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17.1 Complex Numbers

You have undoubtedly encountered complex numbers in your earlier n
classes. From the quadratic formula we know that the zeros of the quadratic!
fx) = ax* + bx + c are complex whenever the discriminant b* — 4ac is

Simple equations such as x?=-5and x>+ x+ 1 =0 have no real-number s

DEFINITION
1 A number of the form z =X + iy where x and y are real numbers
i number such that i = 1 is called a complex number.

1 Complex Number

B Terminology The number i in Definition 17.1 is called the imagin
The real number x in z = x + iy is called the real part of z; the real numbery
the imaginary part of z. The real and imaginary parts of a complex numb
abbreviated Re(z) and Im(z), respectively. For example, if z=4 -9, then

and Tm(z) = —9. A real constant multiple of the imaginary unit is called a pur
inary number. For example, z = 6i is a pure imaginary number. Two

numbers are equal*if their real and imaginary parts are equal. Since this
concept is sometimes useful, we formalize the last statement in the next definil

n-s.nmﬁou 1 7.2_'&"ualit1

[ Complex numbers z; = X; + iy; and 2, = X, + iy, are equal, z;
1' Re(z)) = Re(z,) and Im(z,) = Im(z,).

A complex number x + iy =0 ifx=0andy=0.

B Arithmetic Operations Complex numbers can be added, subi
multiplied, and divided. Hz=x +iyand ;=X + iy, these operations are
as follows.
Addition: 7, + 2 =0 +Hiy) H 0T iyp) = (x; +x2) + i(yi +¥)
Subtraction: =z, — 2= (x + i) — o+ iys) = (%) — X2) + i(yi = Y2)

1
Multiplication: 7y°2o = (x + iy + iva)
= XXy — VY2 + i(yiX + X1Y2)

_xt iy,
Xty
_ Xty i YiX2 = X1)2
B+ y3 xb+ 3
The familiar commutative, associative, and distributive laws hold for col
numbers.
. nt+n=ntz
Commutative laws: { 1T !
<1

2122

at(pra)=@t+t)+a
2:(223) = (T2

Associative laws: {

Distributive law: 7,(z; +2:) =2+ 4%
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In view of these laws, there is no need to memorize the definitions of addition,
subtraction, and multiplication. To add (subtract) two complex numbers, we simply
add (subtract) the corresponding real and imaginary parts. To multiply two complex
numbers, we use the distributive law and the fact that i* = —1.

Example 1 Addition and Multiplication
Ifz,=2+4iand z, = -3 + 8i, find (a) z, + z- and (b) 717

SOLUTION (a) By adding the real and imaginary parts of the two numbers,
we get

C+4)+(3+8)=2-3H+@+8)i=—1+12i
(b) Using the distributive law, we have
(24 40)(=3 +8i) = (2 + 4D)(=3) + (2 + 4i)(8))
=-6—12i + 16/ + 32>
=(=6—-32) + (16 — 12)i = —38 + 4i. Q
There is also no need to memorize the definition of division, but before discuss-

ing that we need to introduce asother concept.

M Conjugate If z is a complex number, then the number obtained by changing
the sign of its imaginary part is called the complex conjugate or, simply, the conju-
gate of z. If z = x + iy, then its conjugate is

I=X—1Iy

For example, if z=6 + 3i, then7=6 — 3i; if 7=-5 —j, then7 =5 +i. If z is a real
number, say z =7, then z = 7. From the definition of addition it can be readily shown
that the conjugate of a sum of two complex numbers is the sum of the conjugates:

L+ =7+ .

Moreover, we have the additional three properties

2l ES —_—  __ 21 E|
L-—L=4— 2 222 = Lidas — ==
22 ¥4

The definitions of addition and multiplication show that the sum and product of a
complex number z and its conjugate Z are also real numbers:

Z+z=(+ )+ (x—iy)=2x ()
2=+ )x—iy) =x"— i’y = x> +y2 (2)

The difference between a complex number z and its conjugate 7 is a pure imaginary
number:

z=z=(+iy) — (x —iy) = 2iy. (3)
Since x = Re(z) and y = Im(z), (1) and (3) yield two useful formulas:
-z

2i

Re(z) = 258

and Im(z) =

However, (2) is the important relationship that enables us to approach division in a
more practical manner: To divide z, by z,, we multiply both numerator and denomi-
nator of z,/z, by the conjugate of z,. This will be illustrated in the next example.
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Example 2 Division

[fz, =2 — 3i and 2, = 4 + 6i, find (2) - and (b) L
L2 Z
SOLUTION In both parts of this example we shall multiply both nur
and denominator by the conjugate of the denominator and then use (2).
© 2-3i 2-3i 4-6i 8-—12i-12i+ 18
4+6i 4+6i 4-060 16 + 36
—10-24i 5 6

—— = ——

52 26 13
1 1 2+3i 2431 2 D
= =—+

() - = - == = :
2-3; 2-32+3i 4+9 13 13

SRS B Geometric Interpretation A complex number z = x + iy is unigu
® determined by an ordered pair of real numbers (x, y). The first and second entries 0f
the ordered pairs correspond, in turn, with the real and imaginary parts
complex number. For example, the ordered pair (2, =3) corresponds to the com
number z = 2 — 3i. Conversely, z = 2 — 3i determines the ordered pair (2, =3). In
manner we are able to associate a complex number z = x + iy with a point (x,
coordinate plane. But, as we saw in Section 7.1, an ordered pair of real numb
be interpreted as the components of a vector. Thus, a complex number z=x+ iy
also be viewed as a vector whose initial point is the origin and whose termin
Figure 17.1 is (x, y). The coordinate plane illustrated in Figure 17.1 is called the complex plant
or simply the z-plane. The horizontal or x-axis is called the real axis and the v
cal or y-axis is called the imaginary axis. The length of a vector z, or the distand
from the origin to the point (x, y), is clearly Vx* + y*. This real number is given|
special name. :

| e

DEF I':I'nl"I'TIOIN' 17.3 Mnd:ﬂ_ﬁs or Absolute Value o
' The modulus or absolute value of 2 = x + iy, denoted by |2, is the real
‘ 2| = V2 + ¥ = Vzz.

Example 3 Modulus of a Complex Number

If z =2 — 3i, then |z] = V27 + (3P = VI3

As Figure 17.2 shows, the sum of the vectors z; and z, is the vector z; +
the triangle given in the figure we know that the length of the side of the tr
corresponding to the vector z, + 2z cannot be longer than the sum of the rema
two sides. In symbols this is

{a + Zz‘ < [Z1l + |Z2‘-

The result in (5) is known as the triangle inequality and extends to any finite
Flgure 17.2 ‘Zl +mt it + zni < |Z]‘ + lz,2| + I231 e lzﬂi‘
Using (5) on z; + 23 + (—22), we obtain another important inequality:

IZ[ o 22] 2 lZ]l - ‘Zz|-



2~ 3%+ 5i

L3+ 6i) + (4 - )3+ 5i) + ——
2-i
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Remarks

Many of the properties of the real system hold in the complex number system, but
there are some remarkable differences as well. For example, we cannot compare
two complex numbers z; = x, + iy, y; # 0, and z, = X, + 1ys, ¥, # 0, by means of
inequalities. In other words, statements such as z, < z, and 7, = z, have no meaning
except in the case when the two numbers z, and z, are real. We can, however,
compare the absolute values of two complex numbers. Thus, if z1 =3+ 4i and
2=5 i, then |2)| =5 and |z;| = V/26, and consequently |z, | < |22]. This last inequal-
ity means that the point (3, 4) is closer to the origin than is the point (5, —1).

-7 i {'p_;obléms begin on page A-71.

oblems 1-26, write the given number in the form a + ib. 24, 2+30) (12:21")2
i

30— 47 - 107 - 9 25. (3—17)(2;31) 26. (1_“)(1—_[2:)(:51_}
i Aol In Problems 27-32, let z = x + iy. Find the indicated expression.
(5=9)+(2-4i) 6. 3(4-1)-3(5+2i) 27. Re(l/2) 28. Re(2)
i Bt Dedilan 29. Im(2¢ + 4% - 4i) 30. Im(z* + )
(2-3i)4 +1i) 10. (V2 — Vai)(3%5 + ¥5i) 31 Jo- 1 _ 3l 32, |Z+53[
e e ; In Problems 33-36, use Definition 17.2 to find a complex
L 14. e number z satisfying the given equation.
i i 33.20=i2+9) 34.2-2%+7-6i=0
—}}g 16. 160: 25: 35. =i 36.72=4;
(=12 +30) (1 +)(1 = 20) In Problems 37_ gnd 38, determine which complex number is
A T 18. m closer to the origin.
; : e 37.10+8; 11-6i 38. 16— 14i, %+ Vi
gi;:i—:g}';—:; 20. % 39. Zr?:z:h tge(x:to ’j-:p-;eiz Lilsa;:c distance between the points z; and
Li(l = )2~ )2 + 6i) 22, (1+i%(1—i)

40. Show for all complex numbers z on the circle x? + y* = 4
that |z + 6 + 8i| < 12.

172 Polar Form of Complex Numbers; Powers and Roots

B Polar Form Recall from calculus that a point (x, y) in rectangular coordi-
nates has the polar description (r, 8), where ¥, ¥, r, and @ are related by x = r cos 6
and y = r sin 6. Thus a nonzero complex number z = x + iy can be written as
z=(rcos @)+ i(r sin 8) or

z=r(cos @+ isin ). (1)

We say that (1) is the polar form of the complex number z. We see from Figure
17.3 that the coordinate r can be interpreted as the distance from the origin to the
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point (x, ¥). In other words, we adopt the convention that r is never negative
we can take  to be the modulus of z, that is, r = |z|. The angle @ of inclination
vector z measured in radians from the positive real axis is positive when mea
counterclockwise and negative when measured clockwise. The angle 6 is call
argument of z and is written 6 = arg z. From Figure 17.3 we see that an argl
of a complex number must satisfy the equation tan @ = y/x. The solutions 0
equation are not unique, since if &, is an argument of z, then necessarily the
6, = 2m, 6 = 4, . . ., are also arguments. The argument of a complex num|
the interval — < 8 < 7 is called the principal argument of z and is denof
Arg z. For example, Arg (i) = m/2.

Example T A Complex Number in Polar Form
Express 1 — V/3i in polar form.

SOLUTION Withx=1andy=—V3, we obtain r=|z| =
Now since the point (1, —=\/3) lies in the fourth quadrant, we can take the so
of tan 8= —V3/1 =—\V3 to be 8= arg z = 57/3. It follows from (1) that a
form of the number is

! - ( swo .. 5;.:)
i z=72|cos — +isin — |.
g 3 3

As we see in Figure 17.4, the argument of 1 — \/3i that lies in the interval (~
the principal argument of z, is Arg z = —n/3. Thus, an alternative polar fo
the complex number is

)

@ Multiplication and Division The polar form of a complex number i
cially convenient to use when multiplying or dividing two complex numbers. Su

zi=ri(cos & +isin ) and z,=ry(cos B, +isin 6,),

where 6, and 6, are any arguments of z; and z,, respectively. Then
2122 = Nrzl(cos 6, cos @, — sin §, sin 8,) + i(sin 8 cos 6, + cos 6 sin 6y)
and for z, # 0,

er [(cos 8, cos 8, + sin G, sin 6,) + i(sin 6, cos B, — cos 6, sin 6))]
2 n

From the addition formulas from trigonometry, (2) and (3) can be rewritten, in t

2122 = rirafcos(6; + 65) + i sin(8, + 61)]

7

and 22 D [cos(8, — 62) + i sin(8, - 6))].

23 iy

Inspection of (4) and (5) shows that

and
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Example 2 Argument of a Product and of a Quotient

We have seen that Arg z, = 71/2 for z, = i. In Example 1 we saw that Arg z,=—-n/3
forz,=1-V3i. Thus, for

Z|22=f(1—\/§i)='\[3+j and ﬂ:l__.\/ﬁ:_\/g_i

Z 1
it follows from (7) that
Al 2 T b4 Sm i
= — - = — d — == —. |
arg (2)2;) e and arg (Zz) > ( 3 ) 5

In Example 2 we used the principal arguments of z, and 2z, and obtained arg (7,z,) =
Arg (z2122) and arg (21/z) = Arg (z)/z,). It should be observed, however, that this was a
coincidence. Although (7) is true for any arguments of z, and z,, it is not true, in general,
that Arg (z:2,) = Arg z; + Arg 7, and Arg (z//z;) = Arg 7, — Arg z,. See Problem 39 in
Exercises 17.2.

B Powers of z We can find integer powers of the complex number z from the
results in (4) and (5). For example, if z = r(cos @ + i sin 8), then with z; = z and
=12, (4) gives

22 =r[cos (@+ 8) +isin (8+ 8)] = r’(cos 20+ i sin 26).
Since z° = 7%, it follows that
z* = r3(cos 30+ i sin 36).

Moreover, since arg (1) = 0, it follows from (5) that
iﬁ =27 =r?[cos(-20) + i sin(~28)].
z

Continuing in this manner, we obtain a formula for the nth power of z for any integer n:

" =r"(cos n@+ i sin nh), 8)

Example 3 Power of a Complex Number
Compute z* for z = 1 — V/3i.
SOLUTION In Example 1 we saw that

Aol 5)rm(5)

Hence from (8) with r =2, 8=—x/3, and n = 3, we get

(1-V3ipsa 23{“’3(3(_ ?E)) o Sin(3(“ %Tm

= 8[cos(—x) + i sin(-x)] = 8. |

B DeMoivre’s Formula When z = cos 8+ i sin 8, we have lzl=r=1and
50 (8) yields

(cos @+ isin 8)" = cos n@+ i sin né. )

This last result is known as DeMoivre’s formula and is useful in deriving certain
trigonometric identities.
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B Roots A number w is said to be an nth root of a nonzero complex numb '
w" =z If we let w = p(cos ¢ + i sin ¢) and z = r(cos 6+ i sin 6) be the polar fon
of w and z, then in view of (8) w” = 7 becomes

p"(cos ng + i sin ng) = r(cos @+ i sin 9).
From this we conclude that p" = r or p = ' and
cos ng + i sin ng=cos B+ i sin @
By equating the real and imaginary parts, we get from this equation
cos ng=cos @ and sin ng=sin 6.

These equalities imply that ng = 6 + 2kz, where k is an integer. Thus,

0+ 2km
p=—"""
n
As k takes on the successive integer values k =0, 1, 2,....n — 1, we ob

distinct roots with the same modulus but different arguments. But for £ 2
obtain the same roots because the sine and cosinc are 2 m-periodic. To see
suppose k=n +m, where m=0, 1, 2,. ... Then

3 9+2(n+m)?r: 9+2m7r+

¢ 27
n n
and so sin ¢ = sin(M), cos ¢ = COS(M).
n n

We summarize this result. The nth roots of a nonzero complex nun
z=r(cos @+ isin 0) are given by

,,,{ (9+ 2&-;:) S (9+ zk;r)"J
Wi =r"] cos + 1 sinf ————— | |,
.oon n

where k=0,1,2,...,n—1.

Example 4 Roots of a Complex Number
Find the three cube roots of z = i.

SOLUTION Withr=1, 8=argz= /2, the polar form of the given nu
z = cos(7/2) + i sin(7/2). From (10) with n = 3 we obtain

Wy = (1)“'{(:05(5!2%2@) + sin(x—jz;—z«;ir)}, k=0,1,2

Hence, the three roots are:

k=0, WO=COS£+fsin£=£+ii
6 6 2 2
k=1, w.=c05£+isinﬁ=_£+lf
6 6 PR

= w2=cos§£+isin~3—”=—i.
2 2



17.2 Exercises 797

The root w of a complex number z obtained by using the principal argument of
. z with & = 0 is sometimes called the principal zth root of z. In Example 4, since
“’0 ] Arg (i) = 7/2, wy = (\/§/2) + (1/2)i is the principal third root of i.
Since the roots given by (8) have the same modulus, the 1 roots of a nonzero
" complex number z lie on a circle of radius ' centered at the origin in the complex
plane. Moreover, since the difference between the arguments of any two successive
roots is 221/, the nth roots of z are equally spaced on this circle, Figure 17.5 shows
re 17.5 the three roots of i equally spaced on a unit circle: the angle between roots (vectors)
wy and wy ., is 27/3.
As the next example will show, the roots of a complex number do not have to be
“nice” numbers as in Example 3.

Example 5 Roots of a Complex Number
Find the four fourth roots of z =1 + ;.

SOLUTION In this case, r="V/2 and 6= arg z = /4. From (10) with .= 4 we
obtain

Wit (2)”4[ cos(’m: 2"‘”) +i sin( i :2"”)}, k=0,1,2,3.

Thus,
k=0,  wo=(2"|cos % +isin %} = 1.1664 + 0.2320i
k=1, wy = (2)'" cos -E;—g + i sin -?%] =-0.2320 + 1.1664;
k=2, wy="cos %” +isin 1}2” } = —1.1664 — 0.2320i
[ 2
L gl vy % Fisin %} = 0.2320 — 1.1664i, 0
S ES 174 2  Ans bered problems begin on page A-71.
blems 1-10, write the given complex number in polar form. f30 6( o g R g)
o 2. -10
i 4. 6i 18. ;= 1o(cos g +isin ;”)
1\-; & Sl In Problems 15 and 16, find z,z, and z,/z,. Write the number in
V3+i 8. -2-2V3i the form a + ib.
3 12
Pl 10, V3+i 15. z1:2(cos§+isin§), zz=4(cos%+isin%£)
Problems 11-14, write the number given in polar form in the
form a + ib. = oo TS T e
. 16. z; \@(COS 2 +i sin 4), 2 \/§(cos 5 +i sin 12)

Tl s L,
=35 (COS T +isin "'6_) In Problems 17-20, write each complex number in polar form.
Then use either (4) or (5) to obtain a polar form of the given

7= SVE(COS B +isin M) number. Write the polar form in the form a + ib.
4
17. (3 -30)(5 + 5V3i) 18. (4 + 4i)(~1 +1)
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—i V2 + Vi
19. — 20 0N
o —1+V/3i

Ta—op
In Problems 21-26, use (8) to compute the indicated power.

21 (1 + V3i)® 22. (2 -2

23, (V+ 16i)"° 24. (V2 +Veiy
12

25. (cos g +isin g)

6
26. [\/i(cos %‘T +isin %)]

In Problems 27-32, use (10) to compute all roots. Sketch these
Toots on an appropriate circle centered at the origin.

In Problems 35 and 36, express the given complex number
in polar form and then in the form a + ib.

12 5
35. (cos 3 + i sin E) [2(cos X +isin E)]
9 9 6 6
l: ( kY S 3;1)]3
8| cos — +i sin —
8 8
T T 10
2((:05 —+isin —)]
[ 16 16

37. Use the result (cos 8+ i sin 8)* = cos 20+ i sin 26 to fin '
trigonometric identities for cos 26 and sin 2. .

36.

38. Use the result (cos 8+ i sin 8)° = cos 38 + i sin 30to findi
trigonometric identities for cos 3@ and sin 38.

27. ()" 28. (1)'® 39. (a) If z; =—1 and z, = 5i, verify that

29. (i)'? 30. (-1 +i)”° Arg (z122) # Arg (z)) + Arg ().

31, (-1 +V3i)? 32, (-1-V3i)“ 4b) 1f z; = -1 and z, = -5, verify that

In Problems 33 and 34, find all solutions of the given Arg (21/22) # Arg (z)) — Arg (z).

Synanan. 40. For the complex numbers given in Problem 39, verify in ;
33.7'4+1=0 34.7-22+1=0 both parts (a) and (b) that

arg (miz) =arg (z)) +arg (z) and  arg (%) = arg (z) - arg (&
> ;

17.3 Sets of Points in the Complex Plane

B Terminology Before discussing the concept of functions of a complex V.
able, we need to introduce some essential terminolo y about sets in the complex pla

Suppase 2= xo + iyp. Since [z — zo| = Vx—xoP+(y—yo) is the distance bel
the points z = x + iy and zo = X + iy, the points z = x + iy that satisfy the equatiol

lz=zl=p |3—:<:|:Ps
Figure 17.6 £ >0, lic on a circle of radius p centered at the point z,. See Figure 17.6.
Example 1 Circles
(a) z\ = 1 is the equation of a unit circle centered at the origin.
b)|lz-1- 2i| =35 is the equation of a circle of radius 5 centered at | + 2i,
o, The points z satisfying the inequality |z — z,| < p, p > 0, lie within, but not on
% circle of radius p centered at the point z,. This set is called a neighborhood of 7,
f B an open disk. A point z, is said to be an interior point of a set § of the comp
i plane if there exists some neighborhoood of z, that lies entirely within §. If eve
Figure 17.7 point z of a set § is an interior point, then S is said to be an open set. See Figure 17

For example, the inequality Re(z) > 1 defines a right half-plane, which is an op
set. All complex numbers z = x + iy for which x > 1 are in this set. If we choose,
example, z, = 1.1 + 2i, then a neighborhood of z, lying entirely in the set is defin
by |z — (1.1 + 21| < 0.05. See Figure 17.8. On the other hand, the set § of points
the complex plane defined by Re(z) 2 1 is not open, since every neighborhood o
point on the line x = 1 must contain points in S and points not in . See Figure 17.
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Iz = (1.1 +20) < 0.05

R
N,
\
A,

Y

g

i s i
i ~\ ‘ >, —in §
[}
| z=L1+2i
i
i & -
x=1
open set
magnified view of a point near x = 1 not open
Figure 17.8 Figure 17.9
Example 2 Open Sets
Figure 17.10 illustrates some additional open sets.
by
Yy
X X
Im(z) <0 -1<Re(z) <1
lower half-plane infinite strip
(a) (b)
y
| y
T ,’{ i N \\
{/ \\| . f! :,f \\ “I 3
\‘\__ /" I\\ ‘\ - P ;J"
i \\\ B[ J/l
lzl > 1 1<lzl<2
exterior of unit circle circular ring
(c) (d)
Figure 17.10 a

The set of numbers satisfying the inequality

/< 3—1cj|<,01,

such as illustrated in Figure 17.10(d), is also called an open annulus.
If every neighborhood of a point z, contains at least one point that is in a set S
and at least one point that is not in S, then z, is said to be a boundary point of 5.
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3 The boundary of a set S is the set of all boundary points of S. For the set of poil
2 defined by Re(z) > 1, the points on the line x = 1 are boundary points. The poin

the circle |z - i| = 2 are boundary points for the disk |z — il<2.

- If any pair of points z, and z, in an open set S can be connected by a polygor

line that lies entirely in the set, then the open set S is said to be connected.

Figure 17.11. An open connected set is called a domain. All the open sels in

ure 17.10 are connected and so are domains. The set of numbers satisfying Re(z

is an open set but is not connected, since it is not possible to join points on e

side of the vertical line x = 4 by a polygonal line without leaving the set (be
mind that the points on x = 4 are not in the set).

A region is a domain in the complex plane with all, some, or none of its
ary points. Since an open connected set does not contain any boundary points,
automatically a region. A region containing all its boundary points is said t
closed. The disk defined by iz - il < 2 is an example of a closed region an
referred to as a closed disk. A region may be neither open nor closed; the anni

region defined by 1 < |z — 5| < 3 contains only some of its boundary points and s
neither open nor closed.

Figure 17.11

Remarks

Often in mathematics the same word is used in entirely different contexts, Do

confuse the concept of “domain” defined above with the concept of the “dom
a function.”

In Problems 1-8, sketch the graph of the given equation.

o

rs to odd-numbered problems begin on page A-71.

15. Re(z®) >0 16. Im(1/z) < %
1. = . =-2
fiewiao 2. Im(2) 17. 0<arg () < 27/3 18. ]arg (z)[ < m4
. Z+3i)= 4. —-i)= 4 - 3i
3. Im(z+3i)=6 Im(z — i) = Re(z + 3i) 19. Z*i'!>1 20. IZ-fI>0
- lz=3i|= . +1|=4
seleolo B Rt 21.2<|z-i<3 22 15[z-1 12
Tl oo o 8.|z+2+ 2’| =2 23. Describe the set of points in the complex plane that sa'_l
In Problems 9-22, sketch the set of points in the complex plane !z + 1] =|z- i|.
satlef}rmg e ehveniitiequaliny. Determing whether the set is o 24, Describe the set of points in the complex plane that saf
domain.
[Re()| <z
; = 10. 2 y e
= Repe 0. [Re(o)| > 25. Describe the set of points in the complex plane that satis
11. Im(z) > 3 12. Im(z - ) <5 2+7=2
13.2<Re(z- 1)< 4 14. -1 <Im(z) < 4 26. Describe the set of points in the complex plane that satisfi

lz=il+|z+i=1.




