Exercise 6, 10/05/2005

Definition Let L/K be a finite separable extension field. The discriminant of a K-basis
ai,...,a, of L is defined to be

d(ay, ..., ap) = det (05(;))?

where o1, ...,0, are the K-embeddings of L into L*P. If « is an element of L such that
L = K(«), we define an element d(a)) € L by

d(a)dp/k(a) :==d(1,a,. .. ;o™ h)

1. Suppose that Ok is a Dedekind domain with fraction field K and Oy, is the integral closure
of O K in L.

(i) Prove that if o, ..., a, is an Og-basis of Op, then disc(Or/Ok) as defined in class is
equal to the ideal of Ok generated by d(aq, ..., ay).

(ii) Show that if a1, ..., a, are elements of O, and form a K-basis of L, then there exists
an ideal I in Of, such that d(az,...,a,)0 = I*disc(O/Ok).

2. Notation as above. Let ay,...,a, be elements of O which form a K-basis of L. Assume
moreover that disc(Or/Ok) = d(a1,...,a,)Or. Show that aq, ..., a, is a Og-basis of Of.

3. Show that if L/K is a finite extension of number fields, D(L/K) is the Op-ideal generated
by all elements of the form f’(«), where « is an element of Of, such that K(a) = L, and f(X)
is the minimal polynomial of a w.r.t. K.

4. Notation as in Problem 1. Assume that Ok is a complete discrete valuation ring and that
the residue field extension k1 /k is separable. Prove that disc(L/K) is equal to the ideal of
O|, generated by elements of the form d(a) :=d(1,a,a?,...,a"" 1), where  is an element of
O, such that K(«) = L.

In Problems 5-7, L/ K is a finite extension of number fields, and we will study the phenomenon
that disc(L/K) can be strictly bigger than the Op-ideal o, /K generated by all elements of the
form d(a) := d(1,q,...,a" ), where « is an element of Oy, such that K (a) = L. Notice that
D’L/K C disc(L/K), i.e. the discriminant disc(L/K) divides the ideal O’L/K.

5. Let a be an element of Op, such that K(«) = L. Let p be a prime ideal of O, and let
P1,..., B, be the prime ideals of O, lying above p. Let nj = [Lys, : Ky, j = 1,...,7. Let
Qs .- -, asp, be the image of ain Op g, ..., OL g, respectively. Let a1, .., ayp; n; be the
conjugates of asp, over Ky, j = 1,...,7. Let f;(X) be the minimal polynomial of asgs; over
Ky, g=1,...,r.

(i) For any two primes B;, # B, above p, define an element R(P;,,B;,) € K5P by

iy Mg 51
R(‘Bjumjz) = H H (04*13]-1,# - O“BJQ,V) = H i (amjl ,,u)
p=1v=1 p=1

Show that R(B;,,Bj,) € OKP'
(It is the resultant of f;, (X) and f},(X).)



(ii) Show that
dpxla) =[] dry /K, () | - 11 R, B50)
Jj=1 J1#J2

6. Let g be the cardinality of sy: xp = 4. For every positive integer f, define a natural
number ¢, (f) by o
Yo(f) = Card {z € Fy | [Fy(z) : F] = f}

(i) Show that

Yo(f) = md)g’/
dlf

where the /¢ > ¢ runs through powers of prime numbers ¢ that exactly divide f.

(ii) Show that 1, (f) > ¢ for all f > 1.

7. For every natural number f > 1, denote by r,(f) the number of prime ideals 3 among
Bi,..., P, such that (kg : kp| = f.

(i) Show that 37 [k, : kp] = 2272 rp(f)f-
(i) Show that ry(f) < L5 for all f > 1.
8. Notation as above.

(i) Prove that p is prime to D’L/K . discz/lK if and only if

Yq(f)
f

mo(f) < Vf>1.

(ii) Show that the condition in (ii) above is satisfied for the prime ideal p if ¢ = Card(kp) >
[L: K].

9. Find an example of L/K such that O’L/K # discr /-

Here is an alternative approach.

10. Let x be a finite field. Let R; = k[X]|/P; be a finite set of finite local k-algebras,
j =1,...,m, where each P; is a power of a maximal ideal of k[X], so that each R; can be
generated by one element. Let R := Ry X -+ X Ry,.

(i) Find a necessary and sufficient condition for the existence of an element x € R such that
R = k[z].

(ii) Give an example of an algebra R such that R cannot be generated by any element in R
as a r-algebra.

(ili) What happens if £ is an infinite field?

11. Use Problem 9 to give an alternative proof of Problem 8 (i).



