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Abstract. We study framed surfaces, which are a class of Euclidean min-
imal and hyperbolic CMC-1 surfaces that generalize immersed minimal sur-
faces in R3 and Bryant surfaces. For this class we prove a lower bound on
the (unrestricted) Morse index by a linear function of the genus, number
of ends and number of branch points (counting multiplicity), generalizing
a result by Chodosh and the first author ([CM23]). We include as well a
description of the 1-to-1 correspondence between Euclidean minimal and
Bryant surfaces, known in the literature as Lawson’s correspondence.

1. Introduction

Minimal surfaces are critical points for the area functional and their varia-
tional theory has been studied extensively. One of the fundamental questions
about these objects is the relationship between their Morse index and their
geometry and topology.

The case of immersed minimal surfaces of Σ → R3 is arguably the most well
understood. It has been known for a while that Σ has finite Morse index if and
only if Σ has finite total curvature ([FC85], [GL86], [Gul86], [Ros06], [Ros92]).
More recently, O. Chodosh and the first author [CM16, CM23], generalized
these results by proving an explicit lower bound on the Morse index that
depends on the genus and number of ends, counting multiplicity. The case of
branched immersions was later considered by Karpukhin ([Kar19, Proposition
2.3]) and Meeks-Perez ([MIP22, Equation (3.1)]).

An important feature of the above-cited works is that the Jacobi operator
of Σ, which comes from the second variation of the area, can be reduced to
−∆Σ + 2KΣ, which is intrisic to the surface. The relationship between the
Morse index and total curvature of Σ can thus be motivated by long-standing
questions about the eigenvalues of Schrodinger operators as in [GNY04, GY03].

The starting point of our work concerns similar questions for surfaces in
hyperbolic 3-space H3. As a result from F. Martin and B. White [MW14],
any open, orientable, connected surface can be properly embedded in H3 as a
complete area-minimizing surface. Thus the concordance between the theory
of minimal surfaces in H3 and in R3 is not a very good one.
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On the other hand, the results about minimal surfaces mentioned above
use at many levels that minimal surfaces in R3 can be described through
holomorphic functions and differential forms defined in Σ, which is known in
the literature asWeiestrass representation. In particular, one can verify that Σ
is minimal if and only if its Gauss map is weakly (anti) conformal. For surfaces
in hyperbolic space H3, Bryant showed in his seminal paper [Bry87] that the
good analog of minimal surfaces for H3 are the solutions to a constrained
variational problem for the area, the constant mean curvature one surfaces
(CMC-1). For instance, a surface in H3 is CMC-1 if and only if its (hyperbolic)
Gauss map is weakly (anti) conformal. Bryant also described the analog of the
Weierstrass representation for these surfaces, which are known in the literature
as Bryant surfaces. The description of the Bryant-Weiestrass representation
has been further explored by other authors ([Sma94], [KUY03], [RUY04]).
Turns out that the analogy between Euclidean minimal surfaces and hyperbolic
CMC-1 surfaces follows a 1-to-1 correspondence known in the literature as
Lawson correspondence [Law70], which describes a correspondence between
intrinsic CMC surfaces in space forms. Indeed, this correspondence matches
two surfaces if they have the same induced metric and the same traceless second
fundamental form, which can be understood intrinsically as two tensors in a
surface satisfying the Gauss-Codazzi equations.

While we will use Lawson’s correspondence to establish our results in hyper-
bolic geometry, it should be noted that extrinsic properties are not necessarily
preserved, as it is the case for immersions or embeddings. Indeed, any im-
mersed minimal surface in R3 has total curvature equal to an integer multiple
of 4π, which is false for immersed Bryant surfaces ([Bry87, Example 2]). In the
context of immersed Bryant surfaces, Lima and Rossman [dLR98] have stud-
ied their index, while Rossman, Umehara and Yamada [RUY97] have studied
families of Euclidean minimal surfaces that deform into hyperbolic space as
(immersed) Bryant surfaces. In contrast, we will expand the family of surfaces
under study by considering equivariant surfaces.

We say that Σ is an equivariant (or intrinsic) CMC surface in a space form

M3(κ) if we have a CMC immersion of its universal cover Σ̃ in M3(κ) that is
equivariant by an action of π1(Σ) onM

3(κ) by isometries. Observe that under
these assumptions the first and second fundamental forms are well-defined on
Σ, and as we will see, this is the correct setup to establish Lawson’s corre-
spondence. These surfaces generalize immersed minimal surface (where π1(Σ)
acts trivially) and they arise as critical points for the area functional when
considering equivariant surfaces (not necessarily CMC) under equivariant per-
turbations that preserve the action of π1(Σ) onM

3(κ). While in the literature
the term Bryant surface has been used almost exclusively for either embed-
ded or immmersed surfaces in H3, we will keep this notation for equivariant
surfaces, while adding reminders whenever needed.
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In order to discuss the second variation of area, we have to make a distinction

between two-sided and one-sided equivariant surfaces. Fix along Σ̃ one of the

two continuous choices for normal vectors and denote it by
−→
N (the following

does not depend on the choice between
−→
N and −

−→
N ). We say that Σ is two-

sided if the action of π1(Σ) sends
−→
N to itself, otherwise we say that Σ is

one-sided. Observe that if Σ is one-sided then it has a two-sided double cover
Σ̂, namely the normal cover given by the subgroup of π1(Σ) that fixes

−→
N . If Σ

is two-sided then for any compactly supported function u in Σ we consider the

second variation of area given by the vector field ũ
−→
N , where ũ denotes the lift

of u to Σ̃. If Σ is one-sided and τ is the involution defined in the double cover
Σ̂, then we consider compact supported functions u in Σ̂ with u◦ τ = −u, and
we take the second variation of area along ũ

−→
N . Observe that as isometries of

space form are determined by the image of an orientable orthonormal basis,
then if Σ is orientable then it has to be two-sided.

In the case of equivariant minimal surfaces in R3 or equivariant Bryant sur-
faces in H3, the Jacobi operator is still given by −∆Σ+2KΣ, although applied
to different spaces of functions. Indeed, the Morse index for a minimal sur-
face is calculated while considering all functions f in Σ with compact support,
while the Morse index for a CMC surface (with non-zero mean curvature) is
calculated for compactly supported functions satisfying

∫
Σ
f = 0. This is be-

cause for minimal surfaces we consider all perturbations of area, while for CMC
surfaces we consider all perturbations of area with the same enclosed volume.
We will denote the unrestricted index by Ind(Σ) and the restricted index by
Indres(Σ). As by work of Barbosa and Bérard [BB00] and Lima and Rosmann
[dLR98] we have that Indres(Σ) = Ind(Σ) if Σ is complete non-compact and
Ind(Σ)− 1 ≤ Indres(Σ) ≤ Ind(Σ) if Σ is closed, from now on we will focus our
attention to the study of the unrestricted index Ind(Σ).

This article has two main objectives. On one hand, we generalize the lower
bounds for Morse index of [CM23] and [Kar19] for a certain subfamily of
equivariant surfaces we will call framed surfaces. A framed Euclidean minimal
surface Σ can be described in the following equivalent ways. We say that an
equivariant minimal surface Σ in R3 is framed if it satisfies any of the following

(1) π1(Σ) acts by translations in R3.
(2) The Gauss map is well-defined in Σ.
(3) The fundamental harmonic forms dx1, dx2, dx3 are well defined in Σ.

The term framed was coined because of the last condition. We will prove:

Theorem A. Let Σ be a framed, two-sided and possibly branched minimal
surface, and let D =

∑
P nP .P be the divisor defined as nP = −m if P is an

end of order m, and nP = m if P is a branching point of order m (nP = 0 oth-
erwise). Let h1(D) denote the complex dimension of the space of holomorphic
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1-forms with divisor ≥ D. Then

Ind(Σ) ≥ 2h1(D)− 3

3
.

As pointed out by Meeks-Perez ([MIP22, Equation (3.1)]) we can apply
Riemann-Roch to the above inequality to bound from below the Morse index
by an explicit linear function of the Euler characteristic of Σ and the order of
the ends and branched points. Namely, we obtain

Ind(Σ) ≥ 2(g(Σ)− 1)− 2deg(D)− 3

3
.

where g(Σ) denotes the genus and deg(D) =
∑

P nP denotes the degree of the
divisor.

Our next objective is to state an analogous lower bound for the Morse index
of framed Bryant surfaces, which was the original motivation for this project. It
turns out that Lawson’s correspondence translates very well all items included
in the assumptions, proof and conclusion of Theorem A. More explicity, we
observe the following.

Theorem B. The Lawson’s correspondence of an equivariant Euclidean min-
imal surface and an equivariant Bryant surface also matches, in addition of
the induced metric and the traceless second fundamental form, the following:

• The Jacobi operator −∆Σ + 2KΣ.
• The (unrestricted) Morse index Ind(Σ).
• The Euclidean Gauss map with the secondary hyperbolic Gauss map.
• The property of being two-sided or one-sided.
• The canonical Euclidean harmonic forms dx1, dx2, dx3 with the canon-
ical harmonic forms w1, w2, w3 coming from the space of orthonormal
frames in H3(see Equation (11)).

• The property of being framed or not.
• The order of any end or branched point.

Thus we have the exact same result to Theorem A for framed Bryant surfaces
if we replace minimal by Bryant at every instance. Moreover, as we will
see later, the proof of Theorem A is written entirely intrinsically, so we are
actually proving both results at once. Hence in the relevant sections we will
simply refer to framed surfaces, which will denote either Euclidean minimal or
Bryant surfaces.

For the case Ind(Σ) = 0 Theorem A implies that Σ is either a plane, an
annuli or a tori. Hence it is easy to conclude the following corollary.

Corollary A. The only framed, two-sided, minimal surfaces without branch
points that are stable are the Euclidean plane, Euclidean cylinder and Euclidean
tori. Equivalently, the only framed, two-sided, no branched Bryant surfaces are
the horosphere, horocylinder and horotori.
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1.1. Some examples. For Ind(Σ) = 1 we have that Theorem A is sharp, as
the Schwarz’s P surface is Euclidean minimal, framed, has genus equal to 3
and index equal to 1. Another example is given by Scherk’s doubly periodic
surface, whose quotient has genus 0, 4 ends and index 1 (see [MR91, Corollary
15]). By Remark 3.3 and the description of framedness, each of these surfaces
defines a 1-parameter family of examples with Ind(Σ) = 1 where our inequality
is sharp.

Another family of examples are the catenoid cousins, whose index was stud-
ied in [dLR98]. This is a family of Bryant surfaces on annuli depending on a
real parameter µ > −1

2
, µ ̸= 0, and as we will see in 3.1.1 they are framed if

and only if 2µ is an integer. By [dLR98, Theorem 6.1] we have that for µ < 0
the catenoid cousins have index 1 which is the lower bound given by Theorem
A. Then for the values −1

2
< µ < 0 we have embedded Bryant surfaces that

are not framed but have low index, which raises the question of whether a sim-
ilar bound as in Theorem A can be shown for embedded or immersed Bryant
surfaces.

Another interesting question would be the classification of framed Bryant
surfaces of low index, even under some symmetry assumption. For instance in
the index 1 case, Theorem A restricts the topology for non-branched surfaces
to g + e ≤ 4, where g is the genus and e is the sum of orders of all ends. One
may wonder if some ideas in the vein of [Che23] could lead to a classification
under a suitable symmetry assumption.

1.2. The one-side case. Finally, in the same vein, we will also prove the
following theorem for one-sided framed surfaces.

Theorem C. Let Σ be a framed, one-sided and possibly branched minimal

(or Bryant) surface, Σ̂ the two-sided cover of Σ and let D =
∑

P nP .P be the

divisor in Σ̂ defined as nP = −m if P is an end of order m, and nP = m
if P is a branching point of order m (nP = 0 otherwise). Let h1(D) denote
the complex dimension of the space of holomorphic 1-forms with divisor ≥ D.
Then

Ind(Σ) ≥ h1(D)− 3

3
.

The article is organized as follows. Section 3 covers the relevant back-
ground. Subsection 3.1 covers the equivalent definitions for intrinsic Bryant
surfaces, their correspondence to Euclidean minimal surfaces, the description
of ends and framing, and some basic examples (Subsection 3.1.1). In particu-
lar Subsection 3.1 proves all items of Theorem B. Subsection 3.2 covers briefly
the Schwarzian derivative, which is key to describe the Gauss map of Bryant
surfaces, taking special care in the description around branched points. Sec-
tion 4 introduces a weighted inner product for functions in a framed surface,
which will help us to associate eigenfunctions of a weighted stability operator
to the Morse index. Finally, Section 5 deals with the proof of Theorem A
while Section 6 addresses Theorem C. These last three sections follow closely
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the proofs of [CM23, Theorem 1.1, Theorem 1.3] (and by extension work of
Fischer-Colbrie [FC85] and Ros [Ros06]), where the main difference is that we
take an intrinsic approach.
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2.

3. Background

In the following Subsection, we will introduce four equivalent definitions for
a Bryant surface (Definitions 3.1, 3.2, 3.3, 3.4) and describe its basic properties
in the context of each definition.

3.1. Bryant surfaces. Let Σ be an immersed surface in a 3-dimensional space
form. Let us assume for simplicity that Σ is orientable (and in consequence
two-sided), passing through a double cover if needed. If one expresses the
second fundamental form in isothermal coordinates as (hij) then the Codazzi
equation is equivalent to

∇1h21 = ∇2h11

∇1h22 = ∇2h12.
(1)

Observe that Equation (1) is satisfied by the metric (gij) thanks to the compat-
ibility of the Levi-Civita connection. Then if Σ has constant mean curvature
and (h0ij) denotes the traceless second fundamental form, then Equation (1) is
equivalent to

∇1h
0
21 = ∇2h

0
11

−∇1h
0
11 = ∇2h

0
12,

(2)

which are the Cauchy-Riemann equations for h011 − ih012 in conformal coor-
dinates. Hence the Codazzi equation is equivalent to the quadratic form
σ = (h011 − ih012)dz

2 being holomorphic.
Now, if we express (gij) as e

2ug0, where g0 is the uniformized metric (i.e. the
complete constant curvature metric conformal to (gij) with curvature ±1, 0),
and e2u is the conformal factor, then the Gauss equation is equivalent to

(3) e−2u(−∆g0u−K0) = κ+ (c2 − |σ|2g0e
−4u) = (c2 + κ)− |σ|2g0e

−4u,

where K0 is the curvature of g0, −∆g0 , | · |g0 are the laplacian and norm
induced by g0, κ is the constant curvature of the ambient space form and c is
the (constant) mean curvature of Σ.

Conversely, if Σ is a simply connected surface with uniformized metric g0,
a holomorphic quadratic differential σ and a conformal factor e2u satisfying
(3), then by a theorem of Cartan there exists a constant mean curvature
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c immersion Σ ↪→ M3(κ) where the metric is given by e2ug0 and the second
fundamental form is given by Re(σ)+cg0. Moreover, such immersion is unique
up to composition with an isometry of M3(κ).

In particular, if Σ is any surface (not necessarily simply connected) and

(Σ, g0, σ, e
2u) solves (3), then (Σ̃, g̃0, σ̃, e

2ũ) also solves (3). Hence this last

expression is realized by an immersion e0 : Σ̃ ↪→ M3(κ) (up to an isometry
of M3(κ)). But given the invariance of (g̃0, σ̃, e

2ũ) by any deck transformation
ϕ ∈ π1(Σ), we have that there exists ρ(ϕ) ∈ Isom+M3(κ) so that e0(ϕz) =
ρ(ϕ)e0(z). This constructs a representation ρ : π1(Σ) → Isom+M3(κ) so that

e0 is ρ-equivariant. Conversely, any constant mean curvature c immersion Σ̃ →
that is ρ-equivariant for some representation ρ : π1(Σ) → Isom+M3(κ) gives a
solution to (3) on Σ.

Observe also that for any given real constant c0 and parameter κ < c0, we
have a 1-to-1 correspondence among

√
c0 − κ constant mean curvature sur-

faces in M3(κ). Moreover given (Σ, g0, σ, e
2u) satisfying e−2u(−∆g0u −K0) =

c0 − |σ|2g0e
−4u we can select isometric immersions Σ̃ ↪→ M3(κ) that vary

smoothly on κ. Such correspondence is known in the literature as Lawson’s
correspondence [Law70].

Hence the following two definition are equivalent.

Definition 3.1. Let Σ be a surface with uniformized metric g0. We say that
a function u and a holomorphic quadratic differential σ define a (intrinsic)
Bryant surface if they solve the Gauss equation in H3

(4) e−2u(−∆g0u−K0) = −1 + (1 + |σ|g0e−2u)(1− |σ|g0e−2u) = −|σ|2g0e
−4u

Definition 3.2. Let Σ be a surface. We say that Σ is a Bryant surface given
that we have

(1) A homomorphism ρ : π1(Σ) → PSL2C ≃ Isom+H3.
(2) A constant mean curvature 1 immersion e0 : Σ̃ → H3 that is ρ-

equivariant. More precisely, for any ϕ ∈ π1(Σ) we have e0(ϕ.z) =
ρ(ϕ).e0(z).

Remark 3.1. Observe that in Definition 3.1 K0 cannot be equal to 1. Indeed,
if such where the case then Σ would be a immersed sphere in H3. By taking a
horosphere tangent to Σ so that Σ lies in its interior, we observe that this case
cannot occur, as horosphere have constant mean curvature 1.

Remark 3.2. Observe that in Definition 3.2 the homomorphism ρ and the
immersion e0 are defined up to conjugation and left multiplication by an ele-
ment in PSL2C ≃ Isom+H3, respectively. To keep exposition simple, we will
omit this technical point and assume it as understood in future discussions.

Remark 3.3. Observe if (u, σ) satisfies Definition 3.1 then for a real param-
eter θ the one parameter family (u, eiθσ) is a family of Bryant surfaces with
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the same intrinsic metric, and consequently the same values for principal cur-
vatures. The change happens at the level of the principal directions foliations,
which rotate by θ.

By the previous discussion, Bryant surfaces are in 1-to-1 correspondence
with intrinsic minimal surfaces in R3, i.e. π1(Σ) equivariant minimal immer-

sions of Σ̃ into R3 acting by isometries.
On his seminal paper, Bryant [Bry87] characterizes the analogous to the

Weierstrass representation of Definition 3.2. It is well-known that PSL2C ≃
Isom+H3 can be identified with the oriented frame bundle of H3 and the base-
point projection map π : PSL2C → H3 can be identified with π(A) = AtA.

We say that a holomorphic map F : Σ̃ → PSL2C is null if det(F−1dF ) ≡ 0.
Then Bryant shows ([Bry87, Theorem A]) that a simply connected surface

e0 : Σ̃ ↪→ H3 has constant mean curvature 1 if and only if there exists a null-

immersion F : Σ̃ → PSL2C satisfying π ◦ F = e0, and such map is unique up
to right multiplication by an element of SU(2) < PSL2C. Hence we have our
third equivalent definition for a Bryant surface.

Definition 3.3. Let Σ be a surface. We say that Σ is a Bryant surface given
that we have

(1) Homomorphisms ρ : π1(Σ) → PSL2C, h : π1(Σ) → SU(2).

(2) A null-immersion F : Σ̃ → PSL2C that is (ρ, h)-equivariant. More
precisely, for any ϕ ∈ π1(Σ) we have F (ϕ.z) = ρ(ϕ).F (z).h(ϕ).

To see that Definition 3.3 follows from Definition 3.2, we have that if F : Σ̃ →
PSL2C is a null-immersion lift of the ρ-equivariant immersion e0 : Σ̃ ↪→ H3 and
ϕ ∈ π1(Σ) is a deck transformation, then ρ(ϕ)−1F (ϕ.z) is also a null-immersion
lift of e0. Hence there exists h(ϕ) ∈ SU(2) so that ρ(ϕ)−1F (ϕ.z) = F (z)h(ϕ),
and this defines a representation h : π1(Σ) → SU(2) so that F is (ρ, h)-
equivariant.

Conversely, given a Bryant surface in the sense of Definition 3.3 we have
that F tF (ϕ.z) = ρ(ϕ)F tF (z)ρ(ϕ)−1, so then the immersion e0 = π ◦ F is a

ρ-equivariant CMC-1 immersion Σ̃ ↪→ H3.

For a null-immersion F : Σ̃ → PSL2C, [Bry87, Theorem A] says that we
can write the PSL2C valued form F−1dF as

(5) F−1dF =

(
pq −q2
p2 −pq

)
φ,

where p, q are smooth function on Σ̃ satisfying pp+ qq = 1 with q/p meromor-

phic, and φ is a (1, 0)-form on Σ̃. Given this notation one can also compute

(1) The Gauss map as dF1/dF3, by identifying ∂∞H3 with C.
(2) The induced metric ds2 by e0 from H3 as ds2 = φφ
(3) The holomorphic quadratic differential σ defined by the traceles second

fundamental form as σ = 2(pdq − qdp)φ
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From here we can see as well how Definition 3.1 follows from Definition 3.3,
as ds2 = e2ug0 and σ solve 4. In particular F is required to be an immersion
so that ds2 is non-degenerate. Hence we will see that Σ is a branched Bryant
surface if we have (ρ, h)-equivariant non-constant null holomorphic map F :

Σ̃ → PSL2C. Hence Σ̃ has a branched isometric immersion of constant mean
curvature 1 into H3, where the branch points are isolated in Σ. Moreover, as φ
is a (1, 0) form and ds2 = φφ, then each branched point has an integer multiple
of 2π as cone angle. Definitions 3.1 and 3.2 are also revised accordingly for
the branched case.

The next definition follows work of Small [Sma94] that explores further the
Weierstrass representation for Bryant surfaces.

Definition 3.4. Let Σ be a surface. We say that Σ is a Bryant surface given
that we have

(1) Homomorphisms ρ : π1(Σ) → PSL2C, h : π1(Σ) → SU(2).

(2) A pair of non-constant meromorphic functions f, g : Σ̃ → C so that
f is ρ-equivariant and g is h−1-equivariant. More precisely, for any
ϕ ∈ π1(Σ) we have f(ϕ.z) = ρ(ϕ).f(z), g(ϕ.z) = h−1(ϕ).g(z)

(3) f and g have the same critical points counting multiplicity, and at such
points df

dg
(or changing f, g by 1/f, 1/g depending on which one has a

pole) also has a critical point of at least the common multiplicity of f
and g.

or that Σ is locally modeled on an horosphere, in which case the maps f and
g are constant.

Remark 3.4. Given the conditions given in Definition 3.4, one can say colo-
quially (excluding horospheres) that Bryant surfaces correspond to conformally
compatible projective and spherical structures on Σ, where f and g are the de-
veloping maps of each structure. We will see that f will correspond to the hy-
perbolic Gauss map of the Bryant surface, while g corresponds to what is known
in the literature as the secondary Gauss map (see for instance [RUY04]).

To see the equivalence of Definition 3.4 with the previous definitions we have

to work a bit more. Let then f, g : Σ̃ → C be non-constant complex analytic

functions. In concordance with [Sma94, Section 3] we define ω : Σ̃ → PSL2C



10 DAVI MAXIMO AND FRANCO VARGAS PALLETE

as ω =
(
α β
γ δ

)
where

α =

(
df

dg

)1/2

− f

2

(
df

dg

)−3/2(
d2f

dg2

)
β = f

{(
df

dg

)−1/2

+
g

2

(
df

dg

)−3/2(
d2f

dg2

)}
− g

(
df

dg

)1/2

γ = −1

2

(
df

dg

)−3/2(
d2f

dg2

)
δ =

(
df

dg

)−1/2

+
g

2

(
df

dg

)−3/2(
d2f

dg2

)
(6)

Denote by C(f), C(g) critical points (with multiplicity) of f and g. Then
one observes that while ω includes square root terms in its coordinates and it
is defined away of C(f), C(g), it is well-defined in all of Σ\ (C(f)∪C(g)) since
the image of ω is in PSL2C. Moreover, ω extends to a point z0 ∈ C(f)∪C(g)
if and only if satisfy condition (3) in Definition 3.4 (see [Sma94, Section 3]).
Hence if f , g have removable singularities in an punctured end of Σ (i.e. a
neighbourhood conformally equivalent to a punctured disk) and do not satisfy
(3), then ω will have a singularity at that end. We refer to this type of end as
regular (contrast for instance with [UY93], where only f is required to extend
to the end).

We also define S{f, g}, the Schwazian derivative of f with respect to g, as

the (2, 0) meromorphic form in Σ̃

(7) S{f, g} =

{(
df

dg

)−1(
d3f

dg3

)
− 3

2

(
df

dg

)−2(
d2f

dg2

)}
dg2.

The Schwarzian derivative satisfy the following properties

(1) S{g, f} = −S{f, g}
(2) For any θ ∈ PSL2C we have that S{θ ◦ f, g} = S{f, θ ◦ g} = S{f, g}.
(3) S{f, g} ≡ 0 if and only if there exists θ ∈ PSL2C so that f = θ ◦ g.

In particular, if f, g : Σ̃ → C are equivariant by maps in PSL2C then S{f, g}
is well-defined as a (2, 0) meromorphic form in Σ. And since f and g have the
same critical points counting multiplicity, then S{f, g} is in fact holomorphic

in Σ̃. Moreover, by the discussion of regular ends we have that at those points
S{f, g} has zeros of at least the same order as the multiplicity of the critical
points of g.
It is a straightforward calculation to find that

(8) dω = −1

2

(
f −fg
1 −g

)(
df

dg

)−1/2

S{f, g}dg−1

From this formula and the properties of the Schwarzian derivative, we see that
ω is constant if and only if there exists θ ∈ PSL2C so that f = θ ◦ g.
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We can also easily find

(9) ω−1dω = −1

2

(
g −g2
1 −g

)
S{f, g}dg−1,

from where we can easily see that ω : Σ̃ → PSL2C is a null holomorphic map.
For the map to H3 defined by the projection of ω we can compute

(1) The Gauss map as f
(2) The induced metric ds2 as ds2 = 1

4
(1 + |g|2)2|S{f, g}|2|dg|−2

(3) The holomorphic quadratic differential σ as σ = −S{f, g}
With all these details explained, we are ready to prove that Definition 3.4 is
equivalent to Definitions 3.1, 3.2 and 3.3.

Given Definition 3.4 we have that since f, g : Σ̃ → C are ρ and h−1 equivari-
ant respectively, then σ = −S{f, g} is a well-defined quadratic holomorphic

differential in Σ. Moreover, since h has image in SU(2) then g∗(gS2) =
4|dg|2

(1+|g|2)2
is a well-defined branched metric in Σ, and because the Schwarzian vanishes
at least at the same order as the multiplicity of the critical points of g then
the metric ds2 = 1

4
(1 + |g|2)2|S{f, g}|2|dg|−2 is also a well-defined branched

metric in Σ. Since ω is a null holomorphic map then ds2 = e2ug0 and σ define
a Bryant surface in the sense of Definition 3.1. By the equivalence with Def-
inition 3.3, it follows that there exists homomorphisms ρ1 : π1(Σ) → PSL2C,
h1 : π1(Σ) → SU(2) so that ω is (ρ1, h1) equivariant. As the Gauss map of
ω is given by f , then it follows that f is both ρ and ρ1 equivariant, and sub-
sequently ρ = ρ1. Similarly, the PSL2C valued form ω−1dω is both h and h1
equivariant, so it follows that h = h1.
Conversely, let us start from Definition 3.3. We define g as the meromorphic

function q/p. We will assume that g = q/p is not constant, as otherwise we will
have that σ = 2(pdq − qdp)φ ≡ 0 and consequently that Σ is umbilic, hence
it is locally isometric to an horosphere. Since F−1dF is h-equivariant, then it

follows that g is h-equivariant. Then we define f : Σ̃ → C as the solution of
S{f, g} = −σ. This solution will satisfy condition (3). Since σ is defined in
Σ, it follows that f is ρ1 equivariant for some homomorphism ρ1 : π1(Σ) →
PSL2C. Hence the null-immersion ω = ω(f, g) satisfies ω−1dω = F−1dF . As
then ω and F define the same intrinsic Bryant surface of Definition 3.1, it
follows that there exists θ ∈ PSL2C so that ω = θF . As the Gauss map of ω is
ρ1 equivariant and the Gauss map of F is ρ-equivariant, it follows that ρ = ρ1.
Observe that for a branched Bryant surface in the sense of Definition 3.4

branched points are characterized by zeros of σ = −S{f, g} of higher multi-
plicity than the zeros of dg. Hence a surface in the sense of Definition 3.4 is
immersed if and only if σ and dg have the same zeros counting multiplicities.

As we have not only proven equivalence of definitions but concordance on
notation, from now on we will use interchangeably either definition and we will
use common notation while referring to the metric ds2, holomorphic quadratic
differential σ and homomorphisms ρ : π1(Σ) → PSL2C, h : π1(Σ) → SU(2).
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In general, given a meromorphic map g : Σ̃ → C equivariant by some
representation of π1(Σ) into SU(2) and a holomorphic quadratic differential
σ in Σ, the solution of S{f, g} = −σ is given by a meromorphic PSL2C
equivariant function f : Σ̃ → C satisfying that it has the same critical points
as g, counting multiplicities. If at any of those points df

dg
does not have the

same multiplicity as g then the null-immersion ω(f, g) has a pole singularity
at such point. Hence this construction gives an equivariant Bryant surface
with regular ends. Hence we will say that a regular end of a Bryant surface is
type-1 if S{f, g} extends holomorphically

More generally, we would like to describe which meromorphic quadratic
differential σ can appear as S{f, g} for a regular end. Such differentials have
poles of order at most 2, and if we consider coordinates so that g is expressed

as g(z) = zn then σ must have an expansion
(

k2−n2

2z2
+ a

z
+ h.o.t.

)
dz2 for some

integer k ≥ 2. Here we have a regular end (as ω(f, g) has a pole singularity)
so that S{f, g} has a pole. Hence we will say that a regular end of a Bryant
surface is type-2 if S{f, g} has a pole.

Remark 3.5. As we are interested in surfaces of finite-type and since Defini-
tion 3.4 already encodes ends through the use of meromorphic functions and
forms, from now on we will denote by Σ a compact Bryant surface (possibly
branched) with ends points, and we will denote by Σ to the surface obtained by
removing the ends.

As a Corollary of this discussion, we have the following characterizations.

Corollary 3.1. Consider Σ a Bryant surface with no branched points. Then

(1) Σ is immersed in H3 if and only if ρ is trivial.
(2) If Im(ρ) is a discrete subgroup of PSL2C then Σ is immersed in the

hyperbolic manifold H3/Im(ρ). Moreover, if ρ is faithful then Σ is
incompressible.

(3) Assume for this item that Σ could be branched. The PSL2C valued form
F−1dF is well-defined on Σ if and only if h is trivial (or equivalently,
if g is well-defined on Σ). We will distinguish this class of Bryant
surfaces in the next definition.

Definition 3.5. We say that a (branched) Bryant surface is framed if the
PSL2C valued form F−1dF is well-defined on Σ.

3.1.1. Examples. As a simple example, any horosphere can be conjugated so

that F =

(
1 z
0 1

)
. In this case the form F−1dF is equal to

(
0 dz
0 0

)
, which one

can easily verify that is invariant by the isometries preserving the horosphere.
Hence any Bryant surface modeled locally by an horosphere is framed.

In [Bry87, Example 2] Bryant gives a family of Bryant surfaces called the
catenoid cousins, which in fact via Lawson’s correspondence they match a
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family of Euclidean catenoids. The family of maps F for Σ = C,Σ = C∗ is
given by

F (z) =
1√

2µ+ 1

(
(µ+ 1)zµ µz−(µ+1)

µzµ+1 (µ+ 1)z−µ

)
,

where µ ̸= 0 is a real parameter satisfying µ > −1
2
. One can compute

F−1dF (z) =
µ(µ+ 1)

2µ+ 1

(
z−1 −z−2µ−2

z2µ −z−1

)
dz.

Hence a catenoid cousins is framed if and only if 2µ is a positive integer.
Families of examples of Bryant surfaces have been constructed in the lit-

erature through duality (see for instance [UY96], [RUY97]). In the context
of Definition 3.4, duality involves interchanging the Gauss maps f and g (or
equivalently, by taking the inverse of the null map F = ω). In order to obtain
a dual surface that is also equivariant, one needs f (or equivalently, the surface
itself) to be equivariant through a representation of π1(Σ) into SU(2). Hence
by the first item of Corollary 3.1 we see that a SU(2) equivariant surface Σ1

is immersed if and only if its dual Σ2 is framed.
We can use that in order to be framed we can equivalently verify that g is

well-defined in Σ, which is useful if the Bryant-Weierstrass data of the surface
is given explicitly. For instance, in [UY93] there are families of examples for
which we can easily determine when they are framed. In [UY93, Example 7.2]

we have g(z) =
(
z−1
z+1

)µ ( z−µ
z+µ

)
defined on C \ {−1, 1} with µ ∈ R \ {±1, 0}.

In this case the surface is framed if and only if µ ∈ Z \ {±1, 0}. Similarly for
[UY93, Example 7.3] we have g(z) = zµ zm+a

azm+1
on C \ {0, ζ, ζ2, . . . , ζm}, where

m is an integer, ζ a m-root of −1, µ ∈ R \ {0,±1,±m} and a = µ+m
µ−m

. Hence

these surfaces are framed if and only if µ ∈ Z \ {0,±1,±m}.
One can use Corollary 3.1 to produce general families of examples of Bryant

surface in hyperbolic manifolds. Consider a projective surface Σ, that is, a
surface with local charts into C so that the change of charts are restriction of

maps in PSL2C. Take f : Σ̃ → C to be the developing map of this projective
structure, which is ρ-equivariant for some homomorphism ρ : π1(Σ) → PSL2C.
Then for any g : Σ → C we have that ω = ω(f, g) defines a framed branched
Bryant surface.

Assume that the projective structure of Σ comes from an identification of

Σ̃ with an open set of U ⊂ C so that π1(Σ) acts faithfully and properly

discontinuous in U by restriction of elements of PSL2C. Following [Eps] Σ̃ is
in 1-to-1 correspondence with (singular) π1(Σ) invariant metrics in U so that
its principal curvatures at infinity k∗1,2 satisfy k∗1 + k∗2 + 2k∗1k

∗
2 = 0. This is

because the principal curvatures of Σ̃ can be computed as
1−k∗1
1+k∗1

,
1−k∗2
1+k∗2

.

If Σ is a component of the conformal boundary at infinity of a hyperbolic
3-manifold M , then the Bryant surface defined by ω is a framed Bryant sur-
face in M parallel to the boundary component corresponding to Σ. As by the
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main results of [KM12], [KW21] complete finite-volume hyperbolic manifolds
contain infinitely many quasi-Fuchsian subgroups, and as each of those sub-
groups has associated two projective structures at infinity, then it follows that
M contains infinitely many finite-type, π1-injective, branched, framed Bryant
surfaces.

In order to continue with the demostration of Theorem B, let us now describe
how the 1-to-1 correspondence between Euclidean minimal surfaces and Bryant
surfaces looks like under Definition 3.3 and Definition 3.4. For an intrinsic
minimal surface Σ in R3, the Weierstrass representation can be expressed in

terms of a meromorphic function g : Σ̃ → C equivariant with respect to a

representation h : π1(Σ) → SU(2) and a holomorphic 1-form η in Σ̃ so that
ηdg defines an π1(Σ) invariant 2-form in Σ. Then one can construct a branched

minimal immersion x : Σ̃ → R3 so that g is the Gauss map by taking

(10) x(z) := Re

(∫ z

z0

1

4
(1 + g2)η,

∫ z

z0

i

4
(1− g2)η,

∫ z

z0

1

2
gη

)
Such immersion is equivariant by some representation of π1(Σ) into Isom

+(R3).
For this immersion, beyond computing g as the Gauss map, we can compute
as well

(1) The induced metric ds2 as ds2 = 1
4
(1 + |g|2)2|η|2

(2) The holomorphic quadratic differential σ so that Reσ is the second
fundamental form as σ = ηdg.

Observe that the metric ds2 = 1
4
(1 + |g|2)2|η|2 = 1

4
(1+|g|2)2

|dg|2 |ηdg|2 is a well-

defined metric in Σ since g is equivariant by a SU(2) representation and ηdg
defines a 2-form in Σ.

Then we can realize ds2, σ as the metric and traceless second fundamental

form of Σ as a Bryant surface by solving f : Σ̃ → C so that S{f, g} = −σ.
Again, as σ is a well-defined holomorphic for in Σ then f is ρ-equivariant for
some representation ρ : π1(Σ) → PSL2C.
Conversely, given a Bryant surface Σ in the sense of Definition 3.4 we

can realize Σ as a intrinsice minimal surface in R3 by taking g and η =
−S{f, g}(dg)−1 as its Weierstrass data.

In particular, a Bryant surface is framed if and only if the branched immer-
sion (10) is equivariant by a representation of π1(Σ) into translations of R3,
which can be identified with R3 itself.

Another way to understand framed Bryant/minimal surfaces is as follows.
Bryant [Bry87, Equation 1.9] describes the PSL2C valued form F−1dF as

(11) F−1dF = F ∗
(

(w3 + iw2
1) (w1 − w1

3) + i(w2 − w2
3)

(w1 + w1
3)− i(w2 + w2

3) −(w3 + iw2
1)

)
where (wi

j) are the connection forms of PSL2C as a submanifold of (L4)4, where

L4 is the 4-dimensional Minkowski space-time. The expression
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(
(w3 + iw2

1) (w1 − w1
3) + i(w2 − w2

3)
(w1 + w1

3)− i(w2 + w2
3) −(w3 + iw2

1)

)
defines a sl2(C) valued form in PSL2C, which is invariant by left multiplication.
In particular, Σ is framed if and only if the harmonic forms w1, w2, w3 (and
subsequently their harmonic duals −w2

3, w
1
3, w

2
1) are well-defined in Σ. As

ω = F , we can compute

w1 = −1

4
Re
(
(1− g2)S{f, g}dg−1

)
,

w2 = − i

4
Re
(
(1 + g2)S{f, g}dg−1

)
,

w3 = −1

2
Re
(
gS{f, g}dg−1

)
.

By (10) then w1 = dx1, w
2 = dx2, w

3 = dx3. Hence a Bryant/minimal surface
Σ is framed if and only if these three harmonic forms are well-defined on Σ,
which is equivalent to the associated sl2(C) or C3 valued forms to be well-
defined on Σ.

Finally, let us discuss how two-sidedness translate under Lawson’s corre-
spondence for Bryant and minimal surfaces. If a Euclidean minimal surface is
two-sided then the Gauss map g is well-defined as an equivariant map along

Σ̃, while the quadratic holomorphic differential S{f, g} is well-defined in Σ.
Hence by solving the Schwarzian equation the map f is well-defined as an

equivariant map in Σ̃, which implies that the surface is two-sided as a Bryant
surface. Similarly, if we have a two-sided Bryant surface then now f is well-

defined equivariantly along Σ̃ and S{g, f} = −S{f, g} is well-defined in Σ, so
we can check that g is well-defined by solving the Schwarzian equation.

3.2. Schwarzian derivative. Let Σ be a Riemann surface, g : Σ̃ → C be a
PSL2C equivariant meromorphic function and let σ be a holomorphic quadratic

differential. For a given point z0 ∈ Σ̃ lets take local chart identifying z0 with
0 so that g(z) = g(z0) + zn (assuming without loss of generality that z0 is not
a pole). If in this chart σ = σ(z)dz2, then we are interested in solving near 0
the equation

(12) S{f, g(z0) + zn} = S{f, zn} = −σ(z)dz2,
where the first equality follows because translations lie in PSL2C and the
Schwarzian stays the same by post-composition of g with elements of PSL2C.
It is a simple calculation to find that

(13) S{f, zn} = S{f, z}+ n2 − 1

2z2
dz2,

so (12) is equivalent to

(14) S{f, z} =

(
−σ(z)− n2 − 1

2z2

)
dz2,



16 DAVI MAXIMO AND FRANCO VARGAS PALLETE

Solutions to the Schwarzian equation S{f, z} = q(z)dz2, where q is holomor-
phic at 0 can be find as follows. One considers the linear differential equation

(15) p′′ +
q

2
p = 0

As the system is linear one can consider two linearly independent solution
p1, p2. Then we can solve S{f, z} = q(z)dz2 by taking f = p1

p2
.

In general if we consider q with a pole at 0, the solutions p1, p2 and the
quotient f are now multivalued functions in the punctured disk. This is be-
cause we solve the problem S{f, z} = q(z)dz2 in the strip covering of the
punctured disk, but the solution does not need to be invariant by deck trans-
formations. Nevertheless, we will see how if q has a pole of at most 2 with
z−2 coefficient equal to n2−1

2
for some positive integer n, then even though the

solutions p1, p2 of (15) are multivalued, the quotient f is well-defined around

0. The motivation for what follows is that in the case when q(z) = −n2−1
2

then p1(z) = z
n+1
2 , p2(z) = z

−n+1
2 are the multivalued solutions to (15) while

f(z) = p1(z)/p2(z) = zn is well-defined.
Consider then the equation

(16) p′′ +

(
−σ(z)

2
− n2 − 1

4z2

)
p = 0

Let us construct a solution p1 given by

p1(z) = z
n+1
2

(
1 +

∑
j≥1

ajz
j

)
= z

n+1
2 +

∑
j≥1

ajz
n+1
2

+j

Hence

(17) p′′1(z) =
1

z2

(
n2 − 1

4
z

n+1
2 +

∑
j≥1

aj

(
n+ 1

2
+ j

)(
n− 1

2
+ j

)
z

n+1
2

+j

)
while
(18)

p1(z)

(
−n

2 − 1

4z2
− σ(z)

2

)
=

1

z2

(
z

n+1
2 +

∑
j≥1

ajz
n+1
2

+j

)(
−n

2 − 1

4
− σ(z)z2

2

)
.

Then equation (16) determines the coefficients aj recursively.
Similarly we can find a solution p2 with an expansion

p2(z) = z
−n+1

2

(
1 +

∑
j≥1

bjz
j

)
= z

n+1
2 +

∑
j≥1

bjz
n+1
2

+j

Then the quotient

f(z) = p1(z)/p2(z) = zn
(1 +

∑
j≥1 ajz

j)

(1 +
∑

j≥1 bjz
j)
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is a well-defined holomorphic function at the origin that satisfies (14). As we
can see, if 0 was a critical point of g then it is a critical point for f with the
same multiplicity.

Observe that if σ has a 0 of order n at 0, then the recursion that finds
p1, p2 shows that aj = bj = 0 for any 1 ≤ j ≤ n. Hence in this case we

have that f(z) = zn(1 + znζ(z)) for some ζ holomorphic at 0. Then df
dg

=

1 + zn
(
2ζ(z) + z

n
ζ ′(z)

)
has also a critical point of at least the same common

multiplicity of f and g.
Finally, if σ = σ(z)dz2 has at most a pole of order 2 at the origin and σ(z)

can be expressed as

σ =
k2 − n2

2z2
+ h.o.t.

for some positive integer k, then (14) becomes

S{f, g} =

(
−k

2 − 1

2z2
+ h.o.t

)
dz2

which has a well-defined holomorphic solution f near the origin of multiplicity
k.

4. Weighted space

From now on we refer to Σ as a framed surface, meaning either framed
Euclidean minimal or framed Bryant. We will also assume from now that
besides being framed, Σ is finite-type. At each end we will also fix a complex
chart identifying the end with the origin, and we say that the end has order
m if |z|2mds2 extends to a complete metric at the origin. We will fix a positive
smooth function u in Σ so that at an end of order m we have that u(z) =

|z|m−1

(m−1) log |z|−1 (u(z) = (log |z|−1)−1(log(log |z|−1))−1 if m = 1), and we define

L2
∗(Σ) as the space of real valued functions in Σ by taking the completion of

compactly supported functions on Σ with respect to the inner product

⟨f, g⟩L2
∗(Σ) =

∫
Σ

u2fgda

Observe that since the metric ds2 and Gaussian curvarture K are given by
ds2 = 1

4
(1 + |g|2)2|S{f, g}|2|dg|−2 and K = −4(1 + |g|2)−4|S{f, g}|−2|dg|4 we

have that |K| ≤ C|z|2m+ℓ for some constant C > 0, where ℓ ≥ 0 is the order
of dg at the end. In particular we have that |K| ≤ Cu2.
The (weighted) eigenfunction equation with respect to ⟨., .⟩L2

∗(Σ) of the qua-
dratic form Q(f, f) =

∫
Σ
|∇f |2 + 2Kf 2da is given by

(19) ∆f − 2Kf + λu2f = 0

Following [CM23, Proposition 8] we state
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Proposition 4.1. Suppose Σ has index k. There exists a k-dimensional sub-
space W in L2

∗(Σ) with a L2
∗(Σ) orthonormal basis of eigenfunctions f1, . . . , fk.

The associated eigenvalues λ1, . . . , λk are all negative, and for any ϕ in C∞
0 (Σ)∩

W⊥ (where W⊥ denotes the L2
∗(Σ) orthogonal complement of W ) we have that

Q(ϕ, ϕ) ≥ 0.

Proof. As opposed to [CM23] (and in similarity with [FC85]) we work intrin-
sically, although we follow the same strategy. Let us further assume that Σ
restricted to the union of the complex charts we have fixed for the ends is sta-
ble. For each end of order m consider the set of |z| ≤ R1/(1−m) (|z| ≤ e−R for
m = 1) and denote by BR the complement of their union. The set BR coarsely
represents a ball of radius R. It is easy to see that for R sufficiently large we
have u−1(−∞, (R logR)−1) = Σ \ BR, so in particular u(z) ≥ (R logR)−1 for
any z ∈ BR. Similar to [FC85, Proposition 1] we fix smooth ξ : R → R and take

a log-cutoff ψR(z) defined near each end of order m as ψR(z) = 2− (m−1) log |z|−1

logR

(ψR(z) = 2 − log(log |z|−1)
logR

for m = 1) to define η = 1 − ξ ◦ ψR. This function

satisfies

(1) η ≡ 0 on BR

(2) η ≡ 1 on Σ \BR2 .
(3) |∇η| ≤ Cu, |∆η| ≤ Cu2 on BR2 \ BR, for some for some constant

C > 0 independent of R. In particular we have that |∇η| ≤ C
R logR

,

|∆η| ≤ C
R2 log2 R

.

Hence for any ϕ ∈ C∞
0 (Σ) we can write the stability inequality for ηϕ as

(20) −
∫
Σ

2K(ηϕ)2 ≤
∫
Σ

|∇(ηϕ)|2 =
∫
Σ

η2|∇ϕ|2 + 2ηϕ⟨∇η,∇ϕ⟩+ ϕ2|∇η|2.

Adding Q(ϕ, ϕ) =
∫
Σ
|∇ϕ|2+2Kϕ2 to both sides and using Cauchy-Schwartz

we obtain∫
Σ

(1− η2)(|∇ϕ|2 + 2Kϕ2) ≤ Q(ϕ, ϕ) +

∫
Σ

η2|∇ϕ|2 + 2ϕ2|∇η|2

≤ 2Q(ϕ, ϕ) +

∫
Σ

2ϕ2|∇η|2 − 2Kϕ2.

(21)

Using the conditions on η we get

(22)

∫
BR

|∇ϕ|2 ≤ 2Q(ϕ, ϕ) +

(
2C2

R2 log2R
+ 2 sup

BR2

|K|

)∫
BR2

ϕ2

By defining CR :=
(

2C2

R log2 R
+ supBR

|K|
)
and using that u ≤ (R logR)−1 in

BR, we can conclude that for R sufficiently large

(23) −CR(R logR)2∥ϕ∥2L2
∗(BR)) ≤ −CR

∫
BR

ϕ2 ≤ Q(ϕ, ϕ),
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Taking R even larger if needed, we can assume that for any R′ ≥ R we have
k = Ind(Σ) = Ind(BR′). Let then {f1,R′ , . . . fk,R′} and {λ1,R′ , . . . λk,R′} denote
the L2

∗ eigenfunctions and eigenvalues obtained by minimizing the Rayleigh
quotient Q(ϕ, ϕ)/∥ϕ∥2L2

∗(BR). Since max{λ1,R′ , . . . λk,R′} is decreasing in R′, we

have that there exists ϵ0 > 0 so that {λ1,R′ , . . . λk,R′} belong to the interval
]−∞,−ϵ0] for any R′ > R.

Extending ϕ = fi,R′ as 0 and plugging it in (20), we proceed as in [CM23]
by changing our choice of η so that

(1) η ≡ 0 on BR

(2) η ≡ 1 on Σ \BRβ .

(3) η(z) = 1
log β

log
(

(m−1) log |z|−1

logR

)
(η(z) = 1

log β
log
(

log(log |z|−1)
logR

)
for m = 1)

for BRβ \BR near an end of order m.

(4) |∇η| ≤ Cu(z)
log β

on BRβ \BR for some C > 0 independent of β,R.

to obtain

(24)

ϵ0∥ηfi,R′∥2L2
∗(Σ) ≤ −λi,R′∥ηfi,R′∥2L2

∗(Σ) ≤
∫
Σ

(fi,R′)2|∇η|2 ≤
C2
∫
B

Rβ
u2f 2

i,R′

log2 β
.

Combining (24) with 0 ≤ η ≤ 1 and η ≡ 1 on Σ \BRβ we obtain

(25)

∫
Σ\B

eβR

u2(fi,R′)2 ≤ ∥ηfi,R′∥2L2
∗(Σ) ≤

C2∥fi,R′∥2L2
∗(Σ)

ϵ0 log
2 β

=
C2

ϵ0 log
2 β
,

which implies that fi,R′ does not lose mas at infinity by taking arbitrarily large
β.

Also, using (22) we get

∫
BR

|∇fi,R′ |2 ≤ λi,R′ + CR2

∫
BR2

(fi,R′)2 ≤ λi,R′ + CR2(4R4 log2R)∥fi,R′∥2L2
∗(Σ)

⇒
∫
BR

(fi,R′)2 + |∇fi,R′|2 ≤ λi,R′ + [R2 log2R + CR2(4R4 log2R)]∥fi,R′∥2L2
∗(Σ)

(26)

By equations (25) and (26), a diagonal argument and the compact em-
beddedness of W 1,2(BR) in L2

∗(BR) we obtain fi = limn→∞ fi,Rn for some
sequence Rn → +∞. By the arguments of [FC85, Proposition 2] the functions
{f1, . . . , fk} are as desired. □

Given a finite-type framed surface Σ we define its fundamental divisor as
DΣ =

∑
P nP .P , where nP = −m if P is an end of order m, nP = m if P is

a branching point of order m and nP = 0 otherwise. In the next Proposition
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we characterize the L2
∗ integrability of a meromorphic 1-form by comparing its

divisor against the fundamental divisor D.

Proposition 4.2. Let Σ be a compact and framed surface. Let ς be a mero-
morphic 1-form on Σ. Then Dς ≥ DΣ if and only if ς is in L2

∗(Σ).

Proof. Consider an end P of order m with its fixed complex chart to the origin
and let m′ be the order of ς at P . As the square norm of a 1-form times the
area form is a conformal invariant, L2

∗ integrability of ς near P reduces to prove

∥zm′
dz∥2L2

∗(D\{0} =

∫
D\{0}

u2|z|2m′
dxdy <∞

If m > 1 this reduces to
∫
D\{0}

|z|(2m−2)+2m′

log2 |z|−1 dxdy < ∞ which is true if and

only if (2m− 2) + 2m′ ≥ −2.

For m = 1 this reduces to
∫
D\{0})

|z|2m′

log2 |z|−1 log2(log |z|−1)
dxdy <∞ which is finite

if and only if m′ ≥ −1.
□

Next, we will see that weighted eigenfunction have square integrable gradi-
ent.

Proposition 4.3. Let f ∈ L2
∗(Σ) be a smooth function satisfying the weighted

eigenfunction equation. then |∇f | ∈ L2(Σ).

Proof. Following [CM23] we take η as in the first part of the proof of Propo-
sition 4.1. Our goal will be to prove that

∫
Σ
η2|∇f |2 is uniformly bounded.∫

Σ

η2|∇f |2 = −
∫
Σ

η2f∆f − 1

2

∫
Σ

∇η2.∇f 2

= −
∫
Σ

2Kη2f 2 + λ

∫
Σ

η2f 2u2 − 1

2

∫
Σ

∇η2.∇f 2

As |K| ≤ Cu2 and f ∈ L2
∗(Σ), we only have to check that

∫
Σ
∇η2.∇f 2 is

uniformly bounded.

(27) −
∫
Σ

∇η2.∇f 2 =

∫
Σ

f 2∆η2 = 2

∫
Σ

f 2η∆η + 2

∫
Σ

f 2|∇η|2

We bound the second term by∫
Σ

f 2|∇η|2 ≤ C2

R4 log2R

∫
BR2\BR

f 2

≤ 4C2R4 log2R

R4 log2R
∥f∥2L2

∗
= 4C2∥f∥2L2

∗

(28)

We bound the first term by
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∫
Σ

f 2η∆η ≤ C2

R4 log2R

∫
BR2\BR

f 2

≤ 4C2R4 log2R

R4 log2R
∥f∥2L2

∗
= 4C2∥f∥2L2

∗

(29)

□

The next Lemma (which concerns the square integrability of the gradient
of a harmonic form in L2

∗) follows as done for [CM23, Lemma 4.2], so we omit
the proof here.

Lemma 4.1. Let w ∈ L2
∗(Σ) be harmonic form. Then |∇w| ∈ L2(Σ).

5. Proof of Theorem A

We follow the same approach as [Ros06] and [CM23]. Given a harmonic
1-form w we define the vector field

Xw := (⟨w, dx1⟩, ⟨w, dx2⟩, ⟨w, dx3⟩)
By [Ros06, Lemma 1] we have that

∆Xw − 2KXw = 2⟨∇w,Re(σ)⟩g
where we recall that K is the Gaussian curvature, Re(σ) is the second funda-
mental form and g is the Gauss map. Moreover, ⟨∇w,Re(σ)⟩ ≡ 0 if and only
if w ∈ span{∗dx1, ∗dx2, ∗dx3⟩
As in [CM23], given two vector fields X, Y in Σ we will denote the sum∑3
i=1Q(Xi, Yi) by Q(X, Y ).
Given k = Ind(Σ), Proposition 4.1 says that we have L2

∗ eigenfunctions
f1, . . . , fk with spanW ⊂ L2

∗(Σ) so that for any ϕ ∈ C∞
0 (Σ)∩W⊥ we have that

Q(ϕ, ϕ) ≥ 0. By Proposition 4.2 we have that the space V = L2
∗(Σ)∩H1(Σ) has

dimension equal to 2h1(D), where D is the divisor defined before Proposition
4.2.

Our goal will be to show that if w ∈ V satisfiesXw ∈ W⊥, then ⟨∇w,Re(σ)⟩ ≡
0, and subsequently w ∈ span{∗dx1, ∗dx2, ∗dx3⟩.
Suppose then that we have w ∈ V satisfying Xw ∈ W⊥. We will show that

for any compactly supported vector field Y ∈ W⊥, we have that Q(Xw, Y ) = 0.
Take then R sufficiently large so that BR contains the support of Y , and define

Xt := η(Xw + tY + f1
−→c1 + . . .+ fk

−→ck )
where η = η(R) is the first test function used in the proof of Proposition 4.1,
and the vectors −→c1 , . . . ,−→ck are chosen so that Xt ∈ W⊥. As ηY = Y and
Y ∈ W⊥, we have then that for any 1 ≤ j ≤ k
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∫
Σ

η(Xw + f1
−→c1 + . . .+ fk

−→ck )fju2 = 0

As in [Ros06], [CM23] from the stability inequality we have that

Q(Xw, Y )2 ≤ Q(Y, Y )×(
Q(ηXw, ηXw) + 2

k∑
j=1

Q(ηXw, ηfj
−→cj ) +

k∑
j,ℓ=1

Q(ηfj
−→cj , ηfℓ−→cℓ )

)
(30)

As in [CM23] we have that we can express Q(ηXw, ηXw) as

Q(ηXw, ηXw) =

∫
Σ

|∇η|2|ηXw|2.(31)

Given that |∇η| ≤ C|z|m−1

logR
we have that∫

Σ

|∇η|2|ηXw|2 ≤ C

∫
BR2\BR

|Xw|2|∇η|2

≤ C

∫
BR2\BR

|Xw|2u2
(32)

goes to 0 as R → +∞, since Xw ∈ L2
∗(Σ).

For the second term in (30) we obtain as in [CM23]

Q(ηXw, ηfj
−→cj ) = λj

∫
Σ

(η)2⟨Xw,
−→cj ⟩fju2 −

∫
Σ

η∆η⟨Xw,
−→cj ⟩fj

− 2

∫
Σ

η⟨Xw,
−→cj ⟩⟨∇η,∇fj⟩

(33)

The first term in (33) goes to 0 by dominated convergence as R → +∞, since
Xw, fj ∈ L2

∗(Σ).
For the middle term in (33) we see that∣∣∣∣∣

∫
Σ

η∆η⟨Xw,
−→cj ⟩fj

∣∣∣∣∣ ≤ |−→cj |
∫
BR2\BR

|Xw||fj||∆η|

≤ C

∫
BR2\BR

|Xw||fj|u2
(34)

goes to 0 as R → +∞, since Xw, fj ∈ L2
∗(Σ).

For the third term in (33) apply Cauchy-Schwartz to get∣∣∣∣∣
∫
Σ

η⟨Xw,
−→cj ⟩⟨∇η,∇fj⟩

∣∣∣∣∣ ≤ |−→cj |
(∫

Σ

|∇η|2|ηXw|2
)1/2(∫

Σ

|∇fj|2
)1/2

,(35)
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which goes to 0 as R → +∞ as in 34, since Xw, fj ∈ L2
∗(Σ). Thus (33) goes

to 0 as R → +∞.
Mirroring again [CM23] we obtain for the third term in (30)

Q(ηfj
−→cj , ηfℓ−→cℓ ) =

1

2
(λj + λℓ)⟨−→cj ,−→cℓ ⟩

∫
Σ

η2fjfℓu
2 + ⟨−→cj ,−→cℓ ⟩

∫
Σ

|∇η|2fjfℓ.

(36)

Since fj, fℓ ∈ L2
∗(Σ) and −→cj ,−→cℓ

R→+∞−−−−→ 0, we have that (36) goes to 0 as
R → +∞.
Following [CM23] for any smooth vector field Y ∈ W⊥ and R sufficiently

large, we can take vector −→cj so that

YR = η(Y + c1f1 + . . . ckfk)

belong to W⊥. By the previous discussion we have that

0 = Q(Xw, YR) = −
∫
Σ

⟨∆Xw − 2KXw, YR⟩ = −2

∫
Σ

⟨∇w,Re(σ)⟩⟨N, YR⟩

(37)

(38) 0 =

∫
Σ

⟨∇w,Re(σ)⟩⟨N, Y ⟩

From Proposition 4.1 we get for any −→α ∈ R3 and fj eigenfunction

(39) 0 =

∫
Σ

⟨∇w,Re(σ)⟩⟨N, fj−→α ⟩

Hence ⟨∇w,Re(σ)⟩ ≡ 0, which in turn implies w ∈ span{∗dx1, ∗dx2, ∗dx3} as
desired.

As the space V = L2
∗(Σ) ∩ H1(Σ) has dimension 2h1(D) and Xw ∈ W⊥ is

a system of 3k equations on V whose kernel has dimension ≤ 3, then 3k ≥
2h1(D)− 3, or equivalently k ≥ 2h1(D)−3

3
.

6. Proof of Theorem C

In the same manner as [CM23] we have that if Σ is one-sided then the

involution defined in the double covering Σ̂ defines an isomorphism between

invariant and anti-invariant harmonic forms, denoted by H1
+(Σ̂), H1

−(Σ̂), re-

spectively. In particular each of the spaces H1
+(Σ̂) ∩ L2

∗(Σ̂), H1
−(Σ̂) ∩ L2

∗(Σ̂)
has real dimension h1(D).

As the forms w ∈ H1
−(Σ̂) satisfy that Xw can be used as a test function as

in the proof of Theorem A, we argue as in the previous proof and in parallel

to [CM23] to conclude that k ≥ h1(D)−3
3

.
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