











































































































Coven a linear algebraic group

G E Glen over a field f

we have Galois cohomology HickC
for all izo if C Comm e oil cigarch

A G x over F priv Loan spay

is an F variety with a simply

transitive right action of G ax

Equiv Xx G Xxx
x 21 Cx x g

A G torso X over F is trivial

iff it is ch fo G itself

E8 X hes ca f point














































































































We saw

Hirai s E 3
Moregenerally for Elf Galois

H'lethal s nE E iI I
Another interpretation of H

consider an algebraic structure I
ve F consisting of f together

its additions fulctorial stratum
E q.fi F ie Yg

F

EI C sa L F F with celesta

Ef Gr Art CSGeneral prinepte
findsgp

1

Ht ELF G1 s to ol's of firms
of D is to Dove E














































































































sing this we get in partial
H ELE g

is on classes of

gflpryqfi.FIthqatab.IE
iso to

As a special use taking Etfs 9 4,1 17

Ht E LTeen
To prove the general principle
for Elf A A Ant CD

let X objects Iso to Dover E3
So Pi GC EFI acts on X and

P
X objects If Iso to Dover E3

We saw
Compatible T action

Xabi Cla E GCE
so I G E s GL CE X E I
a s.es of ptd Sets with A actions

gives a 5 term exact coho Sequence














































































































a CF H c XI X
l IH CT GEHT Holt EH 2Hoff.CL GCED

H T G CEI H CT GLEE
11

So 1 Hilbert 90

H T G CELIE X GL F

l 4

H Elf G Ghetto hits in X

Iso classes of objects that
H Ele Anted are is to Dove E

asserted

This proves the general priic.ph
This then justifies the assertion about g f s
that H Ek Ocgy s

o d's of soft
theybecome Iso

res denn tog LE
f in particle J Iso ct of rag sf'sH fold A of din n

T
Iso d's of 0 torsos IF














































































































As e pl fake Csis

H LEIF At yeggs
di of aisle

thftab is

some cs a le des nand
Csc's

H Ct At All 3 44Tee n

Since all Cse's of deg n F become

Iso IF to Ma

In particular take A Mace

What is Ant CAI

Recall By the Skolem Noether than

0h Csis every endomorphism f
of a Csa A It is an liner auf
ie F s e Ai st V aa.tt fCali 5 as














































































































What are the caine aaf's of A Ma F

Ecce is given by conjugation by some

elf of Ax Gln F

Glu CH Ant Ma Fl

Kernel 2 Glatt tonite mis

So get AtlMa CFD GLEE f
PCL Cfl

Note Here Art MaCFD means

as an algebra LF
We can also consider a large gro p

Ats Ma Fl of art as a rsk
IF.us E F't
go Glenn F














































































































So Antitheft C Cliffn n

as F ds
subsp

is a linear alg group
this is paan F

defined as a quotient
of Gta but now also
a six of Cli

Conclusion

cs.is n

s H'Ct Pan
I bij

Iso cc's of
pan terrors IF

In the example a q.fi t Csis

we used that we had a structure

consisting of a f d us with some
additions Cfnacterial data














































































































what about the Simplest such objects
it f d v Is It

If V is an n dail rs F

then At CU Gcn.F

So

Eet't Afc Htt
r y n

C This istrivia
n e'if hitherto

C

Cca torse is trivial Ie
is is to flu itself over 1

Some algebraic structures














































































































Ex Octonion algebras FT

Cayley algebra

These generalize the usual Cayley numbers412
an 8 dime non association algebra
whose non O etfs are invertible

for more see ChapVH1 f 33 C f
The Book of Involutions BOI
by Kms Me Karjeu Rast Tiger I 1

For Sudan alg A Art CAI is a

linearalgebraic group of type
sin clessefatini Lie theory

re Dyakin diagrams
So Iso ol's of octonionalj IF

is ol I
of C f HdCf GM of typeG














































































































Ex Albert IF i

27 din'd exceptional Jordan algebras

a type of nm assoc elegy

A variant on Lie algebras

Aut A is a grip of type Fee in the

classification in Lie theory
en Albert algebra

So is.o cc's of Albert algebras

bij of typeFy
A F G II II

See BOI Chap IX 537

EX F of da 42 n o S E F1

Quadratic forms of din n over F
with detg f c FYFE




















































I so classes of these
Ibi's NETTIE c's

H CF soca
proof via Clifford algebras see BOI Chul 29.29

Or via Ies in cohomology from S.es
Socqi 0cg HI 1

For other related examples see BOI Chap Vll 29

Those are deduced there from an abstract result

presenting the generalprinciple
but phrased in

terms of groupoids see D OI Prop 29 1

In all these examples the

objects of a given so are

classified by the H'of some

linear alg gp C which also classifies G torsos

This is useful in studying

local global principles



I

Say we have a type of algebraic

structure over a global field F

Cop says trig IF tiffin
EI LEP for quadratic forms
to be in to a given off
et Cc y or nh

EI CP for Cso's to split
Ella off Albert Brae Hesse Moesha

Usingtorsions to get such Lcp's i

Recall A variety V over a

global file F s iLP

if V Fr f all Vettel



In the case that is G torso If
for some linear algebraic grap G

for Elf VCE 70 is trivial IE

i e G J
over E

I f S is a alg stature classifier

by G tensors for some G then

S has a Lap If
G torsors satisfy gLCP IF

E e trivial If trivial teacher

Soi for the 1in dg groups G arising

in the above examples do G torsos

satisfy a cap



Equiv Consider the natural map

a H F a IIHTE.GS
induced by the inclusions for Fu

On the level of torsos 2 assigns

to each C torso If the co resp G torso Ifn

The distinguished element of H CF a

corresp to the trivial G torso Gi
the union C torso IF with an F point

Ker X Iso classes of G torso off
that become trivial leader

CP Es ke L is trivial Tate
Shafarevich
Set

write F G kerne H'CF C
the obtain to the LCP
ie 11 TyG 4 have LCP fo G t so If

a petal set a group if G commutative



In general whether LGP holds
depends on G and F

A key property that G may have

being a rational Vanity

We say an irreducible re city If
is 1 if its function field
is purely transcendental one F

Eguia has a Zariski dense open
set U that is iso to

a Zariski dense open subset ofAhf
a div

Ey 50cg is rational CPS c

Ite A tin als gp is smooth

so it is irreducible connected



Thin Sansuc Chernousou

et F be a nude field and let

G be a connected linear algebraic gro p LF

Suppose that G is rat'd as an F variety

Then F G L I e we have

a Lap for G to sons LF

So in this situation
Autoftestmature

H Fgc Iso classes of alg

tan
HI'sc

Such objects are iso IF
they are is I E f all u

Ex Let q be a qf.la fuF
of even dinner If g is

hyperbolic over Fm freed u

then detq detrh e.it



But the qf's of din n and

Iet yr an classifier h

H CF soca and 50cg
is a rational connected F variety

LCP holds f this H
i G Erle

over F

I of hyperbolic all fr tqhzpeh.li f

gives another pf we have that this
also follows from Hasse Minkowski PS 5

Note One can also consider

algebraic groups that aren't

line alg 9ps I not affine

not closed subsets of GG



Key example elliptic curves E

a smoothprojection curve of genus over f

with an F pt 0 This has a

group law acth identify 0 and
c rest affine

E is an algebraic group F

Tate Shafareuid Conjecture

Fy E is finite if F is a fed
Tate Shafer.ie grip Sina E is commutative

Open in general Stronger conjecture
Conjectum ofB i Dyer
Predict I Cfs Ell in terms of

quantities including the L function associated

to E theregulator of E and the of torsion

points in ECFI a MillenarianProblem



For a algebraic group G
over a fried F it's a tha
of Borel Sera that Is Fa is finite

I
so f k obstruction to LCP

Also true global function fields
more recent due to a number of authors

Calminating w B Conrad


