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§1. Introduction and notation

The main theme of this article is the wvariation of the geometric local p-adic monodromy
representation of modular varieties of PEL-type, where p is a prime number fixed throughout
this note. In this article we consider perhaps the simplest case, that of the ordinary locus of
the Hilbert modular varieties and their compact versions, over an algebraically closed base
field k£ of characteristic p. In this case the targets of both the global and the local p-adic
monodromy homomorphisms are abelian. To simplify the exposition, we consider only totally
real number fields F' such that p is unramified in F', and modular varieties M(B) attached to
totally indefinite quaternion algebras B over such a field F' which is split at all places above
p. When the quaternion algebra B is My(F'), the associated variety M(B) is the Hilbert
modular variety M (F).

For every closed point = in a modular variety M(B) as above there is a local monodromy
homomorphism p, whose target group is the product Hp\p O of local units, where @ runs
through all places of F' above p; see 4.3. There are three results in this article.

1. The first is a constancy result on local monodromy: for each place p above p in F
there is a closed subgroup H,, C O with the following property. For each closed point
x of M(B), the image of p, is equal to the product of the groups H,, where p runs
through the set of places of F' above p such that x lies in the irreducible component D.
of the zero locus of the Hasse invariant attached to a ring homomorphism 7: O, — k.
Moreover this subgroup H, depends only on the local field F}, but not on F. See 4.9
and 4.10 for the precise statements. In particular, the image of p, is equal to H,, for
all z € W£ , where W, denotes the union of the divisors D.’s with 7 running through
all homomorphisms from O, to k, and W‘S = W, — Ug2oWy is the open subset of
the divisor W,, consisting of points outside of any other divisor W, attached to a place

¢ # p above p.
2. In 5.1 we show by a global argument that the subgroup H, is open in 0.
3. Finally we show by a local computation that H,, is equal to O; see 6.1 and 6.14.

The main ingredient of the proof of the constancy result is the purity of branch locus. The
computation-free proof of 5.1 uses complex uniformization and a result on the abelianization
of arithmetic subgroups. Thm. 6.14 generalizes Igusa’s theorem in [14] on local monodromy of
the modular curve at supersingular points. It also provides a local proof of the irreducibility
of the Igusa tower, independent of Ribet’s original arithmetic proof in [21] and [8]. and
also independent of the method involving Hecke symmetry in [9], [10], [3], [4], [11], [5]. The
method of this computational proof can be traced back to [12] and was used in [16] to compute
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the local monodromy of Picard modular varieties. Although the computation in §6 yields a
statement stronger than 5.1, the proof of 5.1 offers perhaps a better perspective.

Most of our results can be generalized to the case when p is possibly ramified in F'. Global
geometric information in [22] and [23] will be needed, especially the irreducibility of the zero
locus of Hasse invariants associated to places of F above p. The local computation in the
ramified case is likely to be more complicated than what is done in §6. We hope to address
this point in the future.

Notation.
e p denotes a fixed prime number.
e Let £ D F, be an algebraically closed field.
e [ be a totally real number field, F' # Q such that p is unramified in F.
e Denote by X, the set of all prime ideals of Op above p.

e For each p € Xy, let I, be the set of all ring homomorphisms z: O, — k, or equivalently
the set of all ring homomorphisms ¢: O, — W (k).

e Let Ir be the union of all I,’s, or equivalently all ring homomorphisms from Of to

e Let e: Ir — X, be the map which sends elements of I, to .

e Let £L = (L, L") be an invertible O p-module with a notion of positivity.

e In §2-§5, n > 3 denotes a fixed positive integer not divisible by p.

e In§6, 0 =W(F,), ¢ =p", and I := Homyine(W (F,), W(k)) = Homyng(Fy, k).

§2. Hilbert modular varieties and their compact siblings

In this section we review some basic facts about Hilbert modular varieties.

(2.1) Hilbert modular varieties

Let M(F,L,n) be the Hilbert modular variety over k attached to F' and £ with level-n
structure; see [20],[7]. For any k-scheme S, the S-valued points of M(F') corresponds to
isomorphism classes of quadruples (A — S, a, A\, ¢), where

e A — S is a abelian scheme of relative dimension [F' : Q],

e a:Op — End(4/8) is a ring homomorphism, \: L — Homg " (A, A') is an Op-linear
homomorphism of O p-modules such that A induces an isomorphism A®q, L — A! and
positive elements in L corresponds to Op-linear polarizations, and



e ) is a symplectic level-n structure.

We will often write M(F') instead of M(F, L,n). It is known that M(F) is irreducible and
smooth over k of dimension [F : Q]; see [20],[7].

(2.2) We have a stratification of M(F') by isomorphisms classes of the (Op ® F,)-linear
polarized p-torsion subgroup schemes of the Op-linear polarized abelian varieties attached to
points of M(F'), called the Ekedahl-Oort stratification; see [19] and [13]. Each EO stratum
is smooth, locally closed and quasi-affine; see [13]. In particular only the 0-dimensional EO
stratum is closed. The ordinary locus of M%% is the open dense EO stratum. Those EO strata
D%T of codimension one are parametrized by the set I, consisting of all ring homomorphisms
7: Op — k. The closure Dp, of D%J is a smooth divisor. The divisor ZTE I Dp . is reduced
with normal crossings, equal to the zero locus of the Hasse invariant on M(F’). It is easy to see
from the incidence relation among the EO strata that the prime-to-p Hecke correspondences
operate transitively on the set of irreducible components of DY for each 7 € Ip.

(2.3) Consider the (O p&Z,)-linear p-divisible group A[p>®] — M (F') attached to the universal
Op-linear polarized abelian scheme A — M(F). The decomposition

0r®Z, = [] 04

pGEF’p

of the ring Op®Z, induces a decomposition of the (H 0ESr, Op) -linear polarized p-divisible
group A[p>®] — M(F) into a fiber product
Ap™] = M(F) = ] (Alp™] = M(F))

pEEF,p

of Oy-linear p-divisible groups over M(F).

(2.4) For any closed point « in M(F'), denote by Def(F, z, ) the universal deformation space
of the O-linear polarized abelian variety (A, o,)[p™], and let X (F, z, p) — Def(F, z, p) be
the universal O-linear polarized p-divisible group over Def(F, z, p). It is known that every
Op-linear symmetric homomorphism from A,[p>] to from A![p™] extends to an Op-linear
symmetric homomorphism from X (F,z, p) to X (F,z, p)'; see [20] and [7].

(2.5) Lemma. Notation as in 2.3. Let x be a closed point of M(F), and let M(F)/* be the
formal completion of M(F') at x.

(i) The decomposition of the (HWO@> -linear polarized p-divisible group A[p™] — M(F) in
2.8 induces a product decomposition

M(F)* = H Def(F, z, p)

@GEFJ,

of M(F) at x.



(ii) For each p € Yp,, the O, -linear polarized p-divisible group A[p™] — M(F)/® is the pull-
back of X (F,z,p) — Def(F,x, ) by the projection pr,,: M(F)/* — Def(F, z, p).

(iii) The formal scheme Def(F, x, ) is formally smooth of dimension [F,, : Q,] for each p.

PROOF. Statements (i), (ii) are immediate from the Serre-Tate theorem. The statement (iii)
can be proved by the crystalline deformation theory for p-divisible groups; see [20], [7]. O

§3. Compact siblings of Hilbert modular varieties

(3.1) Let B be a totally indefinite quaternion division algebra over F' which is split at all
places p above p. Let * be a positive involution of B. Let Op be a maximal order in B stable
under *; we have Op®0, 0, = My(0,,) for each p € Xp.

Let M(Op, L,n) be the “fake Hilbert modular variety” over k attached to O, £ and n as
defined in [1]. Points of M(Op, £, n) are isomorphism classes of quadruples (A — S, a, A, 1),
where

e A — S is a abelian scheme of relative dimension 2[F : Q],

e a:0p — End(A/S) is a ring homomorphism,

e 1 is a symplectic level-n structure, A\: L — Homgg*(A, A') is an Op-linear homomor-

phism of O p-modules such that A®e, L — A and positive elements in L corresponds
to Op-linear polarizations.

Here Hom{ ™ (A, A’) is the etale sheaf over the base scheme S consisting of symmetric Op-

linear homomorphisms h: A — A such that «a(b)! o h = h o a(b*) for every b € Op. We will
often write M(B) instead of M(Op, £,n). It is known that M(B) is proper smooth over k
and is irreducible, of dimension [F' : Q]. Denote by A(B) — M(B) the universal Op-linear
abelian scheme over M(B).

(3.2) We will need the fake Hilbert modular schemes in mixed characteristics. If in the above
description of the moduli functor, we consider all scheme S over the ring of Witt vectors W (k),
then the moduli functor is representable by a scheme M(Op, £, n) which is proper and smooth
over W (k), whose closed fiber is naturally isomorphic to the modular variety M(Op, £, n)
over k. Let 77 be the geometric generic point of Spec(W(k)). Then from the theory of
complex uniformization of Shimura varieties one sees that the geometric fundamental group
m(M(Op, L,n)5) is (non-canonically) isomorphic to the profinite completion of an arithmetic
subgroup A of By, the group of norm-one elements in B*.

(3.3) MORITA EQUIVALENCE. We know that Op®0,0,, = M(0,,) for every p € ¥f, because
B is split above all p € Xg,. It is easy to see that for every closed point x € Mp, there
exists a closed point y € M(B) such that the universal polarized (Op ® Z,)-linear p-divisible
group over the formal completion ng at y is Morita equivalent to the universal polarized
(OF ® Z,)-linear p-divisible group over M(F)/%. Similarly for every closed point y € M(B)



there exists a closed point £ € My such that the universal polarized (Op ® Z,)-linear p-
divisible group over M(F)/® is Morita equivalent to the universal polarized (Op ® Z,)-linear

p-divisible group over Mj/gy Ifz € M(F) and y € M(B) are Morita equivalent in the above
sense, then the deformation theory of y € M(B) is isomorphic to the deformation theory of
r € M(F) as above: there exists an isomorphism between M (F)/® and M(B)/Y which is
compatible with the Morita equivalence between the universal p-divisible groups over these
two deformation spaces. In particular the Ekedahl-Oort stratification on M(B) is isomorphic
to the Ekedahl-Oort stratification locally in the etale topology. The codimension one EO-
strata D%  again are parametrized by Ip. The closure Dp, of D} . is smooth for each T,
and )., Dp, is a reduced divisor with normal crossings.

(3.4) Proposition. Fvery non-supersingular EO-stratum in M(F) and M(B) is irreducible.
In particular the divisors Dg, and Dp , are irreducible for every T € Ip.

ProOOF. It follows easily from the incidence relation of the EO-strata on M and M g that the
prime-to-p Hecke correspondences operate transitively on the set of irreducible components

of each EO-stratum. So the non-supersingular EO-strata are irreducible by the proof of [2,
Prop. 4.5.4]. O

(3.5) The analog of the product decomposition 2.5 holds for the fake Hilbert modular variety
M(B): For every closed point y € M(B) there exists a canonical product decomposition

M(B) = T] Def(B,y.p).

peEF,p

This decomposition is compatible with the Morita equivalence explained in 3.3: Suppose that
a closed point x € M(F) is Morita equivalent to a closed point y € M(B), and

M(F)" = [] Def(F,x, )
PEX
is the decomposition of M(F)/®. Then Def(F,x, p) is Morita equivalent to Def(B,y, ¢) for
each g, in the sense that we have an isomorphism induced by an Morita equivalence between
the O-linear p-divisible group X (F,z, p) — Def(F,z, p) and the (0p ®o, O,)-linear p-
divisible group X (B, vy, p) — Def(B,y, p).

84. Local p-adic monodromy

(4.1) Let A(F)[p>] — M(F)° be the (O ®Z,)-linear p-divisible group attached to the
universal Op-linear abelian scheme over the ordinary locus M (F)° in the Hilbert modular
variety M(F) over k. The maximal etale quotient A(F)[p>]e; — M (F)°™ corresponds to a
homomorphism
pr: m(M(F)" ), — (050Z,) = ] 0.
pezF,p

where 7 (M(F)°),, denotes the abelianized fundamental group (M (F)°4). The homo-
morphism pp is called the global p-adic monodromy of M(F)°d. A theorem of Ribet says
that pp is surjective; see [21], [8].



(4.2) Let B be a totally indefinite quaternion division algebra which is split above all places
above p. Consider the (Op®Z,)-linear p-divisible group A(B)[p®] — M(B)* as in §3
and its maximal etale quotient A(B)[p™]s — M(B)™4. Since the ring of (0p®Z,)-linear
endomorphisms of the generic fiber of this (Op®Z,)-linear p-divisible group is Op®Z,, the
global p-adic monodromy for M (B)° is a homomorphism

PB: Wl(M(B)Ord)ab — (Op®Z,)" H OX
PEXF

The proof of Ribet’s theorem applies to the situation of fake Hilbert modular variety as well:
pp 1s surjective.

(4.3) For any closed point z of the Hilbert modular variety My over k, denote byZ(F, z)
the spectrum of the formal completion O;\, M(F) of the local ring at z. Let
U(F,x) == Z(F,z) X pme) M(F)
be the ordinary locus in the formal completion of M(F') at x. The composition
Pt T(U(F, )y — m(M(F)™)y, 25 (0502,) = [[ O
@EEF;D
will be called the local p-adic monodromy homomorphism at x. The local monodromy homo-
morphism
piy: T(U(B. )y — m(M(B)™ )y 22 (0p02,) = ] 0
KJEZFp

for a closed point y € M(B) is defined similarly, where
U(B,y) = Z(B,y) X mm M(B)™,

and Z(B,y) := Spec (O;\W[(B)). Note that the formation of the ordinary locus U(F, x) (resp.
U(B,y)) in Z(F,x) (resp. Z(B,y)) is compatible with the product structure in 2.5.

Remark (i) Since we work over an algebraically closed base field k, the monodromy ho-
momorphisms defined above are the geometric global and local monodromy homomorphisms
respectively.

(ii) In a different but equivalent setup, the image of the geometric local monodromy
homomorphisms are often called the inertia groups.

(4.4) Lemma. Notation as above. Let Z(F,x,p) (resp. Z(B,y,p) be the spectrum of the
coordinate ring of the local formal scheme Def(F, x, ) (resp. Def(B,y, p)) so that

H Z(F,x,p) and Z(B,y) H Z(B,y,p
PETF PEXFp
Then there exist subschemes U(F,x, ) C Z(F,x,p) and U(B,yp) C Z(B,y, go) such that
H U(F,z,p) and U(B,y)= H U(B,y,p

peEF‘,p PGEF;D



PROOF. We abuse notation and denote by X (F,z, p) — Z(F,z, p) the O,-linear polarized
p-divisible group over Z(F, x, p) whose p-adic completion is the O-linear polarized p-divisible
group X (F,z, p) — Def(F, x, p) over Def(F, z, p). Here we have used the fact, from GFGA,
that the category of finite locally free schemes over the formal scheme Def(F, z, p) is iso-
morphic to the category of finite locally free schemes over Z(F,x, ). Because a p-divisible
is an inductive system of finite locally free commutative group schemes, we can pass to the
limit and obtain an isomorphism between the category of p-divisible groups over the formal
scheme Def(F, z, p) and the category of p-divisible groups over Z(F,z, p). Similarly denote
by X(B,y, ) — Z(B,y,p) the (0p®0, O, )-linear polarized p-divisible group whose p-adic
completion is X (B, y, ) — Def(B, vy, p).

Define the open subscheme U(F, z, p) C Z(F,x,p) (resp. U(B,y, ) C Z(B,y, p)) as the
complement of the zero locus of the Hasse invariant corresponding to g, or equivalently the

ordinary locus for X (F,z,p) — Z(F,x,p) (resp. X(B,y,p) — Z(B,y,p)). It is easy to
check that the required properties are satisfied. [

(4.5) The maximal etale quotient X (F,x,p)es — U(F,z,p) of X(F,x,p) — Z(F,z,p)
defines a local p-adic monodromy homomorphism

PFz.p: ﬂ-l(U(Faxa p))ab — O; .

Similarly the maximal etale quotient X (B,y, p) — Z(B,y,p) of X(B,y,p) — Z(B,y, p)
defines a local p-adic monodromy homomorphism

pB7y,p: WI(U<B7y7 p))ab - o; :

Lemma 4.4 implies that the source m(U(F,x))a, of pp. is canonically isomorphic to the
product [T, i (F, 7, o)as. Similarly w1 (U(B, 9))a = [, m(B, 9, 0)ab

(4.6) Lemma. The local p-adic monodromy pg. is equal to the product HPGEF,p PFz,p- Sim-
ilarly the local p-adic monodromy pg,, 1s equal to HpeZF,p PB.y,e-

The proof is obvious and is omitted.

(4.7) The global p-adic representation pr corresponds to a profinite etale (O ®Z,)*-torsor
T(F) — M(F)*? which is irreducible by Ribet’s theorem. For any open subgroup N of
(OF ® Z,)*, denote by T(F')/N the push-out of T(F') by the surjection

(OF@ZP)X - (oF@Zp)X/N'

By construction T(F)/N is an ((Op®7Z,)*/N)-torsor over M(F)°d. Let (T(F)/N)"™ be
the normalization of T(F')/N with respect to M(F') in the function field of T(F)/N.

Similarly, we have a profinite etale (Op ®Z,)*-torsor T(B) — M (B)°*¢ corresponding
to pp. For every open subgroup N C (Or®Z,)* we have a push-out ((Op®Z,)*/N)-torsor
T(B)/N over M(B)™® Let (T(B)/N)"™ be the normalization of T(B)/N with respect to
M(B) in the function field of ¥(B)/N.



(4.8) Proposition. Let N be an open subgroup of (Op®Z,)*. Let x be a closed point of
M(F), and let y be a closed point of M(F).

(1) The finite M(F)-scheme (Z(F)/N)""™ is unramified above x if and only if N contains
the image Im(pp,) of the local monodromy pp,. Similarly the finite M(F')-scheme
(T(B)/N)" o™ is unramified above y if and only if N 2 Im(pp,).

(2) If (2(F)/N)o™ 4s unramified above a point xy of the divisor Dg. for some T € Ip,
then (T(F)/N)"™ is unramified above every point of DY . Similarly if (T(B)/N)"o™
is unramified above a point yy of the divisor Dg, for some T € Ip, then (T(B)/N)"™
is unramified above every point of D%’T.

PROOF. The statement (1) is immediate from the construction of (T(F)/N)"™. The state-
ment (2) is a consequence of the purity of branch locus: The branch locus of (Z(F)/N)*™ is
a union of irreducible components of the complements of the ordinary locus in M(F') which
does not contain x; by assumption, hence it does not meet Dj. because Dj._ is irreducible
by 3.4. O

(4.9) Proposition. Recall that €: Ip — Yp,, is the map which sends any element v: Op —
Op — W (k) in Ip to p.

(1) The images Im(pps,) and Im(pr.,) are equal if there exists an element T € Ip such
that ©1 and x4 belong to DOFJ. Denote by Gr this common image.

(2) Similarly the images Im(pp,,) and Im(pp,,) are equal if there exists T € Ip such that
Y1 and ys belong to D%J. Denote by Gp . this common image.

(3) If e(T) = g, then Gp,; C OF and Gp, C OF.
(4) We have G, = Gp, for every T € Ip.
(5) If e(m1) = €(m2), then G, = G,.

PrOOF. The statements (1) and (2) follow from 4.8. The statement (3) is consequence of
the definition of the local p-adic monodromy and the product structure explained in 4.4.
The statement (4) follows from the Morita equivalence between points on M(F') and M(B)
explained in 3.3.

To prove (5), consider the base change of M(F") by the Frobenius morphism Fr: Spec(k) —
Spec(k), and the p-linear morphism Wg: M(F)— M (F) coming from the F,-rational struc-
ture on M(F). Then Wr maps DY}, , to Dy, and the functoriality of the fundamental
group implies that G, = G,. Since the Frobenius operates transitively on the set ¢ 1(p)
for each g, the statement (5) follows. 0O

(4.10) Theorem. Notation as in 4.9. For any p € Xp,, define H, := G, for any 7 € Ip
such that €(T) = @; it is well-defined by 4.9 (5).



(i) Letx be a closed point of M(F') not in the ordinary locus. Then Im(pp,) is the subgroup
generated by the He;)’s, where T runs through all elements of Ir such that v € Dp,.

(i) Lety be a closed point of M(B) not in the ordinary locus. Then Im(pp,) is the subgroup
generated by all Her)’s, where T runs through all elements of Ir such that y € Dp ..

(iii) The closed subgroup H, C OF depends only on the local field Fy,, and is independent of
the global field F' such that F, occurs as a factor of F' Qg Q,.

PROOF. The statements (i) and (ii) are immediate from 4.8 and 4.9. The statement (iii)
follows from the observation that pp, . depends only on the O-linear polarized p-divisible
group A,[p>], where A, is the fiber over = of the universal abelian scheme. [

§5. Bound from characteristic zero

According to 4.10, the image of the local monodromy is completely determined by the closed
subgroups H, C 0. In §6 we will see that H,, can be determined by a local computation
at a superspecial point, that is a point where all the divisors Dg,’s (or Dp.’s) meet. In this
section we show by a global argument that H, is a subgroup of finite index in Of without
any computation.

(5.1) Theorem. Assume that [F': Q] > 1. Then the closed subgroup H,, of OF s open and
of finite index for each place p of F' above p. Equivalently the product || H,, is of finite

indez in (OF ® Z,)* =] 05

KJGEF,p
peEF,p

ProoFr. Pick and fix a totally indefinite quaternion division algebra B over F' which is split
at all places of F' above p. It suffices to show that there exists a constant C' > 1 such that
[(OF ® Zy)* : N] < C for every open subgroup N of (O ® Z,)* which contains [] 5, H.

Consider the scheme V' := (Z(B)/N)*™ over M(B) as in 4.7. We know from 4.8 (1) that
V' is a finite etale Galois cover over M(B) whose Galois group is (Op ®Z,)* /N. Let MM(B) be
the p-adic completion of the moduli scheme M(Op, £,n) over W (k) in 3.2. Then V' extends
uniquely to a finite etale Galois cover U of 9t(B) because the etale topology is insensitive
to nilpotent extensions. The formal scheme U is the p-adic completion of a scheme V finite
etale over M(Op, £,n) by GFGA.

By Grothendieck’s theorem on specialization of the fundamental group, the Galois group
of V/M(B) is a quotient of the fundamental group of the geometric generic fiber M(Op, £,n);
of M(Op, £,n). We saw in 3.2 that the latter fundamental group is the profinite completion
of an arithmetic subgroup A of B*. By 5.3 below, the abelianization A,, of A is a finite
group. So (Op ® Z,)*/N is a quotient of the finite group A,p, and we obtain [(Op ® Z,)* :
N] < Card(A,p) as the required uniform upper bound. [0

(5.2) Remark. We know that the subgroup H,, C O} depends only on the local field F,
and every finite product of finite unramified extensions of @, can be realized as £ ® Q, for
some totally real number field E. So the proof of 5.1 shows that the assertion in 5.1 holds in



the case F' = Q as well. Of course when F' = Q a classical theorem of Igusa [14] states that
the image of the local monodromy is Z;, so the statement of 5.1 holds when F' = Q anyway;
see [15, Th.2.3.1, p. 143] for a proof of Igusa’s theorem..

(5.3) Proposition. Let G be a semisimple algebraic group over a number field F'. Let S be
a finite set of places of F' which contains all archimedian places. Let A be an S-arithmetic
subgroup of G(F). Assume that G is F-simple and ), _o1kp, (G) > 2. Then the mazimal
abelian quotient A®® = A /AT of A is finite.

This is proved in [17], VIII 2.8 on p. 266.

§6. Local computation

We have seen in 4.10 that to every finite unramified extension field F|, of Q,, there is an
associated closed subgroup H, C O which is the p-component of the image of the local
monodromy homomorphism if F, is a local field of a totally real number field F which is
unramified above p. According to 5.1 H,, is an open subgroup of O;. It is natural to surmise
that H, is equal to OF. We will prove this by a direct computation.

(6.1) Theorem. Notation as above. Then the image H,, of the local monodromy homomor-
phism is equal to O .

(6.2) Let ¢ = p™ be the number of elements of the residue field of O, and write O = O, =
W(F,). Let X, be an O-linear p-divisible group over k of height 2n which is superspecial
in the sense that M(Xo)/(FM + VM) is a free O ®z, k-module of rank one. Here M (X))
denotes the Cartier module of Xj. It is known that X is unique up to O-linear isomorphism.
Moreover X admits an O-linear principal polarization which is unique up to isomorphism.

Let Spf(R(Xj)) be the equi-characteristic deformation space of Xy. Denote by X the uni-
versal O-linear p-divisible group over Spf(R(Xj)). Since a p-divisible group is a limit of finite
locally free group schemes, by GFGA the category of p-divisible groups over Spf(R(Xj)) is
isomorphic to the category of p-divisible groups over Spec(R(Xy)). We will abuse notation
and write X — Spec(R(Xj)) for the O-linear polarized p-divisible group over Spec(R(Xj)) at-
tached to X — Spf(R(Xy)). Let U(Xo) C Spec(R(Xp)) be the ordinary locus in Spec(R(Xj)),
a non-empty dense open subset of Spec(R(Xj)). Let X be the formal completion of X along
its zero section, a smooth formal group over R(X,). We know that the base change of X to
the ordinary locus U(X)) is a formal torus over U(X)), a fortiori the generic fiber X of X is
a formal torus over K

(6.3) Let I := Hom(O, W(k)) = Hom(F,, k) be the set of all ring homomorphisms from O to
W (k). The set I has a natural structure as a torsor over Gal(F,/F,) = Z/nZ, a cyclic group
generated by the arithmetic Frobenius o: x — 2P.

We have a W (k)-linear ring isomorphism W (k)®z, O = [[,.; W(k)., a product of copies
of W(k) indexed by I, such that the obvious embedding O — W (k)®z,O corresponds to the
diagonal embedding O — [],.; W(k),, where the homomorphism from O to the component
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W(k), is given by ¢. Let My = M(X,), with actions by F,V and W (k) ®z, O. The decom-
position W(k)®z,0 = [],., W(k), of W (k) ®z, O gives us a decomposition My = @,erMo,,
where each My, is a free W (k)-module of rank two. Moreover we have F(M,,) C My,4+1 and
V(Mo,) € My, for all v € 1.

(6.4) We know from [13] that there exist W (k)-bases e,, f, for M, such that
Fe,1=f=Ve, Ff_1=pe, =Ve Viel.

We also know that the local deformation space of the O-linear polarized p-divisible group X
is formally smooth of dimension n, so that R(Xjy) is isomorphic to a formal power series ring
over k in n-variables. The argument in [18] applied to the present situation tells us that we
can take R(Xj) to be k[[t,]].es so that the Cartier module of the universal O-linear p-divisible
group to be the left module over the Cartier ring Cart,(k[[t,]]) with generators {e, : ¢ € I},
and relations

Fe,1—Ve 1 —(t)e, =0 Viel.

Here Cart,(k[[t,]]) is the reduced Cartier ring for k[[t,]], and (a) denotes the Teichmiiller
representative of a in W (k[[t,]]) for all a € k[[t,]]. We refer to [25] for Cartier’s theory.

(6.5) In the rest of this section, we choose and fix an element of I and identify I with Z/nZ
via the natural (Z/nZ)-torsor structure of I. This induces an identification of R(X,) with
El[to,t1,...,tn-1]]. Let K be the fraction field of R(Xy). Denote by X*(Xk) the character
group of the O-linear formal torus X over K. We know that X*(Xf) is a free O-module of
rank one, with a O-linear action by the Galois group Galyx of K. So the Galois group Galg
operates on X*(Xg) through a homomorphism

px,: Galg — 0%,
Clearly Galy operates on X*(Xx)/p>X*(Xf) through the composition
px,(mod p*): Galg X 9% (0/p*0)*.

Since the action of Galg on X*(Xf) is isomorphic to the action of Galx on the maximal étale
quotient Xk ¢ the p-divisible group Xg, Thm. 6.1 means that px, is surjective. Lemma 6.6
shows that the surjectivity of px, is equivalent to the surjectivity of px,(modp?), so Thm.
6.1 follows from Thm. 6.7 below.

For any positive integer a, denote by O the subgroup 1 + p*O of 0*.

(6.6) Lemma. Let U be a closed subgroup of O*. Suppose that O* =U-0O5. Then U = O*.

PROOF. Let Uy = UNO;. One knows that (O] )P contains the subgroup O;. The assumption
on U implies that O = Uy- OF. So U; = Of by Nakayama’s lemma, hence 0% = U - Of =
U-Uy=U. 0

11



Remark (i) If p > 2, then (0;)? = O, and the conclusion of 6.6 under the weaker assump-
tion that O = U - O5.

(ii) Analogs of 6.6 for non-commutative p-adic groups often hold under weaker assump-
tions. For instance suppose that V' is a closed subgroup of GL,,(Z,) with p > 2, such that
(a) the image of V in GL,,(F,) is GL,,(F,) and (b) the image of V in GL,,(Z/p*Z) contains
all diagonal matrices in GL,,(Z/p*Z), then V is equal to GL,,(Z,).

(6.7) Theorem. The homomorphism px,(mod p*): Galx — (O/p*0)* is surjective.

We will prove a more precise version of Thm. 6.7 in Thm. 6.14.

(6.8) Consider the commutative smooth formal group Xx over K and its base change Xa
to the algebraic closure K* of K. Denote by M the Cartier module of Xga. As a left module
over the Cartier ring Cart,(K*®), M has generators ey, ..., e, and relations

Fe;,_1 — V€i+1 — <t1>62 =0 Vie Z/?’LZ (681)

Let M; be the Cartier module of the formal torus @m over K?. It is a basic fact that M is
canonically isomorphic to the group of Witt vectors W (K*®) with the standard action by F
and V. One knows from Cartier theory that we have a natural isomorphism

X* (%) /PP X" (Xk) — Homeaw, (o) (M/VPM, My /VEM)

which is compatible with the action of Galg. So the set X*(Xg)/p*X* (Xk) is in natural
bijection with the set of all n-tuples (&;)icz/mz in the group of truncated Witt vectors Ws(K*®)
indexed by I = Z/nZ such that

F&ao=VaEn+ )& YieZ/nk.

(6.9) Write & = (x;, yi, 2;) € W3(K?) for each i € Z/nZ. We have

F&oa = (2, ¥ty #1)
Vi = (0, mi, yi2+1)
(ti)& = (tiws, 6] ys, ] 2)
The condition F'&_ 1 = V&1 + (t;) & on the &’s translates into the following system of
equations in z = (zo, ..., Tn-1),¥ = Y1, Yn-1),2 = (20, -+, Zn_1).
=ty Vi e Z/nZ (6.9.1)
Yiig = tfzyi + Tiy Vi € Z/nZ (6.9.2)
L= by Y0 Cp,a) g Vi € Z/nZ (6.9.3)
where

p—1! _ (=1

Clp.a) T (p—a)! a

(mod p) fora=1,...,p—1.
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(6.10) We call a solution (x,y,2) = (0, -, Tn_1,Y1, - > Yn—1520, - - - » Zn_1) Of the system of
equations (6.9) in (K?)** primitive if all of the x;’s are non-zero (equivalently, one of the
x;’s is non-zero). It is easy to see from the considerations in 6.8 and 6.9 that the following
assertions hold.

(i) The set of all primitive solutions of (6.9) is in natural bijection with the set of all
generators of the O/p*O-module X*(Xx)/p*X* (Xk).

(ii) Let (z,y,z) be a primitive solution of (6.9). Then the field

K(z,y,2) = K(Z0, -, Tn—1,Y0, -+ s Yn—1, 20, - - - » Zn—1)

is a finite abelian extension of K whose Galois group is naturally isomorphic to the
image of the homomorphism px,(mod p?). Note that the latter group is also the image
of H, in (O/p*0)*.

(iii) Notation as in (ii). Then K(x) (resp. K(z,y) is a finite abelian extension of K whose
Galois group is naturally isomorphic to the image of H, in (O/pO)* (resp. in (0/p*0)*).

(6.11) We will transform the equations in 6.9 to a system of equations of Kummer and
Artin-Schreier type. The equations (6.9.1) reduce to one equation

2 =Tt (6.11.1)

After choosing a (p™ — 1)-th root for ty,y,...,t,_1, a non-trivial solution of (6.9.1) is given
by the following formula

Ht”“/ NV VieZ/nZ. (6.11.2)

From the systems of equations (6.9.2), we get

n n n—1 n—2 m n—1 2
Bl= (BT ) e+ T
T R SN i S (6.11.3)

More generally, we have

n—1 n—2—a
(H tz—l—l a> “Yi + Z ( H t2+b+1> : ’L+1 a Vi e Z/TlZ (6114)
b=0

a=0

Finally we turn to (6.9.3). Let

wi =i+ Yy Clp,a) 2 aly “yt (6.11.5)

So (6.9.3) becomes
Zf_l = t‘?Q Zi T Uiyl Vie Z/?’LZ
similar to (6.9.2), and we have

—a

n—1 n—
_ (H e ) z+ Y ( I1 tz_’;bf) WP, , Vi€ Z/nZ (6.11.6)
a=0
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(6.12) Suppose that (xg,...,x,_1) is a non-zero solution of (6.11.1). We want to show that
the Artin-Schreier equations (6.11.4) (resp. (6.11.6)) are irreducible over K(z) (resp. over
K(z,y)). We will do so using a suitable valuation on k[[to, ..., t,-1]].

Let T" be the linearly order abelian group (Z", <), where the linear order is defined as
follows. For any two elements m = (myg,...,m,—1) and m' = (my,...,m/_;) in Z", m < m’
if and only if

e cither |m|:=mo+---+m,_y <my+---+ml_, =:|m/|, or
e |m| = |m/| and there exists an integer ¢ with 0 < ¢ < n — 1 such that m; < m} and

mj; =m} for all 0 < j <.

Denote by v the I'-valued valuation on K such that

v Zamzm =min{m: a, #0}

meNT

for all non-zero elements > a,, t™ in k[[to, ..., tn—1]]. Clearly |v (> an,t™)| is the degree of
the formal power series Y a,, t™.

(6.13) Let (z,y,2) be a primitive solution of (6.9) as before. Choose and fix an extension w
of the valuation v to K(z,y,z), so that the value group I's for w is a subgroup of Q" such
that [['s : Z"] < co. Write the equation (6.11.3) as

yﬁil = An—l Yn—1 + Bn—l ) (6131)
where
n n—1 n—2
Ap =t 8"
and
B _ tpn tpn71 o tp2 x + tpn tpn71 o tp3 ./L‘p + o + tpn tpn71 xpnf?) +tpn xpn72 + :Cpnfl
n—1 0 "1 n—2 0 0 "1 n—3 “n—1 0 "1 3 0 2 1

It is clear that w(A,_1) = (p",p" !,...,p) and

n—1
n—1 p el "2 5
w(Bn—l):w(xp ):— p, Lp"  p" o pT)
! (pn —1) ( )
" n—1
so |w(An_1)| = % and [w(Bp_1)| = p" Jw(a)| = r

A quick look at the equation (6.13.1) for y,,_; with the above information on the degrees
of the coefficients shows that

1 1
W(Yn-1) = —w(By_1) = FH(Il) _

Y2

(p,1,p" 10" % 0% .

RN

The same argument shows that
1
w(y;) = —w(Tit2) Vi€ Z/nZ,
p
and the coordinates of w(y;) is obtained from those of w(y,_1) by a suitable cyclic permutation.
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(6.14) Theorem. Let (z,y,2) be a primitive solution of (6.9). Let w be an extension of the
valuation v to the abelian extension K(z,y) of K, let wy (resp. wy) be the restriction of w to
K(z) (resp. to K(x,y). Let I's (resp. I'1, resp. I'y) be the value group for w (resp. wi, resp.
U)Q).

(i) I'y/Z" is a cyclic group of order p* — 1, and Gal(K(z)/K) = (0/pO)*.
(ii) To/Ty = Z"/pZ", and Gal(K (z,y)/K) = (0/p*0)*.
(iti) Tg/Ty = Z"/p*Z" and Gal(K (z,y,2)/K) = (0/p*0)*.

PROOF. It is immediate from the explicit formula for the z;’s in 6.11 that [['y : Z"] > p" — 1.
By §11 Thm. 19 on p. 55 of [24], we have

[K(2) : K] > [y T] = p" — 1 = Card((0/p0)*)

On the other hand the Galois group Gal(K (z)/K) is isomorphic to a subgroup of (O/pO)*.
The statement (i) follows.

Claim 1. I'y ® Z,) contains %Z?p), where Z, denotes the localization of Z at the prime
ideal (p).

Because the Galois group Gal(K(z,y)/K) is isomorphic to a subgroup of (0/p*0)* and
[K(z): K] =p"—1, we have [K(z,y) : K(z)] <p". On the other hand by [24, §11 Thm. 19

we have [I'y: I't] < [K(z,y) : K(z)]. So the assertion (ii) follows from Claim 1; moreover
[y ® Zgy = %Z?p). Similarly, the assertion (iii) is a consequence of Claim 2 below.

Claim 2. I's ® Z,) contains #Z?p).

PrOOF OF CLAIM 1. The formula for w(y,—1) at the end of 6.13 implies that I'y contains an
element w(y,-1) which is congruent to (0,—1/p,0,...,0) modulo Z{,. The other elements

n

w(y;) satisfy similar congruences, hence I'y ® Z,) contains %Z(p

X We have proved Claim 1.

PrROOF OF CLAIM 2. To prove Claim 2, look at equations (6.11.6). It is easy to see that
the valuation of the constant term of the Artin-Schreier equation for z; is p" tw(y;2) =
p" 2w (xi44). The same argument as before shows that

1

Wzami) = Syulas) = (0.0,0.-1/2,0.....0) {umod (1/5)Z}).

and similar congruences hold for the valuation of other z;’s. Claim 2 follows. We have proved
6.14 and 6.7. Theorem 6.1 follows from 6.7 in view of 6.6. [

(6.15) Remark. For m > 1, denote by K, the fixed field of py!(0), and let I, be the
value group of K,,. It is not difficulty to show by induction on m using the argument 6.14
that ', = p!=™ - T'; for all m > 1.
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(6.16) Remark. (1) The proof of 6.14 is a generalization of the proof of Igusa’s theorem,
Thm. 2.3.1 on page 143 of [15], using Cartier’s theory instead of formal group laws. The
discrete valuation in [15, Thm. 2.3.1] is replaced with a rank-n valuation on k[[to, ..., t,—1]].

(2) It is possible to prove 6.14 using formal group laws as in [15]. To write down the group
law for X, it is convenient to consider the smooth formal group X over W (k)[[to,- .., tn-1]]
whose Cartier module is given by (6.8.1). One can show that the logarithm f(u) of X, a
vector of formal power series in n variables uy, . . ., u,,_1 with coefficients in W(k[[tg, oo taaa]]),
satisfies the following functional equation

flu) = u+p ' T- i(p) (Q_L(p)) _i_p—1i(p2) (g(p2)> |

where
" £ PR
(pa) <t0> O O e 0
U2 ) Uz .
u= : ) u = : ) T = 0 <t1> 0 . 0 )
" 0 0 {ths) O
and f ") (1) is obtained from f(u) by changing its coefficients under the ring homomorphism
from W (k[[to, . .., tn_1]]) to itself which is induced by the continuous k-algebra homomorphism
kllto, - - taa]]l = Kllto, - - taa]]l, & — .

for @ = 1,2. This functional equation for the logarithm of X allows one to compute the
logarithm f(u) and the multiplication-by-p map [p]x(u) for X. From [p|x(u) we can write
down a system of equations for the coordinates of the p3-torsion points in Xx as in [15, Thm.
2.3.1], and analyze the system of equations with the I'-valued valuation used in 6.14.

(3) In theory it should be possible to prove 6.14 by looking at the Galois action on the
cocharacter group X.(Xk)/V™X,.(Xk). The latter group is in natural bijection with the set
of all elements £ € M/V3M such that F¢ = £ If we write £ = ZieZ/nZ,azﬂ,l,Q Vi zq,)ei
with z,,; € K*, then the equation F'§ = £ becomes a system of polynomial equations in the
variables z,; over K. Curiously, although this system equations for z¢;’s and z;;’s can be
analyzed by the same method as in 6.14, it becomes more difficult for the z5,’s. We can show
that [K(xo;,21,) : K] =p"(p" — 1) for any primitive solution (x,;), which implies Thm. 6.1
when p > 2. However we have not been able to handle the case p = 2 with this alternative
approach.

References

[1] J.-F. Boutot. Varieétés de Shimura: Le probleme de modules en inégale caractéristique. In
Variétés de Shimura et Fonctions L. Publ. Math. Univ. Paris VII, 6 (1979), Exposé 111, 43-62

[2] C.-L. Chai. Monodromy of Hecke-invariant subvarieties. Quarterly Journal of Pure and Applied
Mathematics 1 (2005) (Special issue: in memory of Armand Borel), 291-303.

16



3]

[16]

[17]

[18]

[19]

[20]

C.-L. Chai. Hecke orbits as Shimura varieties in positive characteristic. Proc. ICM Madrid 2006,
vol. II, 295-312, European Math. Soc. 2006.

C.-L. Chai. Methods for p-adic monodromy. 22 pages. To appear in J. Inst. Math. Jussieu.
Published online by Cambridge Univ. Press, March 2007.

C.-L. Chai & F. Oort. Monodromy and irreducibility of leaves. Preprint 2008, 32 pp.

C.-L. Chai & F. Oort — Moduli of abelian varieties and p-divisible groups: density of Hecke
orbits and a conjecture by Grothendieck. Summer School on arithmetic geometry, Gottingen
July/August 2006. To appear: Clay Mathematics Proceedings.

P. Deligne & G. Pappas . Singularités des espaces de modules de Hilbert, en les caractéristiques
divisant le discriminant. Compos. Math. 90, 59-79.

P. Deligne & K. Ribet. Values of abelian L-functions at negative integers over totally real fields.
Invent. Math. 59 (1980), 227-286.

H. Hida. p-Adic Automorphic Forms on Shimura Varieties. Springer-Verlag, 2004.
H. Hida. p-Adic Automorphic Forms on reductive groups. Astérisque 296 (2005), 147-254.

H. Hida. The irreducibility of the Iguss tower over unitary Shimura varieties. To appear in the
Shahidi anniversary volume, Clay Mathematics Institute.

T. Ekedahl. The action of monodromy on torsion points of Jacobians. In: Arithmetic algebraic
geoemtry. Eds G. van der Geer, F. Oort, J. Steenbrink, Progress in Mathematics 89, Birkhauser
1991, pp. 41-49

E. Z. Goren & F. Oort. Stratifications of Hilbert modular varieties. Journ. Algebraic Geom. 9
(2000), 111-154.

J. Igusa. On the algebraic theory of elliptic modular functions. J. Math. Soc. Japan 20 (1968),
96-106.

N. M. Katz. P-adic perperties of modular schemes and modular forms. In Modular Fuctions of
One Variable III, LNM 350, Springer-Verlag 1973, 69-190.

D. U. Lee. P-adic monodromy of the ordinary locus of Picard modular varieties. Ph. D. Disser-
tation, Univ. of Pennsylvania, 2005.

G. A. Margulis. Discrete Subgroups of Semisimple Lie Groups. Ergebnisse der Mathematik und
ihrer Grenzgebiete 3. Folge Bd. 17. Springer-Verlag, 1991.

P. Norman. An algorithm for computing local moduli of abelian varieties. Ann. Math. 101
(1975), 499-509.

F. Oort. A stratification of a moduli space of polarized abelian varieties. In: Moduli of abelian
varieties. (Ed. C. Faber, G. van der Geer, F. Oort). Progress in Mathematics 195, Birkhauser
Verlag 2001; pp. 345-416.

M. Rapoport. Compactifications de I'’espace de modules de Hilbert-Blumenthal. Compos. Math.
36 (1978), 255-335.

17



[21] K. Ribet. p-adic interpolation via Hilbert modular forms. Proceed. Sympos. Pure Math. 29
(1975), 581-592.

[22] C.-F. Yu. On reduction of Hilbert-Blumenthal varieties. Ann. Inst. Fourier Grenoble, 53 (2003),
2105-2154.

[23] C.-F. Yu. Discrete Hecke orbit problem on Hilber-Blumenthal modular varieties. Preprint, 2004.
[24] O. Zariski & P. Samuel. Commutative Algebra vol. II. D. Van Nostrand, 1960.

[25] T. Zink. Cartiertheorie kommutativer formaler Gruppen. Teubner-Texte Bd 68, Teubner 1984.

Ching-Li Chai
Department of Mathematics

University of Pennsylvania
Philadelphia, PA 19003, U. S. A.

email: chai@math.upenn.edu
home page: http://www.math.upenn.edu/~chai/

18



