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§1. Introduction

(1.1) We begin with an impressionistic description of the first part of the title. Throughout
this paper p denotes a prime number, and « is a field of characteristic p.

A Tate-linear formal variety over k is a noetherian smooth formal scheme over x of with an
extra structure, called a Tate-linear structure. The Tate-linear structure of T is governed by
a sheaf N of nilpotent groups on Spec(x) with the fpqc topology, and N determines 7. On
a formal level, N looks like a “fundatmental group of T". Thus Tate-linear formal varieties
share certain group theoretic features with compact nilmanifolds.

A prominent feature of Tate-linear formal varieties is that every Tate-linear formal variety
T over a base field k of characteristic p is assembled from a finite collection of isoclinic p-
divisible groups over k. More precisely, the Tate-linear structure of T" produces

e a finite subset slope(T") C (0, 1] N Q, close the slopes of T,

e a finite family of Tate-linear formal varieties T, 4 indexed by pairs a, b € slope(T") with
a <b,

e a structure of an isoclinic p-divisible group over x on Tj with slope b, for every
b € slope(T),



e closed embeddings Jia, b, (as.t] © Tlasp] =+ Tjar,p for triples ay,as,b € slope(T’) such that
a; < ay <D,

e an action of the p-divisible group Tj, ) on T}, compatible with the embedding jiq s,
of Ty into Tiap), for each pair (a, b) in slope(7’) with a < b,

e formally smooth morphisms (g p,1abe] @ Tjabe] — Lapy] for triples a, by, by € slope(T)
such that a < b; < b,.

such that the action of T}y, y,) on Tjg p,) makes iy b, (a,bs] & Tlpy,b,)-torsor over Ti, ) whenever
(b1, b2) Nslope(T) = 0. Thus T is assembled from its isoclinic building blocks T}, 4’s through
a family of fibrations with p-divisible formal groups as fibers.

The second part of the title refers to following property of Tate-linear formal varieties.

Let T be a Tate-linear formal variety over a perfect field of characteristic p. Let
G be a compact p-adic Lie group, and let p : G — Aut(T) be an action of G on
T which respects the Tate-linear structure. Assume that the action p of G on T
is strongly nontrivial. Then every reduced irreducible closed formal subscheme of
T stable under the action of G is a Tate-linear formal subvariety.

It is the main theorem of this article, c.f. 5.1} Two passages in the above statement need to
be clarified.

(a) Since the action p respects the Tate-linear structure on 7', G operates on each isoclinic
building block T}, of T. The assumption that p is strongly nontrivial means that
for every a € slope(T), none of the Jordan-Hélder component of the action dp of
the Lie algebra Lie(G) of G on the Dieudonné module D, (7faq)) ®z Q is the trivial
representation of Lie(G).

(b) A Tate-linear formal subvariety is a closed embedding j : 7" — T of a Tate-linear
formal variety 7" into T" which respects the Tate-linear structures on 77 and 7.

The above assertion appears to be unreasonably strong at first sight, because there isn’t any
obvious reason why Tate-linear structures are so rigid that a very weak condition on p would
trigger such a robust response. All we can say is that the orbital rigidity phenomenon is
inextricably intertwined with Tate-linear structures. In some sense the class of Tate-linear
formal varieties is almost determined by this rigidity property if the examples in [1.2.2] are

included; c.f. [1.4](i)—(iv).
(1.2) What are Tate-linear formal varieties
(1.2.1) Let & be a field of characteristic p. A Tate-linear structure on a noetherian formal

scheme 7" over & is by definition an isomorphism « : 7" = Ng/N as sheaves on the category
GSch,, of all k-schemes with respect to the fpqc topology, where



e N is a Tate unipotent group over k, and
e Ny is the Mal’cev completion of N.

Such a pair (7, «) is called a Tate-linear formal variety over k, and T' is necessarily formally
smooth over k, i.e. it is isomorphic to the formal spectrum of a formal power series ring
Kl[ug, ..., uy]] over k.

We need to explain two critical ingredients in the above definition, Tate unipotent groups
and the Mal’cev completion of a torsion free nilpotent group.

(a) A Tate unipotent group over k is a sheaf of groups on the big fpqc site &ch,, together
with a decreasing filtration FiljN of normal subgroups indexed by (0, 1], with the
following properties.

— There exists a finite subset slope(IN) C (0,1] N Q, called the slopes of N, such
that
erty N = Fily N/Fil3*N

is non-trivial if and only if s € slope(IN).

— [Fil3} N, Fil?2N]gp C Fil 72N for all s1,s9 € (0,1], where [, |gp denotes the
group commutator (z,y) — z ly tzy.

— For each s € slope(IN), there exists an isoclinic p-divisible group Y; over x and an
isomorphism grgy; N = @n Yi[p"] as fpqc sheaves on Scbh,.. The transition maps
Y,[p"*1] — Y,[p"] in the projective limit above are induced by [py, , multiplication
by p on Y.

See definition[3.2.4] Note that the sheaf N of groups is unipotent of class not exceeding
card(slope(N)), and is torsion-free and uniquely ¢-divisible for every prime number

l # p.

(b) Ng is the Mal’cev completion of the sheaf of torsion-free unipotent groups N. Recall
that the Mal’cev completion Ng of a torsion free unipotent group N is characterized
by the following property: Ng is a uniquely divisible unipotent group containing N
such that for every element x € Ng, there exists a positive integer n > 0 such that
" € N. See §2|for a review and references.

REMARK. To illustrate why it is essential to consider sheaves for the fpqc topology on
Spec(k), we only need to examine the example [1.2.2)(i) of Tate-linear formal varieties: a
p-divisible formal group X over k, whose associated Tate unipotent group is the p-adic Tate
module T, (X) = lim X[p"] of X, and the Mal’cev completion of T,(X) is T)(X)g =
T,(X) ®z Q. Then T,(X)(S) = (0) = Tp(X)g(S) for every noetherian local rk-algebra
S. However T,(X)g/T,(X) has many points with values in artinian local k-algebras R;
an element of (T,(X)qg/T,(X))(R) corresponds to an element of (T,(X)g/T,(X))(S) in a
faithfully flat commutative R-algebra S plus a descent datum for S/R.



It is fair to say that the above definition of Tate-linear formal varieties feels dry and stale.
We will try to soften it with some examples and comments.

(1.2.2) Examples of Tate-linear formal varieties

(i)

(i)

(iii)

Every p-divisible group X over x is a Tate-linear formal variety over k. The Tate
unipotent group here is the p-adic Tate module of X, defines as the projective limit
T,(X) = Hm X|[p"] in the category of fpqc sheaves on &ceh,.

Let X,Y,Z be p-divisible groups over k. Every biextension £ — X x Y of (X,Y)
by Z is a Tate-linear formal variety over x. The Tate unipotent group N here is a
central extension of X x Y by Z, such that N is split over X and also over Y, so
that NN is a semi-direct product of Z x X With Y and also a semi-direct product of
Z x Y with X. Here X = lim X[p” m Y[p"] and Z = lim Z[p"]. The Weil
pairings 5, : X[p"] x Y[p"] — ,n>1o he biextension E determines the group
commutator on Ng, and Vice versa. See [4.3] for further explanation, and [21] for the
notion of biextensions.

Let X be a p-divisible group over s, and let Def (X)), be the closed formal subscheme
of the equi-characteristic deformation space of X representing all sustained deforma-
tions of X. Then Def (X)), is a Tate-linear formal variety over x. The associated
Tate unipotent group here is

T, (ut™(X)°) := Jim aut™(X)°,

the projective limit of the neutral components of the projective system of stabilized
Aut group schemes of X. If s; < --- < s, are the distinct slopes of X, then
slope (T, (@ut™*(X)")) consists of the r(r — 1)/2 numbers s; — s;, i < j. Moreover
T, (ut™(X)°) is nilpotent of class at most r — 1. See [7, Ch.58§4] for the definition
of the projective system @ut**(X)°, and [7, Ch. 6 85] for the definition of Def (X)

sus”

Let (Y, \) be a polarized p-divisible group, and let Def (Y, \)_ . be the closed formal
subscheme of the equi-characteristic deformation space of Y representing all sustained
deformations of (Y, \). Then Def (Y, A)_ . is a Tate-linear formal variety over x attached

to the Tate unipotent group

sus

T, («ut™ (Y, \)") := lim o/ut™ (Y, \)".

See [7, Ch.5§4] for the definition of @ut*(Y,\)°, and [7, Ch. 6 §6] for the definition of
Def (Y. \)

sus”

It follows that for every central leaf C in a Siegel moduli scheme 47 4,, which classifies
g-dimensional polarized abelian varieties of degree d plus principle level-n structures
over an algebraically closed field k of characteristic p, n > 3 and every k-point xq in C,
the formal completion C/*° is a Tate-linear formal variety over k. We recall that the
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central leaf C(z() passing through a k-point x, is the locally closed smooth subvariety
of C such that C(x)(k) consists of isomorphism classes [(A, u, ()] of g-dimensional
polarized abelian varieties (A, ) over k with level-n structure ¢ such that the polarized
p-divisible group (A[p>], u[p>]) is isomorphic to (Y, A); c.f. [22]. See also [§], [6] and
[7, Ch. 6] for a scheme-theoretic definition of central leaves via the notion of sustained
polarized p-divisible groups.

(1.2.3) REMARK. (a) These examples show that for the Tate-linear formal variety TL(IN)
attached to a Tate-unipotent group N over «, one may regard IN as “the Tate Z,-module of
TL(N)”, while the Mal’cev completion Ng, may be thought of as “the Tate Q,-module” of
TL(N)”.

(b) The fundamental group I' of a compact nilmanifold M is a finitely generated nilpotent
group. The Mal’cev correspondence says that there exists a nilpotent Lie Q-algebra n of
finite dimension over Q and an isomorphism between the Mal’cev completion I'g of I' and
the Q-points of the nilpotent algebraic group N over Q with Lie algebra n. The injective
homomorphisms I' — I'g = N(Q) — N(R) identifies I" as a co-compact discrete subgroup of
the nilpotent Lie group N(R), and M is isomorphic to N(R)/I". This is the analogy between
Tate-linear formal varieties and compact nilmanifolds mentioned in [1.2.1]

(c) Many Tate-linear formal varieties, including sustained deformation spaces Def (X)_ . in
(ii), are cascades whose group-consituents are p-divisible formal groups, in the sense of [20].
It would be interesting to determine which ones among such cascades come from Tate-linear

formal varieties.
(1.3) How to prove orbital rigidity of Tate-linear formal varieties

(1.3.1) The orbital rigidity for p-divisible formal groups, first proved for formal tori in [4]
§6], and extended to all p-divisible formal groups in [5], relies on the method of hypocotyl
elongation. This is a result in what Abhyankar called “high school algebra”. See [5, Prop. 3.1]
for a precise statement, and also for an equivalent formulation. In a simplified version,
this method allows one to deduced a desired equality of the form

flg1(x), ., 9a(%), i (y), ..., he(y)) =0

in a power series ring K[[Z1,...,Zm, Y1, -.,Ym]] over a field k of characteristic p, where
f(ug, ..., uq,v1,...,vp) is a formal power series over a field x of characteristic p in two sets

of variables x and y, ¢1(x),...,9.(X) € K[[z1,...,zn]], P1(¥), -, h(y) € E[[y1, -, Ym]]
from an infinite family of congruences

Flgi(x), .. ga(x), Ay (x)P™), .. hp(x)P") = 0 mod (21, ..., 2m)" V1 > ng

TN

in a single set of variables zq, ..., x,,, provided that lim,, . ’;—n =0.
In the proof of orbital rigidity of p-divisible formal groups, we are given a p-adic Lie group
G acting strongly nontrivially on a p-divisible formal group X, and a reduced irreducible
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closed formal subscheme W of X stable under G. We may assume that the p-divisible group
splits into a product Y x Z, where Z is isoclinic and all slopes of Y are strictly smaller than
the slope of Z. We want to show that W is stable under the translation action by pr, (W),
where pr, is the projection from X to Z. In other words, given any formal function ¢ on X
which vanishes on W, we want to show that the pull-back of ¢ to W x W under the map
(wq,ws) +— wy + pry(ws) is the O-function on W x W. We apply hypocotyl prolongation,
where

e ¢ =dim(X), b=dim(2),
e f is the pull-back of ¢ to X x X under the map (z1,zs) — 1 + pry(xs),
e the functions (g1, ..., g,) are the coordinates of the inclusion map W — X,

e the functions (hy,...h;) are the coordinates of the composition of W — Z with the
endomorphism of Z attached to the action of an element v € Lie(G) on Z, after
multiplying v by a power of p if necessary, and

e the required infinite family of congruence relations is the result of an easy first order
approximation to the “one-parameter subgroup” expq(p™v), with ¢/r equal to the
slope of Z.

For a given pull-back f as above, we get many equalities as the outputs of hypocotyl elonga-
tion, one for each one-dimensional subspace of Lie(G). The condition that G acts strongly
non-trivially implies that the identities from varying v’s imply that f vanishes on W x W
for every formal function ¢ on X which vanishes on X, as desired.

(1.3.2) Naturally one tries to use the same method tackle orbital rigidity for Tate-linear
formal varieties. But one encounters a serious difficulty, which shows up already in the first
nontrivial case of a biextension F of (X,Y) by Z, where X,Y, Z are isoclinic p-divisible
groups over x such that slope(X) + slope(Y) = slope(Z) = £, t,r € Noy. Given a “one-
parameter subgroup” expq(p"™v) of G, in general there does not exist a morphism h : £ — Z
such that translation by [p™]z o h is a first-order approximation to the action of expg(p'™v)
in a large infinitesimal neighborhood U,, of the base point of E. This difficulty led to the
uncertainly as to whether orbital rigidity holds only for p-divisible formal groups, or it is a
general phenomenon for all Tate-linear formal varieties. In the latter case, there is also the
related question on a good notion of Tate-linear formal varieties and their Tate-linear formal
subvarieties.

This unfortunate state of affairs lasted many years, until we realized that the compati-
bility relation between the actions of expg(p'™v) and exps(p™*Pv) on E shows the action
of the whole one-parameter subgroup exp.(pv) on E can be approximated by a “gener-
alized formal morphism” from E to Z, whose coordinate functions lie in a non-noetherian
complete local ring S of “generalized formal functions” on E, sandwiched between the affine
coordinate ring Rp of E and the completion (R2™)" of the perfection of Rp. This ring S



is an example of tempered perfections of Rg. The collection of tempered perfections of Rg
is a filtered family of subrings of (R2™)". Elements of (R2™)" which lies in some tempered
perfection of Rg are called tempered virtual functions on the formal scheme E. It turns out
that the method of hypocotyl elongation also holds for tempered virtual functions. After this
critical upgrade of the main technical tool, the strategy for orbital rigidity of p-divisible for-
mal groups also works for biextensions. See [5] for a first draft of this proof a few years ago,
and [7, Ch. 10] for an updated version. We refer to [7, Ch. 10 §7] for more information about
tempered perfections, and [7, Ch.108§5] for hypocotyl elongation in tempered perfections.
See also (respectively for a review of tempered perfections (respectively hypocotyl
elongation in tempered perfections).

(1.4) After the proof of orbital rigidity of biextensions of p-divisible formal groups, there was
no doubt that the same method would establish orbital rigidity of other equivariant formal
varieties, such as sustained deformation spaces Def (X)), of (certain classes of) p-divisible
formal groups X over fields of characteristic p. The question was:

What would be a good notion of Tate-linear formal varieties which includes all
examples in and has the orbital rigidity property?

A candidate was proposed in [0], based on the notion of terraced Tate unipotent groups
in 3.1l Tao Song proved an orbital rigidity result for sustained deformation spaces of p-
divisible groups with at most 4 slopes in his 2022 Penn thesis [29]. In [10] D’Addezio and
van Hoften defined a formal schemes over IE_'p with extra structures, corresponding to Tate-
linear formal varieties for which p is strictly bigger than the nilpotency class of the associated
Tate unipotent groups, and proved orbital rigidity using the method hypocotyl elongation
in tempered perfection.

The definition of Tate-linear formal varieties and subvarieties in this article is more flexible
than the one in [6]. In addition, the resulting class of Tate-linear formal varieties satisfy
properties (i)—(iv) below.

(i) Sustained deformation spaces of p-divisible groups over x are Tate-linear formal vari-
eties.

(ii) Orbital rigidity holds for Tate-linear formal varieties.

(iii) Every Tate-linear formal variety 7' can be embedded, up to isogeny, in a sustained

deformation space Def (X),, . as a Tate-linear formal subvariety.

(iv) For every Tate-linear formal variety 7" and every Tate-linear formal subvariety 7" of
T, there exists an action p, . of an open subgroup of Z, on the pair (7',7") which
respects the Tate-linear structures.

The statement (iii) follows from [3.2.24] a consequence of an analog of Ado’s theorem. The
statement (iv) follows from [3.4.6]



(1.5) The rest of this paper organized as follows. In §2| we review the Mal’cev completion
of torsion free nilpotent groups, the Mal’cev correspondence between nilpotent uniquely
divisible groups and nilpotent Lie (Q-algebras, the Baker-Campbell-Hausdorff formula and its
inversion. The basics of Tate unipotent groups, their Mal’cev completions, and the associated
Tate unipotent Lie algebras are given in The definition and elementary properties of Tate-
linear formal varieties are presented in §4] Orbital rigidity of Tate-linear formal varieties are
treated in §§5H6l The reduction steps are explained in and the proof of the key theorem
[b.2]is given in §6l Here is a more detailed guide.

(i) The scheme of the proof of via hypocotyl elongation in tempered perfections is
explained in In particular, given any element v € Lie(G), a tempered virtual
morphism 3[v] : TL(N) --» Z constructed in , where Z is an isoclinic p-divisible
group acting on TL(N) such that TL(N) is a Z-torsor and TL(IN)/Z is a Tate-linear
formal variety all of whose slopes are strictly smaller than the slope of Z. This virtual
morphism 3[v] : TL(N) --» Z can be thought of as the first order approximation for the
action on TL(N) of the one-parameter subgroup exp.(p™v) for all sufficiently divisible
positive integers n; see M(a) It is fed into the hypocotyl elongation machine to
establish the desired equalities.

(ii) The tempered virtual morphism 3[v] is constructed out of an infinite family of maps
dn[v] }Un from infinitesimal neighborhoods U, of the base points of TL(N) to Z. They
satisfy a compatibility relation [6.2.2 The map is the restriction to U, of a morphism
dp[v] defined in . A formula for the morphism 3,[v]| y, 1 obtained in using the
Baker-Campbell-Hausdorff formula, which implies the required compatibility property
0.2.2l

(iii) The equalities obtained from the hypocotyl elongation machine indicated in (i) means
that in the statement of[5.2] the given reduced irreducible formal subscheme of TL(N)
stable under the action of G is stable under translation by the schematic image of
the tempered virtual map 3[v], for all v € Lie(G). Statements (a)f(b) follows
from this and the assumption that G operates strongly nontrivially on TL(N). The
inseparability assertion (c) is deduced from the facth(b) that 3[v] respects the
Z-torsor structure of TL(N).

Acknowledgements. We owe an enormous intellectual debts to Mumford’s paper [21].
Biextensions of p-divisible groups, introduced in [2I], provide an ideal testing ground for
determining whether orbital rigidity holds for Tate-linear formal varieties which are not
p-divisible formal groups. In addition, the explicit construction of the Weil pairings as struc-
tural cocycles of biextensions in [2I], §5] kept us from going astray during the conception of
tempered virtual formal morphisms E --+ Z attached to one-parameter groups of automor-
phisms of a biextension E of (X,Y) by Z. The first author would also like to thank the
support of a Simons Fellowship 561644 and a Simons Foundation collaboration grant 701067
during his research on the two related topics of this article.
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8§2. Localization of nilpotent groups and Mal’cev completion

In this section we summarize some basic properties of nilpotent groups and their localizations.
Proofs can be found in the references cited in the next paragraph.

The Mal’cev completion of finitely generated torsion free nilpotent group was first con-
structed in [17], which relied heavily on the papers [18] [19] on fundamental groups of nil-
manifolds, i.e. homogeneous spaces for connected finite dimensional nilpotent Lie groups.
See also Raghunathan [26], Ch. 2] for an account of Mal’cev’s original approach. The Mal’cev
completion can be regarded as a special case of the theory of localization of (locally) nilpo-
tent groups, and was reworked by Lazard [16], Quillen [25] and others; c.f. [2], [15], [14]. For
general background on nilpotent groups, we refer to [11], [2], [30]; see also [9] for a textbook
treatment of nilpotent group accessible to advanced undergraduate students.

(2.1) For any group G, denote by
G=7(G) 27%(G) 2 2%(G) 2 %in(G) 2 -

the descending central series (or lower central series) of G, defined inductively by 7,411 =
|G, 7i(G)]grp for all i > 1. Here [G, 7i(G)]grp is the subgroup of G generated by all commu-
tators [a, b]gyp := a~'b"'ab with a € G and b € v;(G). Let

G(G) € GR(G) C--- CG(G) € Gul(G) C---

be the ascending central series of G, defined inductively by (;(G) = Z(G), the center of G,
and (;+1(G)/G(G) = Z(G/G(G)) for all i > 1. We say that G is nilpotent of class at most c,
where c is a positive integer, if 7..1(G) = {1}, or equivalently if (.(G) = G.

(2.2) (Hall-Petresco formula) For every free group F,(x1,...,%,) with free generators
Ty .., Ty, define words 7, (2) = Tm(®1, ..., 2m) € Fu(21,...,2,) recursively for n =
1,2,... by

n n n
n

22 =1y (2) D) 1 (2) ) g () ().

(2.2.1) LEMMA. The Hall-Petresco word T, ,, lies in the n-th term of the descending central
series of the free group Fy,(x1,...,Ty), i.e€.

Tnm(T1y ooy Tm) € Yu(Fin(T1, ..., Tm)) V1 € Ny,
Moreover for any integer r > 1, let
P = For (Y1, o Ymgr) = Fon(21, -, Tin)

be the group homomorphism between free groups such that hy, ,(y;) = x; fori=1,...,m and
hm,r(yr+j> =1 fOTj = ]., o, T Then

hmﬂ"<7_n7m+7“<y17 v 7ym+7’)) = 7—n,m(xla e axm) Vn e NZl-
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An application of the Hall-Petresco formula is the following result due to Blackburn.

(2.2.2) PROPOSITION. For every pair p,c, where p is a prime number and c is a positive
integer, define an integer f(p,c) recursively (in c) by f(p,1) =0 and

fp.c)=flp,e=1) +max{i eN|p' <¢} Ve>2.

Then for every nilpotent group N of class at most ¢ and every integer n > f(p,c), every
finite product of p"-th power of elements of N is the p" TP _th power of some element of
N.

The proof is by induction on the nilpotency class ¢ of N, using the general fact that the
subgroup generated by the derived group of N and a single element of N has nilpotency
class at most ¢ — 1.

(2.3) Localization of nilpotent groups

(2.3.1) Let @ be the set of all prime numbers. Let P be a subset of ®, and let P’ := &\ P
be the complement of P in . For any non-zero integer n, we say that n is a P-number,
written symbolically as n|P>, if every prime divisor of n is in P. We say that n is prime to
P, or ged(n, P) =1, if n is a P-number, i.e. if no prime divisor of n is in P.

(2.3.2) A nilpotent group N is said to be torsion free if the map z +— 2™ from N to N is
injective for every non-zero integer n, or equivalent if the only element of N of finite order
is the unity element 1. More generally, for any subset P of the set ® consisting of all prime
numbers, we say that N is P-torsion free if the self map x — z™ of N is injective for every
non-zero P-number n. This condition is equivalent to the apparently weaker condition that
if x € N and 2™ = 1 for some non-zero integer n, then the order of x is prime to P.

A nilpotent group N is said to be divisible if the map x — 2™ from N to N is surjective for
all non-zero integer n. More generally, N is said to be P-divisible for a subset P of ® if the
self map x — 2" is surjective for every non-zero integer P-number n.

A nilpotent group N which is P-torsion free and P-divisible is also said to be uniquely
P-divisible. When P = ®, we say that N is uniquely divisible.

(2.3.3) LEMMA. Let N be a nilpotent group and let H < N be a subgroup of N. Let QQ C ®
be a set of prime numbers.

(a) The subset
Io(H,N) :={z € N | 2" € H for some Q-number n}

1s a subgroup of N.

(b) The subgroup Io(H, N) of N is Q-isolated, i.e. if y € N and there exists a Q-number
m such that y™ € Io(H,N), theny € Io(H, N).
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¢) If H is a normal subgroup of N, then Io(H, N) is also a normal subgroup of N.
Q

In the special case when H = {1} is the trivial subgroup of IV, the subgroup Ig {1} consists
of all Q-torsion elements of N, and the quotient group N/Ig 11} is Q-torsion free.

(2.3.4) Let P C @ be a set of prime numbers. A group G is said to be P-local if the self
map x — x" of G is bijective for every non-zero integer n with ged(n, P) = 1. Clearly a
nilpotent group N is (-local if and only if N is torsion free and divisible.

A group homomorphism eg p : G — Gp is said to be P-localizing if Gp is p-local and
the map € p : Hom(Gp, H) — Hom(G, H) induced by €g p is bijective for every P-local
group H. This universal property characterizes eg p up to unique isomorphism, if such a
P-localizing homomorphism €g p exists.

The basic theorem on localizations of nilpotent groups is the following.

(2.3.5) PROPOSITION. For every set P C & of prime numbers and every nilpotent group
N, there exists a P-localizing homomorphism ex p : N — Np, where Np is a nilpotent p-local
group. Moreover Np is nilpotent of class at most ¢ if N is.

The assignment N ~» Np can be regarded as a functor Lp from the category 91 of nilpotent
groups to the category Mp of P-local nilpotent groups, which induces functors ep, from the
category 9. of nilpotent groups of class at most ¢ to the category 9p. of P-local nilpotent
groups of class at most c.

(2.3.6) PROPOSITION. Let N be a nilpotent group. Let P C ® be a set of prime numbers,
and let P' .= &~ P.

(a) The kernel Ker(en p) of the P-localizing homomorphism ey p : N — Np is equal to the
subgroup Ip/({1}, N), consisting of all elements x € N such that there exists a non-zero
integer n prime to P with x™ = 1.

(b) The localization functor Locp : Mt — Np is exact. More precisely if HIN is a normal
subgroup of a nilpotent group N, then we have a commutative diagram

{1} —H 2 >N—">(N/H)— {1}
ﬁH,Pj EN,P eN/H’Pl
{1} Hp —— Np —> (N/H)p — {1}

with exact rows, i.e. jp identifies Hp as a normal subgroup of Np, and qp is an epi-
morphism.

(c) Let a: N — N be a homomorphism between nilpotent groups.

11



— The localization ap : Np — Np of a is injective if and only if Ker(a) C
Ip ({1}, N), i.e. the order of every element of the kernel of a is finite and prime
to P.

— The homomorphism ap : Np — Np is surjective if and only if Ip(a(N), N)=N.
In other words for every element y € N, there exists an element x € N and an
integer n prime to P such that y, = a(x).

(2.3.7) By definition the Mal'cev completion MC(N) of a nilpotent group N is the lo-
calization of N with respect the empty subset () of prime numbers. The universal map
eng : N — Ny = MC(N) identifies MC(V) is characterized up to a unique isomorphism by
the following properties:

(a) Ker(enp) = Nior, the subgroup of N consisting of all elements of N of finite order.
(b) MC(N) is a uniquely divisible nilpotent group.

(c) For every y € MC(N), there exists a non-zero integer n and an element z € N such
that y" = enp(z).

(2.4) We will review the explicit construction of the Mal’cev completion and the Mal’cev
correspondence, following [25, Appendix A3]. The precise statement of the Mal’cev corre-
spondence is given in [2.4.6{ and [2.4.7]

(2.4.1) For any group G, denote by Q|G| the group algebra of G over Q, consisting of all
finite formal QQ-linear combinations of elements of G. Let I5 be the augmentation ideal of
Q[G], equal to the Q-linear span of all elements of the form [y] — 1, y € G. The completed
group algebra Q[[G]] is the formal completion of Q[G] with respect to the I-adic filtration
(]g)neN of Q[G]. Let IZ be the closure of I in Q[[G]].

The subset 1 + I of Q[[G]] is a subgroup of the group Q[[G]]* of invertible elements
of Q[[G]]. This group is uniquely divisible, or Q-powered: for every x € Iy, and every
rational number a € Q, define (1+z)* € 1+ Igy g by

(14 2)° ::1+Z(§l)$m7 (2) :a(a—l)..;n(!a—erl)‘

So for every element y € G of finite order, the image of [y] in Q[[G]]* is 1.

(2.4.2) The completed group algebra Q[[G]] has a natural co-commutative Hopf algebra
structure, whose co-multiplication map

Agien : Q[G)] — Q[[GN]®Q[[G]]

is the continuous Q-algebra homomorphisms such that Agqey([y]) = [y] ® [y] for all y € G.

12



(2.4.3) Define a subgroup Gplk(Q[[G]]) € 1+ I} by

Gplk(Q[[G]) = {y € 1+ 15 | Agjey =y @ y}-

Elements of Gplk(QI[[G]]) are called group-like elements in 1+ I;. Clearly Gplk(Q[[G]]) is a
subgroup of 1+ I/, and we have a canonical group homomorphism jg : G — Gplk(Q[[G]]).

(2.4.4) Define a Lie Q-subalgebra Prim(Q[[G]]) of the Lie algebra attached to the associative
algebra QI[[G]] by

Prlm(Q[[G]]) = {I & ]é | AQ[[G}](fE) = 1 + 1 & I}

Elements of Prim(Q|[G]]) called primitive elements of the co-algebra underlying the Hopf
algebra Q[[G]].

(2.4.5) Denote by UPrim(Q[[G]]) the universal enveloping algebra of the Lie Q-algebra
Prim(Q[[G]]). Let UPrim(Q[[G]]) be the completion of UPrim(Q[[G]]) with respect to the
filtration of UPrim(Q[[G]]) by powers of the augmentation ideal Prim(QI[[G]])-UPrim(QI[[G]])
of UPrim(Q[[G]]). We have a natural continuous homomorphism

h - UPrim(Q[[GT]) — Q[G]]
of Q-algebras.

(2.4.6) PROPOSITION. Let N be a nilpotent group of class at most ¢, where ¢ is a positive
integer. Let Ng := Gplk(Q[[NV]]), and let n := Prim(Q[[N]]).

(a) The canonical group homomorphism
jN N — NQ

is the localization of N with respect to the empty set ) of primes. In other words the
group Ng is uniquely divisible, the kernel Ker(jn) of jn is the subgroup Nioy consisting
of all elements of N of finite order, and for every element v € Ng, there exists a
positive integer n and an element y € N such that jx(y) = x™. In particular jy is an
isomorphism if and only if N is uniquely divisible.

(b) The natural map N/Niyor — Q[[N]]/(IN)H =2 Q[N]/IG is injective.
(¢) The Lie Q-algebra n is nilpotent of class at most c.

(d) The canonical Q-algebra homomorphism
h:Un — Q[[N]]

1s an isomorphism of Hopf algebras.

13



(e) The exponential and the logarithm series define mutually inverse bijections

n

exp : n — N, x»—>exp(x)22$—'
!
and ( D
n—1\Y — "
log: Ng —n, y+— log(y) :Z(—l) 17.

n>1

(f) The exponential/logarithm pair in (e) gives a one-to-one correspondence between the set
of all uniquely divisible subgroups of Gplk(Q[[N]]) and the set of all Lie Q-subalgebras

of Prim(Q[[N]]).

REMARK. (i) Both infinite sums in (e) converge in the complete Hopf algebra Q[[N]]. Note
that for every primitive element = in I C Q[[N]], we have

Alexp(x)) = Z Asj)n =exp(z®1+1®x)

n>0

= (exp(z) ®1) - (1 @ exp(z)) = exp(z) @ exp(z)

because x ® 1 commutes with 1 ® =, hence exp(x) € Ng. Similarly for every group-like
element y in 1+ I}, we have

A(log(y)) = log(A(y)) = log(y @ y) =log((y @ 1) - (1 ®@y))
=log(y® 1) +log(l ®y) =log(y) @ 1 + 1 @ log(y),

hence log(y) is primitive.

(il) We will call n = Prim(Q[[V]]) in the Lie algebra of the uniquely divisible nilpotent
group Ng.

Let n be a nilpotent Lie Q-algebra, let Un be the universal enveloping algebra of n over
Q. Let Un™ be the augmentation ideal of Un, i.e. Un™ = n-Un. Let Un be the completion of
Un with respect to the filtration of Un by powers of Un™, and let Un™ be the augmentation
ideal of Un, equal to the closure of Un™ in Un. The completed universal enveloping algebra
Un has a natural structure as a co-commutative Hopf algebra, with co-muliplication

Ag, : Un — Un&gUn

being the continuous algebra homomorphism such that Ay,+(z) = x®1+1®x for all z € n.

Denote by A
Gplk(Un):={y €1+ Un" |[Ay,(z) =21+ 1@}

the subgroup of 1 + Un™* < Un* consisting of all group-like elements in 1 + Un™.
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(2.4.7) PROPOSITION. Let n be a nilpotent Lie Q-algebra of class at most ¢, where ¢ is a
positive integer as in the previous paragraph.

(a) The group Gplk(ﬁn) is uniquely divisible nilpotent group of class at most c.
(b) The canonical homomorphism
n — Un/(Utn)et?
18 1njective.
(¢) The canonical continuous homomorphism
Q[[Gplk(Un)]] — Un

15 an isomorphism of complete Hopf algebras.

(2.4.8) REMARK. (i) Propositions [2.4.6| and [2.4.7| show that the functor from the category
of all uniquely divisible nilpotent groups to and category of all nilpotent Lie QQ-algebras,
which sends each uniquely divisible nilpotent group N to Prim(Q[[N]]), is an equivalence,
and the functor which sends every nilpotent Lie Q-algebra n to Gplk(ﬁn) is an essential
inverse. This is an explicit form of the Mal’cev correspondence.

(ii) Under the Mal’cev correspondence, subgroups correspond to Lie subalgebras, normal
subgroups correspond to Lie ideals, and quotient group correspond to quotient Lie algebras.
Moreover the Mal’cev correspondence preserves the nilpotency class.
(iii) The statement (e) says that when a uniquely divisible nilpotent group N corre-
sponds to a nilpotent Lie Q-algebr n under the Mal’cev correspondence, we have functorial
bijections of sets

log: N =>n and exp:n— N.

(2.4.9) (Baker-Campbell-Hausdorff formula) Let L(x,y)z be the free Lie Z-algebra with
free generators x,y, embedding in the free associative Z-algebra Ass(z,y)z with free gen-
erators {z,y}. Both L(z,y)z and Ass(z,y)z are naturally N-graded, such that z,y are
homogeneous of degree 1. Denote by L(x,y)% the homogeneous component of L(z,y)z of
degree n, n € N. Let L(z,y)g := L(x,y)z ®z Q, and let Ass(z,y)g := Ass(z,y)z ®z Q. Let
Ks\s(x, Y)g be the completion of Ass(z,y)q with respect to powers of its augmentation ideal
Mg = Mass(ey)g- Lt L(x,y)g be the closure of L(z,y)q in K&(a:, Y)q, naturally isomorphic
to the completion of L(z,y)q with respect to the filtration by Fil" L(z, y)g := @m>nL(x,y)7.
Let -
exp : L(z,y)g — Ass(z,9)g

be the exponential map given by the standard exponential series.
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The Baker—Campbell-Hausdorff formula asserts that there exists a unique element H(z,y)
in L(z,y)g, which can be written in the form

H(z,y) =Y Hy(x,y)=>_ > Hy(zy)

n>1 n>1r+s=n,
r,s>0
such that
exp(z) - exp(y) = exp(H (z,y)).
where

Hr,s(xay) € m[’<xay)%
is an element of m[/(x, y)z of bi-degree (r,s) in (z,y), and
Hu(w,y) = Y Hro(z,y) € smmlin,y)z
r4+s=n
is of total degree n. Moreover Hy o(z,y) = x, Ho1(z,y) = y and
H.o(z,y) =0=Hys(x,y) Vr>2 Vs>2.

REMARK. (i) We refer to |28, Part I Ch.I1§8] and [3, Ch.IT1§6] for Dynkin’s explicit form of
the H,(z,y)’s as an infinite series, from which the estimate of the denominator the coefficients
of H,s(x,y) follows. Better estimates of the denominators are available, but we won’t need
them.

(ii) The part of H(x,y) linear in y, namely the infinite series > | H,1(x,y), is necessarily
of the form h(adx)(y), where h(t) is a formal power series in Q[[t]]. It is possible to evaluate
the formal power series h(t) and write it in a closed form in terms of more familiar functions
and their indefinite integrals; we won’t need this either.

Define a Lie Z-subalgebra L(z,y) of L(z,y)q by

L(z,y) =Y L(z,y)} @z Z[1/c].

n>0
Denote by L(x,y);* the completion of L(z,y), with respect to the filtration
Fil"L(z,y)y = ®mzn L(z,y)™ @z Z[1/n!].

For any m > 1, the natural map L(z,y),/Fil"L(z,y)y — L(x,y)/Fil" L(z,y){" is an iso-
morphism, where Fil" L(x, y){* is the closure of Fil"(z,y), in Fil" L(z, y){*. Since

Hy(z,y) € L(z,y)" @z Z[1/n]
for all n, H(z,y) belongs to the image of the canonical injection
Liz.y) — Lz, y)b.

This observation is useful for the Lazard correspondence [2.4.11
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(2.4.10) REMARK. One way to think about the Mal’cev correspondence is to identify the
two sets N and n using the mutually inverse bijections log and exp. So we have two structures
on this set: as a uniquely divisible nilpotent group and also as a nilpotent Lie (Q-algebra.
This approach yields the following lowbrow version of the Mal’cev correspondence.

(a)

For any nilpotent Lie Q-algebra n, the Baker-Campbell-Hausdorff (BCH) formula
defines a binary operation “multiplication” on the set underlying n, under which n
acquires the structure of a uniquely divisible nilpotent group. Note that for any two
elements x1, x5 € n, the BCH formula in for the product x; - 25 is a finite sum:
zn(21,x2) = 0 for all n bigger than the nilpotency class of n.

Conversely, given any uniquely divisible nilpotent group N, there exists a structure
of a nilpotent Lie Q-algebra which gives rise to the group law on N via the BCH
formula as in (a). In particular there are two binary operations on the set underlying
N, addition and Lie bracket, uniquely determined by the group structure of N, under
which N becomes a Lie Q-algebra. Both the addition and the Lie bracket are given by
“universal formulas” involving products, inverse, raising to some rational power, and
passing to the limit. These formulas for 2 +y and [z, y| are elements of projective limit

lim MC(Fy(z,y) /1 (Fa(7,y))),

where (v,(Fy(z,y))), ., is the lower central series of Fy(z,y).

4

These formulas for = + y and [z,y] are just one aspect of the problem on the “in-
verse Baker—Campbell-Hausdorff formula”: characterizing the addition and Lie bracket
structure on a uniquely divisible nilpotent group N in terms of the group structure of
N. We refer to [16, Ch.II, §2] for further information.

(2.4.11) PROPOSITION. (LAZARD CORRESPONDENCE) Let ¢ be a positive integer. Let P,
be the set consisting all prime numbers not exceeding c. Let Ps. be the set consisting of all
prime numbers strictly bigger than c.

(a)

(b)

Let wgpi e be a nilpotent Lie Z[1/c!]-algebra of class at most c. The Baker—Campbell-
Hausdorff formula gives ng /o) the structure of a uniquely P< -divisible nilpotent group
of class at most c on the set underlying vz o, such that the product of any two elements
u,v € Mg/ 18 given by

U-v = Z D(uw)(zn(7, )

1<n<c

where G : Lz, y)h/Fil Lz, y) — nzn /e 5 the Lie algebra homomorphism such
that v (x) = uw and ¢ (y) = v, and z,(x,y) € L(z,y)!" is the homogeneous com-
ponent of degree n of the element z(x,y) € L(x,y); in 2.4.9

Let ngp1 /0 and n’Z[l/d] be nilpotent Lie Z[1/c!]-algebras of class at most ¢, and let
QMg — n/Z[l/c!] be a homomorphism of Lie algebras. Then « is also a group
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homomorphism with respect to the group structures on the sets underlying nzp ) and
“/2[1/(:!} via the Baker—Campbell-Hausdorff formula. Moreover the image of « is a Lie
ideal of “,2[1/c!] if and only if it 1s a normal subgroup for the group structure on “/2[1/c!]-

Conversely let Ny e be a uniquely P<.-divisible nilpotent group of class at most c.
There ezists a unique nilpotent Lie Z[1/c!]-algebra structure of class at most ¢ on
Nz /ey whose associated nilpotent group law coincides with the group law of Nz ey
In other words the exact functor from the category of nilpotent Lie Z[1/c!]-algebras of
class at most ¢ to the category of uniquely P<.-divisible nilpotent groups of class at
most ¢ described in (a)—(b) above is an equivalence.

§3. Tate unipotent groups and Lie algebras

(3.1) DEFINITION. Let k be a field of characteristic p. A terraced Tate unipotent group
over K is a projective system N = (Ni, Tiit1 - Nig1 — Ni)i>1 of finite group schemes N; over
 such that all transition homomorphisms ;1 are epimorphisms, together with a finite

decreasing filtration (Fil§N;)

c(0.1] indexed by the interval (0, 1], called the slope filtration

of N, which satisfies the following properties.

(i)

For every i > 1 and every t € (0, 1], Fil4;N; is a normal subgroup scheme of N; over k.
Moreover Fﬂ;oNi = N;, and Fil;lNi = (0) by convention.

For each ¢ > 1, the transition map ; ;41 : N;11 — V; respects the slope filtration and
induces epimorphisms Fil, N;,; — Fil, N; for all ¢ € (0, 1].

For every i > 1, we have [Fil\yN;, Fil),Ni]zp] € Fil" N; for all ¢,¢' € (0,1], where

[, Jarp denotes the group commutator (z,y) — z~ 'y~ tzy.

There exists a finite subset slope(N) of (0,1] N Q, such that for every ¢ € (0,1] and
every i > 1, the quotient group scheme gr'N; := (Fil},N;)/(Fil;'N;) is trivial if and
only if s € slope(NV)

For every ¢ € [0, 1], there exists a p-divisible group Y; over x which is either isoclinic of
slope t or trivial, such that the projective system gry N := ((FilélNi)/(Fil;tNi))Dl
of commutative finite group schemes over k is isomorphic to the projective system
(Yi[p'], [p] : Yi[p'™'] — Yi[p']).., attached to the p-divisible group Y;. In other words

there exists a family of isomorphisms a; : gty N = Y;[p'] such that the diagram

t Htitl i+1
8, Niv1 —= Y [p™]

grtﬂz‘,iﬂl l[p} Yilpit1]
i

grtFﬂslN i ———Y;[p']
Note that the p-divisible group Y; over x is uniquely determined by grtFﬂslN )
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(3.1.1) REMARK. (a) Conditions [3.1](iii)—(iv) imply that the distinct members in Fil3N;
form a finite central series for ;. Hence NN; is a nilpotent group scheme of class at most
card (slope(N)), for all ¢ > 1.

(b) The definition of terraced Tate unipotent groups can be extended to more general base
schemes S. For instance one can replace Spec(k) by a scheme S in characteristic p, and
require that FiljJV; is finite locally free over S for every s € (0,1] and every i > 1, in
addition to conditions (i)—(v) in 3.1 We have refrained from doing so, because the case
when the base scheme is a field of characteristic p is sufficient for applications we have in
mind.

(c) Tt is easy to see that the dimension dim,(Lie(NN;)) of the tangent space of the finite group
scheme N; is independent of 7, and is equal to >, ) dim,(Y;). We call this integer the
dimension of N, denoted by dim(N).

(3.1.2) Examples. (a) Clearly a p-divisible group Z over a field x of characteristic p give
rise a terraced Tate unipotent group, with Z; = Z[p'] for all i € N, and the transition maps
Z[p"™] — Z[p'] are induced by [p]z.

It is not difficult to verify that every commutative terraced Tate unipotent group over a
field x arises from a p-divisible group over k. The proof is left to the readers as an exercise.

(b) The stabilized Aut group schemes of a (polarized) p-divisible group over a field of charac-
teristic p. These examples motivated the general notion of terraced Tate unipotent groups.

(bl) Let X be a p-divisible group over a field x of characteristic p. The projective system
ut*(X)? = (@ut*(X))) ., of the neutral components of the stabilized Aut group
schemes of X [p"], endowed with the slope filtration induced from the slope filtration of
the stabilized End schemes &nd™(X) = (&nd™(X),) is a terraced Tate unipotent
group over k.

n>1’

(b2) Similarly let (Y, : Y — Y?) be a polarized p-divisible group over k. The projective
system /ut (Y, pu)° = (@ut*(Y, 1)) _, of the neutral components of the stabilized
Aut group schemes of (Y [p"], u[p"]), is a terraced Tate unipotent group over .

See [7, Ch. 5] for details.

(c) This is a mild generalization of example (b) above. Let E be a p-divisible group over a
field r of characteristic p. Suppose that for each i > 1, E; := E[p'] has a structure as a ring
scheme over k, compatible with the abelian group structure, such that the all epimorphism
Tiiv1 2 E[p™ — E[p'™] is a ring scheme homomorphism over k. For each 4, let E} be the
neutral component of E;. Then E? is an ideal of E;, for each i. Denote by d the number of
distinct slopes of £ = lim E7. Then the (d + 1)-st power of the ideal £} is 0 for all i, and
e < d. Let e be the smallest natural number such that (E?)°*! = (0) for all 7.

19



(cl) Let N; = 1 + E?, which is a subgroup scheme of E;. Then the projective system
(N;, mii41 - Eiv14)i>1 1s a terraced Tate unipotent group over x, and each N; is unipo-
tent of class at most e.

(c2) Suppose that in addition, we have involutions 7; on F;, which are compatible with
the transition maps ;1. Let N/ to be the subgroup scheme of 1+ EY consisting of
functorial points 1+x; of 14+ EY such that (147;(x;))- (1+xz;) = 1 = (14+z;)- (1+7:(x;)).
Let N; be the intersection, over all m € N of the schematic images of the projection

maps T itm : Fi.,, — E.. Then the projective system (N;);>1 is a terraced Tate

unipotent group over k. The readers are encouraged to verify this assertion directly.

(3.1.3) REMARK. Inexample (c) above, the smallest natural number e such that the (e+1)-
st power of E? is 0 may be substantially smaller than the number of slopes of E°. Consider
the case when F is the projective system of stabilized End group schemes énd™(X) of a
p-divisible group X over k. If r is the number of distinct slopes of X, then the number
of slopes of E° can be as high as r(r — 1)/2, while (E?)" = (0). See [7, Ch.5§1] for more
information about the stabilized End group schemes &nd®*(X).

(3.2) DEFINITION. Let N = (N;, ;41 @ Niy1 — N,-)Z.>1 be a terraced Tate unipotent group
over a field x of characteristic p. Denote by &c¢h, the category whose objects are k-schemes
and morphisms are k-morphisms between x-schemes.

(a) Define the Tate module T,,(N) of N to be the limit

T,(N) := lim N;,

where N; is identified with a sheaf of groups for the fpqc topology on the category
GSch,,, and the inverse limit is taken in the category of presheaves on Gceb,.. Since every
projective limit of sheaves in the category of presheaves is a sheaf, T},(N) is a sheaf of
groups for the fpqc topology on the category Scb,..

(b) Define the slope filtration (Fil3T,(N)) of T,(N) by

ec(0,1]

Fil, T,(N) := @FilglNi Vit e (0,1].

Clearly gry T, (V) # 0 if and only if s € slope(IV).

(¢) Define MC(T,(N)) to be the presheaf on Sch,, whose value on any x-scheme S is the
Mal’cev completion of T, (N)(S).

Similarly, define the slope filtration of the presheaf MC(T,(N)) by

Fil, MC(T,(N)) := MC(Fil; T,(N)) ¥Vt € (0,1].
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(d) Define the Tate module V,(NN) of N, also denoted by T,(N)g, to be the sheafification
of the presheaf MC(T,(/N)) on the category &cb, with respect to the fpgc topol-
ogy. Similarly for every t € (0,1], let Fil,;V,(N) be the sheafification of the presheaf
Fil*T,(N).

(3.2.1) REMARK. If N arises from a p-divisible group Z over k as in the resulting
fpqc sheaf T, (Z) is clearly analogous in spirit to the usual Tate Z,-modules of Z for ¢ # p,
but it has not been among the standard tools of algebraic geometers. However the covariant

Dieudonnémodule D, (Z) is an adequate stand-in for T),(Z) in the case when & is a perfect
field.

(3.2.2) LEMMA. Let N = (Ni)z'21 be a terraced Tate unipotent group over a field k of
characteristic p.

(a) For every k-scheme S, T,(N)(S) is a torsion free nilpotent group of class at most
card(slope(N)), and uniquely (-divisible for every prime number £ # p.

(b) For every non-zero integer n, the map x — =™ induces an automorphism on the presheaf
of sets underlying the presheaf of nilpotent groups MC(T,(N)), and also an automor-
phism on the sheaf of sets underlying the sheaf of nilpotent groups V,(N). In particular
for every k-scheme S, the group V,(N)(S) is torsion-free nilpotent and divisible.

(c) For every quasi-compact k-scheme S, V,(N)(S) is canonically isomorphic to the
Mal’cev completion of the nilpotent torsion free group T,(N)(S). In other words
Vp(N)(5) = MC(T,(N)(5)).

PROOF. The statements (a), (b) are obvious. The statement (c) is proved by induction
on card(slope(V)), using the general statement on sections (and cohomologies) over quasi-
compact objects of a filtered colimit of sheaves on a site. See [I] SGA 3 Exp.VIThm. 5.1,
[27, https://stacks.math.columbia.edu/tag/090G Lemma 0738].

When card(slope(N)) = 1, N is the projective system attached to an isoclinic p-divisible
group over x, and V,(N) is the limit of the inductive system

T,(N) 2 1,n) 2 B vy B

which is a very special case of the general statement in the previous paragraph.
Suppose that card(slope(V)) > 2. Let a = maxslope(N). We have a short exact sequence

1 - Fi{N —- N — N/FilgN — 1
and a commutative diagram

1 —— MC(T, (Fil3N)(5)) — MC(T,,(N)(S)) —=MC(T,(N/FilgN)(5)) —1

aj: ﬁl wlz

1 ——— V,(Fil3N)(5) V,p(N)(5) V,(N/FIGN)(S5)

where o and ~ are bijections. So f is also a bijection. [
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(3.2.3) REMARK. Let ¢;MC(N) be the sub-presheaf of MC(/V) such that
$MC(N)(S) = {z € MC(N)(S) | #%" € T,(N)(S)}

for every k-scheme S. It is easily verified that ¢; MC(N) is a subsheaf of V() for the fpqc
topology, and
Vp(N) = lim ¢:MC(N)
1—00
as an sheaf of sets on Gceh,, for the fpqe topology. So we can apply the general fact recalled
in the proof of to finish the proof of [3.2.2|(c), without going through the induction

argument.

(3.2.4) DEFINITION. Let k be a field of characteristic p. A Tate unipotent group over k is
a sheaf N on &c¢bh,, with respect to the fpqc topology together with a decreasing filtration
Fil3N of normal subgroups of N, such that there exists a finite subset slope(N) C (0,1]NQ
with the following properties.

o [Fil3} N, Fil??N]y,, C Fil}™N for all s1,s9 € (0,1], where Fil;N = 0 if s > 1 by

convention, and [, ]gp denotes the group commutator (z,y) — 'y lzy.

e griy N # (0) if and only if s € slope(IN).
e For every t € slope(N), there exists a non-trivial p-divisible group Y; over s such that

g'N = Fil,N/FIZ'N 2 lim Y;[p"],

where I'Lnn Yi[p™] is the projective limit of the projective system (Yt[pn])ml with tran-
sition map induced by [py,, and the limit is taken in the category of sheaves on &ch,,
for the fpqc topology.

(3.2.5) REMARK. (i) Clearly the Tate Z,-module T,(NN) of terraced Tate unipotent group
N = (Ni)i>1 is a Tate unipotent group.

(ii) Conversely a terraced Tate unipotent group N = (Ni)i>1
module T,(N) and the decreasing family of normal subgroups U, := Ker(T,(N) — N;) of
T,(N). But unlike the case when N is commutative, we don’t know a simple way to recover
these normal subgroups U;’s directly from T,(/N) and its slope filtration.

is determined by its Tate

(iii) We don’t know whether every Tate unipotent group N is isomorphic to the Tate module
T,(N) of some terraced Tate unipotent group N = (N’i)i>1‘

(3.2.6) LEMMA. Let N be a Tate unipotent group over a field k. For every k-scheme S, N
is a torsion free nilpotent group and is uniquely {-divisible for every prime number £ # p.

PrROOF. Omitted. 0O

22



(3.2.7) DEFINITION. Let N be a Tate unipotent group over a field x of characteristic p.

(a) Denote by Ng the sheafification of the presheaf MC(N) on Scb,. with respect to the
fpqc topology.

(b) Define the dimension of N to be
dim(N) = ) dim(Y}),
teslope(N)
where Y} is a p-divisible group over x such that gr'N = lim Y;[p™] as in

(3.2.8) LEMMA. Let N be a Tate unipotent group over a field k of characteristic p.

(a) For every k-scheme S, Ng(9S) is a uniquely divisible.

(b) For every quasi-compact k-scheme S, Ng(S) is the Mal’cev completion of N(S5).
PROOF. Omitted. 0O
(3.2.9) DEFINITION. Let N and N’ be Tate unipotent groups over a field  of characteristic
p.

(a) A k-homomorphism « from N to N’ is an isogeny if o induces an isomorphism from
NQ to Ng@

(b) A k-homomorphism up to isogeny from N to N’ is a homomorphism from Ng to Ng.

(c) A quasi-isogeny over x from N to N’ is a group isomorphism over £ from Ng to Ng.
If there exists a quasi-isogeny from N to N’, we say that N and N’ are isogenous.

REMARK. The Mal’cev correspondence gives the following equivalent definitions of (a)—
(c), where Lie Ng and LieNg, are the fpqc sheaves of Lie algebras on &cbh,, attached to Ng
and N as in [3.2.14

(a’) A k-homomorphism « from N to N’ is an isogeny if o induces an isomorphism from
LieNg to Lie Ng,.

(b") A k-homomorphism up to isogeny from N to N’ is a homomorphism of fpqc sheaves
of Lie Q,-algebras from Lie Ng to Lie N,

() A quasi-isogeny over x from N to N’ is a Lie Q,-algebra isomorphism from Lie Ng to
Lie N
Q

(3.2.10) DEFINITION. Let N = (NZ-,Fﬂ;lNi,m,iH : Nigp — Ni)i>1 be a terraced Tate
unipotent group over a field x of characteristic p. A terraced Tate unipotent subgroup N’ is

a family of subgroup schemes (NZ' C Ni)i>1 such that
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a) The restriction to N/ of every transition morphism ;;.1|n.., factors through N/ and
i Yy P 2+ i1 g i
defines an epimorphism 77, : Nj,, — Nj.

(b) The projective family of finite group schemes V;, together with the filtration
Fily N := N/ NFil3N; Ve e (0,1],
is a terraced Tate unipotent group (N, Fil§ N}, 7r§7i+1)i>1 over K.

(3.2.11) LEMMA. Let k be a field of characteristic p. Let N be a terraced Tate unipotent
group over k, and let N' be a terraced Tate unipotent subgroup over k. The Tate Z,-module
T,(N') of N’ is co-torsion free in Tp(N), i.e.

Tp(N/) = TP(N) n Vp(N/>-
The proofs of lemma [3.2.11| and lemma [3.2.12 below are left to the readers.

(3.2.12) LEMMA. Let N be a Tate unipotent group over a field k of characteristic p. Let n
be a positive integer.

(a) The subgroup NP" of N generated by all p"-th powers of local sections of N is a Tate
unipotent subgroup of N over k.

(b) The subgroup NP" of Ng generated by all local sections of Ng whose p™-th power are
i N is a Tate unipotent group over k containing N.

(3.2.13) DEFINITION. Let x be a field of characteristic p.

(a) A Tate unipotent Lie Z,-algebra 91 over k is a sheaf of Lie Z,-algebras for the fpqc
topology on Gcbh, such that there exist a p-divisible group Y over s and family of
isomorphisms

Qp : N/P"N =S Y[p"], n>1,

which are compatible in the sense that the diagram

m/pn-&-lm % Y[pn-i—l]

lwn ml

N/p"N ——— Y [p"]

commutes for every n > 1, where 7, is the natural epimorphism from 91/p" ™91 to
2N/p"N.

(b) A Tate unipotent Lie Q,-algebra over k is a sheaf of Lie Q,-algebras for the fpqc
topology on &cbh,, isomorphic to M ®z, Q, for some Tate unipotent Lie Z,-algebra 91
over K.
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(3.2.14) DEFINITION. Let N be a Tate unipotent group over x, and let Ng be the Mal'cev
completion of N.

(a) Denote by £ieNg the sheaf of Lie Q-algebras on Sch,, for the fpqc topology attached
to Ng under the Mal’cev correspondence. The Q-module structure on £ieNg extends
uniquely to a Q,-module structure. This sheaf of Lie Q,-algebras LieNg is called the
Lie Q,-algebra of N and Ny.

(b) Suppose that N is nilpotent of class at most p — 1. Under the Lazard correspondence,
N corresponds to a sheaf £ieN of Lie Z,-algebras on &c¢h,, for the fpqe topology. We
call it the Lie Z,-algebra of N

Lemma |3.2.15| below follows directly from definition |3.2.14]

(3.2.15) LEMMA. Let N be a Tate unipotent group over k.

(a) The Lie Q,-algebra £ieNg is a Tate unipotent Lie Q,-algebra over k.

(b) If N is nilpotent of class at most p—1, then the sheaf £ieIN corresponding to N under
the Lazard correspondence is a Tate unipotent Lie Z,-algebra over k, which is nilpotent
of class at most c.

(3.2.16) LEMMA. Let N be a Tate unipotent group over a field k of characteristic p. Let
LieNg be the Lie algebra of the Mal’cev completion Ng of N, and logNQ : Ng — LieNg
be the associated logarithm map. The Lie Z,-subalgebra generated by logNQ(N) 1s a Tate
unipotent Lie Z,-algebra over k.

PrROOF. Omitted. 0O

(3.2.17) LEMMA. Let M be a Tate unipotent Z,-Lie algebra over Q.

(a) There exists a Tate unipotent group N over k, unique up to isogeny, such that £ieNg
is isomorphic to M @z, Q,.

(b) If M is nilpotent of class at most p — 1, then there exists a Tate unipotent Lie group
N, unique up to isomorphism, such that £ieIN s isomorphic to N.

PROOF. The statement (b) is immediate from the Lazard correspondence. The sufficiency
part of statement (a) follows from the Mal’cev correspondence. It remains to prove the
existence part (a).

Let ¢ be the nilpotency class of 91. Let Ng, be the fpqc sheaf of nilpotent groups on
Sch,. attached to Dt under the Mal’cev correspondence. The BCH formula recalled in
implies that for any positive integer m satisfying the condition that

(3.2.17.1) 2 ordy(n!) <m(n—1) VneNwith2 <n <eg,

the subsheaf exp(p™MN) is a subgroup of Ng,. Moreover this subgroup of Ng, is a Tate
Z,-module of a Tate unipotent group. [
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(3.2.18) REMARK. From the standard estimate ord,(n!) < "7, one sees that the condition

(3.2.1711) on m is satisfied if m > ﬁ and p > 3, or if m > 2.

(3.2.19) LEMMA. Let N be a torsion free nilpotent group of class at most ¢, where c is
a positive integer. Let Ng be the Mal’cev completion of N. Let ng be the Lie Q-algebra
altached to Ng under the Mal’cev correspondence, and let logy, : Ng = ng be the logarithm
map.

There exists a positive integer ng = ng(c), depending only on c, such that the subset
logNQ(N") of nis a Lie Z)-subalgebra of n for all positive integers n which are multiples
of ng. Here N™ denotes the subgroup of N generated by the subset {z"|z € N} of all n-th
powers in N.

PrROOF. Let F = F(x,y) be the free group in variables z,y, let (%-(F(x,y)))Dl be the
descending central series of F. Consider the torsion free nilpotent group F/7..1(F) of class
c and its Mal’cev completion (F'/7v.+1(F))g. It suffice to show that when N = F/~..1(F),

we have

logy, (2") +logy, (¥"), [logy, (z"),logn, (¥")] € logn, (N") Vn s.t. no(c)|n,

where ng(c) is a constant depending only on c.

The last statement can be proved by induction on ¢, a standard method in the theory of
nilpotent groups. We will use the method of typical sequences in [16, Ch.II, §§1-2], which is
more illuminating. F be the Mal’cev completion of ' = F(x,y), Let F{) be the completion
of Fp with respect to its lower central series. According to [16, Ch.II, Thm. 1.5], there exist
uniquely determined elements z;, w; € v;(Fy)), i € N>y, such that

exp (log(a") +log(y")) = 2125 -2 -+, exp ([log(«"), log(y")]) = wiwh -] ---

It is clear from the BCH formula that z; = xy and w; = 1. Denote by Z; (respectively
w;) the image of z; (vespectively w;) in Fg /ves1(Fg) = Fo/7ver1(Fg). Pick positive integers
as, ..., a., such that

Zfi,wfi € FN Vet (FN) 2 F/yep B fori=2,... c
Let ng = lem(ay, . . ., a.). Then 2, @! € (F/yey1(F)) foralli=1,...,c. O

Let N be a Tate unipotent group over a field x of characteristic p, which is nilpotent of class
at most ¢, where c is a positive integer. Let Mg, := LieNg, be the Lie Q,-algebra of the
Mal’cev completion Ng of N. Let log : Ng = Mg, be the logarithm map from Ng to g, .
For each positive integer n, denote by N?" the fpqc sheaf on Gcbh, which is the smallest sheaf
of subgroups of N generated by all p”-th powers of local sections of N.

(3.2.20) COROLLARY. Notation as in the preceding paragraph. There ezists a positive in-
teger n; = ny(c), depending only on ¢, such that for every integer n > ny, the subsheaf
log(NP") of Mg, is stable under addition and Lie bracket. Consequently log(N?") is a Tate
unipotent Lie Zy,-subalgebra of Ng,. Moreover log(NP") @z Q = Mg, .
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PRrROOF. This assertion holds with n,(c) = ord,(ny(c)), where ng(c) is as in [3.2.19, O

(3.2.21) LEMMA. Let N1, Ny be Tate unipotent groups over a field k of characteristic p,
and let o : Ny — Ny be an isogeny. There exists a positive integer n such that N5 C «a(INy).

(3.2.22) LEMMA. Let k be a field of characteristic p. Let Ny and Ny be Tate unipotent
groups over k. Let a be a quasi-isogeny from Ny to Ns.
(a) There exists a Tate unipotent group N3 over k and an isogeny [ : N3y — Ny such that
a o 3 is an isogeny from N3 to Nj.
(b) There exists a Tate unipotent group Ny over k and an isogeny v : Ny — Ny such that
v o is an isogeny from Ny to Ny.

The proofs of lemma [3.2.21] and [3.2.22] are left to the readers.

(3.2.23) LEMMA. Let Ny be a Tate unipotent Lie Q,-algebra over a field k of characteristic
p. There exists a p-divisible group X over k and an embedding of the fpqc sheaf Mg of Lie
Qp-algebras to the fpqc sheaf of Lie Qp-algebras underlying the sheaf of nilpotent associative
Q,-algebras (without unity) V,(&nd™* (X)) on Scb,,.

PrOOF. Let U(9g) be the universal enveloping algebra of g over Q,, an fpqc sheaf of
associative algebras on &ch,, with a canonical injection j: g — U(Yg) and an increasing
filtration Filges, where

FiljegnU(Mg) = Y (@™ Ng = U(Ng)).

0<m<n

Each Filgeg<,, has a natural decreasing slope filtration indexed by [0, 00). These slope filtra-
tions are compatible with the inclusions Filgeg<n =+ Filgeg<n. Together they define a slope
filtration Filgepe on U(Ng).

Consider the quotient U(Mg)/Filg,,.U(Mg), whose slopes are contained in the inter-
val [0,1]. There exists a p-divisible group X over k, unique up to isogeny, such that

(lim X[p"]) @z Q = U(MNg)/Filge,.U(Ng). Since Filg,, U(MNg) is an ideal of U(MNg), the

slope slope

quotient U(Mg)/Fil5} U(Mg) is a sheaf of algebras over Q,. The composition

slope

Ng ——U(Mg) —= U(Ng)/Filg,,.U(MNg)

slope

is an injection because every slope of Mg is contained in (0, 1]. So the restriction to Mg of
the regular representation of U(Mg)/Fil;. U(Mg) is also an injection. [

slope

REMARK. Lemma [3.2.23|is an analog of Ado’s theorem for Tate unipotent Lie Q,-algebras.
Corollary [3.2.24] rephrases it in terms of Tate unipotent groups.

(3.2.24) COROLLARY. Let N be a Tate unipotent group over a field k of characteristic p.
There exists a p-divisible group X over k and an embedding Ng — V), (dutSt(X)O).

PrROOF. Immediate from [3.2.23| and the Mal’cev correspondence. [

27



(3.3) Dieudonné theory of Tate unipotent Lie algebras over perfect fields

In this subsection & is a perfect field of characteristic p.

(3.3.1) DEFINITION. Let 9 be a Tate unipotent Lie Z,-algebra over x. The covariant
Dieudonné module D, (1) of N is the projective limit of the classical covariant Dieudonné
modules of the commutative group schemes representing 91/p"N:

D, (9) := lim D, (31/"D).

In other words D, (M) is the Dieudonné module of the p-divisible group Y over x such that
N = lgln Y[p"] in the category of fpqc sheaves on &ch,.. The Lie bracket on 91 induces a
A(k)-bilinear pairing

[ T=15 Ioagy - D2(90) x D.(N) — D.(M)

which satisfies the Jacobi identity.

In the above we have followed the notation scheme in [7], denoting the ring of p-adic Witt
vectors with entries in £ by A(k). The Dieudonné modules D, (91/p"N) are left modules over
the Dieudonné ring R,,, which contains A(x) and elements F and V. We refer to [24] for an
exposition of covariant Dieudonné theory.

(3.3.2) LEMMA. Let M be a Tate unipotent Lie Z,-algebra over k, and let D, (M) be its
Dieudonné module. The following identities

[V, Vylp. o) = V([2, y]p.o)
[F957?J]D*(m) = F([%V?J]D*(m))
[z, Fylp.on = F([Vz, y]p.om)
hold for all z,y € D, (MN).

(3.3.3) DEFINITION. A connected Dieudonné Lie algebra over k is a left module L over the
Dieudonné ring R, together with a A(k)-bilinear pairing

[,]:LxL—1L
such that the following conditions hold.
e [ is a free A(k)-module of finite rank.
e All slopes of L are strictly positive.

e The bilinear pairing [ , ] on L satisfies the Jacobi identity and the identities in [3.3.2]
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All connected Dieudonné Lie algebras over s for (the objects of) an additive category. A
morphism from an object L; to an object Ly consists of all R.-module homomorphisms
h: Li — Ly such that

h([z ylo.on) = [h(@), h(Y)]p.ony,  W(Fz) =F(h(z)),  W(Va) = V(h(z))
for all z,y € L.

Lemmas [3.3.4] and [3.3.5| below follow from multilinear Dieudonné theory; see [12, Ch. 2] and
[13], 1.2].

(3.3.4) LEMMA. The functor M ~» D.(N) from the category of Tate unipotent Lie Z,-
algebras over k to the category of connected Dieudonné Lie algebras over k is fully faithful.
Fxplicitly, this means the following.

Let 94, My be Tate unipotent Lie Z,-algebras over k, and let D, (MN;) be the Dieudonné
module of M;, i = 1,2. Denote by Hom ™ "™P(N,,N,) the set consisting of all homomor-
phisms of Tate unipotent groups over k from My to No. Let Hom%:(D*(ml),D*(mQ)) be the
set consisting of all A(k)-linear homomorphisms h : D, (9;) — D, (MNg) such that

h([z,ylp. o) = [A(@), h(W)lp.ov),  A(Fz) = F(h(2)), h(Vz) = V(h(z))

for allz,y € D.(My). The map which send each element @ € Hom e unip (91, 0,) to the ele-
ment D, (a) € Homp (D (M), Du(MNy)) induced by o is a bijection from Hom, " ™P(N;, Ny)
to Homp (D, (M), Du(My)).

(3.3.5) LEMMA. The covariant Dieudonné functor D, induces an equivalence from the cat-
egory of Tate unipotent Lie Zy,-algebras over k to the category of connected Dieudonné Lie
algebras over k.

(3.3.6) DEFINITION. A connected Dieudonné Lie algebra over x up to isogeny is a left
(R ®z Q)-module Lqg together with a A(x)q-linear Lie bracket [ , ], : Lo X Lo — L,
such that there exists a connected Dieudonné Lie algebra L over k, such that Lo = L ®7 Q
as a left module over R ®z Q, and the Lie bracket [, ]z, is induced from the Lie bracket
[, ]o:LxL— Lfor L.

(3.3.7) COROLLARY. The covariant Dieudonné functor D, induces an equivalence from the
category of Tate unipotent Lie Q,-algebras over k to the category of connected Dieudonné
Lie algebras over k up to isogeny.

(3.4) The group of automorphisms of a Tate unipotent group

(3.4.1) DEFINITION. Let IN be a Tate unipotent group over a field s of characteristic p,
and let Ng be its Mal’cev completion.

(a) Denote by Aut(N) the compact p-adic Lie group consisting of all automorphisms of
the fpqc sheaf N of nilpotent groups on Scbh,..
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(b) Denote by Aut(Ng) the locally compact p-adic Lie group consisting of all automor-
phisms of the fpqc sheaf Ng on &c¢b,..

(3.4.2) LEMMA. Let N be a Tate unipotent group over a field k of characteristic p, and let
Ngq be the Mal’cev completion of N. Let Mg = Lie Ng be the Tate unipotent Lie Q,-algebra
attached to Ng via the Mal’cev correspondence.

(a) There is a natural embedding Aut(IN) < Aut(Ng), which identifies Aut(N) as a com-
pact subgroup of the locally compact p-adic Lie group Aut(Ng).

(b) The p-adic Lie group Aut(Ng) is naturally isomorphic to the group Aut(Ng) of auto-
morphisms of the Tate unipotent Lie Q,-algebra NMg.

(c) Suppose that the field k is perfect. Then Aut(Ng) is naturally isomorphic to the group
of all automorphisms a of the left (R, ®z Q)-module D.(Ng) such that

(), a(y)] = [z, y])  Va,y € D.(MNg).

Here D,.(Ng) is the connected Dieudonné Lie algebra up to isogeny attached to the Tate
unipotent Lie Qp,-algebra Ng.

PROOF. The statement (a) follows from the theory of localization of nilpotent groups. The
statement (b) follows from the Mal’cev correspondence. The statement (c) follows from (a)
and the Dieudonné theory of Tate unipotent Lie algebras. [

REMARK. Note that the description of Aut(Ng) in (c) shows that Aut(Ng) is the group of
Q-points of a linear algebraic group over Q,.

(3.4.3) LEMMA. Let N be a Tate unipotent group over a field k of characteristic p. Let
slope(N) be the set of slopes of N. For each t € slope(N), let griy N := FilyN /Filj'N.

(a) The canonical homomorphism
AUt(N) - HtESIOpe(N) AUt<gr%ilslN>

between compact p-adic groups is a closed embedding.

(b) The canonical homomorphism

Q
Aut<NQ> - Hteslope(NQ) AUt(gr%‘ilslNQ)

between locally compact p-adic groups is a closed embedding.

PrROOF. Omitted. [
(3.4.4) LEMMA. Notation as in [3.4.2]
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(a) The embedding Aut(N) — Aut(Nq) of p-adic Lie groups induces an isomorphism
Lie(Aut(N)) = Lie(Aut(Ng))
of their Lie algebras.

(b) The Lie algebra Lie(Aut(Ng)) of the p-adic Lie group Aut(Ng) is naturally isomorphic
to the Lie Qp,-algebra Der(Ng) consisting of all derivations of the fpgc sheaf of Lie
algebras Ny on Sch,..

The proofs of [3.4.4 and [3.4.5] are left as an exercise.

(3.4.5) LEMMA. Let Mg be a Tate unipotent Lie Q,-algebra. For each t € slope(MNg), let
griy, Mo = FilyNg /Fil]'Ng. Let gt N = Breslope(ng)8rey, Mo, with induced Lie bracket

[ ’ ]grf;ilsl‘ﬁQ : (gr%ilslm(@) X (gr]-.:‘ilslm@> - gr%ilSlmQ'
(a) The canonical homomorphisms
EndLie(‘ﬁQ) — Endype (grl.?ilslm@)
and
AutLie(‘ﬁQ) I AUtLie (gr%ilslm(@)
are njections.

(b) Suppose that k is a perfect field, and let D,(MNg) be the Dieudonné Lie algebra over
up to 1sogeny associated to Ng.

(b1) The Tate unipotent Lie Qy-algebras Mg and gryy Mg are isomorphic.

(b2) The natural map from Endpi(MNg) (respectively Auty.(MNg)) to the set of all endo-
morphisms (respectively automorphisms) a of the left (R, ®z Q)-module D, (Mg)
such that o[z, y]) = [a(z), a(y)] for all x,y € D.(Ng) is a bijection.

(b3) The Lie algebra Lie Aut(Mg) of Aut(Ng) is naturally isomorphic to the set
Derye (D*(‘ﬁ@)) of all derivations of the connected Dieudonné Lie algebra up to
isogeny D, (MNg), consisting of all endomorphisms D of the left (R, @z Q)-module
D.(Ng) such that

D([z,ylp, ) = [DT,Ylp. () + [, DYlp,(mg) V7,9 € Du(Ng).
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(3.4.6) Euler’s flow on Tate unipotent Lie algebras.

Let x be a field of characteristic p. Let 91g be a Tate unipotent Lie Q,-algebra over
p. Assume that slope filtration of Mg splits, i.e. there exists Q,-submodules Mg s of Ny
attached to isoclinic p-divisible groups X, over k of slope of slope s, where s ranges over
slope(Ng), such that

m@ = @sEslope(‘ﬂ@)mQ,s-
Then under the Lie bracket of 91y, we have

[sz; m@@’} - sz.;.S/ Vs, s e (Oa 1]7

with the convention that 9y, = (0) if s ¢ slope(9y). Note that assumption on Mg holds
automatically if the base field x is perfect.

Let by be the least common multiple of denominators of slopes of 9g. Define additive
endomorphisms ¢™ of g by

] =P idn,, Vs € Slope(Oa)

for all m € N. Then ¢™ is an automorphism of the Tate unipotent Lie algebra Mg, and is
a linear analog of the mby-th iterate of the relative Frobenius map for g.

Define a derivation Dgyey of g by

Dgyler ng, =5 idyp,, Vs € slope(g).
The family of automorphisms ¢™” indexed by N can be thought of as a discrete version of

the flow associated with the derivation Dgyler-

(3.4.7) DEFINITION. Let N be a Tate unipotent group over a field x of characteristic p.
Let Ng be the Tate unipotent Lie Q,-algebra attached to the Mal’cev completion Ng of
N. Let % be an algebraic closure of k. Let (g)z be the base chage of g from Spec(k)
to Spec(k). Let G be a p-adic Lie group, and let p : G — Aut(N) be a continuous group
homomorphism. Let g = Lie(G) be the Lie algebra of G, and let dp : g — Lie(Aut(N)) be
the homomorphism of Lie algebras induced by p.

We say that the action p of G on N is strongly nontrivial if the action of g on D, ((Mg)x)
induced by dp does not contain the trivial representation of g as a subquotient.

REMARK. In the condition that the action p on N is strongly nontrivial is equivalent
to the condition that the action of G on the base change (gr'IN)x of gr'IN is strongly nontrivial
for every slope t of N.
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84. Tate-linear formal varieties

(4.1) DEFINITION. Let s be a field of characteristic p. Let 2drt, be the category of aug-
mented artinian local x-schemes; it is the opposite category of the category whose objects
are (R,j : Kk = R,e* : R — k), where R is a commutative local ring with 1, j and €* are
unital ring homomorphisms, and €* o j = id,. Let 2tt, ¢ be the site on the category XAt
with fppf topology.

Let N be a Tate unipotent group over . Let Ng be the Mal’cev completion of N, which
is a sheaf on Gch,, of uniquely divisible nilpotent groups for the fpqc topology. Consider
the sheaf Ng/IN of left N-coset on the site Sch Its restriction to 2Art, gpr is a sheaf on
2Art,; fopf, Which we denote by TL(N):

TL(N) := (Ng/N

r,fpqc:

) ‘Qlttmfppf :

Proposition below says that the fppf sheaf TL(N) is represented by a connected smooth
formal k-scheme topologically of finite type over x. Abusing the notation, we denote this
smooth formal k-scheme again by TL(IN).

(4.1.1) REMARK. The sheaves N and Ng do not have many sections over noetherian x-
schemes. In fact N(Spec(R)) = 0 = Ng(Spec(R)) for any commutative noetherian local
k-algebra R. In contrast the quotient sheaf Ng/N has many points over spectra of artinian
k-algebras, as shown in [£.2] below. The proof of [4.2] depends on [£.2.1] an analog of Hilbert’s
theorem 90 for p-divisible formal groups.

(4.1.2) LEMMA. Let k be a field of characteristic p. Let N be a Tate unipotent group over
k, and let Z be a Tate unipotent subgroup of N contained in the center of N such that the
quotient N /Z is also a Tate unipotent group over k. Then the action of the p-divisible group
TL(Z) = Zg/Z on TL(N) induced by the translation action of Z on N makes TL(N) a
TL(Z)-torsor over TL(N/Z).

The proof is easy and omitted.

(4.2) PROPOSITION. We use the notation in [4.1]
(a) For any s,t € (0,1] with t > s, the fppf sheaf TL(Fil3N/Fil'N) on Avt, gpf, natu-
rally isomorphic to <Fil§lN@/(Fils>ltN@ . Fﬂ;N)) ’ , 15 represented by a connected

§2lttm,fppf
augmented smooth formal k-scheme whose dimension is dim(Fil%N/Fil;*N).

(b) For any s,ty,ty € (0,1] with t; >ty > s, the natural map
Totrto - TL(FiEN/Fil;" N) — TL(Fil;N/Fil;*N)

1s represented by a smooth formal k-morphism between smooth formal k-schemes. In
particular msy, 1, induces a surjection

TL(FilsN/FilZ“ N)(R) — TL(Fil;N/Fil32N)(R)

for every artinian local k-algebra R.
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PrROOF. The assertion that the fpqc sheaves

TL(FilyN/Fil;'N) - and  (FiliNg/(Fil;'Ng) - Fil;N) )

Qlttﬁ Lfppf

are naturally isomorphic follows from the exactness of localization functors on the category
of nilpotent groups.

The rest of the statement (a) is proved by induction on card(slope(FilN/Fil;*N)). The
case when card(slope(FilN/Fil;'N)) = 1 is obvious. To simplify the notation, we may
and do assume that s = min(slope(N)), and ¢ = max(slope(IN)). Consider the short exact
sequence

1 — Fil)N — N — N/Fil'N — 1,

with Fil4N contained in the center of N, and the associated short exact sequence
1 — Fil;Ng — Ng — (N/Fil;N)q — 1.
Since TL(N/Fil4;N) is naturally isomorphic to Ng/(Fil;Ng - N), the natural map
7 : TL(N) — TL(N/Fil;N)

has a natural structure as a Yj;-torsor, where Y; is the p-divisible group over x such that
lim Yy[p"] = grey,N. To show that TL(N) is represented by an augmented formal scheme
of finite type over k, it suffices to show that for every augmented artinian local scheme S
over x and every k-morphism z : S — TL(N/Fil;N), the fpqc sheaf

L. = (No/N) X /ity Nyo/(N/Fil}N), 2) S

over S has a section over S, and is representable by a formal scheme over S. Lemma [4.2.1
below shows that £, has a section over S. That L, is representable by a trivial Y;-torsor
follows from fpqc descent. We have proved the statement (a).

The statement (b) follows from (a), because 7y, ¢, is a formal morphism between smooth
formal k-schemes topologically of finite type over k, which induces a surjection on tangent
spaces. [

(4.2.1) LEMMA. Let k be a field of characteristic p. Let X be a p-divisible formal group
over Kk, i.e. all slopes of X are strictly positive. Let (R,m) be a commutative artinian local
k-algebra. For every i > 1, we have

Spec(R), X) = Hi ¢(Spec(R), X) = H,(Spec(R), X) = Spec(R), X) = 0.

quc( zar(

In particular, every X-torsor over Spec(R) for the fpgc topology admits a section over

Spec(R).
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PROOF. This statement is “well-known” for H (Spec(R), X) and H’, (Spec(R), X). We

. zar
give a proof that Hi, .(Spec(R2), X) = 0. The rest can be proved by the same argument.

Let ng be the smallest natural number such that m™*! = 0. For each j = 0,1,...,ng, we
have a natural closed embedding ¢; : Spec(R/m/*) < Spec(R). The sheaf X = lim | X[p"]
on the category of all k-schemes with respect to the fpqc topology has a decreasing filtration

FiV X = Ker(X — ¢;,00X), j=0,1,....,ng

with Fil"® = 0. Moreover we have natural isomorphisms
Fil/ X/FiV ' X 2 Ogpeery@r(m? /m/ ™) 5 =0,1,... n.

Since the cohomology group Hi ..(Spec(R), Ospec(r) @r (7 /m7 ™)) with coefficient sheaf
associated to the coherent Ogspec(r)-module Ogpec(r)® r(m7 /mIt1) is zero for every 1 > 1, we
conclude that Hi . (Spec(R),X)=0forall:>1. 0O

)
fpqc

(4.2.2) DEFINITION. Let N be a Tate unipotent group over a field x of characteristic p.
Denote by Defr,. (N) the deformation functor of the trivial right N-torsor on the category
rt,, of augmented artinian local k-schemes.

(4.2.3) PROPOSITION. Let N be a Tate unipotent group over a field k of characteristic p.

The natural map
On : TL(N) — Defr, (N)

s an isomorphism of formal schemes over k. In other words for every augmented artinian
local r-scheme S, on induces a bijection TL(N)(S) = Defror (N) (S)..

PROOF. Suppose first that card(slope(IN)) = 1, i.e. N is isomorphic to MHX[p"] for an
isoclinic p-divisible formal group X over k. Consider the exact sequence

HO(S, No) — TL(N)(S) > Hjyq (8. N) — Hj, (5. TL(N))
attached to the short exact sequence
0— N —Ng — TL(N) — 0
of fpqc sheaves of abelian groups on Spec(x). We know from that
Hipqe (S, TL(N)) 22 Hiq (S, X) = (0).

We also know that
H°(S,N) = Homg(Q,/Z,, X) =0

because Hom,(Q,/Z,, X) = 0. We have shown that holds when card(slope(N)) = 1.
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The general case is proved by an easy induction on card(slope(IN)). Let ¢ = max(slope(IN)).
Consider the short exact sequence 1 — Fil;N — N — N/Fil4N — 1 and the commutative
diagram

TL(Fil, N)(5) TL(N)(S) TL(N/Fil}, N)(S)
l‘anz]N,s jéN’S léN/Fille,S
(

Defror (FilyN) (S) — Defror (N) (S) — Defror (N/Fill,N) ().

For the top row of the above diagram, (b) implies that the inverse image of every ele-
ment of TL(N/Fil;N)(S) under the map TL(N)(S) — TL(N/Fil;N)(S) is a torsor for the
commutative group TL(Fil;N). For the bottom row, the inverse image of every element
of Defro, (N/FilyN) (S) under the map Defr,r (N) (S) — Defror (N/FiliN) (S) is either
empty or is a torsor for the commutative group Defr,, (FiljN) (S) = Y;(S), where Y} is a
p-divisible group over « such that lim Yy[p"] = Fil;N. We have seen that the vertical arrow
OpitN,s 1S bijective, while the vertical arrow Oy n,s 1S bijective by induction. It follows
that dn,s is a bijection. [

(4.2.4) DEFINITION. Let k be a field of characteristic p.

(i) The Tate-linear formal variety attached to a Tate unipotent group N over k is the
smooth formal scheme T over k which represents the (restriction to 2dtt, of the) fpqc
sheaf TL(IN) on &¢h,.. We will abuse notation and use TL(N) to denote the formal

scheme representing it, if no confusion is likely.

(ii) A Tate-linear formal variety over  is a pair (T, ¢ : T = TL(N)), where T is a formal
scheme over k, N is a Tate unipotent group over x, and ( is an isomorphism of formal
schemes over . The isomorphism ( is said to be a Tate-linear structure on the formal
scheme T'.

REMARK. A Tate-linear formal variety 7" in is a homogeneous space under N in the
category of fpqc sheaves on Gcb,.. From this perspective, Tate-linear formal varieties are
analogous to compact nilmanifolds.

(4.3) Biextensions of p-divisible formal groups as Tate-linear formal varieties.

Let k be a field of characteristic p. We will show that every biextension of p-divisible
formal groups over k is a Tate-linear formal variety attached to a Tate unipotent group with
nilpotency class at most 2. The construction also shows that every Tate-linear formal variety
attached to Tate unipotent groups of nilpotency class at most 2 is isogenous to a biextension
of p-divisible formal groups, if the base field x is perfect.

(4.3.1) We set up notation for the rest of . Let N be a Tate unipotent group over x,
which contains commutative Tate unipotent subgroups X,Y,Z, such that N is a central
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extension of X X Y by Z which is split over X and also over Y. In other words the following
conditions are satisfied.

(i) Z is contained in the center of N, and N/Z is commutative.

(ii)) The maps Z x X — Z-X and Z XY — Z -Y given by the group law of N are
isomorphisms. Moreover the subgroups Z - X and Z - Y of N are both normal.

(iii) N is a semi-direct product of Z x X with Y, and also a semi-direct product of Z x X
with Y

Passing to the Mal’cev completions, we see that the Mal’cev completion Ng of N is a central
extension of Xqg X Yg by Zg which is split over X and also over Yg. Let ¢ : N - X xY
and gg : Ng — Xg X Yg be the quotient maps of the central extension N of X X Y by Z
(respectively Ng of Xg X Y by Zg). The group commutator

[ , ]grp,N@ : N@ X NQ — NQ, [nl,ng]grp = Ill_ln2_11’111’12 an,l’lg S NQ
on Ng induces a skew-symmetric bilinear pairing
() Ing : (Xg x Yg) x (Xg x Yg) — Zg
such that the diagram

[ ) }grp,N@

NQ X NQ NQ

<1>NQ 1\/

Zg

lQQXlI@

(Xq x Yg) x (Xq X Yg)

commutes. Let X := TL(X) = Xo/X, YV:=TL(Y) = Yo/Y and Z:= TL(Z) = Zy/Z be
the p-divisible groups corresponding to X, Y and Z respectively. Group laws on X, Y, Z and
X, Y, Z will be written additively, to conform with the usual notation for p-divisible groups
and biextensions.

Let 7 : TL(IN) — TL(X x Y) be the morphism attached to the quotient maps ¢ and qg. Let
E :=TL(N), so that 7 : E — X x Y has a natural structure as a Z-torsor.

(4.3.2) We use the notation in [£.3.1] The Z-torsor structure on E over X x Y admits a
natural enhancement to a biextension of (X,Y’) by Z, with the relative group laws +; :
Exy E— Eand +,: FE xXx E — E defined as followsﬂ

'Here +; is “addition along the first set of variables”, while 44 is “addition along the second set of
variables”. This is the convention in [21] pp.320-321], where Mumford explains the construction of the Weil
pairings of biextensions of p-divisible groups. Unfortunately this convention is opposite to the convention in
[21, pp. 310-311], where +; and +5 denote the group laws relative to the first and second factor of the base
respectively.
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(1a)

(1b)

Given a functorial point y of Y, pick a functorial point y, on Yq lifting y. The fiber
(pry o ™)~ !(y) of E over y consists of all elements of the form [z - x - yo], where z is
a functorial point of Zg, x is a functorial point of Zg, and [z - x - yo| is the image
of z-x-yoin TL(N) = E. One checks that two functorial points [z; - x; - yo] and
25 - X5 - yo] of E, over the same x-scheme are equal if and only

x; —x2 € X and (X3 — X2, Yo)Ng + 21 — 22 € Z.

Here z; - x; - yo refers to product according to the group law on Ng, 7 = 1,2, and
(X1 — X2,¥0)Ng + Z1 — 22 is a shorthand version of (x1 —x, X2, Y0)Ny 24 Z1 —2, Z2-

For any two functorial points [z; - X; - yo] and [z5 - X2 - yo] of E, over the same k-scheme,
define their sum under +; by

21 - %1 - Yo +1 [22 - X2 - ol = [(21 + 22) - (%1 + X2) - yol-
It is not difficult to verify that this gives a well-defined morphism +; : £ xy E to E.

It follows directly from the definition in (1a) that for each functorial point y of Y, the
sheaf of commutative groups (pry o )~ (y) under the group law +; is the push-out of
the top row by the vertical arrow &, in the commutative diagram

1—~7Zy-X Zo - Xg Xo/X =X ——1
1 Z (pry o)~ (y) X 1.

with exact rows. Here &, : Zg - X — Z is the group homomorphism given by
§y(z - x) = (X,¥0)n, mod Z Vz € Zg, Vxe X,

where yq is a representative of y in Xg. Clearly &, depends only on y € Yo/Y, and
not on the representative yg of y.

Similarly, given any functorial point = of X, pick a representative x of x in Xg. Points
of the fiber (pryom)~!(x) of E — X XY over y consists of all points of the form [z-y-xg],
where z (respectively y) runs through all points of Zq (respectively Yg). Two points
21 - y1 - Xo] and [z9 - y2 - Xo| are equal if and only if

yi—y2€Y and 2z — 2+ (y1 — ¥2,X0)N, € Z.

The sum of two points [z; - y; - Xo| and [zs - y» - Xo] of (pr; o7)~!(x) under +; is defined
as
[21 - y2 - Xo] +2 [21 - y2 - Xo] == [(21 + 22) - (y1 + ¥2) - Xo].
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(2b) The sheaf of commutative groups (pr; o 7)~!(z) in (2a) is an extension of Y by Z,
which sits in the push-out diagram

1—>Zg Y——Z¢-Yg— Yo /Y=Y —=1

R

1 Z (pry o)~ (x) Y 1,

where 1, : Zg-Y — Z is given by

ne(z-y) = (y,xo) modZ = —(Xo,y) modZ VzeZg VyeY.

Logically, one still needs to check that the two relative group laws +i, +9 are compatible,
to complete the proof that (7 : E — X x Y, 4+, +2) is a biextension of (X,Y) by Z. The
require compatibility condition is this: for any functorial points z1, xs of X, 4,92 of Y, and
points u;; of E above (z;,y;),

(urg 1 u21) +o (ur2 41 uga) = (U1 +2 ur2) +1 (uz1 +2 uz2)

holds. The verification is straight forward and left to the readers.

(4.3.3) To identify the biextension 7 : E — X x Y of (X,Y) by Z constructed above, we
need to compute its Weil pairings

Bn: X[p"] xY[p"| — Z[p"], n>1,

since every biextension can be reconstructed from its Weil pairings. There is of course a
choice of sign in the definition of the Weil pairings of a biextension. We will follow the
convention in [2I]. We recall the recipe in [21} pp. 320-321].

(a) For each positive integer n, construct a canonical splitting
¢n : X[pn] X Y[p2n] — (1X X [pn]y)*E’(X[pn]Xy[pzn])

of the restriction to X [p"] x Y[p*"] of (1x X [p"]y)*E, a biextension of (X[p"], Y [p*"])
by Z, as follows.

— Given any pair (z,,ys,) of functorial points of X [p"] x Y[p*"], after passing to
a suitable finite faithfully flat cover of the base scheme of (x,,,y2,), one chooses
a functorial point u, € E(,, 4,.) such that [p"]i1(u,) is equal to ey, (ya,), where
€1, : Y — E is the 0-section of the relative group law +;. Clearly u,, is unique
up to translations by elements of Z[p"].

— Define ¢, (xy, yon) by
¢n($n>y2n) = +2(un)
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Clearly ¢, (x,,y2,) is a well-defined point of E above (x,, p"ys,). One easily verifies
that the map

On : X[p"] X Y[p*"] = (1x X [p"y ) Elxpr)xype)
is bi-additive.

(b) For each b, € Y[p"], there exists a unique element 3, (x,, yn,b,) € Z such that

ﬁn(xna Yn, bn) * ¢n<xn; Yn + bn) = (bn(xn? yn)7

where B, (2, Yn, bn) * On (2, yn + by) is the translation of ¢, (zn, y, + b,) by the point
Bn(Tn, Yn, byy) for the Z-torsor structure of E. It turns out the f,,(x,, yn,b,) is inde-
pendent of y,,, and descends to a bilinear map

Bn: X[p"] x Y[p"] — Z[p"].

REMARK. The splittings ¢, above are constructed through normalizations using the group
law +;. Reversing the roles of +; and +5, one can construct canonical splittings 1, of
([p"]x x 1y)*E|(xpenxy[pr)), and define bilinear pairings ~, : X[p"] x Y[p"] — Z[p"] by
Yoy Yn) * Vn(Ton + Ay Yn) = Vn(Ton, yn) for all xy, € X[p*], all a, € X[p"] and all
yn € Y[p"]. It turns out that v, = —3, on X[p"] x Y[p"].

(4.3.4) Going back to the biextension 7 : E = TL(N) — X x Y attached to the Tate
unipotent group N, we want to compute its Weil pairings £, : X[p"| x Y[p"| — Z[p"].
Of course one suspect that these pairings are likely related to the skew symmetric pairing
(, )Ng : Xg X Yg — Zg, but there is an obvious question about the sign.

First we compute the canonical splittings. Given any functorial points (z,,y2,) of E above
X[p"] x Y[p*], choose liftings x,, of x, and ys, of ys, in p7™X and p~2"Y respectively,
after passing to a suitable fpqc cover of the base scheme of (z,,ys,). Passing to a higher
fpqe cover if necessary, one chooses a functorial point z, of Zg such that [z, - X, - ya,] is
normalized with respect to +1, in the sense that [p"];,([zn - Xn - Y2u]) = [072n - D"X0 - Yon] 1S
the 0-element of the group ((pr2 om) !(y), —1—1). This means that
(P"Xn, Yon)Ng 24 P"Zn € Z.
By definition,

On(Tn, Yon) = [P"]42([2n - X0 - y2n]) = [P"]4 ([ (Zn + (Xns Yon)Ng) * Yon ° Xn])
(P72 + (D", Y2n)Ng) - P Yon - Xa]
= [<_<p Xny Yon)) - Xn 'pnYQn} :

Notice that the last expression, [ (—(P"Xn, Yon)) Xn - D"Yon } , indeed depends only on (x,,, yy).
If follows immediately that for any functorial point (z,,b,) of X[p"] x Y [p"], we have

5n(xn7 bn) = pn<Xna bn>NQ
for all liftings (x,,b,) in (p7"X) x (p™"Y) of (x,,b,). We state this result in below.

40



(4.3.5) PROPOSITION. Let XY, Z be p-divisible groups over a field k of characteristic p.
Let X = lim X[p"], Y = lim Y([p"], Z = lim Z[p"] be the commutative Tate unipotent
groups attached to X,Y, Z respectively. Let N be a Tate unipotent group over k which is a
central extension of X X Y of Y split over X and Y as specified in [4.3.1 Let E — X XY
be the biextension of (X,Y) by Z attached to E = TL(N). Then the Weil pairing

Bn: X[p"]| xY]p"| — Z[p"], n>1
of the biextension E is given by

Bn(xnv yn) = pn <Xn7 Yn>NQ

for all functorial points (xp,y,) of X[p"] x Y[p"] = (p7"X/X) x (p™™Y/Y) and any lifting
(X, ¥n) Of (Tn,yn) in (p~"X) X (p~™Y), with values in an fpgc cover of the base scheme of
(TnyYn). Here (, )ng @ Xg X Yo — Zgq is the Qp-bilinear map

(x,¥) = X, ¥]gpNg X € Xg, ¥y € Yg
from Xq X Ygq to Zg.

(4.3.6) COROLLARY. Let X,Y,Z be p-divisible groups over a field k of characteristic p.
Let X = lim X[p"], Y = lim Y([p"], Z = lim Z[p"] be the commutative Tate unipotent
groups attached to X,Y, Z respectively. Given any biextension w : E — X XY, there exists a
Tate unipotent group N over k which is a central extension N of X x'Y by Z which is split
over X and Y, such that the biextension TL(N) — X XY of (z,Y) by Z is isomorphic to
T FE—>XXxY.

PROOF. Let (8,: X[p"|xY[p"] — Z[p”])n>1 be the family of Weil pairings of the biextension
E. Because the (3,’s satisfy the compatibility condition

B (PTni1, PYnt1) = PBas1(Tng1, Yng1)  VTns1 € X[p"T], Vyuyr € Yp"H,

There exists a unique Z,-bilinear pairing B :X xY — Z such that for any point (T Yn)
of X[p"] x Y [p"] i

ﬁn(xna yn) = pin ﬁ(ﬂ?, y) mod Z,
where x and y are points of X and Y such that z,, = p™"x mod X and y, = p~™"y mod X.
It suffices to show that there exists a central extension N which is split over X and Y, such
that

[Xa Y]grp = ﬁ(X, Y>
for all functorial points (x,y) € X x Y.

Define a fpqc sheaf of nilpotent algebras A without unity on Gceh,, whose underlying additive
group is X @Y @ Z, with multiplication defined as follows.

0 72-X=X2=2-Y=Y"2=72-Z=Y Y=X-X=Y-X=0.
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o x-v=A3(x for all functorial points (z of X xY.
y = B(x,y) p Y

Let N be the subgroup 1 + A of units in the sheaf of algebras Z, ® A, and let n: A — N
be the map n(a) = 1 + a for all functorial points a of A. Define commutative subgroups
XY Z of Nby X' =14+X,Y' =1+4+Y, and Z' =1+ Z. Clearly n induces canonical
group isomorphisms X & X' Y 2 Y’ and Z = Z'. It is not difficult to see that N is a Tate
unipotent group. Clearly N is a central extension of X’ x Y’ by Z' which is split over X’
and Y'. Moreover the group commutators of elements of X’ with elements of Y’ are given
by 3

[7(x), 1(¥)]erp = n(5)

for all functorial points (x,y) of X x Y. [

(4.3.7) DEFINITION. Let N and N’ be Tate unipotent groups over k.

(a) A formal morphism f : TL(N) — TL(N’) over s is Tate-linear, or a TL-morphism, if
there exists a homomorphism a : N — N’ such that f = TL(«).

(b) A TL-morphism TL(N) — TL(N’) over  induced by a homomorphism a : N — N’
of Tate unipotent groups over k is an isogeny if « is an isogeny.

(¢) The Tate-linear formal varieties TL(IN) and TL(N’) are isogenous if N and N’ are
isogenous.

(4.3.8) DEFINITION. Let TL(N) be a Tate-linear formal variety attached to a Tate unipo-
tent group N over a field x of characteristic p. A Tate-linear formal subvariety, or a
TL-subvariety, of TL(N) is a closed formal subscheme which is the image of a closed TL-
embedding TL(N’) < TL(IN), where N’ is a co-torsion free Tate unipotent subgroup of
N.

(4.3.9) COROLLARY. Let N be a central extension of X X Y by Z as in [1.3.1] Let X =
TL(X), Y =TL(Y) and Z = TL(Z). Let E = TL(N), endowed with the natural biextension
structure of (X,Y) by Z as in [£.3.2 An closed formal subscheme T of E is a Tate-linear
formal subvariety of E in the sense of [, §10.3] if and only if T is a Tate-linear formal

subvariety in the sense of [4.3.8

Note that in [7, §10.3], the notion of Tate-linear formal subvarieties of a biextension p-
divisible formal groups is defined directly in terms of the biextension structure of E. The

proof of is an easy exercise using proposition [4.3.5]

(4.3.10) COROLLARY. Let N be a Tate unipotent group over a perfect field k of charac-
teristic p. Suppose that there exists Tate unipotent subgroup Z of the center of N such that
N/Z is a commutative Tate unipotent subgroup. There exist p-divisible formal groups X,Y
over K, a biextension E of (X,Y) by Z, a Tate-linear formal subvariety W of E, and an
isogeny W — TL(N) of Tate-linear formal varieties.
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Proor. We prove the following equivalent statement.

Let N be a Tate unipotent Lie Q,-algebra over k. Suppose that there Tate
unipotent Lie Q,-subalgebra 3 of the center of M such that the quotient MN/3 is
commutative. There exist commutative Tate unipotent Lie Q,-algebras X,9Q) over
k, a central extension € of X x %) split over X and ), and a Tate unipotent Lie
Q,-subalgebra W of €, and an isomorphism N = 7.

Since k is perfect, there exists a commutative Tate unipotent Lie Q,-algebra &l over x and
an isomorphism 9t = 3 @ 4 compatible with the @Q,-module structures. Of course. The Lie
bracket [, Jn on 9 induces a skew symmetric Q,-linear pairing (, ) : 4 x & — 3.

Define a skew symmetric pairing

[, ]:(Uad) x (Udd) — 3
by
[ug + v1, ug + Vo] := (ug, ug) — (vq, V)

for all functorial points (uy,v1), (uz,ve) of & @ L over the same base scheme. This skew
symmetric pairing [, | defines a Tate unipotent Lie Q,-algebra structure on € := 3G US Y

Define commutative Tate unipotent Lie Q,-subgroups X (respectively 2)) of 4 & U to
be the images of the diagonal homomorphism u +— (u,u) (respectively the anti-diagonal
homomorphism u — (u, —u)) from 4 to U L. Clearly UDLU = X D). Moreover the central
extension & of U@ U by 3 splits over X and Q). [

(4.4) Let N be a Tate unipotent group over a field x of characteristic p. We give a crude
congruence estimate for element in a “one-parameter subgroups” exp(p"B) in the automor-
phism group Aut(N) of N, for n sufficiently large, where B is an element of the Lie algebra
of Aut(IN)

(4.4.1) DEFINITION. For each n € N, let
Frlfy iy e ¢ TL(N) — TL(N)®")
be the n-th iterate of the relative Frobenius morphism for TL(IN). Define TL(IN)[Fr"] to be
n n -1
TL(N)[Fr"] := (FrTL(N)/n) (*TL(N)<P">>7

where *pp, gy is the base closed point of the formal scheme TL(N)®"),

The following proposition gives “trivial estimates” for the action of one-parameter
families of automorphisms of a Tate-linear formal variety.

(4.4.2) PROPOSITION. Let N be a Tate unipotent group over a field k of characteristic p.
Let Ng, = LieNg be the Tate unipotent Q,-Lie algebra associated to the Mal’cev completion
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Ng of N. Let s € (0,1] such that max(slope(N)) < s < 1. Let U be a finitely generated
Zy-submodule of the Lie algebra Der(NMg) of the p-adic Lie group Aut(Ng) = Aut(g,).
There exist constants co,ng € N such that for everyn > ng and every B € U, the exponential
eXPaut(Ng) (P"B) of p" B is an element of Aut(N) which operates trivially on the infinitesimal

neighborhood TL(N)[Frl™/3)=<] of the base point of TL(N).

PROOF. The basic idea here is that the statement follows from the following two
estimates.

(a) Since the all slopes of g, = £ieNg are < s, the effect of Fr™ should “divide [p™*~]”
for some positive constant c;.

(b) The effect of exp(p"B) — 1 should be “divisible by p™” for n large.

PRELIMINARY REDUCTIONS

By , there exists a constant m; such that log(NP") is a Tate unipotent Lie Z,-
subalgebra of Mg, such that log(N?") @z Q = MNg,, for all m > my. So we may and do
assume that log(IN) is a Tate unipotent Lie Z,-subalgebra 91z, of Mg, , Ng, = Nz, ®zQ, and
exp(Nz,) = N. The functoriality of the Frobenius morphisms and the exponential /logarithm
pairs for 91y and Ng tells us that for each r € N, TL(N)[Ft"] is the image in TL(IN) the

image of
r YL (")
(Fryg)— (9z,)
under the exponential map expy, : Mg, — No.

where Fry g, — ‘ﬁ(g;) is the r-th power of the relative Frobenious of 91g.
Let G = Aut(Ng) = Aut(9g). We may and do assume that exp,(B) € G for all B € U.

APPLY THE SLOPE ESTIMATE for the p-divisible group Mg, /MNz,
Since s > max(slope(IN)) there exists constants 7, d; € N such that

(Friy, ) (W) Cp ot v >

The formula o
exps(p"B) = id + Z £ j!B

j>1

plus the standard estimate for ord,(j!) shows that the restriction to the image in TL(N) of
[n/s)=[da /Ty =1 (gpp(pln/)=Td1/51)
(Fr‘ﬁ@ ' ) (mZp )
of the action of expq(p"B) is the identity map, for all n > s(r; +d;) +2. 0O

(4.5) REMARK. There are many questions one may ask related to the notion of Tate-linear
formal varieties. We mentioned one in [1.2.3)(c). Another line of inquiry is to develop a
theory of families of Tate-linear formal varieties, which include (a) below as examples, and
make progress on questions (b)—(d).
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(a) Let C be a central leaf on a moduli space of abelian varieties of PEL type over IE_'p.
Let (C x C)2¢ be the formal completion of C x C along the diagonal AC. Then the
projection map pr; : C xC — C makes (C x C)2¢ a family of Tate-linear formal varieties
over C.

(b) Let W be a Newton polygon stratum in Siegel modular variety over Fp. For each
F,-point z of W, there is a flat formal morphism 7, : W/ — Spf(R,,), where R, is
completion local F,-domain, such that W/*0 is a family of Tate-linear formal varieties
over Spf(R,,), and the closed fiber 7! (z0) is C(20)/*°, the formal completion at zq of
the central leaf C(x() passing through .

(c) In the case when the base field is a finite field, develop a theory of quasi-canonical
liftings of Tate-linear formal varieties over mixed-characteristic complete discrete val-
uation rings with finite residue fields.

(d) Let C be a central leaf in a Siegel modular variety Ay 4n T, OVEr F,. Develop a good
notion of Tate-linear subvarieties of C and their quasi-canonical liftings (if the latter

exist).

§5. Orbital rigidity: the statement and reduction steps
Theorem [5.1] below is the main rigidity result of this article.

(5.1) THEOREM. Let k be a perfect field of characteristic p, and let N be a Tate unipotent
group over k. Let G be a p-adic Lie group acting strongly nontrivially on N. Let W be
a reduced irreducible closed formal subscheme of TL(N). If W is stable under the strongly
nontrivial action of G on TL(N), then W is a Tate-linear formal subvariety of TL(N). In
other words, there exists a unique co-torsion-free Tate unipotent subgroup N’ of N such that
W = TL(IN').

(5.1.1) REMARK. (a) The statement [5.1{ depends only on the isogeny class N, because the
map TL(«) : TL(U) — TL(N) induced by an isogeny a : U — N is purely inseparable.

(b) An easy descent argument shows that it suffices to prove when the base field & is
algebraically closed.

(5.1.2) COROLLARY. Let k be a perfect field of characteristic p, and let Ny, Ny be Tate
unipotent groups over k. Let G be a p-adic Lie group acting strongly nontrivially on Tate-
linear formal varieties TL(IN;) and TL(Ns) attached to Ny and Ny respectively. Then every
G-equivariant morphism of formal schemes f : TL(INy) — TL(Ng) over k is Tate-linear,
i.e. there exists a unique homomorphism h : Ny — Ny over k of Tate unipotent groups such

that f = TL(h).
PROOF. Apply [.1] to the graph of f. 0O
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(5.1.3) REMARK. Theorem [5.1] has been proved in two cases:

e When N is commutative, i.e. N corresponds to a p-divisible group over x. This is [5,
Thm. 4.3].

e When N is a central extension of a product X x Y of two commutative Tate unipotent
groups by a commutative Tate unipotent group Z which is split over X and also over

Y asin This is the main result [7, §10.6] in view of 4.3.9|

Therefore tells us that holds whenever N is nilpotent of class at most 2, i.e. if
there exists a Tate unipotent subgroup Z contained in the center of N such that N/Z is a
commutative Tate unipotent group.

(5.1.4) REMARK. Theorem will be proved by induction on card(slope(IN)). In we
show that follows formally from theorems and [5.3] below. We will prove [5.3] later in
this section, by reducing it to the case of biextensions. Theorem will be proved in
using the method of hypocotyl elongation in tempered perfections.

Lemma says that orbital rigidity of N is a property depending only on the isogeny
class of N, or equivalently the Tate unipotent Q,-Lie algebra £ieNg of N. In the rest of this
section, this method of “modification by a suitable isogeny” will be used frequently, without
formally invoking [5.1.5|

(5.1.5) LEMMA. Let N and N’ be isogenous Tate unipotent groups over a perfect field k of
characteristic p. The statement holds for N if and only if it holds for N'.

Proor. Let a : N — N and o : N” — N’ be isogenies of Tate unipotent groups
over There exists an open subgroup G; of GG such that the action of G on N lifts to IN”
and descends to N’, so that a and o’ are both Gi-equivariant. The (Gi-equivariant maps
TL(a) : TL(N”) — TL(N) and TL(a/) : TL(IN”) — TL(IN’) are both purely inseparable.
It follows that a reduced formal subscheme W of TL(IN) is Gi-equivariant (respectively a
Tate-linear formal subvariety) if and only if (TL(«)™*(W)),eq is. The same holds for TL(c/).
u

We will use the following notation in theorem [5.2

e Let k be a perfect field of characteristic p, and let N be a Tate unipotent group over
K.

e Let G be a p-adic Lie group acting strongly nontrivially on the Tate-linear formal
variety TL(N) attached to N.

e Let W be a reduced irreducible closed formal subscheme of N which is stable under
the action of G.

e Let \; = max(slope(N)), let Z = Fil}'N. Let Z = TL(Z) be the p-divisible group
attached to Z, which operates naturally on TL(IN).
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e Let Ny :=N/Z.
e Let m: TL(N) — TL(Ny) be the map induced by the quotient map N — Nj.

Clearly TL(N) is a torsor over TL(Ny) under the translation action of Z on TL(N). From
orbital rigidity of p-divisible formal groups we know that the reduced closed formal subscheme
(W N Z)rea of Z is a union of p-divisible formal subgroups of Z.

(5.2) THEOREM. Notation and assumptions as in the above paragraph.
(a) The reduced closed subscheme (W N Z)ea of Z is a p-divisible subgroup of Z.

(b) The formal subscheme W of TL(N) is stable under the translation action of the p-
divisible subgroup 7' :== (W N Z)req of Z.
Let Z' be the Tate unipotent subgroup of Z corresponding to Z'. Let Ny := N/Z'.
The quotient Wy := W/Z' is an irreducible closed formal subscheme of TL(Ny), and
is stable under natural action of G. Let w : TL(IN;) — TL(Ng) be the map associated
to the quotient map N; — Na.

(¢) The restriction ﬁ’Wl : Wy — TL(Nsg) of 7 : TL(N;) — TL(Ny) to W/Z; is purely
inseparable.

The proof of theorem [5.2] is deferred to

The setup of theorem is as follows. Let N; be a Tate unipotent group over a field
 of characteristic p. Let G be a p-adic Lie group acting strongly nontrivially on N;. Let
Z, be a Tate unipotent normal subgroup of N; such that Z; is stable under the action
of G, and the quotient Ny := N;/Z; is a Tate unipotent group over k. Assume that
min slope(Z;) > max slope(Ny).

(5.3) THEOREM. Notation and assumptions as in the previous paragraph. Suppose that the
projection map 7 : TL(Ny) — TL(Ng) admits a G-equivariant section §. Then & is a TL
morphism, i.e. there exists a G-equivariant group homomorphism v : Ny — Ny of fpqc
sheaves on &cb,, which splits the quotient homomorphism Ny — N, such that the section &
of m is equal to the map TL(vy) : TL(Ny) — TL(Ny) induced by 1.

(5.4) THEOREMS AND IMPLY THE MAIN THEOREM [5.1]

This is completely formal. Given a closed irreducible formal subscheme W of TL(N) stable
under G as in . Let A, Z and Z = TL(Z) be as in the paragraph preceding theorem
6.2 Let Z' := (W N Z)yed, a p-divisible subgroup of Z stable under G, by orbital rigidity
for p-divisible formal groups [5]. Consider Ny := N/Z, W, = W/Z' C TL(N;), and
7 : TL(N;) — TL(N3). By induction card(slope(N)), the schematic image of W; under the
purely inseparable morphism ﬂwl : W1 — TL(N3y) is equal to TL(Ny) for a Tate unipotent
subgroup Ny of Ny. Let N3 be the inverse image of Ny under the quotient homomorphism
N; — Ns. Thus we have W; C TL(N3),
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Since the restriction to Wj of the projection map my : TL(N3) — TL(Ny) is purely
inseparable, there exists an isogeny « : Ng — Ny such that for the Tate unipotent group

N5 := N3 XNy, N,

the projection map 75 in the diagram

TL(N5) <= (TL(a)* W) rea Wi TL(N;)
TL(Ng) <= TL(Ng) —2— TL(N,) —= TL(N,)

is an isomorphism. Let £ be the inverse of w5, which is a G-equivariant section of the
projection mg : TL(N35) — TL(Ng).

Theorem applied to the section & of 7 says that there exists a G-equivariant ho-
momorphism 1) : Ng — N5 which is a section of the quotient map N5 — Ng, such that
TL(+)) : TL(Ng) = (TL()*W))rea. Let Ny be the smallest co-torsion free Tate unipotent
subgroup of the image of ¢)(Ng) in N3 under the map Ny = N3 xn, o Ng¢ — Nj. Let
N’ be the inverse image of N7, which is a sheaf of subgroups of N, under the quotient
homomorphism N — Ny, i.e. N’ := N xn, N7. This Tate unipotent subgroup N’ of N has
the required property that W = TL(N'). 0O

(5.5) THEOREM. Let k be a field of characteristic p. Let N, Z' be Tate unipotent groups over
k. Let G be a p-adic Lie group which operates strongly nontrivially on N and Z'. Assume
that max(slope(N)) < min(slope(Z')). Let € : TL(N) — TL(Z’) be a formal morphism over
k. If &€ is G-invariant, then & is the trivial map.

PROOF. An easy induction on the number of slopes of Z' shows that it suffices to prove
in the case when Z’ is isoclinic, i.e. TL(Z') is an isoclinic p-divisible group with slope \'.
Let A\; = max(slope(IN)) < X'. Denote by n: G — Aut(N) and p : G — Aut(Z’) the actions
of G on N and Z’ respectively.

Enlarge the base field x if necessary, we may assume that s is algebraically closed.
Composing ¢ : TL(N) — Z’ with a suitable isogeny 2’ — Z”, we may and do assume that
there exists a positive integer r such that r\" € N, and the complete k-algebra I'(Z', Oy/) is
topologically generated by formal functions f on Z’ such that [p™']*f = f*". In other words
Z' is the base change to s of a p-divisible formal group Y over the finite subfield I, with
q := p" elements, and there exists an isomorphism £ : (Z")?") = Z’ such that

"Ny =" o B ¥m e N,

where Bt/ : Z' — (Z')?™) is the mr-th iterate of the relative Frobenius map for Z’, and
g™ (2™ 5 7' is the m-th iterate of 3.

Let B be an element of g := Lie(G) such that expg(uB) € G for all u € Z,, and the
element dp(B) in End(Z')®qQ is in End(Z’). We will abuse the notation and write p(B)
instead of dp(B).
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We know from the standard exponential series that

Ker(p(expe(p"B))) — [1]z/) = Ker(p(p"B))

for all n > 2. In other words there exists an automorphism -, of Z’ such that

plexpg(p"B))) — [llz = Yo p(p"B) Vn >2.

Hence
p(expg(p™™ B))) = [1]z0 = Ymer 0 p(B) 0 ™ o Fry]

for all m > 2. It follows that for every formal function f in the maximal ideal my of
I'(Z', Oy ), there exists a unit uyp., € I'(Z', Oz )* such that

(G-51) plexpg(p™™ B))* f — f = tspm - (p(B) (Vir, ) )

Let m = mypn) be the maximal ideal of the pointed formal scheme TL(IN). From m
we know that there exist constants cg, ng € N such that for all natural numbers n > ng, we
have

B-52) n(expe(p"B)) g — g € mE" )

for all formal functions g € I'(TL(IN, O )) on the formal scheme TL(N). Here m@t/ 2170
is the ideal of I'(TL(N), Orr(n)) generated by all plr/Al=cs_th powers of elements of m.

Let f be any formal function in the maximal ideal my of I'(Z’, Oz/). Combine (5.5/1) and
(G-5]2) with g =& f, n = mrX, we get

n(expa(p™™ B)) € f =& f = & plexpa(p™™ B)) f =& f
* * mr [mrX /A1 ]—c
= (f uf,B,m) ’ (£ p(B) <7mrA1f>)p € mp ' °
for all m > [ng/r\']. It follows that there exist constants mz,c; € N such that

plmr((N /A1) =1)]—eq

g*p( ) ’Ymr)\lf cm
for all m > m7 and all f € my. Therefore
£*p<B)*f c mmeT(()\//Al)—l)J—W

for all f € my and all m > my, since v,,,», is an automorphism of Z’. It follows that

3) f*p(B)*f e ﬂ mp\_mr((z\ /A)—1)]—cq _ (O) \V/f cmy.

m>mry
Since G operates strongly nontrivially on Z’, by [5, 4.1.1] there exist positive integers
bi, ..., by, elements B;; € Lie(G) indexed by pairs (7,j) with 1 <i <mand 1 < j < b,
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such that exps(uB;;) € G for all u € Z, and p(B; ;) € End(Z’) for all pairs (7, j) as above,
and the element

A:=3"p(Bu)o-op(Biy,) € End(Z))
i=1
is an isogeny. It follows from 3) that

g*A*f:f \V/meZ/.

In other words the composition Ao ¢ : TL(N) — Z’ is trivial, which implies that the map
¢ : TL(N) — Z’ is also trivial because A is an isogeny. [

(5.6) PROOF OF THEOREM |5.3|

We are given

e a quotient homomorphism 7r : N; — N of Tate unipotent groups whose kernel Z is a
Tate unipotent subgroup of N; such that every slope of Z is strictly bigger than every
slope of Ny,

e a p-adic Lie group acting strongly nontrivially on N; and Ny, such that 7« is G-
equivariant,

e a G-equivariant section ¢ of the TL morphism 7= = TL(7) : TL(IN;) — TL(N3y).

We want to produce a G-equivariant homomorphism £ : Ny — Ny such that w o § = idn,
and 1 = TL(E).

The proof consists of a number of steps, eventually reducing to the case when N; has
at most 3 slopes, which is covered by the case when TL(IN;) is a biextensions of p-divisible
formal groups.

REDUCTION STEPS.

(1) Climbing up along the slope filtration of Z, we may and do assume that Z is isoclinic
of slope A\; € (0, 1].

(2) It suffices to show that there exists a G-equivariant homomorphism £ : Ny — Nj such
that o ¢ = idn,, because implies that the two G-equivariant sections £ and TL(§)
of 7 : TL(Ny) — TL(IN;) are equal.

(3) It suffices to show that there exists a G-equivariant homomorphism &g : Ng — N
such that the composition wgo&g = id(n,),, where mg : (N1)g — (N2)g is the Mal’cev
completion of 7r.

(4) Let My g, and My, be the Tate unipotent Lie Q,-algebras corresponding to (N1)q and
(Ng)g respectively. According to the Mal'cev correspondence, it suffices to show that
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the projection map 9, g, — Ny, admits a G-equivariant section 7g,. Equivalently,
the central extension
0 — 3q, = Mg, = Mg, = 0

splits, where 3¢, is the Tate unipotent Lie Q,-algebras corresponding to (Z)q.

(5) Since the base field & is perfect, both 9, g, and My g, split into direct sums of isotypic
components, to the effect that the sheaf of commutative groups underlying 91 g, is
canonically isomorphic to the sheaf of commutative groups underlying Ny q, © 3q,-
Moreover 3q, lies in the center of the Lie QQ,-algebra M g,, and the quotient Lie
algebra M, g,/3q, is canonically isomorphic to My q,. We want to show that the
subsheaf My g, of My g, is closed under the Lie bracket of 91, g, .

(6) For each s € slope(Ny), denote by My s the component of Ny ; with slope s, so that
N0, = 30, Pseslope(Nz) Na,s-
We know that for any two elements s, s’ € slope(INy),
(Mo, Mooty o, € Mospsr-

Recall that Z is isoclinic of slope A, and A\; > max(slope(N3)). So we are reduced to
showing that

Mo, Mo srlosg, = (0) Vs, s €slope(Ny) with s 45" = A;.

It remains to show that the statement in the last reduction step (7) holds. For any
s,s" € slope(Ny) such that s + s’ = ¢, let M3 5 ¢ be the Tate unipotent Lie Q,-subalgebra

N L SQP D 531278 D mg,s/ if s 7é S/
e 30, © N if s=4

of My q,, and let Ny, be the Tate unipotent Lie Q,-subalgebra

‘ﬁg,s D ‘ﬁgsf lf S 7& S,
mll,s,s’ = .
RICY if s=4

of My g,. Let N3, 0 be the sheaf of uniquely divisible subgroups of (N;)g corresponding to
M3 s under the Mal’cev correspondence. Define a co-torsion free Tate unipotent subgroup
N3,s,s’ of Nl by

NS,S,S’ =N N N3,S,s’,@-

Similarly, let Ny ;¢ o be the uniquely divisible subgroup of (Ny)g corresponding to My s s,
and let Ny, o be the co-torsion free Tate unipotent subgroup

N4,s,s’ =NyN N4,s,s’,@

51



of Ny. Clearly N3, o and Ny, ¢ are stable under the action of GG, and

TL(N&S’S/) = TL(Nl) XTL(Ng) TL(N4’S’S/).

Moreover the restriction €|TL(N4,S,SI) of the section € of m : TL(IN;) — TL(IN3) to TL(Ny )
is a G-equivariant section of the projection map TL(N3 ) — TL(Nys ). As remarked in
[.1.3] this special case of is known, because it is a consequence of the orbital rigidity
of biextensions of p-divisible formal groups proved in [7, Ch.10]. So the quotient map
N3, — Ny has a section, therefore [Ny, My e] =0. 0O

§6. Proof via hypocotyl elongation in tempered perfections

(6.1) Notation

(6.1.1) We will use the following notation in this section.

k is a field of characteristic p.

Let N be a Tate unipotent group over k.

Let A, := max(slope(N)), and Z := Fil}'N.

Let Ny := N/Z, a Tate unipotent subgroup over k.

Denote by Ngq (respectively No g and Z) the Mal’cev completions of N (respectively
N, and Z).

Denote by 9 (respectively 91 and 3) the Tate unipotent Lie Q,-algebras attached to
Ng (respectively Ny and Z). Let

expy N — Ng and expy, : D — Nag
be the exponential maps for Ng and Ny g respectively.

Let Aut(Ng) = Aut() be the p-adic Lie group consisting of all automorphisms of
Ng. Let Aut(N) be the compact p-adic Lie group consisting of all automorphisms of
N. It is a closed subgroup of Aut(Ng).

Let g(91) := Lie(Aut(Ng)) (respectively g(My) := Lie(Aut(N2g)) ) be the Lie algebra
of Aut(Ng) (respectively Aut(Ng)).

Let 7w : Ng — Ng/IN = TL(IN) be the quotient map from Ng to the Tate-linear formal
variety TL(N). Let ex : 91 — TL(N) be the composition 91— Ng —> TL(N) .

Let G be a compact p-adic Lie group, and let p : G — Aut(N) be a strongly nontrivial
continuous group homomorphism.
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e Denote by dp : Lie(G) — g(M) the Lie algebra homomorphism attached to p. We
often abuse the notation and write p instead of dp.

o Let m: TL(IN) — TL(IN3) be the projection map between Tate linear formal varieties
induced by the quotient homomorphism N — Nj.

e Let g := Lie(G) be the Lie algebra of GG, and let g,, be a Lie Z,-subalgebra of the Lie
algebra g such that g =g, ®7,Q, and expG(gzp) CG.

(6.2) DEFINITION. Let Ay = max(slope(Ny)). According to [4.4.2] there exist constants
no,co € N, ng > 2, such that for every n > ny and every element v € gz,, the element

expg (p™v) of G operates trivially on TL(Ny)[Frl™/*2)=] where
Frl?/A2l=¢o . TL(Ny) — TL(Ny)®"* )
is the (|n/A2| — ¢o)-th iterate of the relative Frobenius morphism on TL(INs).
For every n > ng, define
3u[v] s 77 (TL(Ny) [Frln/A2l=e)) — 7
to be the unique morphism from TL(N,)[Frl™/*2)=%] to Z such that

P(eXp(an))|W_1(TL(N2)[Fan/)\2J_COD = f)n[U] * idﬂ,71(TL(N2)[FI‘L71/>\2J*C()]).
In other words,
plexp(p"v))(x) = dnlv](z) * @

for every functorial point « of 7~ (TL(Ny)[Frl®/*2)=¢]) where 3, [v](z) * z is the translation
of z by 3,[v](x) for the Z-torsor structure of TL(N). Let

G = max(%, Ay) = max(%, max(slope(N>))).

Note that
A2 <61 < A

The statement is immediate from the definition of 3, [v].

(6.2.1) COROLLARY. The map d,[v] is compatible with the Z-torsor structure of TL(N) in
the following sense: For every functorial point (z,x) of Z x n~'(TL(Ny)[Frl"/*2l=<]) gnd
any v € gz,, we have

dalv](z % 2) = (expg(p™v)-2) * 3, [v]().

(6.2.2) PROPOSITION. We use the notation in [6.2 There exist constants ny,c1 € N with
ny > ng such that for all n > ny, we have |n/q | — ¢y < [n/As] — co, and

(f)n-l-l [’U] - [p]Z © 5)71[1]]) ‘TL(N)[FrL”/gljfcl] =0

forallv eg, .
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(6.2.3) REMARK. The compatibility statement will be proved in as a conse-
quence of a formula for 3,[v]. The effect of restricting to TL(N)[Frl"/*J=¢1] is to strip
all terms of higher order in v in the formula for 3,[v], so that 3,[v] is equal to its first-
order approximation on the infinitesimal neighborhood TL(N)[Frl™/<tJ=¢1] of the base point

of TL(N). See [6.3.7]

(6.3) A FORMULA FOR THE MAP J,[v].
Assume that the base field « is perfect.

(6.3.1) Since k is perfect, both 9 and M, admit decompositions as direct sums of Tate
unipotent Lie Q,-algebras attached to isoclinic p-divisible groups. In particular we have a
canonical decomposition

MN=3DN,.
Under this decomposition, the Lie bracket [, |s on 91 has the form
[(2’17U1), (ZQ,UQ,)]m = (591(“17“2), [U1,U2]m2> Vg, ug € Ny, V21,29 € 3,
where [, ]y, denotes the Lie bracket for 9Ny, and
By : My x Ny — 3

is a 3-valued skew-symmetric bilinear pairing on 1.

Let My = Dyesiope(nz)N2,s be the slope decomposition of Ny, where My, is the isoclinic
component of My with slope s. Clearly each M, is stable under the action of G, so is 3.
Moreover the Lie bracket [, |n is G-equivariant, or equivalently [, ]y, and Sy are both
G-equivariant. In addition,

Ny if s+ € slope(Ny),

N s,m ERI0} g 1
[ 2, 2, ]‘ﬂ { (0) if s+¢ Q/SIOPG(WQ)a

and
Bm(’ﬁzs,mzs/) = (0) unless s+ s = .

The statements in lemma below follow easily from the above discussion.

(6.3.2) LEMMA. There exists a Tate unipotent Lie Z,-subalgebra Ny 7, of Moo and a Tate
unipotent Lie Z,-subalgebra 3z, of 3 with the following properties.

(1) Moz, ®o Q =Ny, and 3z, o Q = 3.
(2) Both Ny, and 3z, are stable under the action of G.

(3) The direct sum 3z, ® Nogz, = Nz, is a Tate unipotent Lie Z,-subalgebra of M. In
other words fn(Naz,, Maz,) € Nz, .
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(4) The image expn(Nz,) of Ny, under the exponential map expy : M — Ng is a Tate
unipotent subgroup of N isogenous to N. Consequently expy,(MNaz,) is a Tate unipo-
tent subgroup of Ny. Similarly the exponential map expy identifies 3z, with a Tate
unipotent subgroup of Z, and the inclusion map expy(3z,) — Z is an isogeny.

5) For everyn € N, the relative Frobenius morphism Fry Ny, — NP s compatible
Nz, /K D Lp
P
with the direct sum decomposition

Nz, = 3z, ®Nagz,

and the bilinear pairing Py. In other words,
Frgfzp/li ([u7 'U]S)’t2) = [Fr&Zp/I{(u)7 FTQIZP/K(UXI &)’t;pn)

and
P, o (B[, = oo (Fil,_, (1), P, (0)
for all functorial points (u,v) of Nz, x Ny, .

(6.3.3) We continue with the setup in [6.3.2] Let ng,co be as in definition [6.2] Let n be a

natural number such that n > ng. Let (z,u) be a functorial point of 3 & 91, = N such that
Fr%;;/;:]_co(u) € ‘ﬁ;{%/mico), so that the element en(z,u) = Tn(expn(2, u)) of TL(N) lies in

71 (TL(NQ)[FrL”/)‘ﬂ_CO]). Let v = (C, B) be an element of Lie(Aut(9%)) with components
C € End(3z,) and B € End(Myz,), so that v is a derivation of the Lie Z,-algebra Ny, .
Shrinking Nz, if necessary, we may and do assume that exp ) (Zp-v) € Aut(N). We would

like to compute 3,[v](en(z, 1)), which is equal to the restriction to 7! (TL(NQ)[FI'L”/)\Q—‘_CO])
of the image of

expn (2, u) " - expy(expg (p™v)- (2, )

= expyn(z,u)"" - expy (eXpG(p”C)-z, expG(p"B)-u)

= expg((expa(p"C) — 1)) - expy(u) " - expy(expa(p"B)u)

under the map 7y : N@ — TL(N). So 3,[v](en(z,u)) - expg(—(exps(p"C) — 1)z) is equal to
the restriction to 7~ (TL(N,)| [Frln/Azl=co] ]) of the image of

expn(—u) - expy (expg(p"B)u) = expy(—u) - exp (u + p"Bu + Zm>2 ’%Bmu).

Note that ord ( ) >m(n —1) > 2 for all m > 2.

The BCH formula applied to exp(—x) - exp(z +y) tells us that there exist elements 6, ,(x, )
in the free Lie algebra L(x,y) over Q with free generators {x, y}, where (r, s) ranges through
all pairs with 7, s € N, s > 1, such that 6, ;(z,y) is homogeneous of bi-degree (r,s) for all
r,s € N, such that

©331) exp(—) - exp(z +y) = exp(0(z,y) =exp (D Orslw1)),
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where 0(z,y) := »_ 0, s(7,y). We are interested in the part 0'(x,y) := >, 0,.1(z,y) of
(z,y) which is linear in y. Note that there exists an infinite power series f(t) € Q|[t]] such
that ¢'(z,y) = f(adz)(y).

(6.3.4) DEFINITION. Let 6, ,(x,y) be the homogeneous elements of bi-degree (7, s) in the
free Lie algebra L(z,y) over Q in (6.3.3]1). For any functorial point u of My C N, any
v = (C, B) € Lie(Aut(91)) with components C' € End(3z,) and B € End(Myz,), consider
the functorial point 6'(u,p"Bu)) of N, where 0'(z,y) = >_,,0.1(z,y) is the element of
L(z,y)" defined in the preceding paragraph.

Define functorial points y(u, Bu) € 3 (respectively §(u, Bu) € My) as the 3-component
(respectively My-component) of 6'(u, Bu). In other words

0'(u, Bu) = vy(u, Bu) + 6(u, Bu), ~(u, Bu) € 3, §(u, Bu) € Ny.
For each n € N, let

7(u,p”Bu) = [p”b(v(u,Bu)), 5(u,p”Bu) - [pn]‘ﬁz((s(uvBu»

. . . n/A21—co . .
REMARK. Since the inverse image of ‘ﬁ(Zz; ) under the relative Frobenius map

Frlp/ 1m0 oy petn/210)

is stable under the Lie bracket, the functoriality of the Frobenius maps implies that

Frslj’?//\z]_co’)/(u, BU) c B(ZZ;Ln/AQ]*CO)’ FI'%?/)Q]—CO(S(U, BU) c ;)’tgl’JZLZ/AQ-\*CO)‘

(6.3.5) LEMMA. We keep the notation in[6.3.3H6.3.4 There ezist natural numbers ny > ng
and cy > ¢o, for all functorial points u of My C N with Frggz//\ﬂ_w(u) € mgp;"“ﬂ*”) and all

element v = (C, B) € Lie(Aut(MN)) with components C' € End(3z,) and B € ﬁnd(‘)’tlzp), the
following statements hold for all n > ns.

(a) pla/A2)=D1 . o (y, p"Bu) € 3z,, and 0(u,p"Bu) € Nyz, .

(b) The restriction to 7~ (TL(Ny)) [Frl"/*1=] of the image of

expn(—7(u, p" Bu)) - expn(—u) - exp (u +p"Bu + Zm>2 Z%Bmu)

in TL(N) is 0, namely the 0-element of Z.

ProOOF. The statement (a) follow from the remark after [6.3.4} that
Fry/ 1= (u, Bu) € B(ZZWAQ]_CO) and  Fryy/ 176 (u, Bu) € mg{)ZLZ/Aﬂ_CO)?

because 3 is isoclinic of slope A, and Ay = max(slope(y).
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(b) By the BCH formula, there exist elements 7, ;(xo, 21, ..., %) in the free Lie algebra
over Q with free generators {xy,...,%,}, where m,d ranges through all positive integers,
with the following properties: Each 7, 4(%o, 21, ..., %) is a sum of elements homogeneous
elements 7, 4; such that

deg,, Omai +2dege,, o 1Omai =2, degry o 10mai = d,
and

expy (—(u, p' Bu)) - expy(—u) -exp (u+ p"Bu+ ) ErB"u)

>z m!

= exp (0(u, p"B) + Zm . Nma(w, p" B, p*" Bu, ..., p"" B"™u))

Note that 7, q(u, p" B, p*"B?u, ...,p™ B™u) = 0 if N is nilpotent of class at most d — 1.
. . . [n/x2]—¢ . .
Since the inverse image of mg” 7, 172 under the relative Frobenius map

(pln/A21—c2)

Fryp/ 22172 01, — 9
is stable under the Lie bracket,
Nm.a(u, "B, p*" B?u, ..., p™™ B™u) € 3z, ® Noz,
for all m, d, after passing to a bigger constant ¢y if necessary. The statement follows
from the assumption that expy(3z, ©® N2z,) € N. [
We summarize the above calculation in proposition below.

(6.3.6) PROPOSITION. Let no, co be as in(6.3.5. Let (z,u) be a functorial point of 3N, =
(pln/A21-c2)

N with Fr%%/’\ﬂ*c2 (u) € Ny 7 . Let v = (C, B) be an element of 3z, ®Nyz,. Then the
restriction

N [ ) I
of dnlv](en(z,u)) to m (TL(Ny)[Frl"/*2l=2]) is equal to the image in Z = Zg/Z of the
element
expy ((expg(p"C) — 1)z + v(u, p" Bu))
of Zg. In other words
[ 30 [v](en(2,w)) x ez((1 — expg(p"C))-z — y(u, p" Bu)) ] ‘fl(TL(NQ)[Fan/AQJ,CQD =0.

The following corollary of proposition m gives an approximation of the map 3, [v]
which is linear in v.

(6.3.7) COROLLARY. There exist constants ny > ny and ¢; > co such that

n n . ln/s1]—c
[3, [v](en(z,u)) —, ez (p"Cz + y(u, p" Bu)) ] ‘fl(TL(Nz)[FrL"/AzJ—%]) =0 (mod my ")

for all m > ny. In other words

f)n [U] (eN(Z, u)) |mptn/<1J*‘31 =€z (pnCZ + 7<u7pnBu)) ‘mpL”/HJ*H
Z

zZ
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(6.3.8) PROOF OF [6.2.2| Clearly it suffice to prove the statement after extending
the base field x to the perfect closure of k. So we may and do assume that  is perfect.
Proposition follows immediately from the approximate formula for 3,[v] and

bn+1 ['U] .o
(6.4) Assume from now on till the end of §6| that the base field « is algebraically closed.

(6.4.1) Let Z be the isoclinic p-divisible group TL(Z) over . After a suitable modification
of N by an isogeny, and passing to a suitable open subgroup of G and a suitable open Lie
Z,-subalgebra of g, we may and do assume that there exists a positive integer ry such that
T 0/\1 e N
Ker(Frlp) = [pM],

and the properties in [6.3.2| are satisfied. This assumption on Z in force throughout the rest
of

It follows that there exists an isomorphism Z®°) —%~ 7 such that a o Frlp = [p'o],.
Then the affine coordinate ring of Z is topologically generated by formal functions f on Z
such that o f = f®1 € Oz®, ,r0 k. Such formal functions form the affine coordinate ring
of a model of Z over the finite field .

Choose a positive integer multiple r; of ry and an integer s; such that
r < s, s11 €N, and si¢g < riA.

(6.4.2) COROLLARY. There exists a constant my such that for all m > my, we have mry —

co < msy, and

7’1>\1]

(5)(771-1—1)7‘1)\1 [U] - [p Y :))mrl)\l [/U]) ‘TL(N)[FrmSl] =0

for all v € g9,
Note that ms; < |mriAi/q| — ¢ for all m sufficiently large, because s1g; < r1\1, hence

TL(N)[Fr™1] C TL[Frlmrti/al=a],

(6.4.3) REMARK. (a) Corollary is a weaker form of proposition [6.2.2 It says that for
any v in the lattice gz, of the Lie algebra g of G, the sequence of maps

(dmrin [v] : TLFY™] — Z)

mzml

indexed by integers m > my is [p"*]-compatible with respect to $*' in the sense of 7, §10.7].
(b) The congruence in becomes stronger for larger values of 2. Note that

3 < ﬁ = min<2, ﬁ)
r 1 A2

(6.5) REVIEW OF TEMPERED PERFECTIONS.
In (6.5, x denotes a field of characteristic p.
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(6.5.1) In [7, Ch.10.7], given a complete augmented noetherian local integral domain (R,)
over k, we introduced a family

( (R, m)perf,b

5:¢73[io] )r,s,io
of non-noetherian complete augmented local domains over x sandwiched between (R, m)
and the completion ((R, m)PeH)" its perfection (R, m)P, with integer parameters r,s,ig
satisfying
0<r<s, ig=>0.
Recall that the perfection RP™! of (R, m) has a decreasing filtration Fil(’iegRPerf indexed by
real numbers, defined by

{x € RP | 3j € N s.t. 2’ € m(“'pﬂ} if w>0

deg Rpert it ©w<0

Filf,, B> := {
The completed perfection ((R, m)P*)" of R is the completion of RP*f with respect to the
above filtration. The filtration Fil§,, on RP*" induces a decreasing filtration on ((R, m)>*")",
denoted again by Filg,,.

By definition, (R, m)"™%’ is the completion of the subring

5:¢7;[i0]
Z ¢fm" (mnsfio )

n>1

of RP*"! with respect to the filtration given by powers of the ideal generated by m.

Each ring (R, m)ie;frb[m] is called a tempered perfection of (R,m). This family of complete
augmented local domains over k is filtered in the following sense: given any two rings Ry, R
in this family, there is a third ring R3 in the family which contains both R; and R,. The

union 0

(R, m)omPPert .= Ur,s,io (&, m)2;¢¥;[i0}
is a subring of ((R, m)P*")" which contains RPf| but strictly smaller than ((R, m)Pef)".
Elements of (R, m)"™PPef will be called tempered elements of the completed perfection
(R, m)PH)” of R. The filtration Filge on the completed perfection (RP)" induces a filtra-
tion on each tempered perfection of (R, m).

(6.5.2) Given a complete augmented noetherian local domain (R, m) over &, there are other
versions of families

£, b £,
(<R7m)23>rj[fo] )T,s,io’ ((R, m)5 )A,b,d and ((R, m)ie,z;d# )A,b,d

of tempered perfections of R, indexed by parameters (7, s, i) and (A, b, d) respectively.

Each of these three families is cofinal with the family ( (R, m)ieg;b[m] )T“.O. For instance
each ring (R, m)i‘f;f;f[io] is contained in (R, m)i‘fi’db for a suitable (A, b, d), and each (R, m)ie’i’db
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is contained in a (R, m)" e;fb[m} Therefore the union of rings in each of these families is

equal to the subring (R, m)"™PPef of all tempered elements of ((R,m)P*)". Any ring in
one of the above families is said to be a tempered perfection of (R,m). It is instructive
to regard elements of (R, m)"™PPf as some sort of “tempered generalized functions on the
formal scheme Spf(R). Since “generalized” is an overused word, we will call elements of
(R, m)'mPrert tempered virtual functions on Spf(R).

(6.5.3) For fixed parameters (r, s, 1), the assignment

erf, b
(R, m) > (R, m)2:¢r;[i0]

is functorial in (R, m). Moreover the continuous k-algebra homomorphism

b £,b f,b
h: (Rlaml)z?;’“;[io] - (R2’m2>z?;r§[i0]

induced by a continuous k-algebra homomorphism

h: (R17m1> — (R27m2)

is surjective (respectively injective) if h is surjective (respectively injective). The same is

true for the formations of (R, m)iiﬁ’ﬁo}, ((R,m)i’fg’db )A’b,d and ( (R, m)ie’lr)f’d# )A@d.

(6.5.4) We illustrate the general idea of tempered virtual functions with the family

—oo —00\\ B,
(H<<tll) 7"‘7tfn >>C’;d)E’C,d
of tempered perfections of power series ring k|[[t1, . . ., t,,]], depending on parameters (F, ¢, d),
where F, ¢, d are real numbers, £ > 0,C' > 0,d > 0. This family of tempered perfections of
K[[t1, ..., tm]] is cofinal with each of the four families of tempered perfections of k[[t1, ..., ]|
mentioned in[6.5.11
By definition «((t{ ... 12, 7)) gz consists of all formal power series of the form
> e
Iesupp(m:b:E;C,d)

such that b; € k for all I € supp(m :b: E;C,d). Here

e supp(m :b: E;C,d) is the sub-semigroup of (N[}%}m, +) given by

supp(m : b : B;C,d) := {1 € N2|™ | |I|, < max(C - (]I|, + d)",1) }.

1
P

1
p

o N[|™ is the sub-semigroup of (Z[]™, +) consisting of all m-tuples (i1, ..., 4, ) in Z[]™
with all entries i; > 0.
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e For each I = (iy,... i) € N[%}m, 1|, is the usual p-adic norm of I given by

‘I’p — pfordp(rnax(il,u.,im))

)

while |I|, is the archimedean norm of I given by
g =114+ ip.

In particular the p-adic norm of I is bounded by a polynomial fg.4(|/|,) of the archimedean
norm of [, for all I in supp(m :b: E;C,d).

If we replace the archimedean norm |7], on N [}D]m by the max norm
|l := max(iy, ..., 1),
we get a ring £((t? ... ,tﬁ;w»g;j The resulting family
(R0 o NS g
of tempered perfections k|[t1, ..., t,]] is cofinal with the family (n((tf’l’_oo, . ,tﬁ:w»g;Z)E’C’d

as well.

(6.6) HOW TEMPERED VIRTUAL FORMAL FUNCTIONS ARE USED TO PROVE RIGIDITY
The notion of tempered perfections is critically important to the proof of rigidity of
biextensions of p-divisible formal groups, and it plays a similar role in the proof of orbital
rigidity of Tate-linear formal varieties. Both of the two components of proof of theorem [5.1]
described in|6.6.1|and |6.6.3| below, use tempered formal functions TL(IN) in an essential way.

(6.6.1) For each element v € Lie(Aut(N)), define a tempered virtual morphism
3] : TL(N) --» Z
which interpolates the action of exp(p™*v) on TL(N) for all m > 0.

Technically, such a tempered virtual morphism means a continuous k-linear ring homomor-
phism
5[1}]* perf, b
Ry i (RTL(N))A,b;d

perf, b
A,b;d
of Rrymy := I'(TL(N), O n)) with suitable parameters A, b,d. Such a tempered virtual
morphism is constructed from the compatibility statement of the maps 3,[v], as the

limit

from the affine coordinate ring Ry := I'(Z, Oz) of Z to a tempered perfection (RTL(N))

lim [p_rltl] © 57717"1/\1 [U]
m—r00

in a suitable sense. This tempered virtual morphism 5[1}] can be regarded as a substitute
for the “derivative” of the action on TL(N) of the “one-parameter subgroup” exp(p"v) with
discrete parameter n € N, n > 0. It has the following properties:
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(a) The restriction of 3[v] to the closed formal subscheme Z C TL(N) is equal to the
restriction v|z of v to Z, regarded as an element of End(Z2) ®z Q.

(b) More generally, 3[v] is compatible with the Z-torsor structure of TL(N).

(6.6.2) REMARK. (i) In the setting of [6.1.1] there isn’t any natural map from TL(N) to
Z = TL(Z) in the category of formal schemes over k. However as indicated in (a) above,
there are many tempered virtual morphisms from TL(N) to Z = TL(Z), one for each discrete
one parameter subgroup in Aut(TL(IN)) associated to elements of Lie(Aut(TL(N)). In the
special case when v = %DEuler in the notation of , we get a tempered virtual morphism
from TL(N) to Z which is a projection, i.e. its restriction to Z is the identity map idz on Z.

(ii) The restriction 3[v]|,, of 3[v] to Z corresponds to the composition

Il

o] er g er
Ry 2 (R oy — 2= (Rz) ey

Abid

where qbZ is the homomorphism between tempered perfections induced by the quotient ho-
momorphism gz : RNy — Rz.
(iii) The property (b) above should mean, in spirit, that 3[v](z * ) = 5[@”2(2) +7 3v)(z)
for all functorial points (z,z) of Z x TL(N), if 3[v] is a morphism of formal schemes. At
present (before a general theory of “tempered formal schemes” is available), it means that
the following diagram

Ry E Rz®x R
S[U]*l j(S[UHZ)*@jRTL(N)
perf, b (u*)° perf,b ~ perf, b
(Rre) s b (R2) ) s @ (RrLew) ey

commutes, where y* : Ry — RZ®,€RTL(N) corresponds to the Z-torsor structure on TL(N)
perf, b

and jRTL(N) is the inclusion map of Rrp) < (RTL(N))A e

(6.6.3) Given a reduced irreducible closed formal subscheme W of TL(IN) stable under the
action of G as in 5.2}, we will use the method of hypocotyl elongation in tempered perfections
to show that W is closed under the translation action of schematic image of 5[2} W --s 7
for the Z-torsor structure on TL(Z).

Iy
The schematic image of the restriction 3[v] ‘W to W of 3[v] refers to the closed subscheme

of Z corresponding to ideal

3 ) * T b T
I,w = Ker( Ry £> (RTL(N))T:;; S (RW)Z(jbf;lb >

of Ry = TI'(Z,0y), where ¢, is the homomorphism induced from the quotient homomor-
phism qw : Rrrny = Rw = I'(W, Ow). Translated into algebra, the above assertion means
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that for every formal function f € Rz which lies in the prime ideal corresponding to W, the
image of f under the composition

(‘I?/V o3[v]*)@qw

Ry LA Rz®, R (RW)Z(?:;(gnRW
is 0.

Such an element ((¢Z o d[v]*) ® qw)(1* f) is a tempered virtual function on W x W, in
two sets of variables, one from each of the two factors of W x W. We want to conclude that
it is 0. The available information is an infinite family of congruences, from the interpolation
property of 5[@] This is where the method of hypocotyl elongation comes in. This method
was first used in [5], in the context of augmented complete noetherian local domains over k.
We need a version for tempered perfection, summarized in below.

(6.7) HYPOCOTYL ELONGATION IN TEMPERED PERFECTIONS

(6.7.1) The statement [6.7.2, which follows from propositions 2.1 and 3.1 of [5], embod-
ies the method of hypocotyl elongation for commutative noetherian local domains over
perfect fields of characteristic p. It provides a way to establish a power series relation

f(ug, ... uq,v1,...,0) between functions on a product formal scheme Spf(R) x Spf(R) of
the form prigi,...,prig, and prihy, ..., prih,. Proposition [6.7.3] extends to tempered
perfections, and allows g1, ..., g4, h1, ..., hy to be tempered virtual functions on Spf(R).

(6.7.2) PROPOSITION. Let k be a perfect field of characteristic p. Let u = (uq, ..., u,),
v = (v1,...,v) be two tuples of variables, and let f(u,v) € k[[u,v]] be a formal power
series in variable uy, ..., Ug, V1, ...,y with coefficients in k. Let (R,m) be an augmented
Noetherian complete local domain R over k such that k = R/m. Let g1,...,Ga,h1,. ..,
be elements of the maximal ideal m. Let ng € N and let (dy,)n>n, be a sequence of positive
integers and let q be a power of p such that lim,, . % = 0. Suppose that

Flor, - ga ¥, hT) =0 (mod mdn)
for all n > ng. Then

flar®1,...,6.21,1®@hq,...,1®hy) =0

in the completed tensor product R®,R, where RQyR is the formal completion of the local
domain R ®,, R.

(6.7.3) PROPOSITION. Let (R, m) be an augmented complete Noetherian local domain over
a perfect field k of characteristic p.

o Let g1, ... Gm,hi, ..., hyy be elements of the mazimal ideal of (R,m)iei;ib.
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o Let f(ug, ..., Un,v1,...,00) be an element of
oo oo pmoo E.b
L (T S V- V. SRR VAR § it

)

which lies in the closure of the image of

Qv

—oo\\ E,b —oo\\ E,b —oo  p=oo\\E,
(W ))cla @ k(W7 Nelg — w07 )e
o Let g =p" be a power of p for some positive integer r. Let (dy)nen n>n, be a sequence

of positive integers such that lim,, . g—: = 0.

Suppose that

n ny 1dy, r 7b
(1) flgrs- o gm, b ... RT ) =0 (mod F1l§eg(R, m)‘jﬁ’i,;d,)
in (R, m)i?fg}?d, for all sufficiently large natural numbers n. Then

f(gl®17agm®171®h1771®hm’):0

perf, b

A/,bl;dl Of R®K/R‘

in the completed tempered perfection (R@,gR,mR@R)

(6.7.4) REMARK. (a) The condition in[6.7.3|that the relation f(wi, ..., uq, v1,...,vp) lies in
the closure of the image of M@P""’»E;Z Qs m((y”ﬂo»ggz — /ﬁ((gpfw,ypfm»gyzz may seem
a little odd at first sight. However some subtleties in tensor products of tempered perfections
are to be expected, by the analogous situation in the theory of distributions, such as the

Schwartz kernel theorem.

(b) The proof of orbital rigidity of Tate-linear formal varieties uses the special case of proposi-

tion when the relation f(u,v) is an element of k[[u1, ..., uq,v1,. .., 0p]]. We don’t know

H)tmp perf

whether there is a natural class of subspaces of (/ﬁ[[ul, ey Ug, V1, e, Up , larger than

the class of all closures of images of /i(('z_ﬁpfoo»g;fi@,{/i((gpfw»g;z — n((gpfw,ypfw»ggz for
some parameters F, ¢, d, such that the conclusion of holds. There are many other ques-
tions about tempered perfections that we have not considered with any degree of seriousness,
some of which are mentioned in [7, Ch. 10§7].

(c) Proposition below is a “coordinate-free” version of When applied to the
proof of orbital rigidity of Tate-linear formal varieties, S5 is the affine coordinate ring of an
isoclinic p-divisible group Z of slope \; such that Z[p*"] = Z[Fr9], ¢ = p".

(6.7.5) PROPOSITION. Let k be a perfect field of characteristic p which contains a finite
field with ¢ = p" elements. Let (R,m), (S1,my) and (S3, ma) be augmented commutative
noetherian local domains over k. Suppose that So has a Fy-model Sy, , i.e. an augmented
noetherian local subring Sy, over Fy such that the natural map 827Fq®]pqli — Sy 18 an
1somorphism.
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o Let ¢ = ¢g: Sy — Sy be the k-linear continuous ring endomorphism of Sy which sends
every element x € Sop, to x9.

o Let gy - S — (Rm)ES™ and go © Sy — (R,m)PS be continuous k-linear ring

homomorphisms from S; to (R, m)ielrf’db, i=1,2.

e Let [ be an element of the completed tensor product (51,m1)iir§;1b;dl & (Sg,mg)ie;fl;2b;d2

for parameters (Aq,b1,dy) and (Ag, by, ds).
o Let (dn)nen,n>n, be a sequence of positive integers such that lim,,_,. % =0.

o Let (A,V,d) be suitable parameters such that the homomorphisms g; extends to a
continuous k-linear homomorphism g; : (Si,mi)ze;rlf)’ifbdi — (R, m)ie;rlf’,,bd, fori=1,2.

Let (¢;-g5)o(1® (gb'(’])”) be the composition

A 10(gh)" A 295
perf, b perf, b q perf, b perf, b 91°92 perf, b
(Sl’ m1>A1,bl;d1 ® (52’ m2)A27b2;d2 (Sl’ ml)Ahbl;dl . (SQ’ m2>A2,bz;d2 (R’ m)A',b';d' :

Suppose that
n _ s1dn erf, b
(6h - 93) 0 (1@ (6))") (/) =0 (mod Filfy, (R, m)%77, )
for all sufficiently large natural numbers n. Then
. erf,b 2 erf, b
(gli & gg)(f) =0 in (Ram)i/,qu/ ®x (R, m)i/,b/;d/ ’
where g} ® g5 denotes the composition

IS perf, b A IS perf, b g?®95 R perf,b 2 R perf, b
(51,0 )30, 0 a, @ (S2,M2)0, 00, = (R, m) 0y @ (R,m) 00

PROOF. This is an easy consequence of [6.7.3] O

(6.8) CONSTRUCTION OF A TEMPERED VIRTUAL MORPHISM 3[v] : TL(N) --» Z

Suppose we are given an element v € Lie(Aut(N)) satisfying the conditions in [6.3.3] For
every n > ng, we defined a map

du[v] ¢ 7 (TL(N) [Frlv/Ae)=e]) — Z

in According to [6.4.2) the restrictions 3., satisfy the compatibility

condition

[v] }TL(N)[Frmsl]

T1)\1]

b(m—i—l)m)\l [U] ‘TL(N)[FI‘mSl} - [p Z o 5m'r1>\1 [U] |TL(N)[FI‘mSl] vm Z ml'
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Let Ry == I'(Z,0z) and Ry := I'(TL(N), O, (n)) be the affine coordinate rings of Z and
TL(N) respectively. We want to produce, out of the family of maps 3,,,,,[v], a continuous
r-linear ring homomorphism

B[] : Ry = (R, ma)ey
for some parameters (A,b,d). Such an homomorphism is, by definition, a tempered virtual
morphism d[v] : TL(IN) --» Z from TL(N) to Z.

For any a € N, the k-linear continuous ring homomorphism [p?]* : Rz — Ry is purely
inseparable and induces an isomorphism from R%erf to itself. Given any element f € Ry,
(B [V] ‘TL(N)[FrmSl])*< f) is an element of Ry/m% . The compatibility condition of the
maps d,a, [v] implies that

( z)’rm‘l)q [U} |TL(N)[FI~WS1])*([pm)\l]*f) = ( 5(m+1)r1)\1 [U] {TL(N)[Fﬂm*l)SI])*(f)

As was shown in [7, Ch. 10 §7], there exists a natural number iy € N, depending only on m;,
such that the congruence classes

(Borne [9)] gy ene) (77417 ()

. . . . f,b
converges, in an obvious sense, in the tempered perfection (Rp, mrp)P, of Rr. Define

$:07;i0]
1% erf, b
.))[’U] Ry — (RT,mT)I;:d)T;[Z.O] by

Sl () = im (Bumrans [0y ) (P71 () VS € Ry

m—r0o0

(6.8.1) COROLLARY. We keep the notation and assumptions in [6.3.6| Let v be an element
of Lie(Aut(Ng)) such that expymg)(Zpv) C Aut(N), and let pg(eprut(NQ)(p)‘mmv))* be

the ring automorphism of (R, mT)I;?;&;b[io} corresponding to the action of exp g (P"™0)
on TL(N).

(a) The action of exp(p*"™v) on TL(N) satisfies the congruence relation

rim * __ - X, 1% rim)* :1ms rf, b
p0<eXpAut(NQ) (p)\l ! U)) =id + (6[1)] o [pAl ' ]Z) mod Flldeg1 (RT7mT)I:¢fT;[i0]

for all sufficiently large natural numbers m.

(b) The tempered virtual map 3[v] : TL(N) --» Z is compatible with the Z-torsor structure
in the sense that

3v](z * x) = (dpo(v)(2)) * 3[v](2)
for all functorial points (z,x) of Z x TL(N). Here pg is the identity map of Aut(IN)
corresponding to the tautological action of Aut(N) on N. In particular the restriction
S[UHZ of 3[v] to Z is equal to the dpy(v)|,, an endomorphism of Z.

7z’

PROOF. The statement (a) follows from the construction of 3[v]. The meaning of the
statement (b) has been explained in [6.6.2] (ii)~(iii). It follows from and the construction
of 3[v]. O
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(6.9) PROOF OF THEOREM [5.2] Let W be a reduced irreducible closed formal subscheme
of T'= TL(IN) stable under the action of G. Recall that the base field x is assumed to be
algebraically closed, and Ker(Fr’?) = [p™*],. We have also fixed a positive integer multiple
r1 of r, and an integer s; such that r; < s1, 5151 € N, 5161 < 111

Step 1. Claim. Suppose that v is an element of Lie(G) such that expg(Zyv) € G. Then
W is stable under the translation action by the schematic image of d[v] : W --» Z.

The meaning of this claim, as explained in [6.6.3] is that

(((C]lby o 5[@]*) ® qw) o M*)(f) -0

for all f in the ideal Iy of Ry which defines W, where ((g o 3[v]*) ® qw) o u* is the
composition
(4503 [v]" ) ®aw

* ~ erf,b ~
Ry —*—~ Rz®,Rr (Rw)ivb;d QR .

Clearly it suffices to show that

(g3 0 3[0]") @ qiy ) (u(f)) = 0

perf, b

Apg D the commutative

for all f € Iy, because the canonical arrow Try = Bw — (RW)
diagram below

* ~ (q} OSM*)@) erf,b ~
Ry -~ Ry®,Rp ——~ e L
- jl@jRW
~ (qb 05[”]*)®Qb erf,b ~ erf, b
RZ@“RT = = (Rw)i,b;d O (Rw)z,b;d

is injective. This is a consequence of proposition [6.7.5, where the required family of congru-
ence conditions follows from the fact that W is stable under the action of p(expq(p™*1™)) for
all sufficiently large natural number m, and the congruence property (a) of the discrete
one-parameter family p(expg(p™*1")) of automorphisms of TL(N). The claim is proved.

Step 2. Clearly the close formal subscheme Z’ := (W N Z)eq of Z is stable under the action
of G. So by orbital rigidity of p-divisible formal groups [5], Z’ is a p-divisible subgroup of Z.

Suppose that v € Lie(() is an element of the Lie algebra of G such that expg(Z,v) C G.
Since the restriction of 3[v] to Z is equal to the action of dp(v) on Z according to 6.8.1]
schematic image of 3[v] : W --» Z contains dp(v)(Z). So step 1 tells us that W is stable

under the translation action by the p-divisible formal subgroup dp(v)(Z’).

Since G operates strongly nontrivially on Z’, we know from [5, Lemma4.1.1] that there
exist elements v; ; € Lie(G), indexed by pairs (¢,7), ¢ = 1,...,a, 7 = 1,...,b;, such that
expg(Zpvi ;) € G for all (i,7), and (D7 dp(vi1) o -+ o dp(vip,)) |Z, is an isogeny from 2’
to itself. In particular > 7 | dp(v;1)(Z’) = Z'. Therefore W is stable under the translation
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action by Z’. We have proved the statements (a) and (b) of [t remains to prove (c),
which asserts that the formal morphism ﬁ|W1 : W7 — TL(INs) is purely inseparable. Here
N; =N/Z', Ny = N/Z, 7 : TL(N;) — TL(Ny) is the morphism attached to the quotient
map N; — Ny, Wy = W/Z' C TL(N;), and ﬁ‘Wl is the restriction of ™ to Wj.

Step 3. To prove the statement [5.2)(c), we may and do assume that Z’ = (W N Z)eq = (0).
We need to show that the formal morphism 7|y : W — TL(Ny), which is finite because
(W N Z)rea = (0), is purely inseparable.

Suppose that 7|y is not purely inseparable. Then there exist two x[[u]]-valued points of
W, &,& : Spf(k[[u]]) — W, such that mo & = mo& and & # &. Let § : Spf(k[[u]]) = Z
be the k[[u]]-valued point of Z such that & = § x &, i.e. & is the translation of & by §
with respect to the Z-torsor structure of 7 : TL(IN) — TL(Ny). The condition that & # &
means that § # 0.

Let v be any element of Lie(G) such that exps(Z,v) C G, and let Z, be the smallest
subgroup of Z containing the schematic image of 5[1}] According to step 1, W is stable
under translation by the schematic image of S[U], therefore W is stable under the translation
by Z,. Corollary (b) tells us that

3u)(&r) = 3[u](8 % &) = (dp(v)(6)) *3[v](&2).

So dp(v)(6) is a k[[u]]-valued point of Z,, and W is stable under translation by dp(v)(9).
Choose elements v;; € Lie(G),i=1,...,a,j=1,...,b; with exps(Z,v;;) C G, such that
the endomorphism

o= (Z:=1 dp(vip) o---o dﬂ(vi,bi)) ’Z

of Z is an isogeny from Z to itself, just as in the argument of step 2. Then «(d) is a non-
trivial s[[u]]-valued point of Z, and W is stable under translation by «(d). It follows that
a(0) is a non-trivial k[[u]]-valued point of (W N Z),eq, which is a contradiction. So the formal
morphism 7T’W : W — TL(N), is purely inseparable. We have finished the proof of theorem
[.2] and also the proof of theorem 5.1l O

REMARK. The proof of (c) in step 3 of was presented in a geometric language. The
readers may want to compare with the more algebraic, and possibly more convincing version
of this argument in [7, Ch.108§7]. The argument there for the pure inseparability of ﬁ‘w in
the case when TL(IN) is a biextension of p-divisible formal groups works for all Tate linear

formal varieties.
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