Hecke orbits as Shimura varieties in positive characteristic
Ching-Li Chai∗

Abstract. Let p be a prime number, and let M be a modular variety of PEL type over Fp
which classifies abelian varieties in characteristic p with extra symmetries of a fixed PEL type.
Consider the p-divisible group with extra symmetries consisting of all p-power torsions of
the universal abelian scheme over M. The locus in M corresponding to a fixed isomorphism
type of a p-divisible group with extra symmetry is called a leaf by F. Oort. Each leaf is a
smooth locally closed subvariety of the modular variety M which is stable under all prime-to-p
Hecke correspondences on M. Oort conjectured that every Hecke orbit is dense in the leaf
containing it. Tools fashioned for this conjecture include (a) rigidity, (b) global monodromy,
and (c) canonical coordinates. The theory of canonical coordinates generalizes the classical
Serre–Tate coordinates; it asserts that locally at the level of jet-spaces, every leaf is built up
from p-divisible formal groups through a finite family of fibrations in a canonical way. The
Hecke orbit conjecture is affirmed when M is a Siegel modular variety classifying principally
polarized abelian varieties of a fixed dimension, and also when M is a Hilbert modular variety
classifying abelian varieties with real multiplications. The proof of the Siegel case, joint with
F. Oort, uses the irreducibility of non-supersingular leaves in Hilbert modular varieties due to
C.-F. Yu. That proof relies heavily on a special property of Siegel modular varieties: The set of
Fp -rational points of a Siegel modular variety Ag,n is filled up by Fp -rational points of Hilbert
modular varieties contained in Ag,n . Possible directions for further progress include Tate-linear
subvarieties and p-adic monodromy. The title of this article suggests that each leaf deserves to
be viewed as a Shimura variety in characteristic p in its own right.
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1. Introduction
Let p be prime number and let k ⊃ Fp be an algebraically closed field fixed throughout
this article; the field k will serve as the base field of modular varieties. The reader
may want to take k = Fp .
We are interested in Hecke symmetries on the reduction to k of a Shimura variety.
Because the theory of integral models of Shimura varieties are not fully developed
yet, we will restrict to a small class of Shimura varieties, call modular varieties of PEL
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type. Such a modular variety classifies abelian varieties with prescribed polarization
and endomorphisms of a fixed type.
We will further restrict our attention to the prime-to-p Hecke symmetries. Since
these symmetries come from finite étale isogeny correspondences for the universal
abelian scheme over a modular variety M, they preserve all p-adic invariants of
geometric fibers of the universal Barsotti–Tate group on M. Familiar examples of
p-adic invariants include the p-rank and the Newton polygon. In 1999 F. Oort had the
insight that if one uses “the mother of all p-adic invariants”, namely the isomorphism
class of the geometric fibers of the universal Barsotti–Tate group, then instead of a
stratification of M by a finite number of subvarieties, one gets a decomposition of M
into an infinite number of smooth locally closed subvarieties. In [30] these subvarieties
are called central leaves, which we simplify to leaves here. In general the leaves in a
given modular variety have moduli: They are parametrized by a scheme of finite type
over k. Oort’s Hecke orbit conjecture asserts that the leaves are determined by the
Hecke symmetries: Every prime-to-p Hecke orbit is dense in the leaf containing it.
In this article we explain techniques motivated by the Hecke orbit problem: global
-adic monodromy (Proposition 3.3), canonical coordinates on leaves (§4), hypersymmetric points (§5), local stabilizer principle (Proposition 6.1) and local rigidity
(Theorem 6.2). The first is group-theoretic, while the rest four constitutes an effective “linearization method” of the Hecke orbit problem, which is illustrated in 6.3.
The techniques developed so far are strong enough to affirm the Hecke orbit conjecture for Siegel modular varieties and Hilbert modular varieties. Advances in p-adic
monodromy may lead to further progress; see §7.
In many ways a leaf in a modular variety M over a field of characteristic p
resembles a Shimura variety in characteristic zero:
• The action of the Hecke symmetries on a leaf is topologically transitive according to the Hecke orbit Conjecture 3.2.
• By Proposition 3.3, the -adic monodromy of a leaf of positive dimension in
M is G(Q ), where G is a semisimple group attached to M.
• A leaf is homogeneous in the sense that the local structure of a leaf are the same
throughout the leaf, in view of the theory of canonical coordinates in §4.
• It seems plausible that a suitable parabolic subgroup P of an inner twist G of
G attached to a leaf C is closely related to the p-adic monodromy of C; see
§7.2. Hints of such a connection already appeared in [21].
• The theory of canonical coordinates suggests that one considers a leaf C as
above to be “uniformized” by G /P in a weak sense.
The above analogy depicts a scene in which a Shimura variety spawns an infinitude
of morphed characteristic p replicas while reducing itself modulo p, an image that
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resonates with the mantra of Indra’s Pearls1 . We hope that the readers find this
analogy somewhat sound, or perhaps even pleasing.

2. Hecke symmetry on modular varieties
A modular varieties of PEL type classifies abelian varieties with a prescribed type of
polarization, endomorphisms and level structure. To a given PEL type is associated a
tower of modular varieties. A locally compact group, consisting of prime-to-p finite
adelic points of a reductive algebraic group over Q, operates on this tower; this action
induces Hecke correspondences on a fixed modular variety in the tower.
2.1. PEL data. Let B be a finite dimensional semisimple algebra over Q, let OB
be a maximal order of B maximal at p, and let ∗ be a positive involution on B
preserving OB . Let V be a B-module of finite dimension over Q, let ·, · be a Qvalued nondegenerate alternating form on V compatible with (B, ∗), and let h : C →
EndB⊗Q R (V ⊗Q R) be a ∗-homomorphism such that
√
(v, w) → v, h( −1)w
defines a positive definite real-valued symmetric form on V ⊗Q R. The 6-tuple
(B, ∗, OB , V , ·, ·, h) is called a PEL datum unramified at p if B is unramified at p
and there exists a self-dual Zp -lattice in V ⊗Q Qp stable under OB .
2.2. Modular varieties of PEL type. Suppose that we are given a PEL datum
(B, ∗, OB , V , ·, ·, h) unramified at p, one associates a tower of modular varieties
p
(MK p ) indexed by the set of all compact open subgroups K p of G(Af ), where G

p
is the unitary group attached to the pair (EndB (V ), ∗), and Af = =p Q is the
ring of prime-to-p finite adeles attached to Q. The modular variety MK p classifies
abelian varieties A with endomorphisms by OB plus prime-to-p polarization and
level-structure, whose H1 is modeled on the given PEL datum; see [20, §5] for details.
p

2.3. Hecke symmetries. The group G(Af ) operates on the whole projective sysp
tem (MK p ). If a level subgroup K0 is fixed, then on the corresponding modular
p
variety MK p the remnant from the action of G(Af ) takes the form of a family of
0
algebraic finite étale algebraic correspondences on MK p ; they are known as Hecke
0
correspondences.
For a given point x ∈ MK p (k), denote by H p · x the subset of MK p (k) consisting
0
0
of all elements which belongs to the image of x under some prime-to-p Hecke correspondence on MK p . The countable set H p · x is called the prime-to-p Hecke orbit
0
p
of x; it is equal to the image of G(Af ) · x̃ in MK p (k), where x̃ ∈ limK p MK p (k) is a
←
−
0
pre-image of x.
1 Cf. the preface of [25].
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2.4. Examples
2.4.1. Siegel modular varieties. Let g, n ∈ N, (n, p) = 1, and n ≥ 3. Denote
by Ag,n the modular variety over k which classifies all g-dimensional principally
polarized abelian varieties (A, λ) over k with a symplectic level-n structure η. Two
k-points [(A1 , λ1 , η1 )], [(A2 , λ2 , η2 )] in Ag,n are in the same prime-to-p Hecke orbit
if and only if there exists a prime-to-p quasi-isogeny β (=“β2  β1−1 ”)
β1

β2

β : A1 ←− A3 −→ A2
defined by prime-to-p isogenies β1 and β2 such that β respects the principal polarizations λ1 and λ2 in the sense that β1∗ (λ1 ) = β2∗ (λ2 ). The semisimple algebra B in
the PEL datum is equal to Q. The reductive group G attached to the PEL datum is
the symplectic group Sp2g . The modular variety attached to the principal congruence
p
subgroup of level-n in Sp2g (Af ) is Ag,n .
2.4.2. Hilbert modular varieties. Let E = F1 × · · · × Fr , where F1 , . . . , Fr are
totally real number fields. Consider the PEL datum where B = E, ∗ = IdE , and V
is a free E-module of rank two. Then the reductive group attached to the PEL datum
is the kernel of the composition

E/Q

det

GL2 −→



NmE/Q

Gm −−−−→ Gm ,

E/Q


where E/Q denotes Weil’s restriction of scalars functor from E to Q. A typical member of the associated tower of modular varieties is ME,n , with n ≥ 3 and (n, p) = 1,
which classifies [E : Q]-dimensional abelian varieties A over k, together with a
ring homomorphism ι : OE = OF1 × · · · × OFr → End(A), an OE -linear level-n
structure η, and an OE -linear polarization of A.
There are different versions of polarizations; the one in [14] is as follows. It is
sym
a positivity-preserving OE -linear homomorphism λ : L → HomOE (A, At ) from an
projective rank-one OE -module L with a notion of positivity, which induces an OE ∼
linear isomorphism λ : A ⊗OE L −
→ At , where At is the dual abelian variety of A.
The modular variety ME,n is not smooth over k if any one of the totally real fields Fi
is ramified above p; if so then ME,n has moderate singularities – it is a local complete
intersection.
The prime-to-p Hecke orbit of a point [(A, ιA , λA , ηA )] ∈ ME,n (k) consists of
all points [(B, ιB , λB , ηB )] ∈ ME,n (k) such that there exists a prime-to-p OE -linear
quasi-isogeny from A to B which preserves the polarizations.
2.4.3. Picard modular varieties. Let L be an imaginary quadratic field contained
in C such that p is unramified in L. Let a, b be positive integers, and let g =
a + b. For the PEL datum, we take B = L with the involution induced by the
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complex conjugation, a g-dimensional vector space V over L, and an L-linear complex
structure h : C → EndL⊗Q R (V ⊗Q R) on V ⊗Q R satisfying the following condition:
For every element u ∈ L ⊂ C, the trace of the action of u on V1 is equal to au + bu,
where V1 = {v ∈ V ⊗Q C : h(z)(v) = z · v for all z ∈ C}. We also fix a ring
homomorphism ε : OL → k, i.e. a OL -algebra structure on k.
Let n ≥ 3 be a positive integer, (n, p) = 1. The Picard modular variety ML,a,b,n
over k classifies OL -linearg-dimensional abelian varieties (A, ι) of signature (a, b),
together with a principal polarization λ : A → At such that λ  ι(u) = ι(u)t  λ for all
u ∈ OL , and a symplectic OL -linear level-n structure. The signature condition above
is that
det OL ⊗Z k (T · Id − ι(u)|Lie(A, ι)) = (T −ε(u))a ·(T −ε(u))b ∈ k[T ] for all u ∈ OL .
As before the prime-to-p Hecke orbit of a point [(A, ιA , λA , ηA )] ∈ ML,a,b,n (k)
consists of all points [(B, ιB , λB , ηB )] ∈ ML,a,b,n (k) such that there exists a primeto-p OL -linear quasi-isogeny from A to B which preserves the polarizations.

3. Leaves and the Hecke orbit conjecture
3.1. Leaves in modular varieties in characteristic p
Definition 3.1. Let M = MK p be a modular variety of PEL type over k as in 2.2.
0
Let x0 be a point in M(k). The leaf CM (x0 ) in M passing through x0 is the reduced
locally closed subvariety of M over k such that CM (x0 )(k) consists of all points x =
[(A, λ, ι, η)] ∈ CM (x0 )(k) such that the Barsotti–Tate group (or p-divisible group)
(A[p∞ ], λ[p∞ ], ι[p∞ ]) with prescribed polarization and endomorphisms attached
to x is isomorphic to that attached to x0 .
Remark. (i) The notion of leaves was introduced in [30]; it was studied later by Vasiu
in [38].
(ii) In addition to being locally closed, every leaf in M is a smooth subvariety
of M and is closed under all prime-to-p Hecke correspondences.
3.2. The Hecke orbit conjectures. The Hecke orbit conjecture HO, due to Oort,
asserts that the decomposition of a modular variety M of PEL type into leaves is
determined by the Hecke symmetries on M. It is equivalent to the conjunction of the
continuous version HOct and the discrete version HOdc below.
Conjecture 3.2 (HO). Every prime-to-p Hecke orbit in a modular variety of PEL
type M over k is dense in the leaf in M containing it.
Conjecture (HOct ). The closure of any prime-to-p Hecke orbit in the leaf C containing it is an open-and-closed subset of C, i.e. it is a union of irreducible components
of the smooth variety C.

300

Ching-Li Chai

Conjecture (HOdc ). Every prime-to-p Hecke orbit in a leaf C meets every irreducible
component of C.
3.3. Global -adic monodromy. The discrete Hecke orbit conjecture is essentially
an irreducibility statement, in view of the following result on global monodromy.
Proposition 3.3. Let M be a modular variety of PEL type attached to a reductive
group G over Q as in 2.2. Let Gsc
der be the simply connected cover of the derived
group of G. Let x0 ∈ M(k) be a point of M such that the prime-to-p Hecke orbit
of x0 with respect to every simple factor of Gsc
der is infinite. Let Z(x0 ) be the Zariski
closure of the prime-to-p Hecke orbit of x0 for the group Gsc
der in the leaf C(x0 )
in M containing x0 . Then Z(x0 ) is irreducible, and the Zariski closure of the -adic
monodromy group of Z(x0 ) is Gder (Q ) for every prime number  = p.
Remark. (i) A stronger version of 3.3 for Siegel modular varieties is proved in [5].
The argument in [5] works for all modular varieties of PEL type.
(ii) The irreducibility statement in Proposition 3.3 is a useful tool for proving
irreducibility of a given subvariety Z of modular varieties of PEL type which are
stable under the prime-to-p Hecke correspondences: It reduces the task to proving
Hecke transitivity on π0 (Z).
3.4. Some known cases of the Hecke orbit conjecture
Theorem 3.4. The Hecke orbit conjecture HO holds for Siegel modular varieties.
Theorem 3.5. The Hecke orbit conjecture HO holds for Hilbert modular varieties
attached to a finite product F1 × · · · × Fr of totally real fields. Here the prime p may
be ramified in any or all of the totally real fields F1 , . . . , Fr .
Remark. (i) Theorem 3.4 is joint work with F. Oort. Details of the proof of Theorem 3.4 will appear in a monograph with F. Oort. The proof of the continuous version
HOct in the Siegel case uses Theorem 3.5.
(ii) The proof of Theorem 3.5 is the result of joint work with C.-F. Yu; the proof
of the discrete version, i.e. the irreducibility of non-supersingular leaves in Hilbert
modular varieties, is the work of C.-F. Yu.
(iii) Among the methods used in the proof of Theorem 3.4, the action of the local
stabilizer subgroup and the trick of using Hilbert modular subvarieties first appeared
in [2], where the case of Theorem 3.4 for ordinary principally polarized abelian
varieties was proved.
(iv) A detailed sketch of the proof of Theorem 3.4 can be found in [4].

4. Canonical coordinates on leaves
4.1. Classical Serre–Tate coordinates. Recall that an abelian variety A over k is
ordinary if the Barsotti–Tate group A[p∞ ] is the extension of an étale Barsotti–Tate

Hecke orbits as Shimura varieties in positive characteristic

301

group by a toric Barsotti–Tate group over k. It has been more than forty years when
Serre and Tate discovered that the local deformation space of an ordinary abelian variety A over k has a natural structure as a formal torus over W (k) of relative dimension
dim(A)2 . For Siegel modular varieties, their result says that if x = [(A, λ)] ∈ Ag,n (k)
is a closed point of Ag,n such that A is an ordinary abelian variety, then the formal
/x
completion Ag,n of Ag,n → Spec(Z) has a natural structure as a formal torus over
W (k) of relative dimension g(g+1)
2 , where g = dim(A). Notice that the ordinary locus
of Ag,n over k is equal to the dense open stratum in the Newton polygon stratification
of Ag,n .
The above approach generalizes to modular variety of PEL type, to the effect
that the mixed-characteristic local deformation space for a point in the dense open
Newton polygon stratum of a modular variety M of PEL type can be built up from
Barsotti–Tate groups over W (k) by a system of fibrations; see [23].
There is a long-standing question as to whether one can find a reasonable theory
of canonical coordinates for points outside the generic Newton polygon stratum of a
modular variety of PEL type. It turns out that the answer is yes if one restricts to a
leaf in a modular variety.
4.2. The slope filtration. The starting point is the observation that there exists a
natural slope filtration on the restriction of the universal Barsotti–Tate group to a leaf;
moreover the slope filtration gives the local moduli of a leaf.
Proposition 4.1. Let M be a modular variety of PEL type over k attached to a PEL
datum (B, ∗, OB , V , ·, ·, h) as in 2.2. Let C be a leaf in M. Let X̃ → C be the
restriction to C of the Barsotti–Tate group attached to the universal abelian variety.
(i) There exist rational numbers μ1 , . . . μm with 1 ≥ μ1 > · · · > μm ≥ 0 and
Barsotti–Tate groups
0 = X̃0 ⊂ X̃1 ⊂ X̃2 ⊂ · · · ⊂ X̃m = X̃
over C such that Ỹi := X̃i /X̃i−1 is a non-trivial isoclinic Barsotti–Tate group
over C of slope μi for each i = 1, . . . , m.
(ii) The filtration 0 = X̃0 ⊂ X̃1 ⊂ X̃2 ⊂ · · · ⊂ X̃m = X̃ is uniquely determined
by X̃ → C. Each subgroup X̃i ⊆ X̃ is stable under the natural action of
OB ⊗Z Zp .
(ii) For each i = 1, . . . , r the Barsotti–Tate group Ỹi → C is geometrically constant, hence Ỹi is isomorphic to the twist of a constant Barsotti–Tate group by
a smooth étale Zp -sheaf over C.
Remark. (i) That Ỹi is isoclinic of slope μi means that the kernel of the N-th iterate
of the relative Frobenius for Ỹi is comparable to the kernel of [pNμi ]X̃i /X̃i−1 for all
sufficiently large multiples of the denominator of μi .
(ii) The proof of Proposition 4.1 depends on [42] and [34].

302

Ching-Li Chai

4.3. The cascade structure. Combining Proposition 4.1 with the Serre–Tate theorem, one sees that the local moduli of a leaf C comes from the deformation of the
slope filtration.
Let x = [(A, ι, λ, η)] ∈ M(k) be a closed point of the modular variety M, and let
FilA[p∞ ] = (0 = X0 ⊂ X1 ⊂ · · · ⊂ Xm = A[p ∞ ]) be the slope filtration of A[p∞ ].
Let Yi = Xi /Xi−1 for i = 1, . . . , m. For each pair (i, j ) with 1 ≤ i ≤ j ≤ m, let
Def([i, j ], ι) = Def([i, j ], ι[p∞ ]) be the deformation functor over k of the filtered
Barsotti–Tate group
0 ⊂ Xi /Xi−1 ⊂ Xi+1 /Xi−1 ⊂ · · · ⊂ Xj /Xi−1
with action by OB ⊗Z Zp . Each Def([i, j ], ι) is a smooth formal scheme over k,
and Def([i, i], ι) = Spec(k) for each i. For 1 ≤ i < j ≤ m, let DE(i, j ; ι) =
DE(i, j ; ι[p∞ ]) be the deformation functor of the filtered Barsotti–Tate group 0 ⊂
Yi ⊂ Yi ×Spec(k) Yj with action by OB ⊗Z Zp ; it is a smooth formal scheme over k.
Each DE(i, j ; ι) has a natural structure as a smooth commutative formal group over k;
the group structure comes from via Baer sum. Notice that Def([i, i + 1], ι) is a torsor
over DE(i, i + 1; ι]) for i = 1, . . . , m − 1.
We have a family of forgetful morphisms
π[i+1,j ],[i,j ] : Def([i, j ], ι]) → Def([i + 1, j ], ι),

1 ≤ i < j ≤ m,

π[i,j −1],[i,j ] : Def([i, j ], ι) → Def([i, j − 1], ι),

1≤i<j ≤m

and

such that
π[i+1,j −1],[i+1,j ]  π[i+1,j ],[i,j ] = π[i+1,j −1],[i,j −1]  π[i,j −1],[i,j ]

if i ≤ j − 2.

Each morphism π[i+1,j ],[i,j ] is smooth, same for each π[i,j −1],[i,j ] .
For each pair (i, j ) with 1 ≤ i < j ≤ m, define a commutative smooth formal
group

π[i+1,j
],[i,j ] : DE(i, [i + 1, j ]; ι) → Def([i + 1, j ], ι)
as follows. For each Artinian local ring R over k and for each R-valued point
f : Spec(R) → Def([i + 1, j ], ι) corresponding to a deformation
0 ⊂ X̃[i+1,i+1] ⊂ · · · ⊂ X̃[i+1,j ]
of the filtration (0 ⊂ Xi+1 /Xi ⊂ · · · ⊂ Xj /Xi ) over R, define the set of R-valued
points of DE(i, [i + 1, j ], ι) over f to be the set of all isomorphism classes of extensions of X̃[i+1,j ] by Yi ×Spec(k) Def([i + 1, j ], ι). It is easy to see that π[i+1,j ],[i,j ] has

a natural structure as a torsor for π[i+1,j
],[i,j ] . Similarly one can define a commutative
formal group

π[i,j
−1],[i,j ] : DE([i, j − 1], j ; ι) → Def([i, j − 1]
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for 1 ≤ i < j ≤ m so that π[i,j −1],[i,j ] has a natural structure as a torsor for

π[i,j
−1],[i,j ] .
Consider the natural map
π[i,j ] : Def([i, j ], ι) → Def([i + 1, j ], ι) ×Def([i+1,j −1],ι) Def([i, j − 1], ι)
defined by the maps π[i+1,j ],[i,j ] and π[i,j −1],[i,j ] . It turns out that in a suitable sense
the map π[i,j ] has a natural structure as a torsor for a biextension of


DE([i + 1, j − 1], j ; ι), DE(i, [i + 1, j − 1]; ι)
by (the base extension to Def([i + 1, j − 1], ι) of) the commutative smooth formal
group DE(i, j ; ι) if i ≤ j − 2. Notice that for the two factors of the target of the
map π[i,j ] , the first factor Def([i + 1, j ], ι) → Def([i + 1, j − 1], ι) is a torsor for
the group DE([i + 1, j − 1], j ; ι) → Def([i + 1, j − 1], ι), while the second factor
Def([i, j − 1], ι) → Def([i + 1, j − 1], ι) is a torsor for the group DE(i, [i + 1,
j − 1]; ι) → Def([i + 1, j − 1], ι).
The formal structure of a family such as

MDE = Def([i, j ], ι]), Def([i, j ], ι), π[i+1,j ],[i,j ] ,



π[i,j −1],[i,j ] , π[i+1,j
],[i,j ] , π[i,j −1],[i,j ] , π[i,j ]
will be called a cascade, following the terminology in [23], although the situation
here is somewhat more complicated than [23].
When x is a point of the generic Newton polygon stratum of M, the maximal subcascade of MDE fixed by the involution induced by the polarization λ coincides with
the formal completion M /x of M at x. So M/x is built up from suitable subgroups of
the commutative formal groups DE(i, j ; ι[p∞ ]) over k through a family of fibrations;
see [23].
4.4. Maximal p-divisible subcascade. Suppose that x lies outside the generic Newton polygon stratum. Then when one deforms the slope filtration, the resulting
Barsotti–Tate group may fail to remain geometrically constant. It turns out that
the maximal reduced closed formal subscheme of Def([0, m]; ι) is in some sense the
maximal p-divisible subcascade of the cascade MDE of formal groups attached to x;
the latter is built up from the maximal p-divisible formal subgroups DE(i, j ; ι)pdiv
of DE(i, j ; ι), with (i, j ) running through all pairs with 1 ≤ i < j ≤ m.
The polarization λ of the abelian variety A induces an involution on the formal
scheme Def([0, m]; ι]). and also an involution of the maximal p-divisible subcascade
MDEpdiv of the cascade of formal groups MDE attached to x ∈ M(k). The maximal
closed formal subscheme of the formal scheme underlying MDEpdiv is equal to the
formal completion C /x of the leaf C in M containing x. In particular C /x is built up
from p-divisible formal groups over k through a family of fibrations.
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4.5. The two slope case. Let X, Y be isoclinic Barsotti–Tate groups over k with
slopes μX < μY . Let hX and hY be the height of X and Y respectively. Let
DE(X, Y ) be the deformation functor over k of the filtration 0 = Y ⊂ X ×Spec(k) Y ;
it is a commutative smooth formal group over k. Let DE(X, Y )pdiv be the maximal
p-divisible formal subgroup of the commutative smooth formal group DE(X, Y )
over k.
Let M(X) and M(Y ) be the Cartier module of X and Y respectively. We refer
to [43] for the Cartier theory. On HQ := HomW (k) (M(X), M(Y )) ⊗Z Q we have a
σ -linear operator F and a σ −1 -linear operator V on HQ given by
(V · h)(u) = V (h(V −1 u)), (F · h)(u) = F (h(V (u))

for all h ∈ HQ , u ∈ M(X).

Clearly HomW (k) (M(X), M(Y )) is stable under the action of F .
Theorem 4.2. Notation as above.
(i) The p-divisible formal group DE(X, Y )pdiv is isoclinic of slope μY − μX ; its
height is equal to hX · hY .
(ii) The Cartier module of DE(X, Y )pdiv is naturally isomorphic to the maximal
W (k)-submodule of HomW (k) (M(X), M(Y )) which is stable under the actions
of F and V .
(iii) Suppose that Y = Xt is the Serre dual of X. Then we have a natural involution ∗ on DE(X, X t )pdiv , and the Cartier module of the maximal formal
subgroup of DE(X, Xt )pdiv fixed under ∗ is the maximal W (k)-submodule of
HomW (k) (S2 (M(X)), W (k)) which is stable under the actions of F and V .
Remark. (i) See [8] for a proof of Theorem 4.2.
(ii) The set of all p-typical curves in the reduced Cartier ring functor, with three
compatible actions by the reduced Cartier ring over k, plays a major role in the proof.
(iii) The case when we have a maximal order OB ⊗Z Zp in an unramified semisimple
algebra B ⊗Q Qp over Qp operating on X and Y is easily deducible from Theorem 4.2.

5. Hypersymmetric points
Over a field of characteristic zero one has the notion of special points in modular
varieties of PEL type, corresponding to abelian varieties of CM-type (or, with sufficiently many complex multiplications). On the other hand, it is well-known that
every abelian variety over Fp has sufficiently many complex multiplications, so one
can say that every Fp -point of a modular variety M of PEL type is “special”. But
there are points in M that are more distinguished than others – they correspond to
abelian varieties whose OB -endomorphism ring is “as big as allowed by the slope
constraint”.
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Definition 5.1. (i) Let B be a simple algebra over Q, and let OB be an order of B.
Let A be an abelian variety over k, and let ι : OB → End(A) be a ring homomorphism.
We say that (A, ι) is a hypersymmetric OB -linear abelian variety if the canonical map
EndOB (A) ⊗Z Zp → EndOB (A[p∞ ]) is an isomorphism.
(ii) Let M be a modular variety of PEL type as in 2.2. A point x ∈ M(k) is hypersymmetric if the underlying OB -linear abelian variety (Ax , ιx ) is hypersymmetric.
Remark 5.2. (i) When B = Q, it is easy to see that an abelian variety A over k is
hypersymmetric if and only if it is isogenous to a finite product of abelian varieties
B1 ×· · ·×Br defined over a finite field Fq such that the action of the Frobenius element
Fr Bi ,Fq on the first -adic cohomology group of Bi has at most two eigenvalues for
each i = 1, . . . , r, and Bi and Bj share no common slope if i = j . See [9, §2, §3].
(ii) One can use the method in [9, §5] to show that there exist hypersymmetric
points on any leaf of a modular variety of PEL type over k. However one has difficulty
showing the existence of hypersymmetric points on every irreducible component of
a given leaf of a modular variety, without knowing or assuming the irreducibility of
the leaf.
(iii) If the semisimple Q-rank of the reductive group G attached to the PEL datum
for the modular variety M is equal to one, then every Fp -point of M is hypersymmetric. For instance, every Fp -point of the modular curve is hypersymmetric. One
consequence of this phenomenon is that one cannot simply substitute “special points”
by “hypersymmetric points” and expect to get a reasonable formulation of the AndréOort conjecture in characteristic p; see [9, §7].

6. Action of stabilizer subgroups and rigidity
6.1. Stabilizer subgroups. Let M be a modular variety over k of PEL type as in 2.2.
Attached to a point x ∈ M(k) corresponding to a quadruple (Ax , ιx , λx , ηx ) are two
compact p adic groups:
• Let Gx (Zp ) = Aut OB (Ax [p∞ ], λx [p∞ ]). We call Gx (Zp ) the local p-adic
automorphism group at x, and
• Let Hx be the unitary group attached to the semisimple algebra with involution
(EndOB (Ax ) ⊗Z Q, ∗x ), where ∗x is the Rosati involution attached to λx . Let
Hx (Zp ) be the group of Zp -points of Hx with respect to the integral structure
given by End(Ax ). We call Hx (Zp ) the local stabilizer subgroup at x. We have
a natural embedding Hx (Zp ) → Gx (Zp ).
6.2. Action on deformation space. We have a natural action of Gx (Zp ) on M/x ,
the formal completion of M/x . This action comes from the combination of
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(a) a classical theorem of Serre and Tate, which states that the deformation functor
for the abelian variety Ax is canonically isomorphic to the deformation functor
attached to the Barsotti–Tate group Ax [p∞ ], and
(b) the action of Gx (Zp ) on the deformation functor for the OB -linear Barsotti–Tate
group (Ax [p∞ ], ιx [p∞ ]) by “change of marking”, or “transport of structure”.
The local stabilizer subgroup Hx (Zp ) can be regarded as the p-adic completion
of the stabilizer subgroup at x in the set of all prime-to-p Hecke correspondences.
Consequently the local stabilizer principle holds:
Proposition 6.1 (Local stabilizer principle). If Z is a closed subvariety of M stable
under all prime-to-p Hecke correspondence and x ∈ Z(k) is a closed point of Z, then
the formal completion Z /x ⊂ M/x of Z at x is stable under Hx (Zp ) for the action
described in 6.2.
The local stabilizer principle can be effectively deployed for studying Heckeinvariant subvarieties when combined with the rigidity result below.
Theorem 6.2 (Local rigidity). Let X be a p-divisible formal group over k. Let H
be a connected reductive linear algebraic subgroup over Qp and let ρ : H (Qp ) →
(Endk (X) ⊗Zp Qp )× be a rational linear representation of H (Qp ) such that the
composition of ρ with the left regular representation of Endk (X) ⊗Zp Qp does not
contain the trivial representation of H (Qp ) as a subquotient. Let Z be an irreducible
closed formal subscheme of X. Assume that Z is stable under the natural action of
an open subgroup U of H (Qp ) on X. Then Z is a p-divisible formal subgroup of X.
The proof of 6.2 is elementary; see [6]. An instructive special case of 6.2 asserts
that any irreducible closed formal subvariety of a formal torus over k which is stable
under multiplication by 1 + pn for some n ≥ 1 is a formal subtorus.
6.3. Linearization of the Hecke orbit problem. The combination of the local stabilizer principle and local rigidity leads to an effective linearization of the Hecke
orbit problem: Consider the case when M is a Siegel modular variety Ag,n and
x ∈ Ag,n (Fp ) corresponds to a g-dimensional principally polarized abelian variety
Ax defined over Fp with two slopes λ < 1−λ. Then the formal completion C(x)/x at x
of the leaf C(x) containing x has a natural structure as an isoclinic p-divisible formal
group of hight g(g+1)
and slope 1−2λ. The local stabilizer principle and Theorem 6.2
2
imply that the formal completion at x of the Zariski closure of the prime-to-p Hecke
orbit of x is a p-divisible formal subgroup of C(x)/x ; moreover this p-divisible formal
subgroup is stable under the natural action of the local stabilizer subgroup Hx (Zp ).
Continuing the situation above, and assume that Ax is hypersymmetric in the sense
of 5.1. Then the Zariski closure of the prime-to-p Hecke orbit of x coincides with the
irreducible component of C(x) in an open neighborhood of x, because the action on
the local stabilizer subgroup Hx (Zp ) on the Cartier module of the p-divisible formal
group C(x)/x underlies an absolutely irreducible representation of Hx (Qp ).
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6.4. Hypersymmetric points and the Hecke orbit conjecture. Let x ∈ M(Fp ) be
an Fp point of a modular variety M of PEL type, and let Z(x) be the Zariski closure
in the leaf C(x) of the prime-to-p Hecke orbit of x. The argument in 6.3 shows that
the continuous Hecke orbit conjecture HOct for Z(x) would follow if one can show
that there exists a hypersymmetric point y in Z(x).
The Hecke orbit conjecture HO for Hilbert modular varieties comes into the proof
of the continuous Hecke orbit conjecture HOct for Siegel modular varieties at this
juncture. After a possibly inseparable isogeny correspondence, one can assume that
the given point x ∈ Ag,n lies in a Hilbert modular subvariety in Ag,n . After another
application of the local stabilizer principle, one is reduced to the case when the abelian
variety Ax has only two slopes. With the help of Theorem 3.5, one sees that Z(x)
contains the leaf through x in a Hilbert modular subvariety containing x, hence Z(x)
contains a hypersymmetric point in Ag,n . See [4] for a more detailed outline of the
argument.
Remark 6.3. (i) The proof of the Hecke orbit conjecture for Siegel modular varieties
outlined above relies on a special property of Siegel modular varieties: For every
point x ∈ Ag,n (Fp ), there exists a Hilbert modular variety ME,n , a finite-to-one
correspondence f : ME,n → Ag,n equivariant with respect to the prime-to-p Hecke
correspondences, and a point y ∈ ME,n (Fp ) above x. See [4, §9], labeled as the
“Hilbert trick”. The point is that, every Fp -point of Ag,n lies in a subvariety which
is essentially the reduction of a “small” Shimura subvariety of positive dimension,
namely a Hilbert modular variety attached to a product E of totally real fields such that
dimQ (E) = g. Here “small” means that every factor of the reductive group attached
to the Shimura subvariety has semisimple Q-rank one.
(ii) The property that every rational point over a finite field lies in the image of
a small Shimura variety of positive dimension holds for modular varieties of PEL
type C, but fails for modular varieties of type A and D. Consequently, the Hecke orbit
conjecture for modular varieties of PEL type C is within reach by available methods,
while new ideas are needed for PEL types A and D, or the reduction of general Shimura
varieties.

7. Open questions and outlook
We discuss two approaches toward a proof of the Hecke orbit conjecture for Siegel
modular varieties without resorting to the Hilbert trick.
7.1. Tate-linear subvarieties in leaves. For simplicity, we consider the special case
of a leaf C in a Siegel modular variety Ag,n , such that every point of C corresponds
to a g-dimensional principally polarized abelian variety with two slopes λ < 1 − λ.
This assumption implies that the formal completion C /x of C has a natural structure
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as an isoclinic p-divisible formal group with slope 1 − 2λ and height g(g+1)
2 , for any
closed point x ∈ C.
An irreducible closed subvariety Z ⊂ C is said to be Tate linear at a closed point
x ∈ Z if the formal completion Z /x is a p-divisible formal subgroup of C /x . It can be
shown that if Z is Tate-linear at one closed point of C, then it is Tate-linear at every
closed point of the smooth locus of Z
Remark. (i) The proof that the property of being Tate-linear propagates from one
point of Z to every point of Z depends on a global version of canonical coordinates.
The case when C is the ordinary locus of Ag,n has been documented in [7], where
several issues related to the notion of Tate-linear subvarieties are addressed.
(ii) The notion of Tate-linear subvarieties is inspired by the Hecke orbit problem:
Suppose that M is a modular variety of PEL type contained in a Siegel modular
variety Ag,n , and x ∈ M(Fp ) ∩ C(Fp ) is a point of M such that the abelian variety Ax
attached to x has two slopes λ < 1 − λ. Then the Zariski closure of the Hecke orbit
H p · x in the leaf CM (x) is a Tate linear subvariety of C.
Question 7.1. The most intriguing question about the notion of Tate-linear subvarieties is whether every Tate-linear subvariety of a leaf C in Ag,n is (an irreducible
component of) the intersection of C with the reduction of a Shimura subvariety of
Ag,n in characteristic 0.
It seems plausible that the answer is a qualified yes. This naive expectation will
be termed the global rigidity conjecture.
Remark. (i) If the global rigidity conjecture is true, then the notion of Tate-linear
subvarieties provides a geometric characterization for subvarieties of C which are
equal to (an irreducible component of) the intersection of C with the reduction of a
Shimura subvariety of Ag,n .
(ii) The global rigidity conjecture should be considered as being stronger than the
continuous Hecke orbit conjecture HOct : Continuing the set-up as in §7.1. Let Z be
the Zariski closure in the leaf CM (x) in M containing x of the prime-to-p Hecke orbit
in M. Then Z is a Tate-linear subvariety, by Theorem 6.2. Moreover if the global
rigidity conjecture is true, then one can deduce without difficulty that Z is a union of
irreducible components of C(x).
7.2. p-adic monodromy. As we saw in 6.3, the combination of the local stabilizer
principle, canonical coordinates and the local rigidity theory achieves a certain level
of localization for the Hecke orbit problem. This linearization allows one to approach
the Hecke orbit problem through the p-adic monodromy: Let Z be the Zariski closure
of a given prime-to-p Hecke orbit H(x) in the leaf C containing H(x). Consider
the restriction to Z of the universal Barsotti–Tate group A[p ∞ ] → M over the
modular variety M. Over the leaf C, the Barsotti–Tate group A[p∞ ] → C admits a
slope filtration; the p-adic monodromy attached to the associated graded of the slope
filtration of A[p∞ ] → Z will be called the naive p-adic monodromy of A[p∞ ] → Z.
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Conjecture 7.2. The naive p-adic monodromy of the family A[p∞ ] → Z is “as large
as possible”, in the sense that the image of the naive p-adic monodromy representation
is an open subgroup of the group of Qp -points of a suitable Levi subgroup L of an
inner twist G of G attached to Z, where G is the reductive group attached to the PEL
data for M.
Remark. (i) Conjecture 7.2 for the Zariski closure Z of an Hecke orbit implies the
continuous Hecke orbit conjecture HOcont .
(ii) Conjecture 7.2 is a p-adic analogue of Proposition 3.3.
(iii) As a weak converse to Conjecture 7.2, the method of the proof of Proposition 7.4 below should enable one to show that the Hecke orbit conjecture HO implies
Conjecture7.2, using a hypersymmetric point as the base point.
Remark 7.3. Given an abelian scheme A → S, where S a scheme over Fp , we
would like to show that the naive p-adic monodromy for A → S is “as large as
possible”, subject to obvious constraints, such as cycles on the family A → S. As
an intermediate step toward this goal, one would like to show that, when S is the
spectrum of a Noetherian local integral domain and the Newton polygon of the closed
fiber of A → S is different from the Newton polygon of the generic fiber, the naive
p-adic monodromy for the generic fiber of A → S is large in a suitable sense.
When dim(A/S) = 1, the above wish is a classical theorem of Igusa. The argument of Igusa was generalized in [3] to the case of a one-dimensional p-divisible
formal group with ordinary generic fiber. The same argument applies to the case of a
p-divisible formal group with ordinary generic fiber such that the dimension and the
codimension are coprime; details will appear in an article with D. U. Lee.
Proposition 7.4. Let Aor
g,n be the ordinary locus of a Siegel modular variety Ag,n
over k, where g ≥ 1, n ≥ 3, (n, p) = 1, and the base field k ⊇ Fp is algebraically
or
∞
closed. Let A → Aor
g,n be the universal abelian scheme over Ag,n . Let A[p ]et →
or
∞
or
Ag,n be the maximal étale quotient of A[p ] → Ag,n ; it is an étale Barsotti–Tate
group of height g. Let E0 be an ordinary elliptic curve defined over Fp , and let
x0 = (A0 , λ0 ), where A0 is the product of g copies of E0 , and λ0 is the product
principal polarization on A0 . Let Tp = Tp (A0 [p∞ ])et ) be the p-adic Tate module
of the étale p-divisible group A0 [p∞ ]et ; it is naturally isomorphic to the direct sum
of g copies of Tp (E0 [p∞ ]et ) ∼
= Zp , so GL(Tp ) is naturally isomorphic to GLg (Zp ).
Let ρ : π1 (Aor
,
x
)
→
GL(T
p ) be the naive p-adic monodromy representation of
g,n 0
∞
or
A[p ] → Ag,n . Then the image of ρ is equal to GL(Tp ) ∼
= GLg (Zp ).
Proof. Let B be the product of g copies of A1,n , diagonally embedded in Ag,n . Let E0
be an ordinary elliptic curve defined over a Fp , and let x0 = (A0 , λ0 ), where A0 is
the product of g copies of E0 , and λ0 is the product principal polarization on A0 . Let
O = End(E0 ). Then O ⊗Z Zp ∼
= Zp × Zp , corresponding to the natural splitting
of E0 [p∞ ] into the product of its toric part E0 [p∞ ]tor and its étale part E0 [p∞ ]et .
So we have an isomorphism End(A0 ) ∼
= Mg (O), and a splitting End(A0 ) ⊗Z Zp ∼
=
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Mg (O) × Mg (O) corresponding to the splitting of A0 [p∞ ] into the product its toric
and étale parts. Denote by pr : (End(A0 ) ⊗Z Zp )× → GL(Tp ) ∼
= GLg (Zp ) the
projection corresponding to the action of End(A0 )⊗Z Zp on the étale factor A0 [p∞ ]et
of A0 [p∞ ]. The Rosati involution ∗ on End(A0 ) interchanges the two factors of
End(A0 ) ⊗Z Zp . It follows that U(O(p) ⊗Z Zp , ∗) is isomorphic to GL(Tp ) under the
projection map pr, therefore the image of U(O(p) , ∗) in GL(Tp ) is dense in GL(Tp ).
Here O(p) = O ⊗Z Z(p) , and Z(p) = Q ∩ Zp is the localization of Z at the prime ideal
(p) = pZ.
By a classical theorem of Igusa, the p-adic monodromy group of the restriction
to B, i.e. ρ(Im(π1 (B, x0 ) → π1 (Ag,n , x0 ))), is naturally identified with the product
of g copies of Zp× diagonally embedded in GL(Tp ) ∼
= GLg (Zp ). Denote by D this
subgroup of GL(Tp ).
Let R(p) = End(A0 ) ⊗Z Z(p) ∼
= Mg (O) ⊗Z Z(p) . Every element u ∈ R(p) such
that u∗ u = uu∗ = 1 gives rise to a prime-to-p isogeny from A0 to itself respecting
the polarization λ0 . Such an element u ∈ R(p) gives rise to
• a prime-to-p Hecke correspondence h on Ag,n having x0 as a fixed point, and
• an irreducible component B  of the image of B under h such that B   x0 .
By the functoriality of the fundamental group, the image of the fundamental group
π1 (B  , x0 ) of B  in π1 (Aor
g,n , x0 ) is mapped under the p-adic monodromy representation ρ to the conjugation of D by the element pr(h) ∈ GL(Tp ). In particular,
ρ(π1 (Aor
g,n , x0 )) is a closed subgroup of GL(Tp ) which contains all conjugates of D
by elements in the image of pr : U(E(p) , ∗) → GL(Tp ).
Recall that the image of U(E(p) , ∗) in GL(Tp ) is a dense subgroup. So the monodromy group ρ(π1 (Ag,n , x0 )) is a closed normal subgroup of GL(Tp ) ∼
= GLg (Zp )
which contains the subgroup D of all diagonal elements. An easy exercise in group
2
theory shows that the only such closed normal subgroup is GLg (Zp ) itself.
Remark. (i) There are at least two published proofs of Proposition 7.4 in the literature,
in [15] and [16, chap. V §7] respectively.
(ii) In the proof of 7.4, one can use as the base point any element [(A1 , λ)] of Aor
g,n
such that A1 is separably isogenous to a product of g copies of an ordinary elliptic
curve E1 over Fp .
(iii) As already mentioned before, the argument of Proposition 7.4 applies to leaves
in modular varieties of PEL type. Since we used a hypersymmetric point as the base
point, a priori this argument applies only to those irreducible components of a given
leaf which contain hypersymmetric points.
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