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Math 626 Notes

§1. Associated primes and prime divisors
(1.1) Definition (Bourbaki, Alg. Comm. Ch. IV, §1, Exer. 17) Let M be a module
over a commutative ring A. The set Assw(M) of prime ideals weakly associated to M is the
subset of Spec(A) consisting of all prime ideals p such that there exists an element x ∈ M
such that AnnA(x) ⊆ ℘, and p is a minimal element of the set of all prime ideals containing
AnnA(x).

(1.2) Definition (Nagata, Local Rings, Ch. 1, §7) (a) Let M be a module over a com-
mutative ring A. The set AssN(M) is the subset of Spec(A) consisting of all prime ideals
p of A such that there exists a multiplicatively closed subset S of A r p and p · S−1A is a
maximal element of the family consisting of all ideals of S−1A contained in the set Z(S−1M)
of all zero divisors of S−1M .

(b) Let I be an ideal of A. Nagata called AssN(A/I) the set of prime divisors of I.

(1.3) Lemma Let M be a module over a commutative ring A.

(i) Assw(M) = ∅ if and only if M = 0.

(ii)
⋃

p∈Assw(M) p = Z(M), the set of all zero divisors of M .

(iii) If 0→M ′ →M →M ′′ → 0 is a short exact sequence of A-modules, then

Assw(M ′) ⊆ Assw(M) ⊆ Assw(M ′) ∪ Assw(M ′′).

(1.4) Lemma Let M be a module over a commutative ring A.

(i) Ass(M) ⊆ Assw(M) ⊆ AssN(M).

(ii)
⋃

p∈Assw(M) p =
⋃

p∈AssN (M) p = Z(M).

(iii) If A is Noetherian, then Assw(M) = Ass(M) = AssN(M).

(1.5) Example We produce a commutative ring A with Assw(A) $ AssN(A).
Let k be a field, and let (xi)i≥1 be a countable set of variables. Let

u1 = x1, u2 = x
1/2
1 x2, u3 = x

1/4
1 x

1/4
2 x3, · · · , ui = (x1x2 · · ·xi−1)

2−i−1

xi, . . .

and let
A =

⋃
n∈N

k[x2−∞

1 , · · · , x2−∞

n ]/(u1, . . . , un) .

Let m be the maximal ideal of A generated by all elements of the form x2−j

i , i, j ≥ 1. Then
m ⊂ Z(A), i.e. every element of m is a zero divisor. So m is a prime divisor of 0 in the sense
of Nagata, i.e. m ∈ AssN(A).
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Claim. For every non-zero element y ∈ A, there exists an n0 ∈ N such that

Ann(y) ⊆
⋃
n≥1

( ∑
1≤i≤n0

x2−n

i A
)

=: qn0

The proof of this claim is omitted here. This claim implies that m 6∈ Annw(A).

2


