











































































































Recall Given a b E f's
we can form the quaternion
algebra A 9

a csa

dina 4 take subspace

Vespa Eis CA On V

with basis 1521 we have the g f g sa b
CA

VEI K pl Lit pig satisfies

Cul at tbf c F A
v e A

More generally given a g f of
on a v s V over F we can

for an algebra A CCV g aref
st Vv EV EA gas it

in a

the Cliffe
E A














































































































Is A CCV g always a Csa

Answer No But it's always a

csga A AotoA
212 graded deg 0 deg 1

parts
If dim q is even then A is a Csa

If din g is odd then Ao is a Csa

Just as equiv classes
of Csa's F

form the Bra ear group Bn
Cfl

equiv classes
of CSge's IF from

the Brauer Wall goop
Bu Cfl

Here Br F EBWCFI and infect

Br Cfl 713W Cfl QC.FI 20

is exacts where
Q Cfl is as before

MomholdsI
Comm dies with exact vous

ICF W F WCFL cel o

tr r

o Brca Buff Qts o














































































































Here T and V Tfence are given by
taking the Clifford algebra
Also Ke V Kef I3 El
and cmY Br Cfl CD s sap of Bree

so ICFI II f BITE8
To understand the structure of BW F

In terms of BrCF Use the S es

O Br f BUCA Q F 0

Re structure of Q F recall

I FYE'i Q Cfl 212 o

and an act 3 c Q F is of the form

e d with e c 212 d E F IFK

Can similarly describe an elf of Behrle

by a pain CD31
when DeBr Cfl
and 3 EQ Cfl

SeeLamm pp 115 116 for details g
cQCH we can then a

writing 3 Ce d m

write an act of BWCF as a triple CD e d

We can then explicitly work out the

malt Cao on BW Cfl in these terms














































































































tht Lan Chap 4Th 3 A

Gin CD 31 CD 3
c BW CFI where

D D e Br f 3 1 e d 3
Ce d a Q Cfl

D 31 CD's 3 t LDD
d 1,35

and 17,35 D A 3 l where

A 1 if e o

1 if e 7

Here we w ite Br F multiplicative

Recall The group
law on QCFI is

given by e al Ce D't fetes e'day

A motivation f Clifford algebra

to associate to eat g f a Csa

But we don't always get ae Csa

just a Csga A depending on din g

To remedy this recall if doing is even

the A C g is a Csa otherwise

Ao Coq is a Csa where A Ao to A
graded pieces














































































































So to each 8 f f associate

a a Sas CGI Ccd if din f as even
C g if dim 8 is odd

an view ch E Br R

Because of the two cases c WCF 213454

is not a horn but it is on It
forms are even so c f T ie c C there

Terminology for the class of CCA ccg

Ih Lan g different of g

e g Witt invariant 4

Some others g
a of g

e g Clifford invariant 4

A related invariant of a g f g

SCq1 the
int of g

Also called Haese Witt invariant

Ham symbol 2 Stiefel Whitney cc

If g ca a 7 define 8cg IgT CBRCA














































































































U sing chain equivalence and computations

involving Iso of quaternionalgs one can show

them Laz ChepV Pip 3.18

If g q are isometric diagonal qf's
then Scg sigil Br Cfl

So we get a well definedmapsW CFI B Cfl

This is not a gap
horn But can

modify to get a group
horn

w IFI BW Cfl
212
a

q Scg O dat cop
a

B CFI Fyfe
The verification uses the explicit form
above of malt non B W F

EI of Ca b Form of din 2 Here

Sid set














































































































In this exe.pk CCH C
as a greed alg and this is a

Csa because din f 2 is even

via 9
Also asleep

So here Ccg seq

EI g ca din l Then Ccg F Scg

Moregenerally

Thg Lan Chap V Prop3.201

Say din g
n

I f n E for 2 mod 8 then Ccg Slg

Otherwise Chol Sld If eBrff
where a c FX depends on in mod8

a if Ii
Iet g if a E f Card

The proof is explicit and
uses

induction on n 8 cases














































































































Red Two bi au quadraticforms

of ca b andg'sca's are Isometric

dats dat g ad YE 4

Question Does this generalize
Above Ys class g E Br f

What if g is notnecessarily binary

ThinClem Chap V Than 3.20

If din g din g E 3 then TFA Ei

c g E g
2 dat q dot g and Ccg egg

3 det g e det g
ad 861 s 5cg

Repf oh is trivially
2 3 by above result

relating CCgl Slg
For c proof is explicit
using quaternion alg's t the fact that
quat alg's a a Iso have isometric norm forms














































































































Using the above results then get a

classification of f f when u invariant

is small

the Con Ch V Pup 3 er

suppose uff Ey I If
din 25

et g g be g f is over F is isotropic

Then q q diag di 8
det g e det g

a d SCq e 5cg
Proof is clear

7 Let a ding dim 8

din n E3 Donets above result

Casey din n I 4 So din g ding's Nfl

q q1 are universal so they

represent 1 Write 8 517 L Q

q E Li to So de ce di p ane

det Cf det by thesefacts for q q
Since dim f deice n by the inductive
hypothesis ST S Scg Scp
























































































W MA g sa a in Then
I 6

sea It C sees
2 2

wife scoe

tide sideBrff
Similarly for 5cg But Scp Scg
and deff defy i Sig scy
So Eq by the inductivehypothesis
so f E a I E Ice E g

Some related topics

percid.ru fCiffv alg's Chr q

If F IR ans f is a regular g f

then g E C b 51 b
n D

n w
e b

For Ez F of char 27 if g
is of this form write Qbs Cg
Clifford alg of 8



Prop an CLV Prop 6 l

Cath btn MI CH
Proof Cat4bth C9S iCh.n

cab dah
C MICE

n cab
so to study Css we're reduced to

studying 90 C 95 for a b o

Also 95 depends only on a b mo d 8

See Lem Aap V Pnip 4.4

U sing this can express all C b in terms

of Cho Ceo C C and a e th
Here C et I FCF

Cao CK c it 5
C C as F Cri

c Cca.nl e 7
E CH E E C E

0 E
Stree the chef on p 123 of Lam f all cases



Composition of quadraticforms
4

Recall Using norm for s on FCF and

on 41 we saw

a product of two
elements of the form

txt is also of this fo m

a product of two
elements of the form

XTtxttxtx.is also of this
fo m

Mom generally
And gain m n o is there a formula

it txixy.tt Yi zit Zi
where eccl Zi is a homogeneous bile ee fo n

in CX Xm y yn UsingCliff delis

Tha Lan ChapV th 5 Il Red

et F D w ie Ms Eno with no odd

and a ch Ce 49th with 0 ES E3

Then there is a formula iff

m E Sa t2b E.g Ok if m n 8

not if men _Is



Back to I F II CFI
518 2 given

Bracy 3
Clifford

Recall Br Cfl Cid is generated
2

by quaternion algebras 4
These satisfy
1 Bimultiplicativity
9 f fa c BrcElla
and similarly with roles of a b reversed

GTI is trivial in Br Cfl Cid

3 Symmetry in a b

4 Element are 2 torsion

Since 2 I CIB Buff
Is is the hold fo ITI

Can also verify directly see

Lam Charu Prop 6.5 h



This suggests f mins an abstract

object with these properties

For this take F zF gas axob

this Satisfes i above

which is bilcieairits if write
additively

Mod out by the subgroup gen by
all etfs a Cl a Get a gmpk.CH
Write Gb fo the class of a T

To make 2 torsion take the quotient

heft KC f 12
L Ee mod squares
if write half 4

This turns out to be symmetric
because in KIEL it's anti symmetric

Cen Che V
GST GI Leanna 6.344

So get a commutative diagram

Their
Ci a s as 4ITEVIEF Breth



Hear as before is givenby taking the

Cliffy invariant and is an isomorphism

2 takes Ee D Tod D CES

I g b ab
Ll

horn form of AI

P takes GD to Ies
F

Herd is an iso

see Lem Clapython 6.7 The proof
uses Chain equivalence and the Heese
invariant SCD
Since the diagram is commutative

f is also an Iso

So IEFILIKFIEB CFICDE k.IE

This describes both III and Dr f CD
since Kulf can be studied



Ex If F is finite KIF is trivial

Lan Chap V Ex 6.14

due to Steinberg
Ex Kal Q p AP
when A Eth Ap pJ
Due to Ife odd primi

This turns out to be equivalent
to QuadraticReciprocity
in humbe theory
So this is sometimes called

the Gauss Tate Theorem

Re Ki this is part of a collection

of groups Kn due to Mi Ino

Using those we can generalize

the above


