PRACTICE PROBLEMS BEFORE THE FINAL EXAM AND SOME ANSWERS
MATH 241: CALcuLus IV-001 rFALL 2000

SNAP SHOT OF THE COVER PAGE OF THE FINAL EXAM LOOKS LIKE

FINAL EXAMINATION, MATH 241: CALCULUS IV
DECEMBER 15, 2000, 11:00AM-1:00PM

No books, papers, calculators or electronic device may be used,
other than a hand-written note sheet at most 5” x 7" in size.

This examination consists of eleven multiple-choice questions and two long-answer questions. The
multiple-choice questions are worth seven points each, with no partial credit. The correct and most
appropriate answer to a multiple-choice question will be, in each case, just one of the seven choices
(A), (B), (C), (D), (E), (F), or (G). Answer all multiple-choice questions on the answer sheet, which
is page 14 of this exam. Only the answers on the answer sheet will be considered for grading.

The long-answer questions are worth twelve points each. You must show all your work and
box your answers. Partial credits will be given only when a substantial part of a problem has
been worked out. Merely displaying some formulas is not sufficient ground for receiving partial
credit.
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1. Let f(z) be a continuous periodic function of period 1, which has a complex Fourier
series expansion of the form
Z C eQm’nx )

nez
Suppose that f(x) + f(—z) = 2cos(2mz) for all z. Which of the following statements
is true?
A.cg=0
B.¢,=c_, forallneZ
C.c,+c_,=0forallneZ
D. > ez (=1)"c, =0
E.> ez cn=0
F.co=0
G. None of the above.
Ans. F. In fact ¢, +¢c_, =0ifn#+l,¢c;1+c 1 =1

2. Which of the following statements is true?
A, lim €™ =0

T — 00
—f<o<i
: —iret® _
B. TILIQO e =0

-F<o<f

C. lim €° =0

r—00

-Fsosy

D. lim e =0

T—00

~f<o<g
. 2,210
E. lim e =0
T—00
—T<o<T
. _n2.2i0
F. lim e =0
T oo
—1s0<%

G. None of the above.
Ans. D.
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3. For every positive real number R, let
Cr={2€C: |z] =R, Im(z) <0}

be the lower part of the circle {|z| = R}, from —R to R, on the complex plane. Consider
the limit

€ dz .

}%Lngo op P2 +1
Which of the following statements is true?
A. The limit is equal to 0.
B. The limit is equal to %
C. The limit is equal to 2.
D. The limit is equal to —e.

D. The limit is equal to e~! — e.

F. The limit is equal to e~
G. None of the above.

Ans. D.

4. Let f(x) be the function on R such that f(x + 27) = f(x) for all z € R, and
flz)=¢€" ifr<ax<m.

Let Z cn €™ be the complex Fourier series for f(z). Which of the following state-

neZ
ments is true?

. Bach ¢, is a real number.
. Cp = 0
im0, =1

. ¢y, ¢ R for each n € Z

1
01:%

ZTLGZ Cn = 1
. None of the above.
Ans. F

Q" E O Aaw e
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5. Suppose that f(t) is a piecewise smooth function on Rx( such that its Laplace transform

2 —3s

L{f(t)}(s) is equal to (€—2>2. Which of the following statements is true?
S —

A. ].imtﬂl-‘r f(t) =0

B. lim; .+ f(t) = ¢€®

C. limy o+ f(t) =2

D. limy o+ f(t) = —e

E. lim,_4+ f(t) =1

F. No such function f(t) exists.
G. None of the above.

Ans. A.

6. Suppose that f(t) is a piecewise smooth function on R such that its Laplace transform

L{f(t)}(s) is equal to Se_

. Which of the following statements is true?

Al limy 4+ f(t) =0
B. lim; .+ f(t) =e
C. limy o+ f(t) =2
D. lim; o+ f(t) =e

E. lim, 4+ f(t) =e

F. No such function f(t) exists.
G. None of the above.

Ans. E
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7. Which of the following is not the Laplace transform of a piecewise smooth function
f(t) on RZO?
1

s(s2+41)

6—25

s(s244)
5244
log >3~
2
s3—1
1
s+1

s

;

_e
5241

Q= =300 5w >

. None of the above.

Ans. F.

8. For i = 1,...,6, let y;(t) be the steady-state solution of the ordinary differential

equation
%(t) + 0.00022—?(75) +36y(t) = gi(t) .
where
g1(t) = cos(t) go(t) = sin®(t)
g3(t) = cos(3t) g4(t) = sin(4t)
g5(t) = cos?(3t) g6(t) = sin®(4t)

Let A; = max lyi(t)], © =1,...,6. Which one among the A;’s is the largest?
te

A A

B. A,

C. Az

D. Ay

E. A;

F. Ag

G. None of the A;’s exists.
Ans. E.
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9.

10.

z2 22

Let f(z) = e 2 * 2 be the convolution of the functions e”z and x on R. Then f(2)
is equal to

A0
.2e
.2e72

. 4e?

et

2
e?

2

Q" @ U QW

. None of the above.
Ans. C.

Suppose that f(r,t) is a smooth function defined for all 0 < r <1, ¢ > 0, such that

o*f 9 f 10f
— ==+ -= 1,t) =0 forallt>

o2 0r2+r8r’ J(,6) =0 forallt=0

and there exists two positive real numbers «a, 3 such that Jy(a) = Jo(5) = 0 and

%(r, 0) = Jo(Br) forall > 0.

f(7“> 0) = Jo(a/’l”),

Which of the following statements is true?
. f(0,t) is a periodic function in ¢ with period a + f.
. tlim £(0,t) = 0.
. 9L(0,0) = 0.
: fol f(r,t)dr is independent of ¢.

f(0,t) is a periodic function in ¢t with period 2.

fol f(r,t)*dr is independent of t.

Q" Y Q ®

. None of the above.

And. C. f(r,t) = cos(at) Jo(at) + %sin(ﬁt) Jo(Bt) (Actually, one does not need to
solve the PDE to see that C is correct.)
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11. Suppose that u(z,t) is a smooth function defined for all 0 < z < m,¢t > 0, which
satisfies the differential equation

ou _ o
ot 0x2
and such that

(m,t) =0 forallt>0
S

in(%) —sin(2) forallt>0.

Q@ =209 aw =

. None of the above.

Ans. E. u(z,t) = 2sin(5) e~1 —sin()e 1

12. Let C be the circle {|z| = 2} on the complex plane, oriented counterclockwise. Which
ones of the following three integrals are equal to 07

e“—e
1 d
1) fcz_l .

A. Only (1)
B. Only (2)
C. Only (3)
D. Only (1) and (2)
E. Only (2) and (3)
F. Only (1) and (3)
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13.

14.

15.

16.

17.

18.

Find the residue of the functions

at 2 = 0.
Ans. Res,—of(z) =1, Res.—og(z) = 0.

Compute the improper integral

o 2
/ cos(2mzx) ”
0

1+ 22
Let f(x) be the even periodic function on R with period 2, such that

f(x):{Q for 0<x<7%

0 for T<r<m

(a) Compute the Fourier series

oo
Z a, cos(nx)
n=0

for f(x )
—1)% cos((4k+1) (4k+3 —1)k 4k+2
Ans. §— 22y L con((il)e) 23 5700 (U coslllade) 4 500 | (21 conl(h2)e)
(b) Find ano an, and > 07, |an|?.
Ans. E

Suppose that f(x) is an odd periodic real-valued function on R with period 27, such
that the area of the region

{(,y) eR*0<y < f(2)’, 0<z <7}

is equal to 5. Let Y 07 | by sin(kx) be the Fourier series for f(x). Find > 7| b2.

Find the Fourier transform of the function f(z) = e * . (Hint: Apply Cauchy’s
theorem to the rectangle with vertices R, R + ia, —R + ia, —R.)

Consider a thin circular metal disk 2 meters in diameter, whose faces are perfectly in-
sulated. Suppose that the temperature at the boundary of the disk is kept at 10 cos(6),
where 6 is the angle formed with the horizontal line through the center of the disk.
Find the steady-state temperature distribution on the disk.
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19.

20.

Let v be the smallest positive zero of the Bessel function Jy(x). Find a solution wu(r, t)
of the wave equation

u_ o 1on
o2 o2 ror

defined for 0 <r < 1,¢ > 0 such that u(1,¢) = 0 for all ¢ > 0, and u(r,0) = 2 Jy(a; ),
and 2(r,0) =5 Jo(ay r) for all 0 < r < 1.

Suppose that u(z,t) is a function defined on for 0 < x < 7,¢ > 0, which satisfies the
differential equation

and such that u(0,¢) = u(w,t) = 0 for all £ > 0, and
u(z,0) = cos(x) sin(z) 4 sin®(x) for all t > 0

Find the function u(z,t).



