











































































































Hasse Minkowski TheoremWe are proving

Say f a global fierce of a g Elf

Thea q isotopic IF of isotropic Kraatz

For proofi w MA f regular We saw

For din g 4 q cat anisotopic F Fu

For din 9 2 q a 67

After malt 4
Constant STS fo I a

a Fx This is isotropic a is a square

So cuts i a EFI f din a e F

Case of F Q

Sag at Qpr Hp and a c IR
d e a 0

so Vp e is even

So prime factorization
of a is Itp

So a is a square in A also a VFD

Sim Lai if E Fp f a FpCD














































































































In general case a global fee F fiery
Sa a c Fi fr UTS e et Def

Contrapositive Se a F
UT S a Ct FY Sma n

Let E F Cra Degree 2 fieldextensin

Then F primes of f Li e of R

that remain prine in Ss

areas ofi e f I z

8 a Raf
Tch.is auDasitzth hfffrtehIEinp
Take such a gs or

Ep Exoffp FgCra
2

I8 FpSo ne ra in Fp Fr a FI














































































































For H M in din 324

Two approaches

Lam Use a special case of

the local global principle
for splitting of Csc's

Lam gives a proof of the
Lcp

in case of F Q1 the

full th m is related to class

field theory in au be thy
Serve A Course in Arithmetic

Chap IV 3

gives a direct proof of H M

but only on Q

Will fkou Lenis approach to H M














































































































Cp for Csis Theorem of

Albert Brauer Hesse Noether

7
independently

Statement
Let F be a global feed

Let A be a Csa LF Thu

A is split IF
A is splitter for all n

Equivalents the map

Br CFI n.LT Bree
is injective














































































































For histories of these two

local global theorems see

1 R Pariah A Hasse Pringle

for Quadratic Fans on

Funetin Files
BullAMS H April 204 447 461

4 Peter Roquette the Brauer

Hesse Noakes theorem in Historical

Perspective Springe monograph 2oos

Both are available online

we won't need the full strength

of ABHN just f quaternion

algebras rather than general Csis














































































































Can reformulate AB HN fo

quaternions using that
a quaternion

algebra A II is

classified by its norm form f Si a s.es

that A is split
q is hyperbolic

q is isotropic

So we can rephrase ABHN

in this situation as

8 4 a has is hyperbolic If
Co isotropic

q is hyperbolic Ifr for all r

Of course is a special case
of H M But it can also be used in

theproof of H M if shown separately














































































































am proves
fo F Q

in Chaput 4 as follows

For each odd P we have

W Q WC pjdysEoieresia.WCfp

By abuse of notation call this composition Ocp

Also define WCQ WCR L
by g sign g signature

And defer WCQ 212
by q KC det g mod 2

Then have a map

0 dada WCG 22102k WCfp
Ptr

In ChpVI 84 Lan shows direct that

is an isomorphism This gives the structure
of W El














































































































Using that 2 is an iso we can get the Allowing

PIP If GE's g.gl Q become isometric 141Gt IIR
then they are isometric IQ

PIF q q isometric1112 same signature

g g isometric IQ violet g Emcdtg m d L

So d l da l ane da fol da

Swan isometric Qp have Somme fruit from

atp Ocp Gol dep Cg

So 241 0 Cg't d isoo g g in

same class in W Q But samedin SqEg

In particle this applies to a g f f
of dimension 4 a e g 2h Cl 1,1 D

So if g is hyperbolic d led caplets of Q
Then f g an isometric over each complete
g above Pvp f E g i f hyperbolic














































































































Apply to q Li a 4 did Get
the desired special case of AD HN f E Q

q hyperbolic IF 8 hyperbolic Il Fn

Etui q isotropic If q isotropic 1 all Fu

Egan A 1spit IF A split IN Fm

To use this to prove H M fo the

Ca.ee din g 3

Say din g 3 g regular IF 8 isotropicleaden
WTS of isotropic F

WMA g Ci a b a b EF

g isotropic IF Cl a b as isotropic IE
Tn nom form of

S EI splits IE f un
and Cl 9 d is hyperbolicFm














































































































Bythe door result Kaif sphts IF
r equi I 95,62 is hyperbolic If

I e LL a S as E 2h Cl 1 asas

By Witt Cancellation
q i cha b E f c as

isotropic
r q isotropic IF

Case de g 4

First i another theorem of Spry

Thin Lan Chap VII than 2 7

Say KIF is a field extension say

that n K FT is odd Let go

be a g f IF that is anisotropic 1F
Than g is also anisotropic 1K














































































































As a nice consequence of this th i

Coj If KIF has odd degree

then UK UCF

Pf of above than By contradiction
Supp F anisotropic g f g IE ane

k F of odd degree ns.t q is

isotropic 1K If so take K

SE n is mine So n l

Say K EH Rm By induction on m

we are reduced to the Casa nel

sina.e.es epFKTd hes odd degree
FG a

So K FLA Let pct miiep.ly of

So degplt n














































































































q isotropic K Fri she c K
St ECT Hd O where d dig

K FCL Yi g k deggjn.dgp.at
We may choose 8 Joe stmexdegg.is mil

Then the poly's g Itt gaffle Fft
are relatively prine no commonfactor f

or else we'd have Gi Cfl GILA Act
and then g j with Ji I Cd
Contradicting minimality of mix deggi

So the ideal g HI Goettl l in Fct
hence also in F Ct

Under FCt K t a

q g Ctl gaff1 g r Kelso

i in key PCH effect

So 9cg.CH Goettl p HI httin
Some poly in Fff














































































































deg fc2 CH sgalth E 2 mixdg Its
n
even Ezln c

and dy p CH n

so degh E n 2

HS of has even degree
t p CH hes odd degree h

so degh It is odd f9h'm
So htt e Fft has an odd degirredfactor h H

Lef p EE be a root of hill ftp.hf En 2

So h pl o But we had Ldgh
9cg.CH Goettl p Ct htt

So qc g Cpl g Cpi Pfdhlplsoefcpl
So q is isotropic over an

dessatodd

odd degree extensimqofdg nzcn.FI
Contradicting the minimality of n














































































































Above 1hm of Springe is for extensions

of o odleg.ru can't gain new isotropy

What about extensions of even degree
Then a g f become isotropic
e.g i 17 going from IR to IC

Q When does this happen Ans

th Lem Chul Hu 3.1

et q be an anisotropies.f If
Let a c FX f and K F Ta

Then q becomes isotopic 1K

g E L ab b t 8 for some bef
a d some g f f over F

Eg q remains
anisotropighnless q is

of this form F














































































































Pf of the
f q is of this fun then 1K

f E C ab b I 8
s b b I g is isotropic 1K

aEK 2 h

Say g Cb biz anisotropic CF
becomes isotopic 1K FIR
WTS of EL ab b t 8

S isotropic K F EI ca I c kn
St q Z o Write Zi Xi trays
Xi gie F Wit X IX x Lily y

So X g EF notboth 0 since Xt Tay 2 to

o get 2 biz 2 belxity rat
L t p ra

when 2 fix t a gig c F
and p 2B f x Def where B g














































































































Ltpra o 4ps F a p o

i BC x 71 0 so X Ly wt g

X y hot both 0 q anisotropic

god gcy not both 0

O L quit a 8127 fix e g ly
but a 0 So neither of 811 fly is 0

s X y both non O and orthogonal

So can extend x y to an orthogonalbasis
W t this basis

of gal gigi 7 5 aged8Gt 7

q eval at otherbasis elf C agg 1 tf
Set b gg So g Ee es Dt g














































































































Coy Say of a HIF din 8 4

Ses det q If g is anisotropic LF
the q is anisotropic K FC

Equiv of isotropic LK of isotropic IE

PI WMA f f f't otherwise trivial

Bythe preu them

q isotropic k FC g E C Sb D t g

for some b e f e e g g f IF
dim L

Iet K 8457 S c FY F
det g 8 so det g I

i g E Ce c E h isotropic F
e q isotropic IF

Using this we can prove H M f diag Y














































































































Pf of Hasse Mikowski for ding 4
global

WMA of res c IF isotropic leader
wts g isotropic IE WMA of I a b D

f e del f abc global fee

By above Cor of isotopic 1K FITS
K C K w des Val's on K
y restrict to

F c for
abs rats on F

q isotropic leecht q isotopic lead K

S K'T c ab are in the same

abc Square class in KYKH

So q L l e b c E a a b ab LK
norm form

of isotropiclead Kw of faff
If previous result re ABHH

q isotropic 1K So I














































































































To prove H M f dim 25 by induction
will use the weak ApproximationThm
an extension of Chinese Remainde th i

W for aglobal file F

Given distinct orbs Values M Thom F
and E Eam 0 and Qi EFu fo i b M

Z a F st a a Iris E for all i

EI F Q wi pi primes
Ei p ni for E l s m ai EEpi
2 dense in 2ps art ftp.jtakebic 2 bi aipff5ini
CRT Forez st bi Cmd Pii
for all i so la oil.ae a bilpEfsii I
By clearing denoms ok even if Qi c Api get aG

Weak approx also allows archimedee absval's
So extends CRT




















































































It remains to prove
Hasse Minkowski f g f s g
of din 75

We will proceed by induction on din g

will take q of some dim 75 and
assume it holds for all q.f.es of Love din
we already know it holds in din E 4

will assume q isotropic all Fu
WTS g isotropic ft
Strategy Write gear Iq

lo e diIstg is isotropic every completion Fr
Once we do this we can apply H M tog
by lidactive hypothesis So get

HM
g isotropic lay far g isotopic IF

of isotropic F


