NOTES ON CARTIER DUALITY

Let k be a commutative ring with 1, and let G = Spec(A) be a commutative finite locally free group
scheme over k. We have the following k-linear maps

(unity) i:k—A, (multiplication) m: AQA — A, (inverse) T: A — A,
(co-unity) €: A —k, (co-multiplication) u: A - A®;A

satisfying the axioms for a commutative co-commutative Hopf algebra over k. Recall that A is a
projective k-module of finite rank. Let A’ := Homy (A, k). Dualizing the structure maps for A, we get
k-linear maps

(unity) ' k—A’, (multiplication) m': AQ A" — A’ (inverse) 7': A’ — A,
(co-unity) €: A’ — k, (co-multiplication) p: A" — A’ @ A’

making A’ a commutative co-commutative Hopf algebra over k. Here i’ is the transpose of €, m’ is
the transpose of u, 7’ is the transpose of 7, € is the transpose of i and p’ is the transpose of m. Let
G = Spec(A’) be the commutative finite locally free group scheme attached to A’.

For every commutative k-algebra R, we use a subscript R to denote the base-changed objects like
AR :=A @R, Ay = A’ @ R = Homg(Ag,R) and for morphisms like ip: Ay — AR @r Ak, €r: Ap — R.
The set of R-valued points

G(R) = Homy.g15(A,R) — Homy(R,AR) = Aj
of G is identified with the set of all ¢ € Al satisfying the properties (i) and (ii) below.
) Hp(9) =9 ®9 € Az @rAg
(ii) ep(d) =1 € R.
i) ¢ € (AR)"
Note that (i) says that the transpose ¢: Ag — R of ¢ respects multiplication, while (ii) says that
¢ oig = idg. So (i) and (ii) says that ¢ is an homomorphism of k-algebras. On the other hand, the
set Homg g1p(G X gpec(r) Spec(R), G X SpecR) of all R-homomorphisms from G X gpec(x) Spec(R) to
G, % SpecR is naturally identified with the set of all elements ¢ € Al satisfying conditions (i) and
().
Lemma. Suppose that (ﬁ € A} satisfies (i). Then (ii) <= (ii)’. In other words, G(R) is in natural
bijection with 5 omy (G, Gy,)(R).
PROOF. (ii) = (ii). Apply the identity (1-1 =1 in Ag)
(er ® ) © Hg = &g
to ¢, we get
ex(9)” = er(9)
Hence &;(¢) = 1 because £;(¢) is a unit in Ay by (ii’).
(i) = (ii’). Apply the identity (for the additive inverse in Gr = Spec(AR))
mg o (1y ® Tg) U = ig 0 g

to ¢, we get ¢ - Tp(¢) =1 in A%. So ¢ is a unitin Ap. [



Apply the above Lemma to G, we see that sheaf j\%”omk(G, Gy,) of commutative groups over
Spec(k) is representable, and naturally identified with G = Spec(A’) (as schemes at this point). One
can reformulate this as a morphism

cang: G Xgpec(k) G — Gy x Spec(k)

obtained from the above Lemma applied to the tautological element in G(A) with R = A. This mor-
phism corresponds to the k-algebra homomorphism

KT, T7'] — A A

which sends T to the “diagonal element” & € A ®; A’ which corresponds to Id4 . Since & also corre-
sponds to Idy, the canonical morphism cang: is naturally identified with cang. Moreover the Lemma
tells us that

(1) wy(8) =840 cAxA'@ A, €,(8)=i(1)€A, and &-74(6)=1.
The same argument (because & also correspond to the tautological element in (A;(A’ ) gives
(*) Ua(8) =824 8 €A A A", en(8)=7(1)eA’ and &-14(8)=1.

Note that d ®4 0 is the product of pr;,(8) and pr;;(0) in A ®@; A’ @ A’, and d ®4 0 is the product
of pry3(8) and pry;(8) in A @, A @, A’. The formulas (+) and (%) gives the multiplicative inverse
of 8 in A®;A’, namely 7(8) = 14/(8). More importantly they also show that the canonical map
can: G Xgpec(k) G — Gy x Spec(k) is bi-multiplicative.

Example 1. Let H be an abstract commutative finite group. Write k! for the set of all k-valued
functions on H, and k[H] be the group algebra of H over k. The delta functions 0, at h € H form a
k-basis of k, and we have &, - 8, = 8(x,y)d, for all x,y € H, where §(x,y) denotes the Kronecker’s
symbol. The co-multiplication, co-unit and inverse in k'’ are given by
U: op — Z Ox @ Oy, €: 0, — 6(x,0) 0, T: O — O_y.
x,yeH, x-y=h
The group algebra k[H] is best thought of as the convolution algebra of all k-valued measures on
H, where the basis element [] corresponding to an element 4 € H is “evaluation at #”. The co-
multiplication, co-unit and inverse are given by
/

w:x] = X ®, e [x] 1, 7 ] = [—x].

Some samples of the equalities in (1) and () are:

i (Z 5x®[x]) =) 6,080+ = (Z 6y®1®[y]> : (1@25@1@&])

xeH y,2€H yeH z€H
in K @ k! @y k[H],
8kH (Z 5x®[x}> = Z(Sx:lkH(1>
xeH xeH
in kK, and
(Z 6 ® M) : (Z 6, ® M) =) d(xy)d@k—y = (Z5x> ® [0 = iy (1)
xeH yeH x,yeH X

in k! @ k[H]. When H = Z /nZ we have Spec(k[Z/nZ]) = Spec(k[T]/(T" — 1)) = u, x Spec(k).



Example 2. Let p be a prime number, k O [, be a field, G = a,, x Spec(k) = Spec(k[X]/(X?)). Let
x € A=k[X]|/(X?) be the image of X in A. The co-multiplication and co-unity are determined by

Uix — x1+1®x and €:x — 0.
Let yo,y1,...,yp—1 € A’ =Homy (A, k) be the dual basis of 1,x,x%,...,x’~ 1. Then we have

.u/:yi = Z Ya®Yi-a, yllzl'yl Vi:()?lv"'vp_lv yp:()

0<a<i
Then x +— y; establishes an isomorphism A = A’ of Hopf-algebras. The diagonal element

p—1

S = Zx’@yi € A A
i=0
is equal to
2 2 -1 p—1
_ X Q¥ ey
exp(x®@y1) = 1 +x®@y + o +"'+W—Ep(xy)y

where E,(T) is the truncated exponential

T2 Tr-1
E,(T) .:1+T+2—!+---+W

In other words, the formula (x,y) — E(xy) gives an auto-duality pairing

€ k[T]

0y X 0y — Gy
which identifies o, with its own Cartier dual.

Example 2'. Let k D I, be a field of characteristic p. Let Frj»: G, x Spec(k) — G, x Spec(k) be
the Frobenius homomorphism defined by X — X?". Denote by a,» = Spec(k[X]/(X?")) the kernel of
Fr,». We have short exact sequences

jn,n+m ﬁrHrm,m
0 — (xpn i (Xpn+m i apm — 0

for positive integers m,n, where j, »4m is the natural inclusion and B,y is induced by Fr .

Write A := k[X]/(X”") and let x be the image of X in A. Let y,,y;,-. . .Yy be the k-basis in
A’ :=Homy (A, k) dual to the k-basis 1,x,x%,...,x""~1 of A. The co-multiplication on A is given by

U:rx — xl+1®x.
The co-multiplication, unity and co-unity on A’ are given by

ey = Y y.®yi, i=0,1,...p"—1; i1 =y, gy, —0 Vi>0.

0<a<i

It is straight forward to deduce from u(x) =x® 14 1®ux that

-1
Yi=2yy, y1=3lys,... 00 =(p-1ly,, ¥ =0.



Similarly we have
Yia=jlyje and yu=0 Ya=0,1,...n—1, Vj=0,1,....p—1.

More generally, for every natural number i with 0 <i < p” — 1, written in p-adic expansion in the form
I =Yo0<a<n—1JaP", then .

Vo
0<a<n—1Ja! '

So A’ is isomorphic to k[Zy,Zy,...,Z,1]/(Z5,27,25,...,Z,_,) as k-algebras, such that y . corre-

Vi = YVjotjipt-tinrpt

sponds to the image of Z, fora =0,1,...,n— 1. The diagonal element
p7171 ] .
8= ) Xy cAA 2k[X,Z0.2Zy,.... 2]/ (XP" 20,20, .20 )
i=0

can be written in terms of the truncated exponential E,(T) =1+T +T2?/2!+---+ TP~ /(p—1)! as
the image of the polynomial

8(X,2)=68(X,Z0,Z1,.. H E, (X7

in k[X,Z0,Z1,...,Zy1)/(XP",Z8,Z ..., ZF_|). The group law of the Cartier dual &1 of 0
is completely determined by the polynom1a1 0(X,Z) as follows. Using Zy,Z,...Z,_1 as the co-

ordinates on OTPE, then the the sum of two points in O/c,} with coordinates z = (20,21,---,2n—1)s
w = (Wo,wi,...,wy_1) is the point with coordinates ®(z,w) where
D(Z, W) = (Po(Z, W),...,Py1(Z,W))
n
€ (k[zo,zl,...,Z,H,WO,WI,...,Wn,l]/(zg, LZEWE W 1))
is determined by the equation
n—1 ; n—1 . n—1 .
[T (x” @) =TT Ep (X" Z0) - [T Ep (7 Wa)
a=0 a=1 a=1

in k[X,Z0,Z1,. .., Zu—1, Wo, Wi, ... ,\Wyui]/(XP",Z8,....Z0 | \WY,..., WP ). Notice that

p b
Ep(XZJrXW) EEP(XZ) ~Ep(XW) (mod (X?,ZP ,W?)),

but

Ep(X(Zo+Wo) + X" (Z1 +Wh)) # Ep(XZo+XPZy)-Ey(XWo+ XPWy)  (mod (X", Z5.Z0 Wg. W))).

So the usual “exponential rule” does not hold for the truncated exponential when applied to rings like
k[X7Z()7ZI ) W07W1]/(XPZ7Z(I)77Zf7W()p7W1p)'

The Cartier dual of the homomorphism S Oy+m — Ogpm induced by Frpn: x — X", the n-th
power of the Frobenius, corresponds to the homomorphism

ﬁr/ler,m: k[Y07"'7Yn+In—l]/(Y 5. 7Y]/{)+m ]) — k[Y07"'7Ym—1]/(Y(§77 7YnI; ])



of Hopf algebras such that

B! :Yo,....Y 1 — O; B! Ynia = Y, a=0,...m—1.

n+m,m n+m,m

Similarly the natural embedding j, nim: Opn — Qy+n corresponds to the homomorphism

j;;,n+m: k[Y()?"‘7Yn—]]/(Y({77"'7Yr{]—])k[Y0w'-7Yn+m—l]/(Y 5 7Y,{)+m ])

of Hopf algebras which sends each Y, to ¥, foralla=0,1,...,n— 1. Using the maps j;, m, 1t1s easy
to see that for each natural number a with 0 < a < n, the a-th component ®,(Z, W) of the group law
comes from a unique polynomial in F,[Zy,...,Z,,Wy,...,W,] independent of n whose degree in each
variable is < p — 1. For instance

p i

Do(Z, W) =Zo+Wo,  PI(Z, W) =Z1+ W+ Z—O



