MATH 360 — Exam 2
Wednesday, November 8, 2017

Name

1. Let f: [a,b] = R be a continuous function, and suppose that for every continuous function
g: la,b] = R,

Prove that f(z) = 0 for all z € [a, b].

We can, in particular, choose ¢ = f, and so we know that the integral of f? is zero. If there
were a point o where f(xy) # 0 then (because of the continuity of f and hence of f?) there
would be a § > 0 such that if [z — o] < 4, then |f(z)* — f(z0)?| < 5f(x0)? which implies that
f(@)? > 1 f(x0)? for all z € (xg — &, 20 + &). But then

b wo—0 To+8 b
J f(ZL’)deZJ f(x)de—l—J f(x)*dr+ (z)?dr > 0+6f(20)* +0 = 0f(20)*> > 0

zo—0 xo+0

which is a contradiction.




Name

2. Let v(t) be the velocity of an object for t € [0, 7] You know that v(t) is the derivative with
respect to ¢ of x(t), the position of the object at time ¢. Assume that v(t) > 0 for all t.

(a) What is the average velocity with respect to ¢7
(b) Show that x(t) is an invertible function of t. What are its domain and range?

(c) Since x is an invertible function of ¢, we can consider v as a function of x. Show that the
average of v with respect to x is greater than or equal to the average of v with respect to . At a
key point, you will need to use one of those famous inequalities.



1 (7T
(a) The average velocity with respect to ¢ is 7; = ff v(t) dt.
0

d
(b) Because & v(t) > 0, we have that z(t) is a (strictly) monotonically increasing function of ¢,

i,e, (tg) > x(ty) if and only of to > t; (for t1,ts € [0,7T]). So x(t) is a one-to-one map from [0, 7]
to [2(0), z(7T)], and thus invertible (by the intermediate value theorem — for every z( € [x(0), z(T)]
there is a unique o € [0, T] such that x(t) = z¢ and we can define 7! (z,) = ty).

(c) The average value of v with respect to z is

_ 1 z(T)
= = gy 1O

Make the change of variables © = z(t) (so dx = 2'(t) dt = v(t)dt) in the integral (being careful
to change the limits of integration as well) and get

since v is the derivative of x with respect to t. Now the temptation to use Cauchy-Schwarz is
almost overwhelming — with f = 1 and g = v, the inequality (§ fg)? < (§ f?)({ g*) becomes

<J(~)T1)(t) dt>2 < LT 12dt LTU(t)Q dt = Tf:v(t)Q gt
- LTUW dt ) (LTU@) dt)2 ) lJTU(x) L

and so

o JTU(t)dt ) TJTv(t)dt o

0 0
which is what we were trying to show.
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3. Let f(x) and g(z) be functions for which their Taylor series (centered at x = 0) converge to
the functions themselves for z € [—r, 7] .

(a) Show that the Taylor series for cf(xz) converges to cf(z) for x € [—r,].
(b) Show that the Taylor series for xf(z) converges to x f(x) for x € [—r,r].
(c) Show that the Taylor series for f(x) + g(x) converges to f(z) + g(x) for x € [—r,r].
(d) Suppose the Taylor series for p(x) is
fo+ fiz + for* + -+

where fo =0, fi =1and f,. 2 = fur1 + fn, SO f, is the nth Fibonacci number. What is ¢(x)?

Let p,(z) be the Taylor polynomial of degree n (centered at x = 0) for f(z) and let g,,(x) be the
Taylor polynomial for g(x). For the first three parts, we know that for each x € [—r, 7], we have
that p,(z) — f(x) and ¢,(x) — g(z) as n — o.

For parts (a)-(c), standard properties of limits of sequences (limit of the sum is the sum of the
limits, and limit of a constant times a sequence is the constant times the limit of the sequence)
shows that cp,(z) — cf(x), xpn(x) — zf(x) and p,(x) + ¢.(z) — f(x) + g(x). The only issue
that remains is to show that cp,,(z), zp,—1(x) and p,(z)+ g, (x) actually are the nth degree Taylor
polynomials of ¢f(z), xf(z) and f(x) + g(x), respectively.

(a) For a(x) = cf(x), it is trivial that o™ (z) = cf"™(z), so cp,(z) is the nth degree Taylor
polynomial of c¢f(z).

(b) For b(z) = xf(x), we have b(0) = 0 and b™(z) = 2b™(z) + nb™~Y(z). Therefore
b (0) = nf=1(0), so the coefficient of 2 in the Taylor polynomial of z f(z) is nb~1(0)/n! =
fD(0)/(n — 1)!, which is the coefficient of 2! in the Taylor polynomial of f(z). Therefore
the nth degree Taylor polynomial of = f(x) is xp,_1(z).

(c) Finally for c(z) = f(x)+g(z) it is again trivial that ¢ (2) = () (2) +¢™ (2) so p,(x)+¢n(z)
is the nth degree Taylor polynomial of f(z) + g(z).




(d) If we let g(z) = zf(z) + z%f(x) then the Taylor series for g(x) is (using (b) and (c) above)

g(@) = for + (fi + fo)* + (fo + f1)2* + (fs + fo)z* + -+
:0I+f2$2+f31’3+f41‘4+---

=f(z) -z

We conclude that zf(x) + 22 f(z) = f(z) — =, or
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4. Let

x for 0<x<1
f(z) =
3—x for 1<z <2

Prove carefully (upper and lower sums etc., and “mind the gap”) that f is integrable on [0, 2] and
evaluate the integral.

This is overly clever, but it's probably the easiest way to do it without invoking bounded variation
or something: Write f(z) = g(x) + h(z) where

T for 0<z<1 0 for 0<z
g(x) = and h(z) =
2

N

1

—x for 1<z<2 1 for 1<z2<2

Then g is continuous, hence integrable (or if you must:

where in the last sum in the first line we split 2 up as 1+n/n and noticed that the sum of (k—n)/n
for k going from n + 1 to 2n is exactly the same as the sum of k/n for k going from 1 to n, so
they cancel.) So g is integrable and its integral is 1.

For the integral of h(x), use partitions P, = {0, 1 —1/n, 1+ 1/n, 2} Then clearly

1 1
L(h,Pn)=0+0+<1——) =1--
n n
and

2 1 1
U(h,Pn)=0+—+<1——)=1+—
n n n

and both approach 1 as n — o0. So h is also integrable and its integral is also 1.

Therefore f, being the sum of two integrable functions, is integrable and its integral is 2.
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5 Let _—

Prove that f is uniformly continuous on all of R. Hint: Do not attempt to evaluate the integral!!

1
Since t* > 0 for all t € R, we have T < 1 for all t € R. So given € > 0, choose § = ¢ and so

if |z —y| < 0 then

[f(y) = f2)] =

Y
Jdt‘=|y—x|<5=5

T

Y 1 d
1 <
L1+t4 ‘

Since the 0 we chose does not depend on x or y, f(z) is uniformly continuous (on all of R).
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6. Suppose g: R — IR, with bounded derivative (say |¢'| < M). Fix e > 0 and define

f(z) =z +eg(a).

Prove that f is one-to-one if ¢ is sufficiently small.

Take ¢ < 1/(2M). Then |e¢'(z)| < 3, in other words, —1 < e¢/(z) < 5 But then f'(z) =
1 + eg'(x) satisfies

1 1
=1—§<1+5g'(x)=f'(x)<1+§

1
2
The important thing is that f'(x) > % so by the mean value theorem,

7(2) ~ )| = |F @l 9 > gz ]

which shows that if = # y then f(z) # f(y), in other words, f is one-to-one.




7, Prove that for every positive integer n,

1 1 1
<Inll+—})<—.
n+1 n n

Recall the definition of the logarithm:

n+1
n

)

_ 1
so (noting that 1 + — =
n

1 (TL-‘rl)/'rL 1
1n<1+—>=f —dt.
n 1 t

Since 1/t is a strictly decreasing function of ¢, we know that

L +1
for all ¢ satisfying 1 <t < n
n + n

1
1>->
t

But then

n (n+1)/n (n+1)/n 1 (n+1)/n
f dt < f —dt < J dt

n 1 1 1
1+——1)<h(l+-)<1+—-—-1
n+1 n n n
1

1 1
<ln(l+—-}<-—
n-+1 n n

which evaluates to

or




