
Class functions

§1. Action of the center of the group ring
(1.1) Notation Let G be a finite group and let k be an algebraically closed field of characteristic 0.

(1.1.1) Let C1 = {1},C2, . . . ,Cr be the conjugacy classes of G. Let ci := #(Ci) for i = 1, . . . ,r. Pick
elements zi ∈Ci for 1≤ i≤ r. Let σi := ∑y∈Ci [y] ∈ k[G], i = 1, . . . ,r.

(1.1.2) Let (Vα ,ρα), α = 1, . . . ,s be the non-isomorphic irreducible k-linear representation of G. Let
χα be the character of ρα .

(1.2) From Schur’s lemma we get the orthogonality relations

〈χα ,χβ 〉 :=
1
|G| ∑y∈G

χα(y) ·χβ (y
−1) = δα,β ∀α,β .

In particular the irreducible characters χα generate an s-dimensional subspace of Z(k[G]), so s≤ r.

(1.3) LEMMA (1) Suppose that u = ∑y∈G ay · [y] is an element of the center Z(k[G]) of the group
ring k[G] and let f : G→ k be the corresponding class function with f (y) = ay for all y ∈ G.
Then u operates on any irreducible representation (Vβ ,ρβ ) by

∑y∈G ay ·χβ (y)
χβ (1)

· IdVβ
=
|G|

χβ (1)
· 〈 f ,χβ∨〉 · IdVβ

,

where χβ∨ is the character of the contragradient representation of ρβ , i.e. χβ∨(x) = χβ (x−1) for
all x ∈ G.

(2) The element σi = ∑y∈Ci [y] ∈ Z(k[G]) operates on the irreducible representation Vβ as

ci ·χβ (zi)

χβ (1)
· IdVβ

.

(e) The element ∑y∈G χα(y) · [y] ∈ Z(k[G]) operates on the irreducible representation Vβ as

|G|
χα(1)

· 〈χα ,χβ∨〉 · IdVβ
=
|G|

χα(1)
·δα,β∨ · IdVβ

,

(1.4) COROLLARY (a) ci·χβ (zi)

χβ (1)
is an algebraic integer for every conjugacy class Ci and every

irreducible character χα .

(b) χα(1) divides |G| for every irreducible character χα of G.

§2. Class function
(2.1) PROPOSITION The irreducible functions form an orthonormal basis of the class functions.

PROOF. The orthogonality relation implies that s≤ r. Suppose that s < r, then there exists a non-zero
class function f (x) on G such that 〈 f ,χα〉 = 0 for all α = 1, . . . ,r. Lemma 1.3(1) tells us that the
element u := ∑y∈G f (y) · [y] operates as 0 on all irreducible representations of G, hence it operates as
0 on every finite representations of G. But the action of u on the regular representation of G is clearly
nonzero, which is a contradiction.
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(2.2) For each i = 1, . . . ,r, let ∆i be the class function with value 1 on Ci and value 0 on all other con-
jugacy classes. The ∆i’s form an orthogonal basis of the space of class functions, while the irreducible
characters χα ’s form another.

• Clearly χα = ∑
r
i=1 χα(zi) ·∆i

• Write ∆i = ∑
r
α=1 bi,α χα . From the orthogonality relation we see that bi,α = 〈∆i,χα〉= ci·χα (zi)

|G| ,
i.e.

∆i =
ci

|G|
·

r

∑
α=1

χα(z−1
i ) ·χα

Equating the values of both sides at z j we see that

ci

|G|
·

r

∑
α=1

χα(z−1
i ) ·χα(z j) = δi, j ∀ i, j,

which is the other set of orthogonality relations for the character table.
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