials defined over an
algebraically closed field k of characteristic p > 0. In [13] Abhyankar provided a unified view,
or “mantra” as he preferred to call it, of the groups arising from “nice” equations. These
were again Galois groups of covers of the affine line and the punctured affine line defined
over an algebraically closed field of characteristic p > 0, and they included some symplectic,
orthogonal and unitary groups. In the late 1990’s, motivated by M. Fried, Abhyankar went
back to his “nice” equations, dropping the algebraically closed hypothesis, and computed
the arithmetic monodromy groups of the covers defined in those papers ([17], [16]). He
noticed that in the cases where the geometric monodromy is a linear or symplectic group,
the arithmetic monodromy group is the corresponding semi-linear group. For example, in
cases where the geometric monodromy group of the cover over A1

Fp
defined by a nice equation

is PGL(m, q), the arithmetic monodromy group is the quotient by scalar matrices of the
semi-direct product of Aut(Fq) and GL(m, q).

The results in [17, Prop. 4.2.4] were sufficient for Abhyankar to upgrade his question to a
conjecture:

Conjecture 5.2 (Affine Arithmetical Conjecture). [18, Section 16] Let k be an algebraically
closed field of characteristic p > 0. For a finite group A, π1(A1

Fp
) � A if and only if

π1(A1
k − {0}) � A.

Notice that if A satisfies the first condition, then it is cyclic-by-quasi-p by the fundamental
exact sequence (given at the end of the previous subsection); and therefore satisfies the
second condition by Abhyankar’s Conjecture for the punctured affine line. The part of the
conjecture that remains to be shown is therefore the other direction. In work with Paul
Loomis, Abhyankar showed that in many cases the results in the earlier papers still held
when the condition that k is algebraically closed is replaced by the condition that the field
contain Fq for an appropriate p-power q ([20], [21]). This led Abhyankar in 2001 to extend
his conjecture to a function field version, following the “as large as possible” mantra which
is the common thread of all his conjectures.

To state this version we introduce a little notation (cf. Section 3). Let πA(A1
Fp,∞) be the

set of all Galois groups of finite Galois extensions of the rational function field Fp(X) (i.e.
the finite quotients of the absolute Galois group of Fp(X)). This notation was meant to
convey that Spec(Fp(X)) is the result of deleting all the closed points from A1

Fp
.

Conjecture 5.3 (Total Arithmetical Conjecture). [18, Section 16] Every finite group lies in
πA(A1

Fp,∞).

This conjecture is equivalent to asking for a positive answer to the inverse Galois problem
over Fp(X). Like Conjecture 5.2, it remains open. In fact, for every prime power q, the
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inverse Galois problem over Fq(X) remains open as well (and indeed it remains open over
every global field). On the other hand, there is a partial result in this direction, due to
Fried-Völklein, Jarden, and Pop: for each finite group G there is an integer n such that for
all prime powers q > n the group G is a Galois group over Fq(X). See [49], Prop. 3.3.9
and Remark 3.3.11, for more about that result. The Total Arithmetical Conjecture is also
related to the Higher Dimensional Conjecture which is discussed in the next section.

5.3. A related result. Let A be a finite group generated by p(A) and one other element
a 6∈ p(A). This is a cyclic-by-quasi-p group, so it occurs as a Galois group of a cover of the
punctured affine line by Abhyankar’s Conjecture for affine curves. Following Abhyankar’s
Affine Arithmetical Conjecture, it should also occur as the arithmetic monodromy group
over A1

Fp
. The next result does not prove the Affine Arithmetical Conjecture for this type of

group, but it does show that there exists an finite extension `/Fp over which A does occur.

Theorem 5.4. [41, Theorem 4.5] Let A be a finite group generated by p(A) and one other
element a 6∈ p(A). Then there exists a finite extension `/Fp and a Galois cover ψ : Z → P1

`

such that the arithmetic Galois group of ψ is A, the geometric Galois group is p(A), and
the branch locus consists of only one `-rational point. Moreover, the resulting regular Galois
cover with Galois group p(A) is a cover of the projective `′-line for some finite extension `′/`.

The proof of this theorem uses Harbater’s proof of Abhyankar’s Conjecture, a descent
argument, and elementary group theory. It provides a nice connection between two of Ab-
hyankar’s conjectures, and we give a sketch of it here that summarizes the results found in
Section 4 of [41]. Before sketching the proof a little notation is needed, in addition to the
notation of Section 5.1, which we preserve.

Let ∆¯̀ = ∆ ×` ¯̀ = {τ1, ..., τr}, Y¯̀ = Y ×` ¯̀ and X¯̀ = X ×` ¯̀. We say that Y → X has
inertial description (H1, ..., Hr) if Y¯̀→ X¯̀ has the property that over every τi there exists
a τ̂i with inertia group Hi. This is defined only up to individual conjugation. Notice that if
τ ∈ ∆ is a closed point in X and τi and τj in X¯̀ are conjugate geometric points over τ then
the inertia groups of τ̂i and τ̂j over τ are Hi and Hj respectively and they are conjugate to
one another in A, but not necessarily in G.

Proof. Let S be a p-Sylow subgroup of A. By the result of Schur-Zassenhaus, we may
assume that A is the semi-direct product p(A) o 〈a〉 with 〈a〉 ⊂ NA(S). Let X0 = P1

F̄p
. By

Abhyankar’s Conjecture (as in Proposition 4.1 of [49]), we know that A is the Galois group
of a Galois cover Y0 → X0 such that ∆Y0 = {δ0, σ0} is the branch locus. Moreover, by that
result, we may assume that the inertial description of this cover is (S o 〈a〉, 〈a−1〉). Notice
that the subcover Y0,p(A) → X0 induced by p(A)/A is p′-cyclic, branched at only two points,
and is totally ramified over these two points. Thus Y0,p(A)

∼= P1
F̄p

.

The cover Y0 → X0 descends to a cover Y1 → X1 defined over a finite extension ` of Fp
with branch locus {δ1, σ1} consisting of `-rational points and the same inertial description.
Moreover, X1 = P1

` , and there is finite field extension `′/` which is Galois with Galois group
B := A/p(A). The subcover Y1,p(A) → X1 induced by p(A) / A is p′-cyclic, branched at only
two points, and is totally ramified over these two points (since the inertia groups do not
change). These points will also be `-rational. Thus Y1,p(A) has genus zero and a `-rational
point, so Y1,p(A) is `-rational.
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Let M1 and K1 be the function fields of Y1 and X1, respectively. We now consider the field
M = M1`

′. Since `′K1 and M1 are linearly disjoint over K1, the extension M/K1 is Galois
with Gal(M/K1) = A × B, and it corresponds to an A × B-cover Z → X1 with inertial
description (S o 〈a〉, 〈a−1〉).

Let π : A→ A/G = B be the natural projection where G = p(A). Consider the injective
group homomorphism ι : A→ A×B by a 7→ (a, π(a)). Let A0 denote the image of ι. Thus
A ∼= A0. Let K be the fixed field MA0 of A0 acting on M .

The field K is a finite extension of the rational function field `(x). Thus, K is the function
field of some curve W over ` and M/K corresponds to a cover ψ : Z → W . Note that `′ is
the algebraic closure of ` in M . Let G0 denote the image of G in A0 under ι. Since π(G)
is trivial, G0 is contained in the subgroup of A0 fixing K`′. Now [K`′ : K] = [`′ : `] = [A :
G] = [A0 : G0], so G0 is the subgroup of A0 fixing `′. Thus G0

∼= G is the geometric Galois
group of the cover ψ : Z → W .

Now we have constructed a cover Z
ψ→ W → X1 in which the cover ψ has arithmetic Galois

group A and geometric Galois group p(A). Since ψ factors through Z/(G× 1) = (Y1,p(A))`′ ,
which is `′-rational, it follows that W is `-rational. By [41, Proposition 4.1(3)], for any
branch point β ∈ W , its inertia group (with respect to ψ) is A-conjugate to I ∩p(A) where I
is an inertia group of Y1 → P1

` . If β lies over δ1 ∈ X1 then its inertia group is A-conjugate to
(So 〈a〉)∩p(A) = S. If β lies over σ1 then its inertia group is A-conjugate to 〈a〉∩p(A) = e.

Combining all of the above, we have a Galois cover ψ : Z → W = P1
` with arithmetic

Galois group A and geometric Galois group is G = p(A). The branch locus consists of only
one point with inertia group S. The resulting p(A)-Galois cover is a cover of the projective
`′-line. �

One could also use the proof of Theorem B from [73] to prove the above result. A sketch
of that proof can be found in [41, Remark 4.6].

6. Higher dimensional conjectures

Following the proof of his conjecture for affine curves over algebraically closed fields of
characteristic p, Abhyankar considered not only analogous conjectures for affine curves over
finite fields (see Section 5 above) but also analogs for higher dimensional affine varieties over
algebraically closed fields of characteristic p. In doing so, he was guided by the informal
form of his conjecture (Conjecture 3.1 above). As in the curve case, this conjecture can be
viewed as having two parts:

(1) For any finite group G, one has G ∈ πA(X) if and only if G/p(G) ∈ πA(X).
(2) If X0 is an analogous complex variety, then a prime-to-p group G is in πA(X) if and

only if it is in πA(X0).

Part (1) in particular asserts that every quasi-p group is in πA(X). Of course, this is
not the case for all X in characteristic p; e.g. if k is algebraically closed then it fails for
Spec

(
k[[x, y]]

)
and Spec

(
k((x))

)
, as well as for smooth projective k-curves. Namely, only

the trivial group occurs over k[[x, y]], by Hensel’s Lemma; only certain solvable groups occur
over k((x)), since the full Galois group is the inertia group (see Lemma 2.4(1) and the
comment after Definition 2.1); and only certain groups on 2g generators occur over a smooth
projective curve of genus g, as discussed in Section 2.2. To avoid these cases, Abhyankar
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said that his generalized conjecture would apply only for spaces in which there is “enough
room” for all quasi-p groups to arise as Galois groups.

As for curves, the meaning of part (2) depends on interpreting what is meant by “an
analogous complex variety”. Abhyankar considered in particular the following situations,
where k is algebraically closed of characteristic p:

(i) X = Spec
(
k[[x1, . . . , xn]][x−1

1 , . . . , x−1
t ]
)
, where n ≥ 2 and t ≥ 1.

(ii) X is the complement of a set of t + 1 hyperplanes in general position in Pnk , where
n ≥ 2 and t ≥ 1 Here, “general position” means that the union of these hyperplanes
is a normal crossing divisor.

In the situation of (i) the complex analog is Spec
(
C[[x1, . . . , xn]][x−1

1 , . . . , x−1
t ]
)
; while in

the situation of (ii), the complex analog is the complement of t + 1 hyperplanes in general
position in PnC. In each of these cases, the groups that occur over the complex analog are
precisely the abelian groups that have a generating set of at most t elements. (See [98],
Section 7, for the global case.) So in these two cases, Abhyankar’s generalized conjecture
says that G ∈ πA(X) if and only if G/p(G) is an abelian group having a set of at most t
generators. See [15], Conjectures 2.2 and 3.2. As Abhyankar said there, in these two cases it
had been shown in [4] (resp. [7] and sequels) that every group in πA(X) is of this form, and
that he had implicitly posed this conjecture in those earlier papers. Abhyankar discussed
these conjectures further in [18] and [19].

While the above conjectures are stated in the context that k is algebraically closed of
characteristic p, assertion (1) makes sense even if k is finite. Indeed, Abhyankar’s Affine
Arithmetical Conjecture 5.2 is simply the statement of this assertion in the case that X is
the affine line over Fp. Similarly, assuming that every prime-to-p group is a Galois group
over Fp(X) (which is known for p = 2, by the theorems of Shafarevich and Feit-Thompson),
Abhyankar’s Total Arithmetical Conjecture 5.3 is just the statement of (1) for Spec

(
Fp(X)

)
.

While those conjectures are open, they are believed to hold, and this may be taken to be
reason to expect that the above conjectures would hold in the cases (i) and (ii).

But in fact, in (i) and (ii), it turns out that the classes πA(X) are in general strictly smaller
than conjectured, because there are additional conditions that must be satisfied in order for
a group to be a Galois group in those settings. Moreover the same holds in the arithmetic
situation, for the punctured affine line. Specifically, there is the following assertion. (As
usual, a supplement to a normal subgroup N in a group G is a subgroup H of G such that
G is generated by N and H.)

Proposition 6.1. Let X be one of the following:

(1) Spec
(
k[[x1, . . . , xn]][x−1

1 , . . . , x−1
t ]
)
, with 1 ≤ t ≤ n, where k is algebraically closed of

characteristic p.
(2) The complement of a set of t + 1 hyperplanes in general position in Pnk , where 0 ≤

t ≤ n.
(3) A1

k − {0}, where k is a finite field of characteristic p.

If G ∈ πA(X), then p(G) has a prime-to-p supplement that lies in πA(X). Moreover this
supplement may be chosen so as to normalize a non-trivial p-subgroup of G provided that p
divides the order of G; and the set of p-subgroups that can be normalized by such supplements
together generate p(G).
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The result in these three cases was shown in [52], at Theorem 3.3, Theorem 4.5 (and its
proof), and Theorem 5.5. Actually, the same result holds as well in the case that X is an
affine curve over an algebraically closed of characteristic p — i.e. in the case of Abhyankar’s
original conjecture. But there the extra conditions are automatic for G, once we know that
G/p(G) is in πA(X), because the class of prime-to-p groups in πA(X) consists of all prime-
to-p groups on a specified number of generators. See [52, Example 5.1]. And in fact, these
conditions were used in the proof of Abhyankar’s conjecture for affine curves (which makes
plausible that they are needed in general for a group to lie in πA(X)).

On the other hand, in the three cases listed in the proposition above, these conditions are
not automatic, provided t > 1 in the first two cases. Indeed, there are groups G such that
G/p(G) lies in πA(X) but where G does not satisfy those extra conditions. See Examples 5.2,
5.3, and 5.4 of [52]. Thus the higher dimensional conjectures proposed by Abhyankar in [15],
as well as the “obvious” conjecture for the punctured affine line, do not hold. This does not
really contradict Abhyankar’s “maximal” philosophy, since this simply shows that additional
groups can be ruled out. But the precise condition that must be assumed on G remains open.
See [52] and [42].

The above Proposition suggests that conditions (1) and (2) above may determine πA(X)
in those cases where the extra conditions in Proposition 6.1 are automatic, as in the case
of affine curves over an algebraically closed field. Whether those conditions are automatic
is a group-theoretic problem concerning the class C of prime-to-p groups in πA(X). These
conditions are automatic if a class C is closed under Frattini extensions [52, Theorem 6.2].
On the other hand, the conditions are not automatic if C is closed under taking normal
subgroups (and quotients) but not under taking Frattini extensions [52, Theorem 6.3]. They
are also not automatic if C is a class of abelian groups that contains a rank two elementary
abelian group, or if C is the class of metacyclic prime-to-p groups [52, Theorem 6.1].

In cases (1) and (2) of Proposition 6.1, the conditions in the conclusion of the proposition
impose new restrictions for a group G to be in πA(X) (beyond G/p(G) being in πA(X))
only if t > 1. If t = 0 (resp. t = 1) then the prime-to-p groups in πA(X) are just the trivial
group (resp. the cyclic prime-to-p groups), and so those conditions are automatic. The above
discussion then suggests that Abhyankar’s conjecture should hold in (1) if t = 1 and in (2) if
t = 0, 1 (the case t = 0 being excluded from (1) because of not having “enough room”). That
is, a group G is a Galois group over X if and only if G/p(G) is. And indeed, this is the case
for (2) if t = 0, 1, using Abhyankar’s conjecture for curves together with the isomorphisms
An ∼= A1 × An−1 and An − H ∼= (A1 − {0}) × An−1 (where H is a hyperplane). The case
for (1) with t = 1 is less obvious, but again it turns out that Abhyankar’s conjecture holds.
That is, a finite group G is a Galois group over Spec

(
k[[x1, . . . , xn]][x−1

1 ]
)

for n > 1 if and
only if G/p(G) is cyclic. This was shown in [51, Theorem 3.3], by deducing the result from a
more global assertion. These results provide evidence that Abhyankar’s Conjecture holds for
X if and only if the conditions in Proposition 6.1 are automatic for the class of prime-to-p
groups in πA(X).

Finally, we return to the arithmetic conjectures posed in Section 5. In the case of the
affine line over Fp, the prime-to-p groups in πA(A1

Fp
) are precisely those that are cyclic (with

generator given by Frobenius), and so the conditions in Proposition 6.1 are automatic. This
suggests that the Arithmetical Affine Conjecture 5.2 is correct. In the function field situation,
if every prime-to-p group is a Galois group over Fp(X) (as expected, and as known for p = 2),
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then the conditions in Proposition 6.1 would be automatic for Spec
(
Fp(X)

)
, and this would

provide additional evidence for the Abhyankar’s Total Arithmetical Conjecture 5.3.

7. Projective covers

This section concerns fundamental groups of projective curves over algebraically closed
fields. As with affine curves, the fundamental group is known in characteristic 0. In the
case of a projective curve of genus g over an algebraically closed field of characteristic 0, the
fundamental group is the profinite group generated by elements a1, b1, . . . , ag, bg subject to
the sole relation

∏g
i=1[ai, bi] = 1. Notice that this is a finitely generated profinite group, but

unlike the affine case, it is not free.
In characteristic p > 0, the distinction between affine and projective cases is more pro-

nounced. For example, the fundamental group (rather than just its finite quotients) is known
in two cases: π1(P1

k) is trivial, and the fundamental group of an elliptic curve depends only
on the Hasse-Witt invariant. But much less is known about the fundamental group or its
finite quotients for projective curves of genus ≥ 2.

As noted earlier, Abhyankar conjecture for affine curves does not extend to the case of
projective curves (where r = 0). For example, given an elliptic curve E in characteristic
p, the group (Z/pZ)2 is not a finite quotient of π1(E) despite the fact that its maximal
prime-to-p quotient (namely, the trivial group) is a quotient of π1(E). Nevertheless, by [2,
XIII, Cor. 2.12] the forward implication of Abhyankar’s conjecture does hold for projective
k-curves; in fact πA for a projective curve in characteristic p is contained in πA for a curve
of the same genus in characteristic zero (see Remark 3.3).

To discuss this in more detail, we go back to affine curves, and restrict our attention to
covers for which the projective completion of the cover is tamely ramified.

Recall the following from Section 2.3. Let D be a projective k-curve of genus g. Let λ be
a point on D. A cover X → D is called tamely ramified at a point τ of X lying over λ if the
ramification index at τ is prime to p. We say that X → D is tame over λ if it is tame at
every point lying over λ, and we say that X → D is tame if for every point in D all points
lying over it are either unramified or tamely ramified. Obviously, if p does not divide the
order of a group G, then any G-Galois cover is tame. However there are tame covers with
Galois group not of order prime to p. For example, unramified Z/pZ-Galois covers of an
ordinary elliptic curve are tame.

Consider the set of all finite groups occurring as Galois groups of Galois covers of D −
{λ1, λ2, ..., λr} whose projective completion is tame. This set can be given the structure
of an inverse system. The inverse limit is a quotient of π1(D − {λ1, λ2, ..., λr}) denoted by
πt1(D − {λ1, λ2, ..., λr}). Comparing tame covers to analogous covers in characteristic zero
brings us to our first necessary condition for a finite group to occur as a Galois group over
D.

7.1. Condition I. Given a projective curve Y of genus g defined over an algebraically
closed field of characteristic 0, let {γ1, ..., γr} be closed points on Y . The fundamental group

depends only on g and r, and we will denote it by F̂g,r. If we fix a prime p, we can define
p-tame covers of Y as above and also form the p-tame quotient of the fundamental group.
This will depend only on g, r, and p, and we denote it by F̂ p−tame

g,r . Any tame cover of a
projective k-curve D of genus g can be lifted to a p-tame cover of a genus g curve defined
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over an algebraically closed field of characteristic zero [2]. As a consequence, one obtains the
following result, discussed in Section 2.2 above.

Proposition 7.1. [2, XIII, Corollary 2.12] Given a (possibly empty) set {λ1, λ2, ..., λr} of
closed points of a projective k-curve D of genus g, the group πt1(D − {λ1, λ2, ..., λr}) is a

quotient of F̂ p−tame
g,r .

Since an unramified cover of D is tame, Proposition 7.1 implies that if G is a finite quotient
of π1(D) it is necessary that G is a quotient of F̂ p−tame

g,0 = F̂g,0. Let πtA(D − {τ1, τ2, ..., τr})
denote the set of isomorphism classes of (continuous) finite quotients of πt1(D−{τ1, τ2, ..., τr}).
Then πtA(D − {τ1, τ2, ..., τr}) contains πA(D). However, this containment is not as useful as
it might appear because πtA is known only for (g, r) = (0, 0), (0, 1), (0, 2) and (1, 0). (Notice
that this is despite the fact that we know πA for any genus as long as r > 0.)

Nevertheless, Proposition 7.1 does give important information on the group structure of πt1
and hence for π1(D). In particular, the group πt1 is a finitely generated profinite group, and as
such it is determined by its finite quotients [35, Proposition 15.4]. This is interesting because
in general the same set of groups can form different inverse systems, and hence different
inverse limits. Indeed, as was mentioned in Section 3.1, π1 of an affine curve in characteristic p
is not determined by πA (which is not finitely generated as a topological group). For example,
while πA(E−τ) = πA(P1

k−{0, 1,∞}) where E is an elliptic curve, it is known that one can find
points λ and λ′ on the projective line such that πt1(P1

k−{0, 1,∞, λ}) 6= πt1(P1
k−{0, 1,∞, λ′})

([26], [94]). Moreover, according to Grothendieck’s Anabelian Conjecture [40] the full π1

should determine the curve; and there is no viable conjecture for the set of finite quotients of
πt1. Returning to the projective case, since πt1(D) = π1(D), we have that πA(D) determines
π1(D), and again there is no viable conjecture for the set of finite quotients in terms of
discrete invariants.

7.2. Condition II. Given a group G lying in πA(D), we consider next a condition on G
which arises from the Hasse-Witt invariant. For a finite group G, let σ(G) denote the p-rank
of the abelianization of G, and let A be the maximal elementary abelian p-quotient of G.
Then A has rank σ(G). Suppose that there exists a G-Galois cover X → D. Then X → D
factors through an A-Galois cover of D. Let γ(D) be the Hasse-Witt invariant of D. This is
an integer between 0 and the genus g of D (equal to the p-rank of the Jacobian J(D) of D),

and the p-part of the abelianization of π1(D) is isomorphic to Zγ(D)
p . Thus if G ∈ πA(D), it

is necessary that σ(G) ≤ g.
Given p-group G of rank g, we have a converse to the above condition when we consider πA

of a generic curve of genus g. To see this, recall that by the Burnside Basis theorem σ(G) = g
if and only if G/Φ(G) has p-rank g, where Φ(G) is the Frattini subgroup of G. Then since
π1(D) has p-cohomological dimension 1 [1, Theorem 5.1 or Corollary 5.2], it suffices to show
(by [89, I, Section 3.4, Proposition 16]) that the elementary abelian group G/Φ(G) lies in
πA of the general curve of genus g; but this holds since the Hasse-Witt invariant of such a
curve is g. Also, by [90] the maximal pro-p-quotient of π1(D) is a free profinite p-group.

7.3. Condition III. This brings us to a condition by Nakajima concerning the augmentation
ideal. Suppose that there exists a G-Galois cover φ : X → D over k. In characteristic
zero, the existence of the G-Galois cover X → D implies (by Chevalley-Weil [32]) that
H0(X,φ∗(KD)) is isomorphic to k⊕ (k[G])g−1 as a k[G]-module (where KD is the canonical
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divisor on D). In characteristic p > 0, much less is known about the k[G]-module structure
of H0(X,φ∗(KD)). However, there are some results, and these induce further conditions on
the group G. For example, given a finite group G, let t(G) denote the minimal number
of generators of the augmentation ideal IG = {

∑
σ∈G aσσ |

∑
σ∈G aσ = 0} ⊂ k[G] as a

k[G]-module.

Proposition 7.2. [61, Theorem 4] If G lies in πA(D) then there exists an exact sequence of
k[G]-modules

1→ H0(X,φ∗(KD))→ k[G]g → IG → 1.

Corollary 7.3. [62, Theorem A]. If G ∈ πA(D) then t(G) ≤ g.

Also, in the case that p does not divide the order of the group, Nakajima recovers the classical
Chevalley-Weil result that H0(X,φ∗(KD)) is isomorphic to k ⊕ (k[G])g−1 [61, Corollary on
p. 5].

7.4. Generic πA. The conditions above are necessary for a group to lie in πA(D), but they
leave room for other conditions that depend on more than just the genus of D. Therefore,
it is useful to consider what groups occur over “most” curves of genus g. More precisely, let
πA(g) be the set of finite groups G for which there exists a curve D of genus g such that G
lies in πA(D). Proposition 4.1 of [91] implies that if G lies in πA(g) then there exists an open
dense subset UG of the moduli space Mg of curves of genus g such that for every point in
UG, the group G lies in πA of the corresponding curve. Now we can summarize the results
in this section as follows. If a finite group G lies in πA(g) then the following must all hold:

I G is generated by elements a1, ..., ag, b1, ..., bg, subject to the relation
∏g

j=1[aj, bj] = 1

[Prop 7.1].
II σ(G) ≤ g.

III t(G) ≤ g.

Notice that for a prime-to-p group, Proposition 7.1 implies that (I) is also sufficient for G
to lie in πA(g), and for a p-group the comments above imply that (II) is sufficient. But for
groups G that are neither of order prime-to-p nor a power of p, the above are not known to
provide a condition that is sufficient to imply that G is in πA of a curve of genus g. Moreover,
it is not immediately clear what the relationships are between these various conditions.

There are several easy comparisons to be made between Conditions (I) and (II). For
example, any abelian p-group P with g < σ(P ) < 2g will satisfy Condition (I) but not (II).
And similarly, any prime-to-p group requiring more than 2g generators will satisfy Condition
(II) but not (I). We can also ask whether there are groups satisfying Conditions (I) and (II)
but which do not lie in πA(g). The answer is yes (see [92, Proposition 2.5]) using Nakajima’s
condition (Condition (III)). Further work along these lines can be found in [71] and [25].
Additionally, in [81] and in [91] sufficient conditions for groups to occur in πA(g) are given.
These conditions are expressed in terms of generators and relations for the groups.

8. Ramification Theory

In this section, we describe results, current research, and open problems in ramification
theory. The topic of ramification theory plays a role in the discussion of Abhyankar’s Inertia
Conjecture in Section 4. As seen in Sections 4.7 and 4.8, the structure of inertia groups of
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covers may depend on more subtle information about the ramification filtration. Throughout
this chapter, k is an algebraically closed field of characteristic p.

Ramification theory also plays a role in understanding the structure of fundamental groups.
The reason for this is that the higher ramification groups of a Galois cover φ : Y → X
determine the genus of Y . Thus they give information about the p-rank of Y , which in turn
describes the maximal unramified elementary abelian p-group cover of Y .

These are some of reasons we are interested in classifying the filtrations of higher rami-
fication groups of wildly ramified Galois covers, as defined in Section 2.3.1. In particular,
one can ask which ramification filtrations and jumps occur for covers of the affine line for a
given quasi-p group G.

Question 8.1. Suppose there exists a G-Galois cover φ : Y → P1
k branched at only one

point with inertia I. Then what are the possible filtrations of higher ramification groups,
what are the possible sequences of jumps in the filtration, and in particular, what is the
smallest possible genus of Y ?

If G is a p-group, note that φ is totally ramified above the branch point. If not, then the
inertia group would be contained in a normal proper subgroup N . The quotient of φ by N
would then be an unramified cover of the projective line, which is impossible since the étale
fundamental group of the projective line is trivial.

In this situation, it suffices to study extensions of L0 = k((t)), because of Corollary 2.4 of
[43]. That result states that there is an equivalence of categories between G-Galois covers
of the projective line ramified only above ∞, and G-Galois étale covers of Spec

(
k((t))

)
,

given by restriction. (An important generalization, known as the Katz-Gabber theorem, is
discussed in Section 9.3.2 below.)

In this section, we describe results for abelian p-groups that follow from class field theory.
Then we explain why all sufficiently large prime-to-p integers can occur as the last upper
jump. Finally we describe existence results for covers with small upper jumps.

Remark 8.2. Theorem 4.12 indicates that the answer to Question 8.1 may not be easy to
formulate.

8.1. Class field theory. When G is an abelian p-group, the answer to Question 8.1 is
known due to class field theory. As mentioned above, there is only one ramification point,
with inertia group equal to G, and it suffices to study the ramification of G-Galois extensions
of L0 = k((t)) by [43, Corollary 2.4]. The possible higher ramification filtrations of the inertia
group can be determined using norm groups or Witt vector theory.

In general, the upper numbering is easier to analyze since it is preserved under quotients.
While the upper jumps of an extension are a priori rational numbers, the Hasse-Arf theorem
guarantees that the upper jumps of an abelian extension are integers. Elementary abelian
p-group extensions are straightforward since they are fiber products of Z/p-extensions.

Example 8.3. A sequence of positive integers w1 ≤ · · · ≤ wn occurs as the set of upper
jumps of a (Z/p)n-Galois extension of L0 if and only if p - wi for 1 ≤ i ≤ n.

We include the proof of this well-known example for completeness.

Proof. If w1 ≤ · · · ≤ wn is the set of upper jumps of a (Z/p)n-Galois extension of L0,
then wi is the upper jump of one of the Z/p-Galois quotients and thus must be prime-to-p.

32



Conversely, suppose p - wi for 1 ≤ i ≤ n. Suppose {w′1, . . . , w′m} is the set of distinct integers
occurring in the sequence and let ai be the multiplicity of w′i in the sequence. Consider the
(Z/p)ai-Galois extension ψi of L0 given by the equation

yp
ai − y = xw

′
i .

It has upper jump w′i occurring with multiplicity ai. Also the extensions ψi are disjoint since
their upper jumps are different. Then the fiber product of ψi is a (Z/p)n-Galois extension of
L0 having upper jumps w1 ≤ · · · ≤ wn �

Here is the main result along these lines.

Example 8.4 ([82]). A sequence of positive integers w1 ≤ · · · ≤ wn occurs as the set of
upper jumps of a Z/(pn)-Galois extension of L0 if and only if p - w1 and, for 1 < i ≤ n,
either wi = pwi−1 or both wi > pwi−1 and p - wi.

The situation for any abelian p-group can be deduced from the previous two examples.
Schmid also studied some non-abelian p-groups, such as quaternion groups in characteristic
2, using class field theory. Necessary and sufficient conditions on the jumps of Z/(pn)oZ/m
extensions of L0 are determined in [68].

8.2. Increasing the conductor. Define the conductor J of a Galois cover at a wild ramifi-
cation point to be the largest jump in the upper numbering ramification filtration of inertia
groups. Let P be a p-group. Consider a P -Galois extension φ : L0 ↪→ L. By ramification
theory [86, IV, Proposition 10], the last non-trivial ramification group A (namely, the one
with index J) is contained in the center of P . Let P = P/A. Then φ factors as

L0

φ
↪→ L

π
↪→ L,

where L is the fixed field LA. Here φ is a P -extension and π is an A-extension.
Geometrically, the extensions of L0 above correspond to étale covers of Û = Spec(L0), or

equivalently branched covers of X̂ = Spec(k[[t]]) ramified only over its closed point b. Let

V̂ = Spec(L) and Ŵ = Spec(L). With some abuse of notation, consider the cover

V̂
π→ Ŵ

φ→ Û .

Cohomologically, each P -Galois extension of L0 corresponds to an element of the set
Hom(π1(Û), P ), and similarly for the P̄ -Galois extensions. There is then a reduction map

R : Hom(π1(Û), P )→ Hom(π1(Û), P ).

By ideas perhaps best attributed to Serre, the fiber of R over φ is a principal homogeneous
space for the group Hom(π1(Û), A). This allows one to “twist” φ to another cover dominating

φ by an element α of Hom(π1(Û), A). The conductor of the twist is typically the maximum
of the conductors of φ and α.

These ideas yield the following result. For a generalization to the case P o Z/m see [77,
Proposition 2.7].

Proposition 8.5. Let P be a p-group. Every sufficiently large J ∈ N with p - J occurs as
the conductor of a P -Galois extension of k((t)).
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One can use Proposition 8.5 and formal patching to increase the conductor at a wildly
ramified point for a G-cover, even when G is not a p-group or when the cover is branched at
more than one point.

Theorem 8.6 ([77], Corollary 3.3). If G 6= 0 is a quasi-p group and J ∈ N with p - J is
sufficiently large, then there exists a G-Galois cover φ : Y → P1 branched at only one point
with conductor J .

Theorem 8.7 ([77], Corollary 3.4). Suppose X is a smooth projective irreducible k-curve
and B ⊂ X is a non-empty finite set of points. Suppose G is a finite quotient of π1(X −B)
and that p divides |G|. Let g ∈ N. Then there exists a G-Galois cover φ : Y → X branched
only above B with genus Y at least g.

8.3. Realizing small conductors. Because of the results in the previous section, it is most
interesting to study which small conductors occur for wildly ramified Galois extensions. We
briefly summarize the results on this topic.

As in Theorem 3.8, let G(S) ⊂ G be the subgroup generated by all proper quasi-p sub-
groups G′ such that G′ ∩S is a Sylow p-subgroup of G′. The group G is p-pure if G(S) 6= G.

Theorem 8.8 ([76], Theorem 3.5). Let p be odd. Let G be a finite p-pure quasi-p group
whose Sylow p-subgroups have order p. Then there exists a G-Galois cover φ : Y → P1

branched only above ∞ with conductor σ < 3. In particular, genus(Y ) ≤ 1 + |G|(p− 1)/2p.

Using Abhyankar’s equations or reduction techniques, for a few quasi-p groups it is possible
to find Galois covers of the affine line having small conductors and non-integral conductors.
For these groups, one can be more explicit about which conductors occur.

Hypothesis 8.9. Let G be one of the following quasi-p groups:
(i) Ap (for p ≥ 5);
(ii) PSL2(p) (for p ≥ 5), or
(iii) PSL2(`) (for p ≥ 7 and ` prime such that p|(`2 − 1)).
Let I ⊂ G be an extension of a cyclic group of prime-to-p order by a p-group. The group
theoretic structure of I and the constraints on the ramification filtrations of I-Galois covers
of k((t)) place obvious necessary conditions on the conductor σ ∈ Q of a G-Galois cover
f : Y → P1

k branched only at ∞ and having inertia group I. As seen in [28, Theorems 3.2,
3.4, 3.6] and [64, Corollary 3.6, Remark 3.8], combined with the Hasse-Arf theorem, these
conditions are that (p− 1)σ/2 is a prime-to-p natural number in cases (i) and (ii) and that
2σ is a prime-to-p natural number in case (iii).

Theorem 8.10 ([28], Theorem 2; [64], Corollary 4.5). Let G be one of the quasi-p groups
from Hypothesis 8.9. Then there exists an (explicit) constant C, depending on G, such that
every σ ≥ C satisfying the obvious necessary conditions from Hypothesis 8.9 is the conductor
of a G-Galois cover f : Y → P1

k branched only at ∞.

Theorem 8.11 ([60], Corollary 5.6). Suppose 2 ≤ s < p and gcd(p− 1, s+ 1) = 1. Then all
but finitely many rational numbers σ such that σ > 1 and (p − 1)σ is a prime-to-p natural
number occur as the conductor of an Ap+s-Galois cover of P1 branched only at ∞.

These results are non-constructive, in that the existence of a cover with small conductor
is used to produce another cover with larger conductor.
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8.4. Open problems. Question 8.1 can be refined and/or generalized in myriad ways. The
most obvious generalization is to consider ramification filtrations of arbitrary base curves.
Here are a few other questions about ramification filtrations.

8.4.1. Large non-integral conductors. For most non-abelian p-groups P , the conditions on
the ramification filtration of P -Galois extensions of k((t)) are not known.

Theorem 8.6 indicates that all large prime-to-p integers occur as the conductor of a P -
Galois extension. For most non-abelian p-groups P , one can ask which sufficiently large
non-integral conductors occur for P -Galois extensions of k((t)). We ask this basic algebraic
question:

Question 8.12. Given a p-group P , what is the smallest positive integer NP such that all
but finitely many conductors of P -Galois covers of k((t)) are contained in 1

NP
Z?

Using Herbrand’s Theorem [86, IV, Section 3], see Definition 2.5, one sees that NP divides
|P |. But NP can be much smaller than |P |. For example, NP = 1 if P is abelian by the
Hasse-Arf Theorem.

Question 8.12 can be generalized to quasi-p group covers of the affine line.

Question 8.13. Given a quasi-p group G, what is the smallest positive integer NG such
that all but finitely many conductors of G-Galois covers φ : Y → P1

k branched only at∞ are
contained in 1

NG
Z?

We remark that the number NG is well-defined. For fixed G, there are finitely many
possibilities for the inertia groups of φ and NG must divide the least common multiple of
the orders of these. However, it is not clear if Question 8.13 will have a clean answer when
G is not a p-group. It is also not clear if the current techniques of formal patching and
semi-stable reduction of covers give enough information to answer Question 8.13.

8.4.2. Moduli problems for covers with fixed ramification filtration. Suppose φ : Y → X is a
ramified G-Galois cover of curves. By Lemma 2.4, the genus gY of Y depends on the genus
gX of X, the order of G, and the ramification filtrations above all the branch points. For
fixed gY , gX and |G|, there can be several choices for how to divide the degree of the different
among the branch points.

For example, when G = Z/p and X = P1
k, then

2gY = (p− 1)(−2 +
∑
ξ∈B

(jξ + 1)),

where jξ is the lower jump of φ above the point ξ.
There are finitely many ways to divide the degree of the different among the branch points.

Suppose we fix one of these, and call it a ramification configuration, denoted η. Then one
can ask about the geometry of the moduli space of covers φ with ramification configuration
η. For example, is it irreducible? What is the dimension?

In [78, Theorem 1.1], the authors prove that the moduli space of Z/p-Galois covers of
P1
k with fixed ramification configuration is irreducible and compute its dimension in terms

of the ramification configuration. A natural question is whether [78, Theorem 1.1] can be
generalized to p-group covers of curves of arbitrary genus.
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Question 8.14. Fix a p-group P , integers gY and gX , and a ramification configuration η.
Consider the moduli space Mη of P -Galois covers φ : Y → X with Y of genus gY and X of
genus gX with ramification configuration η. Then is Mη irreducible?

9. The lifting problem, the local lifting problem, and the Oort
conjecture

In the earlier parts of this paper, we have discussed much about constructing branched
G-covers of algebraic curves over k in characteristic p. In particular, when p does not divide
the order of G, such covers are in one-to-one correspondence with branched G-covers of
algebraic curves in characteristic zero, once a lift of the branch locus is given (cf. Section
2.2); in fact, they arise from the mod p reduction of the corresponding cover in characteristic
zero. However, when p divides the order of G, we have seen that things get more complicated.
In particular (cf. Section 4.4), G-covers in characteristic zero can have bad reduction, and
thus do not necessarily give rise to branched covers in characteristic p. Furthermore, there
exist many G-covers in characteristic p that have no obvious analogues in characteristic zero.
For example, by Abhyankar’s Conjecture 3.2, there exist G-covers of P1

k, branched at one
point, whenever G is a finite simple group whose order is divisible by p. In general, it is not
easy to see when these covers come from reducing covers in characteristic zero (clearly such
a cover cannot be the reduction of a G-cover of P1 branched at one point in characteristic
zero when G is nontrivial!). This section addresses this question, namely, when is a branched
G-cover of k-curves the reduction of a G-cover of curves in characteristic zero?.

The exposition here is necessarily short and limited. Much more thorough and lengthy
accounts are given in [63] and [67].

Throughout Section 9, G always denotes a finite group, and the field k is assumed to be
algebraically closed of characteristic p > 0. A G-cover of curves over a field is assumed to
involve only projective, smooth, geometrically connected curves.

9.1. The (global) lifting problem. We state the problem above more precisely:

Question 9.1 (The lifting problem for G-covers of curves). Let f : Y → X be a G-cover of
curves over k. Does there exist a characteristic zero discrete valuation ring R with residue
field k, along with a flat morphism fR : YR → XR of relative smooth projective curves over
SpecR such that

(1) The special fiber of fR is f , and
(2) There is an action of G on YR by R-automorphisms such that fR is the quotient map

of this action?

If the answers to (1) and (2) are “yes,” then we say that the cover f lifts to characteristic
zero (or lifts over R), and that fR is a lift of f (with G-action).

Remark 9.2. The generic fiber of f is a G-cover fK : YK → XK over the fraction field K
of R. Note also that it follows from standard deformation theory techniques in [2, III] that
individual curves lift to characteristic zero. If XR is such a lift of X, with generic fiber XK ,
then one can solve the lifting problem by exhibiting a G-cover fK : YK → XK such that the
normalization of XR in the function field of YK has special fiber f . In this case, we say that
f is the reduction of fK .

36



The following is a major result of [2]. We do not discuss the original proof here, because
it will end up being an easy consequence of the local-global principle (Theorem 9.6).

Theorem 9.3. Tame G-covers over k (in particular, étale G-covers over k) lift to charac-
teristic zero, and we can take R = W (k), the Witt vectors over k.

Theorem 9.3 shows that every tame G-cover is the (good) reduction of a G-cover in
characteristic zero. However, if G does not have prime-to-p order, then there are in general
G-covers in characteristic zero that have bad reduction to characteristic p. Furthermore, the
argument in [2] shows that if f : Y → X is a tame G-cover of smooth, projective, connected
k-curves and XR is a lift of X to R, then every lift DR of the branch locus D of f to XR gives
a unique lift of f to a G-cover fR : YR → XR (branched over DR) as above. For each R-point
x of DR, the branching index of f above the closed fiber of x is equal to the branching index
of fK above the generic fiber of x.

When one phrases this in terms of fundamental groups, one recovers Proposition 7.1. Let
U = X − ∆, let UR = XR − ∆R, let UK be the generic fiber of UR, and let UK be the
base change of UK to the algebraic closure K. Suppose that X has genus g and ∆ consists
of r points. Then the p-tame fundamental group of UK is isomorphic (say, under some

isomorphism α) to the group F̂ p−tame
g,r of Section 7. Proposition 7.1 says that we have a

surjection

pr : F̂ p−tame
g,r → π1(U)t.

We can see the surjectivity of pr as follows: An element s of π1(U)t is a compatible system
of automorphisms of all finite étale Galois covers of U that extend to tame covers of X. Each
of these covers lifts uniquely to a Galois cover of XK that restricts to a p-tame étale cover of
UK . Thus s comes from a compatible system of automorphisms of those p-tame étale Galois
covers of UK which have good reduction. Such a system can be extended (in many ways)
to a compatible system of automorphisms of all p-tame étale Galois covers of UK . Such a

system corresponds (under α) to an element s′ ∈ F̂ p−tame
g,r mapping to s.

What about possibly wildly ramified G-covers? The following example shows that the
lifting problem need not always have a solution.

Example 9.4. Let G = Z/p× Z/p, and consider the G-cover f : P1
k → P1

k given by taking
the quotient of P1

k by an embedding of G into PGL2(k). If f lifts over a characteristic zero
discrete valuation ring R, the generic fiber fK of the lift fR must be a G-cover of genus zero
curves, and after possibly extending R, we may assume that fK is a G-cover of P1

K ’s. But if
p > 2, then G cannot act on P1

K , as it does not embed into PGL2(K). So f cannot lift to
characteristic zero.

Remark 9.5. In Example 9.4, the cover f will be (wildly) ramified at exactly one point,
with inertia group Z/p× Z/p.

9.2. The local-global principle. As phrased in Question 9.1, the lifting problem is a global
question about algebraic curves. Indeed, the obstruction to lifting in Example 9.4 is global
in nature. It is thus somewhat surprising that, thanks to the local-global principle below, the
lifting problem can be studied in a completely local way, without losing any information. In
the sequel, a Galois extension of rings means a finite extension of integrally closed integral
domains which is Galois on the level of fraction fields.
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Theorem 9.6 (Local-global principle). Let f : Y → X be G-cover of k-curves, and let
x1, . . . , xs ∈ X be the branch points of f . For each i, 1 ≤ i ≤ s, let Gi be the inertia group
at some point yi ∈ Y above xi, and let ÔY,yi/ÔX,xi ∼= k[[zi]]/k[[ti]] be the corresponding Gj-
extension of complete local rings. If R is a finite extension of W (k), then f lifts over R if
and only if each k[[zi]]/k[[ti]] lifts over R (that is, iff there is a Gi-extension R[[Zi]]/R[[Ti]]
reducing to k[[zi]]/k[[ti]] — our convention is that capital letters reduce to the respective
lowercase letter).

We note that the “only if” direction above is easy to show, because if fR : YR → XR is a
lift, we can take R[[Zi]]/R[[Ti]] simply to be the extension ÔYR,yi/ÔXR,xi . For the much more
difficult “if” direction, proofs based on patching are given by Garuti in [37, Section 3] and
Green-Matignon in [39], and a proof based on deformation theory is given in [24, Section 3].

9.3. The local lifting problem. Using Theorem 9.6, we have reduced Question 9.1 (at
least over complete discrete valuation rings with residue field k) to the following local lifting
problem:

Question 9.7 (Local lifting problem). Let k[[z]]/k[[t]] be a G-Galois extension. Does there
exist a complete characteristic zero discrete valuation ring R with residue field k, and a
G-Galois extension R[[Z]]/R[[T ]] lifting k[[z]]/k[[t]]?

If such a lift exists, we say that k[[z]]/k[[t]] lifts to characteristic zero (or lifts over R).
By Example 9.4 and the local-global principle, we know that the local lifting problem can-
not always have a solution (indeed, the Z/p × Z/p-extension corresponding to the unique
ramification point in Example 9.4 cannot lift to characteristic zero).

Remark 9.8. By Lemma 2.4 (1), the group G will automatically be of the form P o Z/m,
where P is a p-group and p - m. This is one advantage of the local formulation: we can
restrict to a smaller class of groups. (In particular, all the groups we consider are solvable!)

Now, in the simplest case, when G ∼= Z/m with p - m, it is easy to see that we can solve
the local lifting problem (and we can even take R = W (k)). Indeed, up to a change of
variable, the only Z/m-extension of k[[t]] comes from extracting an mth root of t, and this
simply lifts to the extension of R[[T ]] coming from extracting an mth root of T (note that
W (k) contains the mth roots of unity). Via the local-global principle, this gives another
proof of tame lifting (Theorem 9.3). Below, we will discuss both aspects of the local lifting
problem: showing that certain extensions lift, and identifying obstructions to lifting.

9.3.1. The Oort conjecture. A major driver of research on the local lifting problem over the
last couple of decades has been the Oort conjecture (now a theorem of Obus, Wewers and
Pop), stated originally in [70].

Theorem 9.9 ((Local) Oort conjecture, [69], [74]). Every cyclic G-extension k[[z]]/k[[t]]
lifts to characteristic zero.

Remark 9.10. One reason to look at cyclic extensions is because tame extensions of k[[t]] are
always cyclic and lift to characteristic zero. Somehow, one thinks that cyclic wild extensions
should not be as far off from the tame case as arbitrary wild extensions are.

As was mentioned above, the Oort conjecture is easy when p - |G|. In fact, one can readily
reduce to the case of G ∼= Z/pn (see, e.g., [63, Proposition 6.3]). The case of G ∼= Z/p was
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proven by Sekiguchi, Oort, and Suwa in [83] in the global context. The proof is much easier
in the local context, and we sketch it here.

Sketch of proof of the Oort conjecture for Z/p. We can takeR = W (k)[ζp]. Any Z/p-extension
k[[z]]/k[[t]] is given (after a possible change of variable) by taking the normalization of k[[t]]
in the extension of k((t)) given by extracting a root of yp − y = t−u1 , where u1 is the upper
jump of the extension (see Section 2.3.1). Let λ = ζp− 1, which is a uniformizer of R. Also,
v(λp−1 + p) > 1. Consider the integral closure of R[[T ]](λ) in the Kummer extension L of
Frac(R[[T ]]) given by

W p = 1 + λpT−u1 .

Making the substitution W = 1 + λY , we obtain

(λY )p + pλY + o(pp/(p−1)) = λpT−u1 ,

where o(pp/(p−1)) represents terms with coefficients of valuation greater than p
p−1

. This

reduces to yp − y = t−u1 , which gives the correct extension of k((t)). So we will be done if
we can show that the integral closure A of R[[T ]] in L is in fact isomorphic to a power series
ring in one variable over R.

By [39, I, Theorem 3.4], it suffices to check that the degree δs of the different of k[[z]]/k[[t]]
is equal to the degree δη of the different of (A⊗RK)/(R[[T ]]⊗RK), where K = Frac(R). One
calculates δs = (u1 + 1)(p − 1), using results of Section 2.3.1. Furthermore, one calculates
δη = (u1 + 1)(p − 1), as R[[T ]] ⊗R K has exactly u1 + 1 (totally) ramified maximal ideals
((T ) and (T − a) for each u1th root a of −λp). Since the ramification is tame, each of these
contributes p− 1 to the degree of the different. �

The proof of the Oort conjecture for G = Z/p2 is due to Green and Matignon ([39]). It
is much more complicated than the proof of the Z/p case, but it follows the same rough
outline:

(1) Let R = W (k)[ζp2 ].
(2) Parameterize all Z/p2-extensions of k[[t]] explicitly via taking the normalization in

extensions of k((t)) (this uses Artin-Schreier-Witt theory).
(3) For each such extension, find an explicit Kummer extension L of Frac(R[[T ]]) such

that, if π is a uniformizer of R, then the normalization of R[[T ]](π) in L reduces to
the correct extension of k((t)).

(4) Show, by comparing differents, that taking the normalization of R[[T ]] in L in fact
gives a lift.

The most difficult part above is part (3). The extensions in [39] are inspired by the
Kummer-Artin-Schreier-Witt theory (also known as the Sekiguchi-Suwa theory, see [84] and
[85]). This theory gives an explicit exact sequence of group schemes over R = W (k)[ζpn ] that
“bridges the gap” between the Kummer exact sequence (of degree pn) on the generic fiber and
the Artin-Schreier-Witt exact sequence (of degree pn) on the special fiber. Unfortunately,
the equations involved become somewhat intractable to work with once n ≥ 3.

In contrast to the above proofs, the proof of the Oort conjecture for Z/pn with n ≥ 3 given
by Obus, Wewers, and Pop in [69] and [74] is significantly less explicit. Roughly, instead
of taking the perspective of starting with a Z/pn-extension in characteristic p and trying
to lift it to characteristic zero, one instead tries to write down a (Kummer) Z/pn-extension
L/Frac(R[[T ]]) for some R such that the normalization of R[[T ]] in this extension reduces
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to some Galois extension of k[[t]]. This is achieved by measuring the failure of the reduction
to be Galois, and undergoing an iterative deformation process of L/Frac(R[[T ]]) to reduce
this failure measurement to zero. Once one has a lift of one Z/pn-extension of k[[t]] (which
can be chosen to have minimal jumps in the higher ramification filtration, in some sense),
then one can get lifts of many more.

In particular, [69] shows that any Z/pn-extension k[[z]]/k[[t]] with no essential ramification
lifts to characteristic zero (where “no essential ramification” means that if u1 < · · · < un
are the successive jumps in the higher ramification filtration for the upper numbering of
k[[z]]/k[[t]], and u0 := 0, then ui < ui−1 + p for all i ≥ 1). The work of [74] shows that all
Z/pn-extensions of k[[t]] can be equicharacteristically deformed, in some sense, to extensions
that have no essential ramification, and that a lift of the deformed extension gives rise to a
lift of the original extension. This completes the proof of the Oort conjecture.

Remark 9.11. The methods of [69] and [74] are not fully explicit. For instance, in [69], one
ends up only knowing the coefficients of the rational function in Frac(R[[T ]]) giving rise to the
Kummer extension within some error (measured using the ultrametric of R). In particular,
one does not get any good control over the ring R itself (although in [74], it is shown that,
for any N ∈ N, there exists some R/W (k) finite that works for all Z/pn-extensions of k[[t]]
with degree of different less than N).

9.3.2. Obstructions and local Oort groups. A local Oort group is a group G ∼= P o Z/m,
where P is a p-group and p - m, such that the local lifting problem has a solution for all
G-extensions. The proof of the Oort conjecture shows that all cyclic groups are local Oort
groups (or “local Oort” for short). In fact, it is known due to Bouw and Wewers ([29]) that
Dp is local Oort for all odd p, due to Pagot ([72]) that Z/2 × Z/2 is local Oort for p = 2,
due to Weaver ([97])) that D4 is local Oort for p = 2, due to Bouw (unpublished) and Obus
([66]) that A4 is local Oort for p = 2, and due to Obus ([65]) that D9 is local Oort for p = 3.

On the other hand, we have seen that Z/p × Z/p is not a local Oort group when p > 2.
In fact, there is a rather limited list of local Oort groups. Most groups not on this list are
ruled out via the so-called Katz-Gabber-Bertin obstruction (or KGB obstruction), due to
Chinburg, Guralnick, and Harbater ([33]), which we describe below.

Let k[[z]]/k[[t]] be a G-extension, where G ∼= P o Z/m, with P a p-group and p - m.
The theorem of Katz and Gabber ([55, Theorem 1.4.1]) states that there exists a unique
G-cover Y → P1

k that is étale outside t ∈ {0,∞}, tamely ramified of index m above t =∞,
and totally ramified above t = 0 such that the extension of complete local rings at t = 0 is
given by k[[z]]/k[[t]]. This is called the Katz-Gabber cover associated to k[[z]]/k[[t]]. By the
local-global principle, the G-cover f : Y → P1

k lifts to characteristic zero iff the extension
k[[z]]/k[[t]] does.

Let R/W (k) be finite, and let K = Frac(R). Suppose fR : YR → P1
R is a lift of f to

characteristic zero. Since genus is constant in flat families, the genus of Y is equal to that of
YK := YR ×R K. Furthermore, if H ≤ G is any subgroup, then YR/H is a lift of Y/H with
generic fiber YK/H, and the genus of Y/H is equal to that of YK/H.

Let k[[z]]/k[[t]] be a G-extension with associated Katz-Gabber G-cover Y → P1
k. Then

the KGB obstruction vanishes for k[[z]]/k[[t]] if there exists a G-cover X → P1 over a field
of characteristic zero such that, for each subgroup H ⊆ G, the genus of Y/H is equal to the
genus of X/H.
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If k[[z]]/k[[t]] lifts to characteristic zero, its KGB obstruction must vanish, since the asso-
ciated Katz-Gabber cover lifts. If G ∼= P oZ/m as above and the KGB obstruction vanishes
for all G-extensions k[[z]]/k[[t]], then G is called a KGB group for k. Thus any local Oort
group is a KGB group.

Remark 9.12. Note that, even though the KGB obstruction references global objects, its
inputs are local. Indeed, the obstruction can be phrased in an equivalent local form, without
any reference to Katz-Gabber covers, by comparing degrees of differents of subextensions of
k[[z]]/k[[t]] to possible degrees of differents of branched covers of SpecR[[T ]], see [67, Remark
4.6].

Example 9.13. Consider the cover f : P1
k → P1

k from Example 9.4. This has one branch
point, and is totally ramified above the point. The corresponding extension k[[z]]/k[[t]] of
complete local rings does not lift to characteristic zero. One sees this by noting that f itself
is the Katz-Gabber cover corresponding to k[[z]]/k[[t]] (in the p-group special case of [43,
Corollary 2.4]. It is a genus zero Z/p×Z/p-cover of a genus zero curve. The KGB obstruction
does not vanish for k[[z]]/k[[t]] when p > 2, as there does not exist a Z/p × Z/p-cover of
genus zero curves in characteristic zero.

The following classification of all the KGB groups is due to Chinburg, Guralnick, and
Harbater.

Theorem 9.14 ([33], Theorem 1.2). The KGB groups for k consist of the cyclic groups, the
dihedral group Dpn for any n, the group A4 (for char(k) = 2), and the generalized quaternion
groups Q2m of order 2m for m ≥ 4 (for char(k) = 2).

Remark 9.15. There is another obstruction, called the Bertin obstruction ([23]), that we
do not discuss here. It was proven in [33] to be strictly weaker than the KGB obstruction.

Remark 9.16. There is yet another obstruction, called the Hurwitz tree obstruction, discov-
ered by Brewis and Wewers ([31]). We do not describe it here, but we note that it applies to
the groups Q2m from Theorem 9.14. That is, there exist Q2m-extensions with non-vanishing
Hurwitz tree obstruction.

Remark 9.17. According to Theorem 9.14, the quaternion group Q8 is not a KGB group
for p = 2. However, it is a so-called “almost KGB group” ([33]), which means that all
Q8-extensions have vanishing KGB obstruction as long as the smallest positive ramification
jump is sufficiently large. It is open whether Q8 (and, indeed Q2m for m ≥ 4) is an “almost
local Oort group.” That is, we do not know whether all Q2m-extensions with sufficiently large
smallest ramification jump lift to characteristic zero for m ≥ 3.

From Theorem 9.14 and Remark 9.16, we see that the only possible local Oort groups are
cyclic groups, dihedral groups Dpn , and A4 in characteristic 2. Of these, all are known to be
local Oort groups except for the groups Dpn when n > 1 (and in fact D4 and D9 are local
Oort).

9.3.3. Weak Oort groups and GM-groups. Less strict than the property of being a local Oort
group is the property of being weak local Oort group. A group G (of the form P o Z/m as
above) is called a weak local Oort group (for k) if there exists a G-extension k[[z]]/k[[t]] that
lifts to characteristic zero. So all local Oort groups are weak local Oort groups. Several more
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groups have been shown to be weak local Oort. For instance, Matignon ([58]) showed that
(Z/p)n is a weak local Oort group for all p and n. Weaver’s proof that D4 is local Oort for 2
depends fundamentally on a result of Brewis ([30]) that D4 is weak local Oort for 2. Lastly,
it has been shown by Obus ([65]) that the group Z/pnoZ/m is weak local Oort if and only
if the conjugation action of Z/m on Z/pn is faithful or trivial (the case n = 1 is proven in
[29]).

The main negative result on weak local Oort groups is the following:

Theorem 9.18 ([33]). Let G ∼= P o Y , where P is a p-group and Y is a cyclic group of
order not divisible by p. Let B ⊆ Y be the maximal subgroup of order dividing p− 1. If G is
weak local Oort, then the following two properties hold:

(1) For all nontrivial y ∈ Y , the centralizer of y in P is cyclic and equal to the centralizer
of Y in P .

(2) There exists a character χ : B → Z×p such that, for all cyclic subgroups T of P with
trivial prime-to-p centralizer, we have

xyx−1 = yχ(x)

for y ∈ T and x ∈ B.

In particular, if G has an abelian subgroup that is neither cyclic or a p-group, then it
cannot be a weak local Oort group (this was an earlier result of Green and Matignon, see
[38] for a proof). A group satisfying the criteria of Theorem 9.18 is called a GM-group.

9.3.4. Open problems. We collect and comment on some open problems:

Question 9.19. The arithmetic version of the Oort conjecture states that a cyclic Z/r-
extension k[[z]]/k[[t]] should lift over W (k)[ζr]. Does this hold?

As we have seen, the proofs of [83] and [39] mentioned above prove this stronger version
when vp(r) ≤ 2 by exhibiting explicit liftings. Is this true when vp(r) > 2?

Question 9.20. Is every KGB group other than those of the form Q2n a local Oort group?

As was mentioned before, the only groups that remain to be checked are those of the form
Dpn for n ≥ 2. The second author conjectures the following:

Conjecture 9.21. If G has a cyclic p-Sylow subgroup, then for any G-extension k[[z]]/k[[t]],
the KGB obstruction is the only obstruction to lifting.

Notice that Conjecture 9.21 would imply that Dpn is a local Oort group for odd p.
Similarly to Question 9.20, we may ask:

Question 9.22. Is every GM-group a weak local Oort group?

A positive answer to Question 9.22 would show, for instance, that every p-group is a weak
local Oort group.

Question 9.23. What can we say about the versal deformation ring of a given G-extension
k[[z]]/k[[t]]?
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Question 9.23 in the case G = Z/p is the subject of [24], although the authors of [24]
gave a complete explicit description only when the jump in the higher ramification filtration
is 1. Note that this is an interesting question, even when the given extension is not liftable
to characteristic zero. For instance, might the extension be liftable to characteristic p` for
some ` (i.e., might it lift to some G-extension A[[z]]/A[[t]] where A is a local artinian ring
of characteristic pl with residue field k)? The paper [34] of Cornelissen and Mézard states
that, if the extension is weakly ramified (i.e., has trivial second higher ramification group),
then liftability to characteristic p2 is equivalent to liftability to characteristic zero.
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du Bois-Marie 1963–1964 (SGA 4), Dirigé par M. Artin, A. Grothendieck, et J. L. Verdier. Avec la
collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat. 3.1, 7.2

[2] Revêtements étales et groupe fondamental (SGA 1). Documents Mathématiques (Paris) [Mathemat-
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