











































































































Recall Given a field F

quadratic forms LF W F ICFI I F

csoislf Brc.FI

KIKI F F f EE
HICE KCA 12
Can relate these objects

ca a commutative diagram

C
Ci a 5 as

IKKI'ce Breth
g Ccg

To generalize this

Use that K is part of a collection

of groups Ka due to Mi Ino

Define the IN grade Z algebra

kicel THFM.EE














































































































Here the nth grade piece Kun f
is the image of T Fx
written additively the malt is from

So KYLE is as above

Kin Cfl F Keio Cfl 2

or view as

Grothendieck group of f d v s t F

for a ringR take frigen pigmodulesIR

Later Quillen defies othe k g opsKugel

Han Ki Cfl KEEF
we had an cso

Kiso if he 2

HIFI I'CFI LI Cfl

d S c Cl 9 s ab

I a si s

Can this be generalized to nz 2

Define half KI f 12














































































































For a you C F'S w ite in ICF

ai yes 51,97 0 Cl

n foLe Pf fE
So the above map 2 half III
takes Css K a 577

By analogy with case 4 2 define

Lahiri In F II't Ce
Ca nad K e end

Is this an Iso

Part of the Milnor Conjecture
AesYes Proven by Orlov Vishik Voevodskyk

The other part of the Milnor conjecture
ref relates these groups to Galois cohomology

Recall Given a gro p T with an action

on an abelian group A we can define

iron H BA via

co cycles and coboundaries for example

Hye Al get dietitians of riga














































































































Namely first suppose T is a finite

group with an action of T m A

Call A a T mod

N Co chainsDefine the set of

to be TAI against Al

Gim f f ch p Ay
not neehous

define df C Cat T A by
group

df Vi int 8 iffy ym
action

fifth Hi ifeng.IT
i.pteymfC8i.s8n

get
cobonaday P

9 Cn Chat 4CHAI 4C At 4
and for every N Zo

d R.A CHIA
is the O map














































































































Let 2 T Ker d C It

Ul group of N coczcle.si
and let 134TA imCd C C

group of n cobou

daries.catH T A ZTBAVBTT.at

the nthcohomologygroupI
Ex Holt A AT EeeAl e isfixedby T

This constructionparallels what
is done in topology

In our applications we'll want
to allow

T to be a profit group
T Tier trick

groups

Ex Z p 21pm p alias
L

Ex T Gal 4 infiniteGaloisextension
pi f e

In grid such a Thes of ttplogy K

weakest topology St all ftp.gefontnuoas
We require the action of Ron A c dffqY.es
to be continuous a d in ITA
we require f Tn A to be continuous














































































































Say F is a field and let TeGal f
be its absolute Galois group Gal FMR
Let A be an abelian group on

which it acts A is then called a

Define the Galois
p Haff Al HTT Al

Ex A 2 2 Then the only eatin
on A is trivial a e f any free
we can form It F 2K Assam he 74
Have Hole 214 7 2

H1 CF 2h1 F f

H'CF 214 Br Cfl Cid
These are the samey as w F lice

ICFI CECA I f II F resp

The rest of the Milnor Conjectresss

for all n get a gene'nfrom 2 t n
Bracy
fern L

INCH LIYA EK CHIE HYE 214
n n

J J R provenbyas above
fence Voevudsky 2003














































































































More generally the B Wnjat
where we replace on d 2 by mod l
and assume char f f l Esprit

Above regarding Hlf 214 there's

only the trivial action of T Gal F
on 2K Fo 21h there are

non trivial actions if l z

EI LetMe of bethe group of
the l th root of unity As a

group Me Ill But T GdCF
acts non trivially on me unless 1 2

We can take Half Mel
In particular H Fire E f KEY
the l 1h power classes HUF µ BrCFlIl7
Ex For every orzo we can let

I eat on 2K by the n th power
of the above action Write

µe for this Galois module

Additive notation Ile n














































































































Coming back to the Bloch Kato Conj

For i y o there is a cap product

map Hoff A Hi CEB Hitt Cf A B
The maps F F kE YEH'Celal
Induces a map
dni.TT f Fxxo xoF H'CF HYE

Cup
n factors product

fence

Ice Norm residue map

Bloch Kato conj this map
ice H'Einion

is an isomorphism
Note For 1 2 this agreeswiththe Mila Conj
V
Case of neo trivial 26 9214
Case of h I i Follows from Hilbert 90

Case of n 2 Proven by Me Karjeu Saskia
1984














































































































General case proven 4 Voewdsky 009

with details by Rost Weibel
now often called the

t.de hismheoren

Note The name norm residue map
came from the Hilbert symbol in
local class field theory also called the

norm residue symbol For a

local field Faq finiteextensionof QplR o Fpkm

this is a pairing on FYE.gl into tea
that frets through KY F It
Here ca b a is a iron from Ferb
If 1 2 this equivalent to 4 splits

classical case

Question What about a generalization

of the other part of Milner's Conjecture
Concerning Inc Inn
Still a big mystery














































































































Neatic fdds
and t p EcP
Esp Hasse Minkowski
If g is a q.fr Q then

qis isotropic ofisotopic anelQp
fall p

More generally i holds for any
global field a finite extension
of or of Itp Cx
Recall background on local globalfields

Global fields
Finite extensions of Qi filds_
the ring of Oke K
integers of K V W
the integral
closure of Zi K Z C Q














































































































theprime ideals 8 Grcthat contract to p y
prime in 2 Cp C2

For p prime have local ringZcp CQ

Z is a Dedekciedomain

Noetherian integrally closed
domain of Krull dimensonI

i e every 1
non O priine ideal ismade

So the localisation Zep is a LocalDed dm

This is equivalent to being a discrete
valuation ring

Recall A discretion on a fief

is a map i F 2 st

ab vldt Uh V et b 2 min vialvlsD

The ng of v is as Flucazoluso

A discretion g Dvr

Also write lol fo convenience

Viewed as a local Dedekind domain unfo

The mail ideal of a dur R is principal
t

M a a R IvCal o R M R
ti Ct l a e RI via o














































































































In the case of Zep CQ in p

U is the p adic valuation
R IT

For a rat'd Lip f with pta.b
d h

The mail ideal is pZcp
A discrete valuation V an absolutevaluet.lu

To define pick a 1 and define
Ktv c

VK

This satisfies ktplvsmaxlklu.IM Kpl KHAI
strong non a dinedecnab.s.ua

Ex for the p colic valuation on Q take c p

so I p Il p
n pts

p

Given a field f with a discrete valuation as I.lu

we can complete F art t.lv a d get a feedFu

just as we complete art I I to get IR
usual abs Val

Ex Co plate Q art 1Ip getQp
U v

Also 2 a Zp
U l Iv on extend to u I.tv on p

U U
Z Zp














































































































Another sense of a completion

can complete a local ring R at its
maximal ideal M as an inverse kit

Rm him Rbi
Do this with a Ivr

Ex Zep 4 IcpIp2 241
41 M
R

So get Zip 2452 Zp
Get the same result as before For a dur R

LERhea V colicmetric completion of R

Rm this is a complete d v r

fru CRI s Fr the completion of f far
Can apply this to Q Z and get

Q C Cdp plutedisety
u u u

k

Z C Zep a Ip Completed v r

Similar if take Okc K a fld can do

this for a prime 8 over aprime Cpl Ed














































































































Can also do this with F FpCa or

a finite extension globo.lk

nfieDEx.FtTpCx1 fnaaCR R FpCx7
x R is a prime oiled ReDedekind

Lo calcite R F domain
dm

Completions a Fx mail idea
Real

u k t

Fp Fpkal
Adv Cdvf

Similarly for finite extensions of Fp x

Will study quadratic forms over

Cduf's in particular i

Witt groups Grings

local global principles


