
Record If F is a global field we have

completions for of F at the absolute
values of F For F a global function field
These correspond to discrete valuations on F
We can then ask which F varieties
Satisfy a low global principle feel
KEI f all r VCFI 4

K V a G t self for Gaan
a linear algebraic group over F
Obstruction to C GP for 41 G to sors IF

EG Ker H'lEGl tIHCE all
I e Cf Gl is trivial LCP for all Gterror.IE

For F a fld holds if Gratilt connected

Cff Cse

p f G terrors 7 LGP for alg structures
in results on field invariants

a inv pe eine



We can also try to carry this over to
Semiglobalfi i.e function fields F of

curves over a completediscretelyrebelfield K Ccdvf

g kN
t K Qp hath

f e x or a finite extension
fn flee of a K c rue

EI K x function field of
speakTpK

As before we can take the completions F of

f at discrete valuations or t ask for

GP's for varitr.es F e p G torso s CF
with an obstruction Cf G art Fis

If LGP holds for G tensor If get
a LCP for aLg structures IF
Can then try to apply to field invariants

For a Cdvf K have its valuation ring 0k
a complete discrete valuation ring Kdvr

EI K Qp Ok Zp Kettell de hEtI

Can view F as function full of a Ok curve



Key example K hut OksLETA F tix
Cdvf musky Cd O m k

t seuTok
Cada te closed fiber m1 too

of IPIK
See more information geometric14 this way
Also can get an alternative Lcp

Say have a regular projection curve f Spade
with closer fiber X Speak VP C X
take the complete local rig p

of It at P
et Fp frae p completion.ftheloctrins

If a t Spee k
x p

Ex K LUH Ok LEED f kind

IP X IPL P x t o Then

0 p
thcx.tl Fp fraakCxatD hkx.tD

Canask for a Cp wrt Fp's instead of Fr's

obstruction CE4teerCHCEG petxttlfp.cl
J al

for G Cursors 21 f easier to study t use



In the above situation we're taking a

regular projection models
of a

semiglobal file F
I e F is the function file of a

curve over a Cdvf K or equivalently

over the Cdvr Ok If 7Speedie's reg.jp oj

As above fm Ksk Haslett F Kind

we can take H IP'a

t speak
Here 7C is projection over 0k and
is regular no singularities local rings
are regular

Slice k b of din I If hes din 2

Krull din of hatch is 2 i

o e t e Ct x

t
I



For curves over a field Ici D
there's a unique projective model for
each function feed

But in hg e not unine

egg fr Surfaces field on curve Dur

E g Blow up a regular model AE at
a point get a new model

EI Blow up If Bff at P X t o

t get 7C given by Xy t

ifL'T in fire a

7C
closedfiber Spec
EE cont t P Y

P HEED
I

Ya Tp
If we take a different model we get a

new CF Gl

We can choose the model to help compute this



Given a Cregula projective model

of a Sgt F over Ok
we can partition the closed file X
a curve over he Okla into
a finite collection of points open sets

Ey For the above example
X

we could pick some points Pi c X and take
the Conn comps Uj of theircomplement
in the closed fiber X Configuration

redaction
n g ga T

p Iz p p Pi 13134
III

U U
U Uu

The set Pot thesepts should be non and
include all the pts where irreducible
components of X meet The Seth
of the components of X P will consist
of affine Open curves one on each

irreducible component of X



In the atom set up for each point PEP
we have an associate field Fp 2 F

free P

Exe If Theta P POT ccx.tD faahfx.to

For each C U we have an associate

fide Fu 2 F

EI K hath Qe hftD f Khal

take P Liptak pso U EU
then

I
Pla

Bo U the
Fp hKx ith Re Fu

Take the string of F rate fu on f
consisting of fins that are regular Caopoles
on U Complete wtf ardea metrieffnsonU
In this example we get E h CLEA

Define Fu fra Ra Seeds PS 5



In this example we have

Fpu hKx hath

a
hkxitD Fpyyfu fr.ch fth

F hatted
and F Fp n Fu
More generally for each pair P U with P on

the closure of U have a field ftp.u Containing
Fp Fu and the intersection of all these
fields FpFu at thesecontainment is F

As on PS 5 vie FpFu as the
rational or meromorphic functions on some

metric neighborhoods t can Vin Fp u
as the functions on the overlap

In the above exa pl with Poo EX Penta
f Us Aye view this as a alogo sf

fozfFBuip.E
f Fu e

F sick



Relate slip ofthis to LCP at fare Fp's f I pay

Ina xYbsth have Fp as one of these fields

All the oz Fp's anti Fu
Similarly in general

A'h

If we take K F X P U in general

we can consider a LGP art Fp's sfo's
for PEP U EU
a finite set of our fields

Analogous to simplicial cohomology
US Singular cohomology

Can study Conbinate idly get a LGP
fr Ge rational connected line algebraic gap
asserting triviality of

plea ke CH'C54
p
TpH'Cfp.clTuHtfu.aD

Have HpCEO ELI Ba E CEG

Triviality of Hp Saffia fee applications to
w invariant and period index



For use witharalimulin dg Sp G
the key properly factition
In above example with one Fp oneFu and one Fpu
this assets Every element gocGCFp.io
can be factored as

go gpgo
with Gp c Gcfpl go Gtfo
In special casewhere G Glen solve for
coefficients inductively For more gene a

rational earn gp G use the birational is
of with affine space to do the same

IL more general examples mayhavemany Fp s Fu's Fpu's
Say G is a rat'd Conn lin dg gro p f
Give ettsgp.ocGCFp.co for all pairs
P U with P on the closure of U
Felts gpe GCfpl g e Gl fo CPH Veh
St Sp o Jpg E GCfpo for all pairs CPu

Simultaneous factorization holds inpartner
torsosEThis property gives a LCP for homogeneous spaces

under such a linear algebraic group



Say C is a 1in dg gp F s satisfiscsimifth
Say V is a homogeneous spa elf under G
n the sense that Elf GCE acts transitives VCE

In this situation we have

Thm Lap If has a point over
eat Ep a deed Fu Pe P U a U
then V has a point over F

Pf Let 3pEVCfp 3 u e VCE
So ftp.i e

U 3p3uEVCFp u
homos G Fgp.oc GCFp.ir St

3p 9pm 3u
Factorization Igp GCfpl go cGtfo FP 0

set Gpo Jpgo
So 3 3p gpgo 30 gi 3p gas
True VP U So
thepoints 3 u gf 3p gp on I agree
are defined over the intersection of
all the free FpFo ie have a F plz



In partial true f to sous So if G

Satisfies Sinixt factorization LF at Fp's Fu's
or

then Hp Fsc is trivial Sino ghost fire

Keyes G rate t.com

Ex For a regular g f q IF
SO g is a at 1 Conn In als IF
So p F SO 41 is trivial

Al ie trivial
H CF S Ee FP

ie every locally trivial SO g torso
over a Semi global fries f is trivial

EI Let q be a g f semi glial fief
Let be a connected homogeneous

space over g which is not a an gpl
Since is connected Since

50 Cg is the connected component of
the Infity in OH it follows that

g also acts transitivelyon V
Hence if has a pt lead Fp Eu

rate then has an F pt CCP holds for041
f Gun



Appliao invntiuC pCxD 8
fzgisee.y ble F anisotropic f n of din 8 so STS E 8

et q be a resale g f Qp x f

Take a model f of Fits Pkp UMAg ca a

After blowing up if necessary WMA ther Loca
where a a areff waits has only normal crossings

EI f E x L X a H x 3 X GPD

x

et P containthe pts where this locus meets X

By Springer's Thin on l Tt residues

get ifd then q is isotropic
over Fp f Ptp Also get
q isotropic over Fu for USU The
hypersafee Q 8 0 is a homog sp under q

by Witt Extension But since dong 22
Q isconnected so a homogeneous Space under S q

By the above Shia Q has pts over
i

each Fp Fu it has an F pt
I e q is Ciotropis LF This shows affl



Question what about possibly disconnected
homogeneous spaces under Off 6 to so g 7

g f If of di n

g isnotConn though each connected component 5 rat'd

Turns out 14pct 047 Honcaich 2h
when T is the red tin graph of XI e.gg

So Hp Fy 041 is trivial T is a tree no
E KE

kernel of global to local map
on H CF 0877

whereQ maybe classifies q.fi fofdi n
dis w ne t

P 5 otherSo get Hasse Meiko skyfeven in d
q.es µ

More generally if G is a kn ab gp
that's not Conn but each Conn comp

is rate 11pct C Hanft CT E
alwaysfinite

when is the group of connected components
of G i.e I GIG

identitycomponent ofG

E.g I 212 if G O gl



Application to LCP f Csa's semi global fire

wat and.g of Albert Breuer HasseNoether

For this want factorization to hold f

PGLa since H F PGLa classifier
Csa's LF of degree n

Recall I Gm Gh Pala I
i tf fide E CHET PG CEI

Il

HH.cfai H.FGHHCE.PTH CE Gen
0 by Gilberto

r GL E Pac E
is surjective

To provefactorization for Pan say ce have a finite
subset P E Xs closed fiber of If as before

Us coma comp's of X P Say we'regiven
elements gp.us PGL Fpu for all

pairs P U with P in the closure of U



We want e Its gp cPCL Fp g cPCL En

for all pep U U St

f all pairs Bu as above

DGLnCFpIpo Spg El

By the above surjectivity

F Ip E GLalFp
I t
ga E P Glen fro

Ln rat'd Conn Tgp.GGConcept

que Cela fo St g pie IPI
Let gp C Pkn Cfpl go c PGL Fu
be the images of Typ Ju
Then Gao Sp fu proving factorization

for Perla
Conclusion We have a Lap for PGL

art P U



Can then use this to obtain ofperpin top

lad 2 Cpe D f LtBrCQplxH
similarly to the proof for a 8

Pick a model 8 the bad Loan

for 2 when 4 is not defined 1
hes only normal crossings
Pick P to contain the ports or Xck
where the bad Lous meets X
Check locally on Fp Fu that

Ind pee Now use LGP t

conclude it works globally

Above result use CP's art P's Us to get
numerical invariants But in fact

11pct 4 11 450
if G is ref't turn d in geil 11 454tgl1plF4
So also get LCP a it pts on X
Moreover as CPS 8hovel f g f S and Csis

we also have Cop's wrt the discrete
valuations on f
closer analogs of H M t A B H N



Some open questions

For a linear algebraic group
G over a

semi global field F St G int nee ret't

when is there a LCR term f glee F

When CP fails what is the ol station

II 454 then is it finite

Do 11 F G and 11 54 always agree

we can assume is a nice n del or

even the CE al

What add'd applications can we obtain

to CP f algebraic structures

to numerical field circuits

What happens in sila high
deniensional

generalizations
of semi global fields

Are there 1 CP's
f higherdemise

globe feces like x Can

these be used to obtain results

about a invariant peril index etc


