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1 Introduction

In this paper we investigate the validity of Alexandrov—Bakelman—Pucci estimates (ABP for
short) for the infinity Laplacian,

Acott = (D*uVu, Vu) (1)
and its normalized version
Vu Vu
ANy = <02 , > 2
oolt “IVal” [Vl S

as well as L™ and C%® estimates, uniform in p, for the solutions of the Poisson problem for
the normalized p-Laplacian
1
ANu = = |Vul>7P div(|VulP > Vu). (3)
p
These types of normalized operators have recently received great attention, mainly since
they have an interpretation in terms of random tug-of-war games, see [23,24].

As an application of these estimates, in Sect. 6 we prove convergence as p — 00 of
solutions to

—ANu=f. )
to solutions of
—ANu=7f 5)

It is interesting to compare this result with the results in [4]. An important feature of this
limit process is the lack of variational structure of problem (4) that yields complications in
the proof of the uniform convergence of the solutions (for instance, Morrey’s estimates, are
not available). It is in this context that our ABP estimate provides a stable L bound that
can be used in combination with our stable regularity results to prove convergence.

The Alexandrov—Bakelman—Pucci maximum principle is well-known since the decade of
1960 in the context of linear uniformly elliptic equations. It can be stated as follows,

supu < supu + C(n, A, A) diam (2)|| f |l 7 (2), (6)
2 302
for f the right-hand side of the equation and 0 < A < A the ellipticity constants.

These estimates have been generalized in several directions, including uniformly elliptic
fully nonlinear equations where they are the central tool in the proof of the Krylov—Safonov
Harnack inequality and regularity theory (see [6] and the references therein).

In Theorem 4 we recall the classical ABP estimate for solutions of (4) (see [1,6,9,15] for
different proofs of this result) in order to stress that the constant blows up as p — oo. This
fact is not merely technical, actually we are able to prove that the classical ABP estimate fails
to hold for the normalized infinity Laplacian (see Sect. 7). An open question is if an estimate
of the form (6) holds for some other integral norm || f|| () with p > n.

The failure of the classical ABP estimate reflects the very high degeneracy of the equation
as the normalized infinity Laplacian only controls the second derivative in the direction of
the gradient. Remarkably, this is still enough to get an estimate of sup u of the type,

5 Supo u
(SUPM — sup u+) < C diam(2)? / I Lo qu=ra=r)) dr

2 082
supy ut

@ Springer



Aleksandrov—-Bakelman—Pucci estimate

(where I" () (x) denotes the concave envelope of u, see Definition 4) since the second deriv-
atives in the directions tangential to the level sets can be controlled in average using the
Gauss—Bonnet theorem, see Sect. 3 for a more precise statement. See also Sect. 7 for an
example in which this estimate is sharper than the estimate with a plain || || L () in the
right-hand side.

With these ideas we are able to provide a stable family of estimates depending continuously
on the parameter p € (1, oo]. Incidentally, our ABP-type estimates turn out to be indepen-
dent of the dimension n. Maybe this could have some interest in the context of tug-of-war
games in infinity dimensional spaces.

Let us now briefly discuss the C>¢ estimates. The well-known Krylov—Safonov estimates
in [6] apply to the normalized p-Laplacian whenever p < oo, but degenerate as p — 00
as they depend upon the ratio between the ellipticity constants (see also [13, Sects. 9.7 and
9.8]), which in this case is p — 1 and blows-up as p — oo.

We prove Holder estimates for solutions of the normalized p-Laplacian as well as Lips-
chitz estimates for the normalized oo-Laplacian. The main interest of these estimates is that
they are stable in p, so that the whole range n < p < oo can be treated in a coherent way
with all the parameters involved varying continuously.

The ideas behind our proof are somehow reminiscent of the comparison with cones prop-
erty in [7] for the homogeneous infinity Laplace equation and the comparison with polar
quadratic polynomials introduced in [2,20] to study the non-homogeneous normalized co-
Laplace equation. What we do is a comparison with “fundamental” solutions of the p-Laplace
operator

v, (x) = |x|(ﬂfﬂ)/(P*1),

and with quadratic perturbations of them. Since, for p > n, v, is Hélder continuous, this
gives Holder continuity of the solutions. Notice that in the limit for p — oo we recover
Lipschitz estimates for the infinity Laplacian closely related to [2, Lemma 5.6].

Although we shall not address this issue here, let us mention that existence of solu-
tions to (4) and (5) is a nontrivial question as the normalized infinity and p-Laplacian are
non-variational (in contrast to the regular p-Laplacian) and discontinuous operators (see
Sect. 2).

Existence of viscosity solutions to (5) with Dirichlet boundary conditions has been proved
using game-theoretic arguments, finite difference methods, and PDE techniques, see [2,20,
21,23]. Moreover, solutions to the Dirichlet problem can be characterized using comparison
with quadratic functions. Uniqueness of solutions to the Dirichlet problem is known if the
right-hand side f € C(£2) N L°°(£2) is either 0, or has constant sign (see [2,16,20]). When
these conditions are not met, interesting non-uniqueness phenomena can happen, see [2,23]
for a detailed discussion.

About (4), we first notice that when the right-hand side is 0, both the normalized and
regular p-Laplacian coincide. For a nontrivial right-hand side, existence of viscosity solu-
tions can be addressed with a game-theoretic approach (see [24]). However, to the best of
our knowledge, conditions that guarantee uniqueness are not well understood.

The paper is organized as follows. In Sect. 2 we introduce some notation and preliminar-
ies. In Sects. 3 and 4 we prove the ABP-type estimates. Then, in Sect. 5 we provide stable
estimates of the modulus of continuity of the solutions in the case n < p < oco. Next, in
Sect. 6 we justify the limits as p — oo and finally, in Sect. 7 we provide examples show-
ing the failure of an estimate of the form (6) and analyze the sharpness of our ABP-type
estimate.
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2 Notation and preliminaries

In this section we are going to state notation and recall some facts about the operators we are
going to use in the sequel.

In what follows, £2 C R”, n > 2, will be an open and bounded set. B, (x) is the open ball
of radius r and center x. We shall denote the diameter of a domain by d or diam(£2). We write
14 (x) for the indicator function of a set A. Given two vectors &, n € R” we denote their scalar
product as (&, n) = Z:’z 1 &imi and their tensor product as the matrix £ ® n = (§;1,)1<i,j<n-
S" is the space of symmetric n x n matrices.

H"~1 stands for the n — 1 dimensional Haussdorff measure, which for C! manifolds coin-
cides with the classical surface measure. Wherever not specified otherwise, “a. e.” will refer
to the Lebesgue measure.

Given a function u, we shall denote ut = max{0, u} and ¥~ = max{0, —u} so that

u = uT — u~. We shall say that a function is twice differentiable at a point x € £2 if

1
u(x) = u(xo) + (&, (x — x0)) + Z(A(x — x0), (x = x0)) + o(lx — xo0l?)

as |[x — xg| — O for some & € R"” and A € S”, which are easily seen to be unique and will
be denoted by Vu(xp) and D%u(xp) respectively.

A function u is semiconvex if u(x) 4+ C|x|? is convex for some constant C € R. Geomet-
rically, this means that the graph of u can be touched from below by a paraboloid of the type
a+ (b, x) — Clx|? at every point.

The infinity Laplacian and p-Laplacianfor 1 < p < oo, as well as its normalized versions
have already been defined in the introduction, see (1), (2), and (3). For the record, let us recall
here different expressions for the variational p-Laplacian, 1 < p < oo,

Apu = div(|VulP 2 V) @)

v \Y%
= |VulP~? - trace I+(p—2)w D%u
|Vu|?

and its normalized version

1 Vu @ Vu )

N
Apu

1 P—2 N
=—Au+—A_u

p p =

1 v -1

— 1Vl div [ —— ) + 2= ANy
p [Vul p

1 p—1
— AN+ E—— ANy
p! p =

It is worth emphasizing the lack of variational structure of (8), a uniformly elliptic operator
in trace form, in contrast to the regular p-Laplacian (7), a quasilinear operator in divergence
form.

Both normalized operators (2) and (8) (except for p = 2) are undefined when Vu = 0,
where they have a bounded discontinuity, even if u is regular. This can be remediated adapting
the notion of viscosity solution (see [8, Sect. 9] and also [12, Chapter 2]) using the upper and
lower semicontinuous envelopes (relaxations) of the operator.
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Aleksandrov—-Bakelman—Pucci estimate

Let us recall here the definition of viscosity solution to be used in the sequel. To this end,
given a function & defined in a set L, we need to introduce its upper semicontinuous envelope
h* and lower semicontinuous envelope h, defined by

h*(x) = liirol sup{h(y) : y € B,(x) N L)}
he(x) = H?S inf{h(y): y € B, (x)NL}

as functions defined in L.

Definition 1 Let F(&, X) be defined in a dense subset of R” x §" with values in R and
assume F, < oo and F* > —ocoin R" x S".

1. An upper semicontinuous function u : £2 — R is a viscosity subsolution of
]-'(Vu, Dzu) = f(x) 9

in 2 if for all xg € §2 and ¢ € C2(£2) such that u — ¢ attains a local maximum at x(, one
has

Fu(Vo(xo), D*p(x0)) < f(x0).

2. A lower semicontinuous function u : 2 — R is a viscosity supersolution of (9) in 2 if
forall xo € 2 and ¢ € C2(£2) such that u — @ attains a local minimum at x¢, one has

F*(Vo(xo), D>¢(x0)) = f(x0).

3. We say that u is a viscosity solution of (9) in §2 if it is both a viscosity subsolution and
supersolution.

Given a symmetric matrix X € S”, we shall denote by M (X) and m(X) its greatest and
smallest eigenvalues respectively, that is,

M(X) = lrgl‘g(X%‘,é), m(X) = lrgl‘liznl(XS,E)-

In the case of operators (2) and (8), which are continuous in R” \ {0} x S", Definition 1
can be particularized as follows.

Definition 2 Let £2 be a bounded domain and 1 < p < co. An upper semicontinuous
function u : 2 — R is a viscosity subsolution of

— ANu(x) = f(x) ing2, 10)
if forall xg € £2 and ¢ € C2(£2) such that u — @ attains a local maximum at x¢, one has
— ANo(xo) < f(x0) if Vo(xo) #0,
- %Aw(xo) - ”7‘2 M(D*¢(x0)) < f(xo) if Vo(xg) =0and p € [2, 00),
— A (x0) — L2 m(D?p(x0) < [(x0) if Ve(xo) =0and p € (1,2],

with Ag u given by (8). A lower semicontinuous function u : 2 — R is a viscosity superso-
lution of (10)in £2 if forall xo € 2 and ¢ € c2 (£2) such that u — ¢ attains a local minimum
at xg, one has

— Alpxo) = f(x0) if Vo(xo) # 0,

— LAg(x0) — 2 m(D?p(x0)) = f(x0) if Ve(xo) = 0and p € [2, 00),

— LAp(xo) = 52 M(D*p(x0)) > f(x0) if Vo(xo) =0and p € (1.,2].

@ Springer



F. Charro et al.

We say that u is a viscosity solution of (10) in £2 if it is both a viscosity subsolution and
supersolution.

Remark 1 Geometrically, the condition “u — ¢ attains a local maximum (minimum) at xp”
means that up to a vertical translation, the graph of ¢ touches the graph of u from above
(below).

Notice that although this definition is slightly different to the one in [24], it turns out to
be equivalent, see [17].

It is worth comparing this definition with the situation in the variational case in the range
1 < p < 2.In that case the singularity in (7) when written in trace form is not bounded and
it is not possible to use the theory mentioned above. Instead, one can adopt the definition
proposed in a series of papers by Birindelli and Demengel, see [5] and the references therein.
An alternative but equivalent definition in the case f = 0 can be found in [12, Sect. 2.1.3].

Analogously, we have the definition of solution for the normalized co-Laplacian (2).

Definition 3 Let £2 be a bounded domain. An upper semicontinuous function u : 2 — R
is a viscosity subsolution of

N .
— Aju(x) = f(x) in£2, (11)
if for all xg € £2 and ¢ € C%(£2) such that u — ¢ attains a local maximum at xo, one has

[—A&wm>sfuw,\mmanWm)#&

— M(D%p(x0)) < f(xo), otherwise. (12)

A lower semicontinuous function u : 2 — R is a viscosity supersolution of (11) in §2 if for
all xo € £2 and ¢ € C2(£2) such that u — ¢ attains a local minimum at xo, one has

[— AN o(x0) = f(x0), whenever Vo(xo) # 0,

— m(D*¢(x0)) > f(xo), otherwise. (13)

We say that u is a viscosity solution of (11) in 2 if it is both a viscosity subsolution and
supersolution.

The above definition agrees with the one in [20,22] and it is slightly different from the
one in [23]. Anyway, it is easy to see that all these definitions are equivalent.

3 The ABP estimate for the infinity Laplacian

There are two parts in the proof of the classical ABP estimate. The first one is entirely
geometric and allows to bound sup,, u in terms of the integral of det D?u as follows,

(supg U — supyp U

! 2
diam(2) ) <C(n) / | det D u(x)|dx (14)

{u=I"(u)}
where I"(u) is the concave envelope of u (see Definition 4 below). The argument leading to
(14) is entirely geometric and does not involve any equation for u.

In the second part we take advantage of the fact that we are working in the contact set
(so that the Hessian has a sign) and use the inequality between the arithmetic and geometric
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means to bound the determinant in terms of the trace. In the particular case of the Laplacian,
the following estimate is obtained,

/ |det D*u(x)|dx <n™" / (—trace D*u(x))" dx. (15)
{u=1I"(u)} {u=1"(u)}
Estimates (14) and (15) altogether yield the ABP estimate

Supgo u — supyo 1\ "
—_— o <C —A dx.
( diam(©2) ) <Cm) / (—Au(x))" dx
{u=I"(u)}

At this stage one can use the equation for u, namely —Au < f to control the right-hand side
of the estimate.

It is apparent from the above discussion that if we are able to estimate | det D?u| in terms
of the infinity Laplacian we shall get an ABP-type estimate. However, a different kind of
estimate is expected to hold since, as we have mentioned in the introduction, the classical
ABP estimate is false for the infinity Laplacian (see Sect. 7).

We have to recall some necessary notions (see [6]).

Definition 4 Let u be a continuous function in an open convex set A. The concave envelope
of u in A is defined by

I'(u)(x) = inf {w(x) : w>wuin A, w concave in A}
w

= irzf{L(x) : L>uinA, L is affine}
for x € A. The upper contact set of u is defined as,
Ctuw)={x e A: ux) = I'(u)(x)}.
The following is one of the main results in this section.

Theorem 1 Let f € C(£2) and consider u € C(82) that satisfies
—ANu< fx) in2 (16)
in the viscosity sense. Then, we have

supg, u

2
(supu — sup M+) < 2d2 / ||f+ : 1C+(u+)||L°°({u+:r}) dr, (17)
2 82
supyo u*

where d = diam (£2), u™ is extended by 0 to the whole R", and C* (u™) is given by Definition
4 with A = 2% = conv(£2), the convex hull of 2.
Analogously, whenever

—ANu> fx) inf2 (18)

in the viscosity sense, the following estimate holds,

2 Supo u~
(SUPW—SHPM*) <2d’ / If™ - Lo+ @) Lo qu-=rp dr. 19)
Q 08
supagu_
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Proof We prove the first inequality, since the second one is similar. The proof is divided in
two steps, in the first one we prove the result in the case of a semiconvex subsolution v of
(16) and then we shall remove this assumption in the second step.

Step 1. We can assume without loss of generality that supy, v+ = 0 and v(xp) > 0 for some
xo € £2. Let us consider the function v extended by 0 to the whole R". Notice that v is
also semiconvex and satisfies

ANt < T inR™

Let 2* = conv(£2), the convex hull of £2 and for every o > 0 let us consider I, (v*), the
concave envelope of vt in £2F, where

2% = {x € R" such that dist(x, 2%) < o}.

1,1

Since we are assuming that v is semiconvex, Lemma 5 implies that Iy (v") is Cloc

aim is to estimate

(£2%). Our

&[> dE, (20)

VIGh)($25)
both from above and from below. For the sake of brevity, let us denote in the sequel

M :=sup (") =supvt =supv
Q2 Q 2

and
Ay = CF ") N {Points of twice differentiability for I, (v)},

where CF(v") is the set of points in 2% where vt = I, (v™). First we estimate (20) from
above. Applying the Area Formula for Lipschitz maps [11, Theorem 3.2.5], Lemma 5, and
then the Coarea Formula [11, Theorem 3.2.11], we get,

/ &[> dE < / VI (H)[*" - det(—D* I, (vh)) dx 1)

VI, (0+)(822) 2

= / L4, (X) - VI, )P - det(—D* I, (v)) dx

2
M

=/ / La, (x) - |V, wH|" - det(—D> T, (1)) dH" " dr.
0 {Iy(whH)=r}

From Hadamard’s formula [3, Sect. 2.10] for the determinant of a positive definite matrix
and Proposition 1, we get that for a.e. r € (0, M),

n—1
det(=D* I (vh) < = AN L) - VDI [ ] « (22)

i=1
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holds H"!-a.e. in {Iy (vt) = r}, for k; (x) the principal curvatures of {I, (vT) = r} at x,
as defined in Proposition 1. Hence, from (21), (22) and Lemma 6 we have,

&> "dk (23)
VI, (0)($25)
M n—1
5/ / La, ) fHe) - [ ] ey dn~ar
0 (I, (wH)=r) i=l
M n—1
< [1r g elqmn [ [lewartar
0 (I (h)=r) =]

M
= 1" (@B1(0) / LF* - Ler o ooy dr:
0

The last step follows from the Gauss—Bonnet theorem, Theorem 9.
To estimate (20) from below, we observe that

K10 (25) C VI, (01)(2))

where xg is a maximum point in £2* for v™ (x), K xo,0 () 18 the concave cone with vertex in
(x0, vT(xp)) and base £2F and 0K, o its super-differential (see [14, Sect. 1.4]). Collecting
the previous information we get

|§1>"dg (24)

0Ky (22)
M
< H" (3B (0) / IF ek oy Lo qut=ry dr.
0

We want now to pass to the limitas o goes to 0. Itis easy tosee that 0 Ky, 5 (£25) 1 0 K, (£2%).
We need to estimate the limit of the right-hand side. To do so, notice that I'y(v™) is a
decreasing sequence of concave functions and I, (vF) > I'(v™) > v™. It follows that
CH*) c C*t(vt) and hence, for every r € (0, M) we have

IFT - Lot onyllzequr=ry < 1T Lot @t o qur=r))-

Thus, (24) becomes

&[> dE (25)

0K (2%)
M
< H" (8B (0)) / IFF Aot Lo qut=rp dr
0

It is now very easy to see that

By (0) C 9Ky, (29,
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where d = diam(£2*) = diam(£2) and M = sup, v = supg« Ky, (x). Consequently,

n—1 2
/ EPdE > / |$|2*”ds=w(%). (26)

2 d
DK (2%) By (0)
d

Collecting (25) and (26) we arrive at

supg vt

(Sgp vh? < 24° / IfF - Lot Lo (qur=r) dr-
0

Step 2. Now we consider the case of a general viscosity subsolution u of (16). Then, the
sup-convolution of u, defined as

1
u®(x) = sup [u(y)— 2—|x—y|2], 27
yeR €
is semiconvex and verifies
N ¢ . . 1
—Agut < fe(x) = sup{f(y) tyE€ BZ(EHMHLOO(Q))I/Z(X)} in £2,
where
Q¢ = {x € 2 : dist(x, 32) > 2(elulLo2))?).

Moreover, u < u® and u® — u uniformly as ¢ — 0 in 2, see [6, Chapter 5].
From the previous step we know that

(sup(us)"' — sup(ue)"')2
2 082
supg, (u®)™
< 2diam(£2,)? / £ Lot eyt oo quey+=rp dr-
supy o, ()t

If we are able to pass to the limit in the previous inequality we shall obtain the desired
estimate. It is easy to see that actually we can pass to the limit once we have proved that

lim sup I Terern losqueyr=ry < 1T Terwhy e qur=ry-
E—>
Let us consider a sequence {¢;} such that the lim sup is realized and let x¢; € {(u®/ Yyt =r}
such that

15 Nty lesqaiy=ry = fof (o)) = Tew iy (8e;)-

Up to a subsequence, still denoted with ¢, we can assume that x,; converges to xo € 2.
Since Xe; belongs to {(u%/)* = r} and u®/ converges uniformly to u, we obtain u™* (xg) = r
and in particular xo ¢ 9£2 for any r > sup, o u™. Moreover, if Xe; € Ct((uéi)*) for infi-
nitely many j we deduce that xy € C*(u™). This, together with the fact that fe; converges
uniformly to f on compact subsets of £2, yields
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lim sup ( fi ) 1C+((ugj)+)(xaj)) (28)

£;—0
< fTx0) ~levary@x0) < IFT - Lot Lo (ut=ry
and hence the thesis follows. O
The following is an easy consequence of Theorem 1.
Corollary 1 Let f € C(£2) and consider u € C(2) that satisfies
—ANu < fx) inf2
in the viscosity sense. Then, the following estimate holds,

supu < supu™ +2d% || £ |l ot ity
2 982

where d = diam (£2), u™ is extended by 0 to the whole R", and C* (u™) is given by Definition
4 with A = 2% = conv(£2), the convex hull of 2.
Analogously, whenever

—ANu> f(x) inf2
in the viscosity sense,

supu™ < supu” +2d | £ || Lot wey)-
2 92

Remark 2 Similar results can be derived from Theorems 2, 3, and 5 below.

If we replace (20) by

€+,
VI, w)(£23)
the same proof yields the following result.
Theorem 2 Let f € C(£2) and consider u € C(82) that satisfies
—Acot < f(x) in $2
in the viscosity sense. Then, we have

supg u

4
(supu — sup u+) <4.4* / LF* - et @l oo qut = dr,
2 982
supyo ut

where d = diam (£2), u™ is extended by 0 to the whole R", and C* (u™) is given by Definition
4 with A = 2% = conv(£2), the convex hull of 2.
Analogously, whenever

—Asout > f(x) in$2

in the viscosity sense, the following estimate holds,

4 Supo u~—
(supu’ - supuf) <4.d* / IF~ - der @l qu-=rp dr-
2 082
Supyo U~
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4 A stable ABP for the normalized p-Laplacian

The following is one of the main results in this section.
Theorem 3 Let 1 < p < oo, f € C(2) and consider u € C(£2) that satisfies
—ANu < f(x) inR2

in the viscosity sense. Then, we have

2 2
2pd
(SUP“ — sup u+) =< / £ Lo+ ey oo =y drs (29)
2 982
supyo ut

where d = diam (£2), u™ is extended by 0 to the whole R", and C* (u™) is given by Definition
4 with A = 2* = conv($2), the convex hull of 2.
Analogously, whenever

—ANuz= f(x) inR2
in the viscosity sense, the following estimate holds,

Supg U

_ 2\ 2pd? _
supu —Ssupu < Nf - 1C+(u’)||L°°({u*:r}) dr. (30)
2 a2 p—1

Supy U~

Proof We only sketch the proof of the first inequality, since the second one is similar. The
argument goes exactly in the same way as the one of Theorem 1 with the only observation
that thanks to the concavity of Iy (u™) and Lemmas 5 and 6 and Proposition 1, at almost
every contact point x € Cf(u™) one has,

—(”le) AN W )(x)

n—1

p—1 1
= —(F=) AL aH @ + — VL] Y ki)
p p i=1
= -ANLWhHE) < ),
where «;(x) i = 1, ..., n — 1 denote, as before, the principal curvatures at x of the level set
of Iy (u™) passing through x. |

Remark 3 Estimates (29) and (30) are stable as p — oo and, moreover, allow to recover
estimates (17) and (19) in the limit.

It is interesting to compare estimates (29) and (30) with the usual ABP estimates that are
not stable in the limit.

The following theorem can be easily proved with the techniques of [1,6,9,15], the proof
we sketch here actually allows a comparison with the previous one, see the remarks at the
end of the proof.

Theorem 4 Let | < p < oo, f € C(2) and consider u € C(2) that satisfies
—ANu < f(x) in R,
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in the viscosity sense. Then, the following estimate holds,

dp
supu < sup ut + 1 T £ 1 (ot )
2 352 n|B1(0)|7 (p — 1)n

whered = diam (£2), u™ is extended by 0 to the whole R", and C (u™) is given by Definition
4 with A = 2* = conv(82), the convex hull of 2.
Analogously, whenever u € C(2) satisfies

—ANu > f(x) in 2

in the viscosity sense, the following estimate holds,

_ - dp _
supu” <supu + 1 I et @y
2 382 n|Bi(0)»(p —1)»

Proof Again we do not take care of regularity issues which can be easily handled with the
techniques we used in the proof of Theorem 1. The standard ABP argument yields,

+ n
SUpo U — SUpyo U
B (0
( . ) 1B1(0)]

< |Vl @h) (CT )| < / det(—D?u) dx.
Ct(ut)
Proposition 1 yields
n—1
/ det(—D*u) dx < / —AN @) (vE@H T widx.
CcH(ut) C+(ut) i=1
Now, we multiply and divide by p — 1 the right-hand side of the previous inequality, and
then apply the inequality between the arithmetic and geometric mean inequalities. We get,
n—1
— ANty (vrehHrt [ ] cdx

i=1

CH(ut)
n—1
1 N N N \"

== / (—(P—l)AooF(u )+ VI ™) lec) dx

Ct(ut) =
—pin _ AN +1\\7
- (p— Dn" / ( Apr(u )) dx

Ct(ut)

pin +\"

= - / (F7)" dx.

CHut)

O
Some comments are in order. First, it is important to notice that the estimate in Theorem

4 is not stable in p, as the resulting constant blows up as p — oo. Hence we do not recover
any estimate in the limit, in contrast to Theorem 3 that yields Theorem 1 as a limit case.
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This fact can be understood by comparing the proofs of Theorems 3 and 4. In fact, they
make apparent that the infinity Laplacian controls one single direction, the direction of steep-
est descent, neglecting the curvature of the level sets (whose average is in turn controlled by
the Gauss—Bonet Theorem). The p-Laplacian, instead, is a weighted mean of the curvatures
of the level sets and the normal direction. In particular, when p = 2, the classical Laplacian,
all the directions are weighted in the same way.

In this sense, it is completely natural that in the p-Laplacian case the ABP involves an
integral norm, an average in all directions, while in the infinity Laplacian case the average is
somehow unidimensional.

If we replace (20) by

&177"d§,
VI, ()(825)
the same proof of Theorem 3 yields similar estimates for the variational p-Laplacian (7).
Theorem 5 Let | < p < oo, f € C(2) and consider u € C(§2) that satisfies
—Apu < f(x) in§2
in the viscosity sense. Then, we have

supg, u

+ b pdp +
(supu —supu ) < / I der@ny Lo qur=ry dr
2 902 p—1
supy ut

where d = diam (£2), u™ is extended by 0 to the whole R", and C ™ (u™) is given by Definition
4 with A = 2* = conv($2), the convex hull of §2.
Analogously, whenever

—Apu > f(x) in$2

in the viscosity sense, the following estimate holds,

Supo u~
N \? pdP _
(supu —supu ) < / 1f™ - Lot Lo qu-=r) dr-
2 902 p—1
SUpge U™

5 Stable estimates of the modulus of continuity for p < oo

In this section we obtain Holder estimates for solutions of the normalized p-Laplacian as well
as Lipschitz estimates for the normalized co-Laplacian. The main interest of these estimates
is that they are stable in p, and apply to the whole range n < p < oo with all the parameters
involved varying continuously.

As mentioned in the introduction, the well-known Krylov—Safonov estimates, see [6] and
[18,19] for the original reference, apply whenever p < oo, but degenerate as p — oo as they
depend upon the ratio between the ellipticity constants (see also [13, Sects. 9.7 and 9.8]),
which in this case is p — 1 and blows up as p — oo.

For the sake of a unified presentation, throughout this section we are going to denote

—1

O[p:(”l forn < p < oo a1

O

for p =00
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and

p+n—2 (32)

L__ forn < p < o0
Cp= _
1 for p = oo.

Theorem 6 Let §2 be a bounded domain, 2 < n < p < 00, and u a viscosity solution of
—ANu=f inQ. (33)

Then, for any x € 2

lu(y) — u(x)] lu(z) —u(x)] C .
. —a, = —a P diam(2)" || £l 12

ly —x|'=% e lz—x|""%  1—ap
for every y € 2, with ap and C), defined in (31) and (32) respectively.
Remark 4 Compare with [7, Lemma 2.5].

The following estimate is an easy consequence of Theorem 6.

Corollary 2 Let 2 be a bounded domain, 2 < n < p < oo, and u a viscosity solution of
(33). Let apy and C, defined by (31) and (32). Then, for any x € §2 we have that

lu(y) — u(x)] 2lullzoe c, .
— < — & L diam ()" || f || 1o ()
ly —x|' =% dist(x, 082)" ~%» I —ap

forevery y € £2.

We also have global estimates for the Dirichlet problem.

Theorem 7 Let §2 be a bounded domain, 2 < n < p < 00, and u a viscosity solution of

—ANu=f inQ2
p
[ u=4g on d$2 34
with g € cO1=ap (082) and o), as in (31). Then, for every x,y € Q,
lu(x) —u(y)l )
M_yﬁgp < Cp |l fllLo(e) diam(£2)'17 + [g]i_q,.00 (35)

with Cp, as in (32).

Corollary 3 Let 2 be a bounded domain, 2 < n < p < oo, and u a viscosity solution of
(34) with f € C(£2), g € CO1=% (382) and a,, C,, as in (31) and (32) respectively. Then,

i) o = Nulloq + sup )~
c” P(82) ryes |X _ y|1—(xp

Xy
< lgllgo - (o) + (2 Cp diam(2)? + C, diam(.Q)H"I') 1 L)

with

é_[pplforn<p<oo 36)

P for p = oo.
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Proof From the ABP estimates (17) and (29) in Theorems 1 and 3, we have
lullzo@) < llgle@e) + 2 Cpdiam(2)* || £ll oo+ ) -
for C p as in (36). This estimate together with (35) yields the result. ]
We need some lemmas in the proof of Theorems 6 and 7.
Lemma 1 Consider the function

l—ap _

vix) =h+

A B 5
lx — yl —lx—=y
o 2

I —ap
with A, B> 0,h e Randy € R". Let C, as defined in (32). Then
—ANvx)=C,'B
for x # y such that Vv(x) # 0.
Proof For x # y we have
Vo) = (Alx = y|7' 7 = B) (x = y)
and

=y« —-y)

Do) = (Al = yI71 77 = B) 1d = A (1L ap) by = 31717 ==
xX=Yy

Then,
ANv(x) = —Aa,|lx —y|"'" — B
and the proof is complete in the case p = oo. If p < oo,
Av(x) = trace(D*v(x)) = A(n — 1 —ap) |x — y| 7% —nB

and hence

1 p—2

N N —1
Apv(x) = —Av(x) + ——Agv(x) = =C, B.
p p
O

Remark 5 Notice that when p = oo these functions v are polar quadratic polynomials as
defined in [2,20], that replace cones as the functions to which compare in the context of the
non-homogeneous normalized infinity Laplacian.

Remark 6 Both operators A[’;' and AY are linear when applied to radial functions. This fact
motivates using cusps and cones (as they are p-Harmonic away from the vertex) in Lemma
1 altogether with a quadratic perturbation.

Lemma 2 Let §2 be a bounded domain, xo € $2, p > n,
A > Bdiam(£2)' 1%,
and B > 0. Then, the function

|1—Oé[,

vix) =h+

| Bk~ xoP
X — X0 — —|X — X0
2

l—a

satisfies Vv(x) # 0 for any x € 2 \ {xo}.
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Proof A direct computation shows that for any x € £2 \ {xo} we have that
IVu@)| =[x — x| - |Alx —xo| =~ — B|
> |x — xo| - (Adiam(£2)"'""* — B) > 0

by our hypothesis on the size of A. O

Lemma 3 Let 2 be a bounded domain, xo € 2, p > n > 2,

lu(z) — u(xo)|
|lfap

A>(1-ap) sup + B diam(£2)'+er, (37)

€02 |z — X0

and B = (1 + &) Cp|l f |l L (2) with ¢ > 0. Suppose that h is such that

. B
lx — xol' ™% — =

2
|x — xol
l —ap 2

vix) =h+

touches u from above at some point X € $2. Then, necessarily ¥ = xo and h = u(xo).
We arrive at the same conclusion if we suppose instead that h is such that

v(ix) =h—

B
Ix — xol" ™% + —|x — x|
l —ap 2

touches u from below at some point ¥ € £2.

Proof We provide the proof in the first case as the second one follows in the same way.

1. First we are going to prove that the contact point X ¢ 9£2. Assume for contradiction that
X € 082. From the contact condition, we get that

B
h=u(F) — |f—xo|1—“p+5|i—xo|2,

l—ap

and u(xp) < v(xp). These two facts together yield,

u(xg) < u(x) —

- _ B _
¥ — x0'™% + = |% — xol*.
—op 2

Rearranging terms we get,

(u (%) — u(xo))

A< (l—«
) e e

B -
+ 5(1 —ap)lX —x0|]+°‘/’.

Notice that,

B
5(1 —a,)|F — x0|'T < B - diam(£2)! 7,

so we arrive at a contradiction with the definition of A and hence x ¢ 952.

2. Now, assume for contradiction that X # xo. We have that v touches u from above at X.
From the previous step we know that X must be an interior point; hence from the hypothesis
of contradiction we know that v is C? in a neighborhood of %. As u solves (33) in the viscosity
sense, we can use v as a test function in the definition of viscosity solution and get

—AJu(E) < f(E).
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On the other hand, Lemma 2 implies Vv # 0 and then, from Lemma 1,
(A48 [ fllie@ =C,'B=—-ANv(@),
with ¢ > 0, a contradiction. O
We now complete the proof of Theorem 6.

Proof of Theorem 6. Consider a cusp pointing downwards centered at x,

_ B
v(y) =h+ ly = xl'7 = Sy —xf?

l—a
with

A= (1 —ay) sup M@= 1)

—— + Bdiam(£2)' "
zea lz—x['7%

and B = (1 +¢) Cp|l fllLo(2) with & > 0. Lemma 3 says that if v touches the graph of u
from above, then the contact point is x and & = u(x). We deduce,

l—a B 2
u(y)fv(y)=u(X)+1 ly —x|"7% — —[y — x|
—ap 2
<u(x)+ ly — x|,
1—ozp
We get,
u(y) — u(x) - lu(z) — u(x)|

ly =xI'"% 7 e lz— x|

C .
+(1+e) [ fllzoe(@) -~ diam () 7.
l —a,
As this estimate holds for any ¢ > 0, we can let ¢ — O.
On the other hand, we can do the same with a cusp pointing upwards and slide it until it
touches from below. Namely, we get

_ _ _ =y E 2
u(y) = v(y) = u(x) ly — x| t3 ly — x|

l—a
> u(x) — |y —x|'7o
l—ap
and then argue as before. The two estimates together yield the result. O

Now, we turn to the proof of the global estimates for the Dirichlet problem in Theorem
7. A key point in the proof is the following lemma, similar to the comparison with cones
property in [7].

Lemnla4 Consider A > Bdiam(2)!7, B = (1 + ¢) Cyll fllL=(@) with e > 0, and
xo € §2. Let u be a viscosity solution of (33). Then if

l—« B 2
u(x) = u(xo) + Alx — x| — = |x — xo
for all x in 052 the same inequality holds in the interior, that is

11—« B 2
u(x) < u(xo) + Alx —xol ~“7 — Elx — xo|
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for all x in 2. In the same way, if
l—« B 2
u(x) = u(xo) — Alx — xo[ " + —|x — xo
for all x in 052 the same inequality holds in the interior, that is
l—« B 2
u(x) z u(xo) — Alx — x| + —|x — xo

forall x in S2.

Proof We prove just the first claim since the other one is analogous. Denote as usual
_ _ l—ot[, _ E _ 2
v(x) = u(xp) + Alx — xol > lx — xol”.

As we intend to prove that u(x) —v(x) < Oforall x € £2, assume for the sake of contradiction
that u(x) — v(X) = maxg (u — v) > 0 as we would be done otherwise. Since u — v < 0 on
052 by hypothesis, X must be an interior point. Moreover, u(X) — v(X) > 0so X # xo and v
is C? in a neighborhood of . As u is a viscosity solution of (33), we have by definition that

—AJu(E) < fE).

On the other hand, as Vv # 0 by the hypothesis on the size of A (see Lemma 2) we have by
Lemma 1 that

—ANv(®) =C,'B=(+8) [ flr=@)
a contradiction, as € > 0. O
Proof of Theorem 7. Pick xo € 852. Since g € C%17%(3£2), we have that for any x € 32
u(x) = g(x) < ulxo) + L|x —xo|' 7%
for L = [gli—e,.052- Let
A > L + Bdiam(£2)'*%» (38)

and B = (1+¢) Cp”f”LOO(_Q) with ¢ > 0.
It is easy to see that (38) implies,

1—« l—a B 2
u(x) <uxp) + L |x —xo| 7% < ulxo) + Alx —xol %7 — EIX — Xo

for any x € 9£2. Then, Lemma 4 implies that the same holds for any x € §2.
With the same proof it also holds that

_ _ l—a E _ 2
u(x) = u(xo) — Alx —xo| 7 + 2 lx — xol (39

forany x € £2 and xp € 952.
Choose now y € §2, by (39) we know that for any x € 952 we have

_ B
u(x) < u(y) + Al = y|'7 = Zx = P’

and thanks to Lemma 4 the same holds also for any x € £2. Reversing the role of x and y we
obtain

_ B _
|ww—u@nsAu—yH“w—;u—yFsAu—n‘%

and the result follows. O
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6 Limit equation

Theorem 8 Let §2 be a bounded domain, 2 < n < p < 00, and u, a viscosity solution of

_AN — ;
Apup(x) fp(x) in$2 40)
up(x) = gp(x) on d0§2,
with f, € C($2) and g, € c = (082). Suppose that f}, and g, converge uniformly to some
f € C(82) and g (which in turn is C%1(382)). Then, there exists a subsequence u , that
converge uniformly to some u, a viscosity solution of

[ —ANu@x) = f(x) in$2

u(x) = g(x) on 982. (41

Moreover, u € CO’I(Q).

As it was mentioned in the introduction, this result is related to the results in [4]. How-
ever, a distinct feature of this limit process is the lack of variational structure of problem
(40) that yields complications in the proof of the uniform convergence of the solutions. Our
ABP estimate provides a stable L® bound that can be used in combination with our stable
regularity results to prove convergence.

It is also interesting to understand the limits of (40) to solutions of (41) as both equations
can be interpreted in the framework of game theory, see [23,24].

Once uniform estimates have been established, the proof of Theorem 8§ is rather standard,
but we include it for the sake of completeness.

Proof Fix po such thatn < pg. Then, for p > pg, Corollary 3 yields the following estimate

amy (50
lupll o eo—n < diam(2)\r=" P07V Jlup|l o pn
¢ -1 (Q) c ()

. (u,p(r")
< diam(2)\7~1 =V gyl pon
cP-1(382)

_bo—n 2 p=n
+diam(2)° 0T - ( P diam(£2) ety P )
p—1 p+n—2

x| fpllLoe()-

As the right hand side can be bounded independently of p, Ascoli—Arzela Theorem yields
the existence of a subsequence converging uniformly to some limit # € C(£2). We will still
denote the subsequence by u .

Now, we turn to checking that the limit u is a viscosity solution of (41). Let xo € £2 and
a function ¢ € C?(£2) such that u — ¢ attains a local minimum at xo. Up to replacing ¢(x)
with ¢ (x) — |x — xo|*, we can assume without loss of generality that minimum to be strict.

As u is the uniform limit of the subsequence u, and x is a strict minimum point, there
exists a sequence of points x,, — xg as p — oo such that (uz, — ¢)(x,) is a local minimum
for each p in the sequence.

Assume first that [V (xg)| > 0. Then, |[Ve(x,)| > 0 for p large enough and, as u, is a
viscosity supersolution of (40), we have that,

Vo(xp) ® Vo(xp)
Vo (xp)I?

—ltrace I+(p-—2 D? —
P p—2) pxp) | = —Ayelxp)

> fp(xp)'

(42)

@ Springer



Aleksandrov—-Bakelman—Pucci estimate

Letting p — oo we get

=—ANp(x0) = f(x0).

Vo(xo)  Ve(xo) >
Ve (x0)| " [Ve(xo)]
If we assume otherwise that Vg (xg) = 0, we have to consider two cases. Suppose first

that there exists a subsequence still indexed by p such that [Ve(x,)| > 0 for all p in the
subsequence. Then, by Definition 3, we can let p — oo to get

—<D2§0(xo)

= —m(D%p(x0))

\YJ \Y
T inf(ngo(xp) o(xp) ’ o(xp) >
P00 [Vo(xp)l [Ve(xp)]
= —ANp(x0) = f(x0).
If such a subsequence does not exist, according to Definition 2, we have that

)
p

1
5 Ap(xp) = m(D*p(xp)) = —AN@(xp) = fp(x))

for every p large enough. Letting p — 0o, we have

—m(D*p(x0)) = =AY p(x0) = f(x0).

We have proved (13), so u is a viscosity supersolution of (41). The subsolution case is similar.
Finally, we conclude that u € C%!(£2) either letting pg — 00 or using that u is a solution
of (41), and hence the estimates in Corollary 3 apply.

7 Examples

In this section we provide some examples. The first one shows that the classical ABP estimate
in the form

supu <supu + C(n, .Q)||Aévou||Ln(9)
Q 02

fails to hold. In order to prove this we shall construct a sequence of functions {u.} defined
on B (0), vanishing on the boundary and such that

sup u,g(x) ~ 1 and ||Aévoug||Ln(Bl(0)) — 0,
B1(0)

as ¢ — 0. To do this we define

1
e (x) = v (Jx) = —— (1 — |x|'F9),

1+e¢
so that,
1
= T
and
— AN ue(x) = =0/ (Ix]) = (43)

|x|1—a'
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Now a straightforward computation gives
1

dp _
1AY el Gn s, 0y :c(n)s"/ P =c(me" .
0

Notice however that Eq. (43) is a pointwise computation and one has to give it a meaning
in the viscosity sense. This difficulty can be easily overcome considering, for instance, the
functions

1+ P +sHT
M8,8(|x|): I +¢ - I +¢

which are C2, details are left to the reader.
As we said in the introduction we are not able to provide a counterexample to the validity
of an estimate of the form

supu < supu + C(n, p, 2) | AN ull oo (44)
2 982

for p > n. Our strategy, which is to approximate the “infinity harmonic” cone 1 — |x| with
radial functions, cannot be used to obtain such a counterexample. In fact, it is easy to see
that if ve (]x|) uniformly converge to 1 — |x|, then the sequence of unidimensional functions
v}/ (p) has to converge in the sense of distributions to —28p, twice a Dirac mass in the origin.
Hence to find a counterexample to (44) with our strategy one essentially needs to construct
a sequence v (p) such that

1 1
/v;’(p) dp — 1 and /(vg(,o))p,o”_1 dp — 0.
0 0

An application of Holder inequality gives that this is impossible for p > n.
The second example, we provide, shows that our estimate is, in some sense, sharper than
the plain L*° bound

supu < supu + c(n, .Q)”AQIOMHLOO(Q). 45)
Q Y]

Let us consider the functions

1—|x| ife<x|<1
We(x) =

2
— - LE ifx) <

One immediately sees that
N 1
sup we & 1 and A well Lo, 0) = =
B1(0) €
while

SUpp, (o) We

N 1
| Ao we |l Loo (fwo=rpdr = 5
0

S0 our estimate can give more information than (45).
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8 Appendix

For the sake of completeness we provide here the proof of some technical details needed in
the foregoing.

Lemma 5 Let 2% be a convex domain and u a continuous semiconvex function such that
u <0inR*\ 2% and u(xg) > 0 for some xo € 2*. Let I'; (u™") be the concave envelope of
u™ (extended by 0 outside 2*) in

Q2% = {x € R" such that dist(x, 2%) < o}.
Then I'y(u) is Cllo’c1 in 2% (and hence second order differentiable a.e.). Moreover,
{x € 2% : det D’ T, (u) # 0} C CF (u),
where Cj (u) is the set of points in 2% where u = I'; (u).

Proof This lemma can be easily deduced from the arguments of [6, Lemma 3.5]. However,
since our statement is slightly different, we shall briefly sketch the proof for the sake of
completeness. Obviously the second derivative of I, (u#) is bounded from above by 0 and
hence to prove the (leo’c1 regularity it is enough to show they are locally bounded from below.
Since the graph of u can be touched from below by a paraboloid with fixed opening this is
clearly true for every point in the contact set C\ (u).

Let now choose a compact set 2* C K C 2%, pick x € K \ C}(u) and let L be
a supporting hyperplane at x to the graph of I'; (u™). Following the same argument of
[6, Lemma 3.5] one can prove that

x € conv{y € 2% such that u™ (y) = L(y)},

where conv denotes the closed convex hull of a set. Moreover, by Caratheodory’s Theorem,
we can write

X =AX1 4+ A1 X041

with x; € {ut = L}, &; > 0and 37" 2; = 1. We conclude that x belongs to the simplex
conv{xy, ..., X,+1}andthat L = Iy (u™) in this set. Moreover, all the x; € £2* ﬁCj (u) with
the exception of at most one, that may belong to 9§2; otherwise by concavity one would
have that I'; (u™) = 0 everywhere in £2% since u* = 0 in 2% \ £2*.

We now claim that there exists a constant C = C (o, n, £2*, K) and an index i( such that
Xj, € £2* and A, > C, this is true with C = 1/(n + 1) if all the x; belong to £2*. Otherwise
we can assume without loss of generality that x,,1 € 9527 and suppose that A; < C for
i=1,...,n.Then,

n
0 < dist(K, 882)) < |x — xp41] < Z)‘i |x; — xp11] < n C(diam(£2*) + 20),
i=1
a contradiction if C is small enough. Assume without loss of generality that io = 1, by the
semiconvexity assumption we know that

L) (xy +h) > ub(xy + h) = L(x; +h) — M[h|?

for |h| < dist(£2*, 9£2¥) and L an affine function whose graph is the supporting hyperplane
to the graph of Iy (u™) at x;. Writing

h
x kb= (w4 =) e
1
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thanks to the concavity of Iy (u™) and the fact that L = I,(u") in the simplex
conv{xy, ..., X,+1}, we get

h
T @+ 1) = 1w (n + )
+ 22T W) () F o+ At T () i)

h M
= 0L (x4 5) = IR AL )+ At L)

_ _ % 2 Y * 2
=L(x+h) ; |h|* > L(x+h) —M(n,o, 27, K)|h|
1
for |h| < e(n, 0, 2%, K) small enough, which is the claimed Cllo’c1 regularity. To prove the

last assertion in the statement of the Lemma, just notice that for any x € 2* \ C.f (u) the
function Iy (u™) coincides with an affine function on a segment. o

Lemma 6 Let u be a viscosity subsolution of
]-'(Vu, Dzu) = f(x) in$2

and let xo € $2. If ¢ is a function such that u — ¢ has a local maximum at xo and @ is twice
differentiable at x, then

Fe(Vo(xo), D*p(x0)) < f(x0).

Proof By assumption
1
@(x) = @(x0) + (Vo (xo), (x — x0)) + E(Dzw(m)(x — x0), (x = x0)) + o(|x — xo/?).

Thus for every & > 0 the C? function

1 )
9e(6) = ¢(x0) + (Vo (x0), (¥ = x0)) + (D¢ (x0) (x — x0), (x = x0)) + Z1x — xo*.
touches u from above at xo, so by definition of viscosity subsolution we have

Fi(Vox0). D*¢(x0) + 1) < f (x0)
and passing to the limit in ¢ we obtain the thesis. O
Before stating the next Proposition, we recall that a Lipschitz function v : M — N

between two C! manifolds is differentiable H"~'-a.e. and we shall denote with VM its
tangential gradient, that is, the linear operator between 7, M and T, N defined by

t —
Wy g i fim LE O S
t—0 t
see for instance [11, Sect. 3.1].

Proposition 1 Let w be a concave C"' function in a ball Bg(0) with w = 0 on 3 Bg(0).
Then,

1. Foreverylevelr € (0, supg, oy w), Vw # 0and M, :={w =r}isa c'! manifold.
2. Forae.r €[0,supg, o Wl H" -a.e. x € M, is a point of twice differentiability for
w.
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3. Letr € (0,supp, o) w), if x € M, is a point of twice differentiability, then,

n—1
—D*w(x) =[Vw @) D ki) 1:(x) ® 7 (x)
i=1
n—1 (46)
= > 02 w) () @ v(x) + v(x) ® 7 (x))

i=1
— AN w(x)v(x) ® v(x),
where:

(@) v(x) is the exterior normal to M, at x, i.e.

Vw(x)
v(x) = ————.
[Vw(x)]
) ti(x)fori=1,...,n—1isanorthonormal basis of Ty M, that diagonalizes the

Weingarten operator VMv at x.
(¢) «i(x) are the eigenvalues of VM at x, which are the principal curvatures of M,
at x.

Proof 1. As w is concave we have that Vw(x) = 0 if and only if x is such that w(x) =
supg, ) w- Then, by the Implicit Function theorem, for every r € (0, supg, o, w) the level
set M, can be locally represented as a graph of a C!"! function. Hence, up to a change of
coordinates, we can suppose that there exists f : &/ C R"~! — R such that
w', &) =r, and Jwl’, f()=c>0 VX' €U,
where we denote x = (x/, x,) € R*~! x R. In particular,
Ve = VR TG)
duw(x’, f(x))
is Lipschitz.

2. Now, let D be the set of points of twice differentiability for w. Then, we know that
|[Br(0) \ D| = 0 (see [10]) and by the Coarea Formula,

SUpgp (0) W
0= / [Vw(x)|dx = / H'H (M, N (Br(0) \ D)) dr.
BR(O\D 0

3.Letnow xq be a point of twice differentiability for w. By part (1), we know that Vw (xg) # 0.
Without loss of generality we can assume xo = 0. By means of an axis rotation, we can also
suppose that v(0) = ¢, that is,

VU}(O) - 8”'11)(0, 0) €n

with 9, w(0, 0) < 0.
There exists f : B;(0) C R"~! — R such that w(x’, f(x)) = r, in particular, f(0) =0
and V' £(0) = 0. Moreover,
v ey = V)
dw(x’, f(x'))

is differentiable at 0.
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Using another rotation of axis affecting only the first n — 1 variables, we can suppose that
the matrix D)%, f(0) is diagonal in our coordinates, namely,

D% £(0) = diag(—«1, ..., —kn_1). (47)
Moreover, the Gauss map coincides with
1
X (- V'f()). 1),

VI+HIV (D2

so differentiating, we obtain
vMy(0) = —D% £(0).

In particular, from this equality and (47), we deduce that 7 (0), ..., t,—1(0) and ey, ..., e,—1
coincide.
Differentiating twice the expression w(x’, f(x")) = r with respect to x” we finally obtain,

D?,w(0,0) = —d,w(0, 0) D% £(0)
= [Vw(0)| D% £(0) = —|Vw(0)| VM (0).

Moreover, we also have 85’vw(0) = (Dzw(O)v(O), v(0)) = Ag’ow(O) and the thesis is
proved. O

We recall the following version of the Gauss—Bonnet Theorem, the proof of which easily
follows from the Area Formula between rectifiable sets (see [11, Corollary 3.2.20]).

Theorem 9 Let K C R" a C'! convex set and vk its outer normal. Then,

!

Proof By the Area Formula (see [11, Corollary 3.2.20]) we have

n—1
Ki(x)dH"™! = /det(VaKvK)dH”_l =H""1(3B(0)). (48)
i=1 K

/det(VaKvK)dH"’lz / deg(vg, 0K, 9B (0)) dH""!
iK 3B1(0)
= H""1(3B1(0)),

where deg(vk, 0K, dB1(0)) is the Brouwer degree of the Gauss map vk : 9K — 9B;1(0)
which can be easily seen to be 1. O
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