Chapter 4

Introduction to the Fourier
transform

In this chapter we introduce the Fourier transform and review some of its basic properties.
The Fourier transform is the “swiss army knife” of mathematical analysis; it is a powerful
general purpose tool with many useful special features. In particular the theory of the
Fourier transform is largely independent of the dimension: the theory of the Fourier trans-
form for functions of one variable is formally the same as the theory for functions of 2, 3 or
n variables. This is in marked contrast to the Radon, or X-ray transforms. For simplicity
we begin with a discussion of the basic concepts for functions of a single variable, though
in some definitions, where there is no additional difficulty, we treat the general case from
the outset.

4.1 The complex exponential function.
See: 2.2, A.4.3 I

The building block for the Fourier transform is the complex exponential function, e®®.
The basic facts about the exponential function can be found in section A.4.3. Recall
that the polar coordinates (r,6) correspond to the point with rectangular coordinates
(rcos@,rsinf). As a complex number this is

r(cos@ +isin @) = re'.

Multiplication of complex numbers is very easy using the polar representation. If z = re®

and w = pe'® then - 4

2w = repe?® = rpet09),
A positive number 7 has a real logarithm, s = log r, so that a complex number can also be
expressed in the form

z =5t

The logarithm of z is therefore defined to be the complex number

I
log z = s +if = log |z| + i tan~* <£> .
Rez
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As exp(27i) = 1, the imaginary part of the log z is only determined up to integer multiplies
of 2.

Using the complex exponential we build a family of functions, {e®¢ : ¢ € R}. Some-
times we think of x as the variable and ¢ as a parameter and sometimes their roles are
interchanged. Thinking of ¢ as a parameter we see that e?*¢ is a 2%—periodic function, that
is

exp(i(z + 2{)5) = expliat).

% and wave length

%’r. The goal of Fourier analysis is to represent “arbitrary” functions as linear combinations

In physical applications e**¢ describes an oscillatory state with frequency

of these oscillatory states. Using (A.57) we easily derive the fact that
D€ = jgelt, (4.1)

Loosely speaking this formula says that €™ is an eigenvector with eigenvalue i& for the

. 2
linear operator 0,. In quantum mechanics €™ is a state with momentum & and energy %

Exercises

Exercise 4.1.1. If a is a real number then it is a consequence of the Fundamental Theorem
of Calculus that

T

ar _ 1
/e“ydy — (4.2)

a
0

Use the power series for the exponential to prove that this formula remains correct, even if
a is a complex number.

Exercise 4.1.2. Use the power series for the exponential to prove that (4.1) continues to
hold for & any complex number.

Exercise 4.1.3. Use the differential equation satisfied by e* to show that e*e™® = 1. Hint:
Use the uniqueness theorem for solutions of ODEs.

Exercise 4.1.4. If Rea < 0 then the improper integral is absolutely convergent:

(e 9]

-1
/e”dw = —.
a

0

Using the triangle inequality (not the explicit formula) show that

oo

1
(l(Ed < .
/e = | Re al
0

Exercise 4.1.5. Which complex numbers have purely imaginary logarithms?
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4.2 The Fourier transform for functions of a single variable
We now turn our attention to the Fourier transform for functions of a single real variable.
As the complex exponential itself assumes complex values, it is natural to consider complex

valued functions from the outset. The theory for functions of several variables is quite
similar and is treated later in the chapter.

4.2.1 Absolutely integrable functions

See: 2.2.2, A.5.1.I

Let f be a function defined on R"™, recall that f is absolutely integrable if

Hﬂh=/U@Wk<m.
R™

The set of such functions is a vector space. It would be natural to use || - ||1 to define
a norm on this vector space, but there is a small difficulty: If f is supported on a set
of measure zero then ||f||1 = 0. In other words there are non-zero, absolutely integrable
functions with “norm” zero. As real measurements are usually expressed as integrals, two
functions which differ on a set of measure zero cannot be distinguished by any practical
measurement. For example the functions x[g 1) and x|o,1) are indistiguishable from the point
of view of measurements and of course

1X[0,11 = Xpo,n) I = 0.

The way to circumvent this technical problem is to declare that two absolutely integrable
functions, f1 and fo are the same whenever f; — fo is supported on a set of measure
zero. In other words, we identify two states which cannot be distinguished by any realistic
measurment. This defines a equivalence relation on the set of integrable functions. The
normed vector space L!'(R") is defined to be the set of absolutely integrable functions
modulo this equivalence relation with norm defined by || - ||;. This is a complete, normed
linear space.

This issue arises whenever an integral is used to define a norm. Students unfamiliar
with this concept need not worry: As it plays very little role in imaging (or mathematics,
for that matter) we will usually be sloppy and ignore this point, acting as if the elements
of L*(R™) and similar spaces are ordinary functions.

4.2.2 The Fourier transform for integrable functions
The natural domain for the Fourier transform is the space of absolutely integrable functions.

Definition 4.2.1. The Fourier transform of an absolutely integrable function f, defined
on R is the function f defined on R by the integral

for = [ e a. (4.3)
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The utility of the Fourier transform stems from the fact that f can be “reconstructed”
from f. A result that suffices for most of our applications is the following:

Theorem 4.2.1 (Fourier inversion formula). Suppose that f is an absolutely integrable
function such that f is also absolutely integrable, then

f@) =5 [ Foei (1.4

Remark 4.2.1. Formula (4.4) is called the Fourier inversion formula. It is the prototype of
all reconstruction formulae used in medical imaging.

Proof. We give a proof of the inversion formula under the additional assumption that f is continuous,
this assumption is removed in section 5.1. We need to show that

1 r r ifx
f@) =5 [ FOwas
T
Because f is in L*(R) it is not difficult to show that

1 . . .
%/f(f)el&dg: lim —/f(f)e—éf ¢ ¢

1 2

= lim — —e&” gi&(@—y) Jude.

lim o / /f(y)e e ydg
-0 — o0

Interchange the integrations in the last formula we use example 4.2.4 to compute the Fourier trans-

form of the Gaussian to get

1 7T 2 el 1 7 (z—1)?
i — —e&” Sik(z—y) - 1 -
dim o [ e ey = tim o [ ey
. 1 2
= Elirél+ NG / flx —2y/et)e " dt.
As f is continuous and integrable it follows that the limit in the last line is
oo
7f(x) / et dt.
Nz
The proof is completed by observing that this integral equals /7. O

Remark 4.2.2. The Fourier transform and its inverse are integral transforms which are
frequently thought of as mappings. In this context it is customary to use the notation:

)= [ st
L (4.7)
FUN =5 [ FONOae.
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Observe that the operation performed to recover f from f is almost the same as the
operation performed to obtain f from f. Indeed if fr(x) 4 f(—=x) then

FAp) = 5 F () (1)

This symmetry accounts for many of the Fourier transform’s remarkable properties. As the
following example shows, the assumption that f is in L!(R) does not imply that f is as
well.

Ezxzample 4.2.1. Define the function

1for —1 <<,
ri(x) =

0 for 1 < |z|.

The Fourier transform of ry is

1
. _ 1 _.|'  2sin¢
— é'xd P 3 — ,
Tl(f) [6 £ —’lge , é—
and - -
[ r©ue=2 [ ‘ng'

diverges. So while 7 is absolutely integrable its Fourier transform 7 is not. As the Fourier
transform of 71 is such an important function in image processing, we define

) d sin(m).

sinc(x
x

Ezample 4.2.2. Recall that x4 (z) equals 1 for a < z < b and zero otherwise. Its Fourier

transform is given by

o—ibE _ p—iag
i€

Example 4.2.3. A family of functions arising in magentic resonance imaging are those of

the form

Xab)(§) = (4.10)

F(@) = X[o,00) ()€ ™77, 0 € R and B > 0.
By simply computing the integral we find that

P 1
MO= e
Using the fact that e’ = cos(ax) + isin(az) it is not difficult to show that
—Bax _ B+ i€
f(cos(ax)e X[O,oo)(x)) ﬂ2 +a?— 52 + Qlfﬁ
and (4.11)
e

Fsin(ow)e™ o) (@) = o g o
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Example 4.2.4. The “Gaussian,” e~ is a function of considerable importance in image
processing and mathematics. Its Fourier transform was already used in the proof of the
inversion formula. For later reference we record its Fourier transform:

o0

f(efo)(ﬁ) = [ e e %0y
_ZO (4.12)
=.\/Te 42 ,

or more generally
2
Fle )6 = [2e (113)

x

This is derived in section 4.2.3. Note that e™ 2 is an eigenvector of the Fourier transform,
with eigenvalue /2.

[V

4.2.3 Appendix: The Fourier transform of a Gaussian*

For completeness we include a derivation of the Fourier transform of the Gaussian e~ It uses the
Cauchy integral formula for analytic functions of a complex variable. The Fourier transform is given
by

o0

Fle ) (&) = /e_(”2+”5)dx

- (4.14)

2 .
—e T /e_(””'“f/Q)Qdac.

— 00

The second integral is the complex contour integral of the analytic function e’ along the contour

Im z = £/2. Because e~ decays rapidly to zero as | Re z| tends to infinity, Cauchy’s theorem implies
that the contour can be shifted to the real axis without changing the value of the integral, that is

/e_(’”+i§/2)2da:: /e‘xzdm. (4.15)

To compute the last integral observe that

2

N 2 7 2 n 2
/e*"’” de| = /e*I dx/e*y dy

21 oo

://e_ rdrdd (4.16)
0 0
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Polar coordinates are used in the second line; in the second to last line we let s = 2. Combining

these formulae gives
2 _e
4

F(e ™) = y/me

Exercises

Exercise 4.2.1. Show that if f is a continuous, absolutely integrable function then

6£%1+ % / flz—2Vet)e Pdt = f(x).

Exercise 4.2.2. Suppose that f is absolutely integrable, show that f is a bounded, con-
tinuous function.

Exercise 4.2.3. Prove the identity (4.8).

Exercise 4.2.4. Prove formula (4.10). Show that for any numbers a < b there is a constant
M so that

M
. < '
|X[a,b)(£)‘ =1+ |§’
Exercise 4.2.5. Prove the formule in (4.11) and show that
4 23
FlePlelgiory = 22
( ARy R

Exercise 4.2.6. Derive the formula for F(e**") from the formula for F(e=*").

1_2
Exercise 4.2.7. Show that for any k¥ € N U {0} the function hj, = (0, — z)*e~ 2 is an
eigenfunction of the Fourier transform. That is F(hy) = Aghg. Find A\g. Hint: Integrate by
parts and use induction. Find formulae for hq, hs, hs.

Exercise 4.2.8. * Give a detailed justification for (4.15).

4.2.4 Regularity and decay

See: A.5.1, A.7.1.I

It is a general principle that the regularity properties of f are reflected in the decay
properties of its Fourier transform f and similarly the regularity of the Fourier transform is a
reflection of the decay properties of f. Without any regularity, beyond absolute integrability
we have the fundamental result:

Lemma 4.2.1 (The Riemann-Lebesgue Lemma). If f is an absolutely integrable func-
tion then its Fourier transform f s a continuous function which goes to zero at infinity.
That is, for n € R, X K A

lim f(§) = f(n) and lim f(£) =0. (4.17)

§—n §—+oo
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Proof. The second statement is a consequence of the basic approximation theorem for L!-functions,
Theorem A.7.2. According to this theorem, given € > 0 there is a step function F, given by

N
T) = Z CjX[aj,b,-)(fE)
j=1

/\f Dl <e

Estimating the difference of their Fourier transforms gives

so that

oo

F(€) — f(6)] = / (F(z) - f(a))e e

< / \F(x) — f(z)|dw

<e.

(4.18)

Since € is an arbitrary positive number, it therefore suffices to show that lim¢|_ o F(f) = 0. The
Fourier transform of F is

] =

F(§) = ij([ﬂj’bj)(g)
j=1
‘ ‘ (4.19)
_ ic.eflbjﬁ _ efw,jg
— i
j=1 i
The second line shows that there is a constant C so that
. C
F(| < .
FOI< g
The continuity of f(€) is left as an exercise. O

To go beyond (4.17) we need to introduce quantitative measures of regularity and de-
cay. A simple way to measure regularity is through differentiation: the more derivatives a
function has, the more regular it is.

Definition 4.2.2. For j € NU{0}, the set of functions on R with j continuous derivatives
is denoted by C7(R). The set of infinitely differentiable functions is denoted by C*°(R).

Since the Fourier transform involves integration over the whole real line it is important
to assume that these derivatives are also integrable. To quantify rates of decay we compare
a function f to a simpler function such as a power of ||x||.

Definition 4.2.3. A function f, defined on R", decays like ||x||~¢ if there are constants C'
and R so that

for ||x|| > R.

1691 £

This is sometimes denoted by “f = O(]|x]|~%) as ||x|| tends to infinity.”
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The elementary formula for integration by parts is often useful in Fourier analysis. Let
f and g be differentiable functions on the interval [a, b] then

b o—b b
[ F@g@is = s@ga)| - [ 1)@ (1.20)

We need an extension of this formula with ¢ = —oco and b = oo. For our purposes it suffices
to assume that fg, f'g and fg’ are absolutely integrable, the integration by parts formula

then becomes - -
/f@mmm=—/fMﬂmm. (4.21)

This formula follows by taking letting a and b tend to infinity in (4.20). That the integrals
converge is an immediate consequence of the assumption that f’g and fg’ are absolutely
integrable. The assumption that fg is also absolutely integrable implies the existence of
sequences < a, > and < b, > so that

lim a, = —oo and lim b, = o0,

o o (4.22)
lim fg(a,)=0and lim fg(b,)=0.

Taking the limits in (4.20) along these sequences gives (4.21).
Suppose that f is an absolutely integrable function with an absolutely integrable first

derivative, that is
o

/ (1 ()] + | f'(z)|Jd2 < .

Provided £ # 0 we can use (4.21) to obtain a formula for f(¢) :

oo

= / f(x)e = dx

o0

[

(4.23)

That is

Because f’ is absolutely integrable the Riemann-Lebesgue lemma implies that f’ tends to
zero as |€| tends to co. Combining our formula for f with this observation we see that f
goes to zero more rapidly than |¢|~!. This should be contrasted with the computation of
the Fourier transform of r1. The function 71 tends to zero as |{| tends to infinity exactly
like |£]~!. This is a reflection of the fact that r; is not everywhere differentiable, having
jump discontinuities at +1.
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If f has j integrable derivatives then, by repeatedly integrating by parts, we get addi-
tional formulee for f

ﬂ@z&rﬁ@.

Again, because fU! is absolutely integrable fll tends to zero as |¢| — oo. We state the
result of these computations as a proposition.

Proposition 4.2.1. Let j be a positive integer. If f has j integrable derivatives then there
is a constant C' so f satisfies the estimate

C

Moreover, for 1 <1 < j, the Fourier transform of fU is given by

1) = (€)' f(©)- (4.24)
The rate of decay in f is also reflected in the smoothness of f.

Proposition 4.2.2. Suppose that f is absolutely integrable and j is a non-negative inte-
ger. If f decays like \§|_(J+1+5), for an € > 0, then f is continuous and has j continuous
derivatives.

Proof. The hypotheses of the proposition show that we may use the Fourier inversion formula to
obtain

1

fo) =5 [ Fee<s

In light of the decay of f , we may differentiate this formula up to j times obtaining formulee for
derivatives of f as absolutely convergent integrals:

1 T A .
@) =5 [ FOligremtas toro<i<;
Y
As [i€] f(€) is absolutely integrable for [ < j this shows that f has j continuous derivatives. O

Remark 4.2.3. Note that if f has j integrable derivatives then f decays faster than |¢]77.
The exact rate of decay depends on how continuous fU! is. On the other hand, we need to
assume that f decays faster than €]~ (49) to deduce that f has j-continuous derivatives. So
we appear to “lose” one order of differentiability when inverting the Fourier transform. Both
results are actually correct. The function r; provides an example showing the second result
is sharp. It has a jump discontinuity and its Fourier transform, 2sinc(¢) decays like [£] L.
To construct an example shoiwing that the first result is sharp, we now consider the case
(not actually covered by the proposition) of j = 0. By integrating the examples constructed
below, we obtain integrable functions with an integrable derivative whose Fourier transforms
decay slower than |¢|=(179) for any fixed positive € > 0.
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. E

(a) (b) ()

Figure 4.2: The function Re f12 at smaller scales.

Ezample 4.2.5. Let ¢ be a smooth, rapidly decaying function with Fourier transform ¢
which satisfies the following conditions

(1). 0<@(6)<1forall,
(2).  ¢(0) =1,
(). @) =0if €] > 1.

For example we could take

o feTe g <,
) {o if ¢ > 1.

In fact the details of this function are not important, only the listed properties are needed
to construct the examples. For each k£ € N define the function

R ()
_nz::l —
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For a given ¢ at most one term in the sum is non-zero. If k > 1 then fk is zero “most of
the time.” On the other hand the best rate of decay that is holds for all £ is

A C
G .
R

By using a large k we can make this function decay as slowly as we like. Because Y. n2 < oo
the Fourier inversion formula applies to give

n=1 n? '

The infinite sum converges absolutely and uniformly in x and therefore f; is a continuous
function. Because @ decays rapidly at infinity so does fi. This means that fj is an absolutely
integrable, continuous function whose Fourier transform goes to zero like [£ \_% These
examples show that the rate of decay of the Fourier transform of a continuous, absolutely
integrable function can be as slow as one likes. The function, fj is the smooth function ¢,
modulated by noise. The graphs in figure 4.1 show the real parts of these functions; they
are very “fuzzy.” The fact that these functions are not differentiable is visible in figure 4.2.
These graphs show fi2 at smaller and smaller scales. Observe that fio does not appear
smoother at small scales than at large scales.

These examples demonstrate that there are two different phenomena governing the rate
of decay of the Fourier transform. The function 71 is very smooth, except where it has
a jump. This kind of very localized failure of smoothness produces a characteristic ||~}
rate of decay in the Fourier transform. In the L'-sense the function r; is very close to
being a continuous function. In fact by using linear interpolation we can find piecewise
differentiable functions very close to r1. These sort of functions frequently arise in medical
imaging. Each function f; is continuous, but very fuzzy. The larger k is, the higher the
amplitude of the high frequency components producing the fuzz and the slower the rate of
decay for f;. These functions are not close to differentiable functions in the L' sense. Such
functions are typical of random processes used to model noise.

The forgoing results establish the connection between the regularity of f and the decay
of its Fourier transform. If on the other hand, we know that f itself decays then this is
reflected in increased regularity of its Fourier transform.

Proposition 4.2.3. Suppose that j is a positive integer and
o0
[ 1#@I+ falyide < o,
—0o0

then f(f) has j-continuous derivatives which tend to zero as || tends to infinity. In fact
Jor0<k<j

[e.e]

A f(e) = / (—iz)® f(2)e— " da (4.25)

Of course (4.25) gives a formula for the Fourier transform of z*f(z) in terms of the
Fourier transform of f :

F("f)(€) = ik f(£). (4.26)
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A special case of this proposition arises if f vanishes outside a bounded interval. In this
case ¥ f(z) is absolutely integrable for any positive integer k and therefore f is an infinitely
differentiable function. The derivatives tend to zero as || tends to infinity but the rate of
decay may be the same for all the derivatives, for example

. 2sin &
F1(§) = :
3
Differentiating this function repeatedly gives a sum of terms one of which tends to zero
exactly like [¢|~1. This further confirms our principle that the rate of decay of the Fourier
transform is a reflection of the smoothness of the function.

Ezample 4.2.6. An important application of the Fourier transform is to study ordinary
differential equations with constant coefficients. Suppose that {aog,...,a,} are complex
numbers, we would like to study the solutions of the differential equation

d - ;
Af£Y adlf =g
j=0

Proceeding formally, take the Fourier transform of both sides, (4.24) gives relation

S a;(ig) | (€)= g(e) (4.27)
7=0

The polynomial,
n
P4(§) =) a;(i€)’
=0

is called the characteristic polynomial for the differential operator A. If a complex number
&o is a root of this equation, i.e. P4(§p) = 0 then the exponential function vy = exp(iyx)
is a solution of the homogeneous equation Avg = 0.

If on the other hand, P4 has no real roots and g is absolutely integrable then we can
divide in (4.27) to obtain

: 9(§)
f(§) = .
PA(&)
Using the Fourier inversion formula we obtain a particular solution to the equation Af = g,
[ g(e)eicedg
1 g(&)e
T) = — > 4.28
— 0o

The general solution is of the form f), + fo where Afy = 0. If P4 has real roots then a more
careful analysis is required, see [7].
Exercises

Exercise 4.2.9. * Let f be an absolutely integrable function. Show that f is a continuous
function. Extra credit: Show that f is uniformly continuous on the whole real line.
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Exercise 4.2.10. If fg is absolutely integrable show that sequences exist satisfying (4.22).

Exercise 4.2.11. Suppose that f'g and fg¢’ are absolutely integrable. Show that the limits

lim fg(z) and Tlim fg(z)

r—00
both exist. Does (4.21) hold even if fg is not assumed to be absolutely integrable?

Exercise 4.2.12. Prove that for any number j the j'™-derivative 8£f1 has a term which
decays exactly like [¢] 1.

Exercise 4.2.13. Show that f,, defined in example 4.28 and its first n derivatives tend to
zero as |z| tends to infinity.

Exercise 4.2.14. Show that the function, ¢ defined in example 4.2.5 is infinitely differen-
tiable.

4.2.5 Fourier transform on L?(R)

See: A.2.4, A.25, A.5.2, A.5.5.

In the foregoing discussion we considered absolutely integrable functions. The Fourier
transform is then defined in terms of an absolutely convergent integral. As we observed,
this does not imply that the Fourier transform is itself absolutely integrable. In fact, it is
quite difficult to describe the range of F when the domain is L!(R). Using the L!-norm,
there are also discrepancies in the quantitative relationships between the smoothness of a
function and the rate of decay of its Fourier transform. A more natural condition, when
working with Fourier transform is square-integrability.

Definition 4.2.4. A complex valued function f, defined on R"” is square-integrable if

1£12, = / (3P < oo.
Rn

The set of such functions, with norm defined by || - || 72, is denoted L?(R™). With this norm
L?(R™) is a complete, normed linear space.

The norm on L?(R") is defined by an inner product,
()i = [ 1T
R”

This inner product satisfies the usual Cauchy-Schwarz inequality.

Proposition 4.2.4. If f,g € L*(R") then

[(Fr gzl < [ f Iz llgll 2 (4.29)
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Proof. The proof of the Cauchy-Schwarz inequality for L?(R™) is formally identical to the proof for
C™ given in the proof of Proposition 2.2.2. The verification of this fact is left to the exercises. [

Recall a normed linear space is complete if every Cauchy sequence has a limit. The
completeness of L? is quite important for what follows.
Ezample 4.2.7. The function f(z) = (1 + \x|)_% is not absolutely integrable, but it is
square-integrable. On the other hand the function

_ X[-1,1] (%)

Vel

is absolutely integrable but not square-integrable.

9()

An L2-function is always locally absolutely integrable. This means that for any finite
interval, [a, b] the following integral is finite

b

[1s@las.

a

To prove this we use the Cauchy-Schwarz inequality with g =1 :

b

b
/ @)z < /b —d / (@) 2de < /b —al | ]l 2.

a

The reason square-integrability is a natural condition is contained in the following the-
orem.

Theorem 4.2.2 (Parseval formula). If f is absolutely integrable and also square-integrable,
then f is square-integrable and

[1r@ra= [ifers:. (130)

Though very typical of arguments in this subject, the proof of this result is rather abstract.
It can safely be skipped as nothing in the sequel relies upon it.

Proof. To prove (4.30) we use the Fourier inversion formula, Propositions 4.2.1 and 4.2.3 and the
following lemma.

Lemma 4.2.2. Suppose that f and g are integrable functions which are O(|x|=2) as |x| tend to
infinity. Then we have the identity

oo o0

/ f(2)a(x)de = / f(@)g(x)d. (4.31)
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The proof of the lemma is left as an exercise.
Suppose for the moment that f is an infinitely differentiable function with bounded support.
Proposition 4.2.1 shows that, for any positive k, f is O(|¢|7%) as || tends to infinity while Propo-

sition 4.2.3 shows that f is smooth and similar estimates hold for its derivatives. Let g = [27] 1 f ;
the Fourier inversion formula implies that § = f. The identity (4.31) applies to this pair giving

[ls@pdr= - [ e

Thus verifying the Parseval formula for the special case of smooth functions with bounded support.
In Chapter 5 we show that, for any function satisfying the hypotheses of the theorem, there is
a sequence < f, > of smooth functions, with bounded support such that

Jim [ = fullp =0and Tim | = fullz2 =0.

The proof given so far applies to the differences to show that
/ @) — @)z = / 7€) — TP, (432

The left hand side tends to zero as m,n tend to infinity. Therefore < fn > is also an L2-Cauchy
sequence converging to a limit in L2(R). As < f,, > converges to f in LY(R) the sequence < f,, >

converges pointwise to f This implies that < fn > tends to f in L2(R) as well. This completes the
proof of the theorem as

[1s@Pde =t [ fa@Pde = tm o [ 1R = 5 [ 17(€)Pds

O

In many physical applications the square-integral of a function is interpreted as the
total energy. Up to the factor of 27, Parseval’s formula says that the total energy in f
is the same as that in f. Often the variable % is thought of as a frequency. Following
the quantum mechanical practice, higher frequencies correspond to higher energies. In this
context |f(£)|? is interpreted as the energy density of f at frequency . As we shall see,
“noise” is essentially a high frequency phenomenon, and a noisy 51gnal has a lot of energy
at high frequencies.

The Parseval formula shows that the L2-norm is intimately connected to the Fourier
transform. When the L?-norm is used in both the domain and range, Parseval’s formula
says that F is a continuous linear transformation. This result indicates that it should be
possible to extend the Fourier transform to all functions in L?(R). This is indeed the case.
Let f € L?(R), for each R > 0 define

R
= / f(z)e = d. (4.33)

From Parseval’s formula it follows that, if Ry < Ry then

Vfr — Fral% = 21 / \f(@)|2de.
Ri<|z|<R2
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Because f is square-integrable the right hand side of this formula goes to zero as R; and
R, tend to infinity. This says that, if we measure the distance in the L?-norm, then the
functions < fR > are clustering closer and closer together as R — oco. Otherwise put,
< fr > is an L2-Cauchy sequence. Because L?(R) is a complete, normed vector space, this

implies that < fR > converges to a limit as R — oo; this limit defines f . The limit of a
sequence in the L2?-norm is called a limit in the mean; it is denoted by the symbol LIM.

Definition 4.2.5. If f is a function in L?(R) then its Fourier transform is defined to be

f=LIMfp,

R—o0

where fg is defined in (4.33).
We summarize these observations in a proposition.

Proposition 4.2.5. The Fourier transform extends to define a continuous map from L*(R)
to itself. If f € L*(R) then

[1s@par= o [ 17©Pa

Proof. The continuity statement follows from the Parseyal formula. That the Parseval formula holds
for all f € L3(R) is a consequence of the definition of f and the fact that

R

[ @ = 5= [ \in(e)Pde for 7>

—R

O

In other words the Fourier transform extends to define a continuous map from L?(R) to
itself. There is however a price to pay as the Fourier transform of a function in L?(R) cannot
be directly defined by a simple formula like (4.3). For a function like f in example 4.2.7
the integral defining f is not absolutely convergent.

Ezample 4.2.8. The function
1

W=

is square integrable but not absolutely integrable. We use integration by parts to compute

fr(E) :

R
5 _ 2sinc(RE) re it
WO="mw / i€(1+a2)7

It is now a simple matter to obtain the pointwise limit as R tends to infinity:

-R

o0

. re i
f(ﬁ):/m- (4.34)

In the exercise 4.2.16 you are asked to show that fR converges to f in the L?-norm.
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A consequence of Parseval’s formula is the identity.

/ f(z)g(z)dx = / f(e (4.35)

This is proved by applying (4.30) to f + tg and comparing the coefficients of powers t on
the right- and left-hand sides. Up to the factor of 27, the Fourier transform preserves the
inner product. Recall that this is also a property of rotations of Euclidean space. Such
transformations of complex vector spaces are called unitary. Another consequence of the
Parseval formula is a uniqueness statement: a function in L? is determined by its Fourier
transform.

Corollary 4.2.1. If f € L2(R) and f =0, then f = 0.

Remark 4.2.4. As noted in section 4.2.1 it would be more accurate to say that the set of
points for which f # 0 has measure 0.

The Fourier transform of a square-integrable function is generally not absolutely in-
tegrable so the inversion formula, proved above, does not directly apply. The inverse is
defined in much the same way as the Fourier transform itself.

Proposition 4.2.6 (Fourier inversion for L?(R)). For f € L*(R) define

1 R
—— [ f©)a
2W/ e,
—R

then f = %IMFR.
—00

The proof is left to the exercises.

We conclude this section by summarizing the basic properties of the Fourier transform
which hold for integrable or square-integrable functions. These properties are consequences
of elementary properties of the integral.

1. Linearity:
The Fourier transform is a linear operation:

F(f+9)=F(H)+F9), Flof)=aF(f), acC

2. Scaling:
The Fourier transform of f(ax), the function f dilated by a € R, is given by
[ee] o0 . d
[ fame o= [ e
—o0 —o0 (4.36)
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3. Translation:
Let f; be the function f shifted by ¢, i.e. fi(z) = f(x —t). The Fourier transform
of f; is given by

ﬁ@w=/fu—wf@M:

} (4.37)
= [ swe oy

= e ¥ f(6).

4. Reality:

If f is a real valued function then its Fourier transform satisfies f(£) = f(—¢). This
shows that the Fourier transform of a real valued function is completely determined
by its values for positive (or negative) frequencies.

Recall the following definitions.

Definition 4.2.6. A function f defined on R™ is even if f(x) = f(—x). A function f
defined on R" is odd if f(x) = —f(—x).

5. Evenness: A A
If f is even then f is real valued. If f is odd then f takes purely imaginary values.
If f is even its Fourier transform is given by the formula

f&)=2 / f(x) cos(éx)d. (4.38)
0
Exercises

Exercise 4.2.15. Give a detailed proof of Proposition 2.2.2. Explain the following state-
ment: “The Cauchy-Schwarz inequality is a statement about the 2-dimensional subspaces
of a vector space.”

Exercise 4.2.16. Prove that fg, defined in (4.34) converges to f in the L%-norm.

Exercise 4.2.17. Let f(z) = X[1,x) (x)x~!. Using the method of example 4.2.8 compute
the Fourier transform of f. Verify the convergence, in the L2-norm, of fR to f .

Exercise 4.2.18. * Prove Proposition 4.2.6. Hint: Use the Parseval formula to estimate
the difference ||f — Fgl%..

Exercise 4.2.19. Let f,g € L*(R) by considering the functions f 4 tg where t € C show
that the Parseval formula implies (4.35).

Exercise 4.2.20. * Prove Lemma 4.2.2 and show that (4.31) holds for any pair of functions
in L?(R).
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Exercise 4.2.21. Verify the statement that if g = ? then § = f.

Exercise 4.2.22. Show that a function f € L?(R) is zero if and only if (f, g) = 0 for every
g € L%(R). Use this fact and the formula in exercise 4.2.20 to show that F(L?(R)) = L?(R).
Hint: If this were false then there would exist a non-zero function g € L?(R) such that
(g, f) = 0 for every f € L?(R).

Exercise 4.2.23. Verify properties (4) and (5).
Exercise 4.2.24. Find a formula like (4.38) for the Fourier transform of an odd function.

Exercise 4.2.25. * Suppose that m(&) is a bounded function. Show that the map from
L*(R) to itself defined by A, (f) = F~1(mf) is continuous.

4.2.6 A general principle in functional analysis

In the previous section we extended the definition of the Fourier transform to L2(R) by
using the Plancherel formula and the completeness of L?(R). This is an example of a general
principle in functional analysis and explains, in part, why completeness is such an important
property for a normed linear space. As we will encounter this situation again, we pause for
a moment to ennuciate this principle explicitly. Recall the following definition.

Definition 4.2.7. Let (V.| - ||) be a normed linear space. A subspace S of V is dense if
for every v € V there is a sequence < v >C S such that

lim ||v — vg|| =0.
k—o0

The general principle is that a bounded linear map, defined on a dense subset extends
to the whole space.

Theorem 4.2.3. Let (V1,] - |l1) and (Va,] - ||2) be normed, linear spaces and assume that
Vs is complete. Suppose that Sy is a dense subspace of Vi and A is a linear map from Sq
to Va. If there exists a constant M such that

AVl < Mllv|[1, (4.39)

for all v in Sy then A extends to define a linear map from Vi to Va, satisfying the same
estimate.

Proof. Let v be an arbitrary point in V; and let < vi > be a sequence contained in S; converging
to v. Because A is linear and S; is a subspace, (4.39) implies that

[A(V; = vi)ll2 < M|v; — vil1.

This estimate shows that < Avy > is a Cauchy sequence in V5. From the completeness of Vo we
conclude that this sequence has a limit u. Provisionally define Av = u. To show that Av is well
defined we need to show that if < v} >C S; is another sequence converging to v then < Avj > also
converges to u. Since the two sequences have the same limit the difference ||vy — vi.||1 converges to
zero. The estimate (4.39) implies that

[Avi = AVilla < M|[vi, — Vil

showing that the limit is well defined. The fact that the extended map is linear is left as an
exercise. O
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Exercises

Exercise 4.2.26. Show that the extension of A defined in the proof of Theorem 4.2.3 is
linear.

Exercise 4.2.27. Show that the only dense subspace of a finite-dimensional normed linear
space is the whole space.

4.3 Functions with weak derivatives

See: A.5.6.

If f and g are differentiable functions which vanish outside a bounded interval then the
integration by parts formula states that

/f’(x)@da::—/f(az)g’(x)dx. (4.40)

This formula suggests a way to extend the notion of differentiability to some functions
which do not have an ordinary derivative. Suppose that f is a locally integrable function
and there exists another locally integrable function f; such that, for every C'-function g
which vanishes outside a bounded interval, we have the identity

71’1(@@@ = — 70 f(z)g' (z)dz.

From the point of view any measurement defined by C'-functions with bounded support,
the function fi looks like the derivative of f. If this condition holds then we say that f has
a weak derivative and write f’ = fi. In this context the function g is called a test function.
It is clear from the definition that a function which is differentiable in the ordinary sense
is weakly differentiable and the two definitions of derivative agree. When it is important
to make a distinction the derivative defined as a limit of difference quotients is called a
classical derivative.

An important fact about weak derivatives is that they satisfy the fundamental theorem
of calculus. If f; is the weak derivative of f then for any ¢ < b we have that

b
£0) - 5@ = [ fi@pts (4.41)

The proof of this statement is a bit more involved than one might expect. The basic idea
is to use a sequence of test functions in (4.40) which converge to x4 . We return to this is
Chapter 5.

The definition of weak derivative can be applied recursively to define higher order weak
derivatives. Suppose a locally integrable function f has a weak derivative f’. If f’ also has

a weak derivative then we say that f has two weak derivatives with f[2! 4 (f"). More
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generally if f has j weak derivatives, {f’,..., fU!} and fU! has a weak derivative then we
say that f has j+1 weak derivatives. The usual notations are also used for weak derivatives,
e f/, fUTU 9Lf, ete.

It is easy to see from examples that a weak derivative can exist even when f does not
have a classical derivative.

Ezample 4.3.1. The function

0 if |z > 1,
fle)=<lz+1] if —1<2x2<0,
lz—1 fo<z<1

does not have a classical derivative at © = —1,0 and 1. However the function

0 if x| > 1,
glz) =<1 if —1<z2<0,
-1 fo<z<1

is the weak derivative of f.

Weak differentiability is well adapted to the Fourier transform. Suppose that f is an
absolutely integrable function with a weak derivative which is also absolutely integrable.
The functions fe~™¢ and f’e~%¢ are in L'(R) and therefore formula (4.21) applies to show
that

/f(w)eixfd%:%/f’(a:)emgdx.

Thus the Fourier transform of the weak derivative is related to that of the original function
precisely as in the classically differentiable case.

The notion of weak derivative extends the concept of differentiability to a larger class of
functions. In fact this definition can be used to define derivatives of generalized functions.
This topic is discussed in Appendix A.5.6; the reader is urged to look over this section.

Exercises
Exercise 4.3.1. In example 4.3.1 prove that ¢ is the weak derivative of f.
Exercise 4.3.2. Show that if f has a weak derivative then it is continuous.
Exercise 4.3.3. Show that if f has two weak derivatives then it has one classical derivative.
Exercise 4.3.4. Show that the definition for higher order weak derivatives is consistent: If
f has j weak derivatives and fU! has k weak derivatives then f has k + j weak derivatives
and

flita) — (plilyi],

Exercise 4.3.5. Show that Proposition 4.2.1 remains true if f is assumed to have j abso-
lutely integrable, weak derivatives.
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4.3.1 Functions with L?>-derivatives*

A especially useful condition is for the weak derivative to belong to L2.

Definition 4.3.1. Let f € L?(R) we say that f has an L2-derivative if f has a weak
derivative which also belongs to L?(R).

A function in L?(R) which is differentiable in the ordinary sense and whose classical
derivative belongs to L?(R) is also differentiable in the L2-sense. Its classical and L2-
derivatives are equal. Using (4.41) it is not difficult to show that a function with an
L?-derivative is continuous. Applying the Cauchy-Schwarz inequality to the right hand
side of (4.41) gives the estimate

1£(b) = fa)] < V/1b—alll fill r2-

In other words
|f£(b) — f(a)|

< .
= <l

A function for which this ratio is bounded is called a H(')'lder-% function. Such a function is
said to have a half a classical derivative.

If f € L?(R) has an L%-derivative then the Fourier transform of f and f’ are related
just as they would be if f had a classical derivative

F1(6) = i€ f(€).

Moreover the Parseval identity carries over to give
oo 1 o0

[ 15@pds= o [ 1ePii©Pas
—00 —0o0

On the other hand if & f (¢) is square-integrable then one can show that f has an L2-
derivative and its Fourier transform is £ f (£). This is what was meant by the statement
that the relationship between the smoothness of a function and the decay of the Fourier
transform is very close when these concepts are defined with respect to the L2-norm.

The higher L?-derivatives are defined exactly as in the classical case. If f € L?(R) has
an L2-derivative, and f’ € L? also has an L2-derivative, then we say that f has two L2-
derivatives. This can be repeated to define all higher derivatives. A simple condition for a
function f € L?(R) to have j L2-derivatives, is that there are functions {f1, ..., f;} C L*(R)
so that for every j-times differentiable function ¢, vanishing outside a bounded interval and
1 <[ < j we have that

(f, M) 2 = (=1 (f1 ) p2-

The function f; is then the I** L2-derivative of f. Standard notations are also used for the
higher L2-derivatives, e.g. fIY, oL f, etc.
The basic result about L2-derivatives is.

Theorem 4.3.1. A function f € L*(R) has j L*-derivatives if and only if fjf(f) is in
L3(R). In this case

—

FE) = (i)' f(£), (4.42)
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moreover
1 .
[ 110@)Pdn = 5 [ jgiePas (4.3
Exercises

Exercise 4.3.6. Suppose that f € L?(R) has an L?(R)-derivative f’. Show that if f
vanishes for |z| > R then so does f’.

Exercise 4.3.7. Prove that if f € L?(R) has an L2-derivative then ]/"“\’(5) — i€ f(€). Hint:
Use (4.35).

Exercise 4.3.8. Show that if f has an L?-derivative then f is absolutely integrable. Con-
clude that f is a continuous function.

Exercise 4.3.9. Use the result of exercise 4.3.8 to prove that (4.41) holds under the
assumption that f and f’ are in L?(R).

4.3.2 Fractional derivatives and L?*-derivatives*

See: A5.6.

In the previous section we extended the notion of differentiability to functions which
do not have a classical derivative. In the study of the Radon transform it turns out to be
useful to have other generalizations of differentiability. We begin with a generalization of
the classical notion of differentiability.

The basic observation is the following: a function f has a derivative if the difference
quotients

flx+h)— f(z)
h

have a limit as h — 0. In order for this limit to exist it is clearly necessary that the ratios

[f(z+h) = f(2)]
Id

be uniformly bounded, for small A. Thus the basic estimate satisfied by a continuously
differentiable function is that the ratios

[f(z) = f(W)l
|z =yl
are locally, uniformly bounded. The function f(z) = |z| shows that these ratios can be

bounded without the function being differentiable. However, from the point of view of
measurements such a distinction is very hard to make.
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Definition 4.3.2. Let 0 < « < 1, we say that a function f, defined in an interval [a, b],
has an a®-classical derivative if there is a constant M so that

[f(z) = fy)]

|z — y|*

< M, (4.44)

for all z,y € [a, b]. Such a function is also said to be a-Hdélder continuous.

The same idea can be applied to functions with L?-derivatives. Recall that an L>2-
function has an L2-derivative if and only if £ f(¢) € L?(R). This is just the estimate

/ €I (©)[2de < oo.

By analogy to the classical case we make the following definition.

Definition 4.3.3. A function f € L?(R) has an o't L2-derivative if

/ P F(©)Pde < oo, (4.45)

There is no canonical way to define the “a™-L2-derivative operator.” The following

definition is sometimes useful. For o € (0,1) define the a'"-L2-derivative to be
. R
Dof = LIM— afe)erde.
of = 1o [l feeeas
-R

This operation is defined precisely for those functions satisfying (4.45). Note that this
definition with a = 1 does not give the expected answer.

The relationship between these two notions of fractional differentiability is somewhat
complicated. As shown in the previous section: a function with one L2-derivative is Holder-
1. On the other hand, the function f(z) = \/z is Holder-1. That (y/z)~! is not square
integrable shows that having half a classical derivative does not imply that a function has
one L2-derivative.

Exercises

Exercise 4.3.10. Suppose that f satisfies the estimate in (4.44) with an o > 1. Show that
f is constant.

4.4 Some refined properties of the Fourier transform*

See: A.4.1, A.4.3. I

In this section we consider some properties of the Fourier transform that are somewhat
less elementary than those considered so far. The first question we consider concerns the
pointwise convergence of the inverse Fourier transform.
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4.4.1 Localization principle

Let f be a function in either L'(R) or L?(R); for each R > 0 define

R
1
= N %rid
fr@)=F '(xcrmf 5 / €.
-R
The function fr can be expressed directly in terms of f by the formula
[ o sin(R(@ =)
= fly)—————dy. 4.46

If fis in L'(R) then (4.46) follows by inserting the definition of f in the integral defining
fr and interchanging the order of the integrations. While if f is L?(R) then (4.46) follows
from the formula in exercise 4.2.20.

If f is absolutely integrable then Theorem 4.2.1 shows that f(x) is the limit, as R — oo
of fr(x). If f is well enough behaved near to x then this is always the case, whether or
not f (or for that matter f) is absolutely integrable. This is Riemann’s famous localization
principle for the Fourier transform.

Theorem 4.4.1 (Localization principle). Suppose that f belongs to either L'(R) or
L2(R). If f vanishes in an open interval containing xq then

li =0.
A, frl@) =0

Proof. The proof of this result is not difficult. The same proof works f is in L! or L?. From (4.46)
we obtain

Jrlw0) = / iy 20— 3) x(:o__) Dy
= (4.47)
_ tB(@o—y) _ —iR(zo—y) fy)
‘4 | it )

Because f vanishes in an interval containing zg, it follows that f(y)(zo — y)~! is an absolutely

integrable function. The conclusion of the theorem is therefore a consequence of the Riemann-
Lebesgue lemma. O

Remark 4.4.1. In light of the linearity of the Fourier transform this result holds for any
function f which can be written as a sum f = f; + fo where f, € LP(R). The set of such
functions is denoted L'(R) + L%(R). This set is clearly a vector space.

This result has a simple corollary which makes clearer why it is called the “localization
principle.” Suppose that f and g are functions in L!(R) + L?(R) such that

(1).  limg—oo gr(wo) = g(xo) and

(2).  f(x) =g(x) for z in an interval containing xg.
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The second condition implies that f(x)—g(x) = 0 in an interval containing z¢ and therefore

f(x0) = g(z0) = Rh_fgo 9r(z0)

= lim gr(wo) + lim (fr(z0) — gr(z0)) (4.48)
= RIE)I;O fR(ZL‘()).

In the second line we use Theorem 4.4.1. The Fourier inversion process is very sensitive to
the local behavior of f. It is important to note that this result is special to one dimension.
The analogous result is false for the Fourier transform in R™ if n > 2. This phenomenon is
carefully analyzed in [57], see also section 4.5.5.

Exercises

Exercise 4.4.1. Give a complete derivation for (4.46) with f either integrable or square-
integrable.

Exercise 4.4.2. Suppose that f is a square integrable function which is continuously
differentiable for x € (a,b). Show that for every x in this interval imp_,o fr(z) = f(2).
4.4.2 The Heisenberg uncertainty principle

In this section we study relationships between the supp f and supp f . The simplest such
result states that if a function has bounded support then its Fourier transform cannot.

Proposition 4.4.1. Suppose supp f is contained the bounded interval (—R, R) fo also
has bounded support then f = 0.

Proof. The radius of convergence of the series Y °(—iz€)7 /4! is infinity, and it converges to e g
uniformly on bounded intervals. Combining this with the fact that f has bounded support, we
conclude that we may interchange the integration with the summation to obtain

f(z)e % dx
j=

/
g

> f@) mg (4.49)
=0
R
= 2 %(—if)jé f(x)a? d.
Since
R R
\ [ s@wiar < w0 [ i)
“R “R

the terms of the series representing f (&) are bounded by the terms of a series having an infinite
radius of convergence; the j** term is bounded by

R
(Rle)y
; 4 £ lda
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Therefore the series expansion for f (£) also has an infinite radius of convergence. This argument
can be repeated to obtain the Taylor expansion of f(£) about an arbitrary & :

R

fleo) = [ e pmetds

_ Z [_Z(g ;'go)x]J f(m)elfoxdx
]:}: - (4.50)
/ [77’(5 ]|£O)$]] f(z)eiﬁordx
“R

As above this expansion is valid for all &.
Suppose there exists & such that 82]"({0) =0 for all j = 0,1,... Then f(£) = 0 since all the

coefficients, a?’ = 8g f (€0) equal zero. This proves the proposition. O

Remark 4.4.2. The proof actually shows that if f is supported on a finite interval and all
the derivatives of f vanishes at a single point then f = 0.

This result indicates that one cannot obtain both arbitrarily good resolution and de-
noising simultaneously. A famous quantitative version of this statement is the Heisenberg
uncertainty principle which we now briefly discuss using physical terms coming from quan-
tum mechanics and probability theory. The latter subject is discussed in Chapter 12. In
this context an L?-function f describes the state of a particle. The probability of finding
the particle in the interval [a,b] is defined to be f; |f(z)|?dz. We normalize so that the
total probability is 1. By the Parseval formula,

[ ) ) p
[1s@Par= [17©P5 =1

The expected value of the position of a particle is given by

o0

B(x) = / o] f () el

—00

By translating in « we can normalize f to make F(x) zero. In physics, the Fourier transform
of f describes the momentum of a particle. The expected value of the momentum is

B = [P
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By replacing f by e f for an appropriate choice of £, we can also make E(¢) = 0. With
these normalizations, the variance of the position and the momentum, (Az)? and (A€)?,
are given by

o0

Qo = [ af(@)Pds,
2 _ i 2 72 A€
e = [ elfeors:
The Parseval formula implies that
@862 = [ (o f(a)Pda,

The basic result is

Theorem 4.4.2 (The Heisenberg uncertainty principle). If f and 0,f belong to
L?(R) then

0o 00 00 2
A d
[ Pl [1ePiORSE = 1| [ 17@F| e (151)

Because the product of the variances has a lower bound, this means that we cannot
localize the position and the momentum of a particle, arbitrarily well at the same time.
The proof of this theorem is a simple integration by parts followed by an application of the
Cauchy-Schwarz inequality.

Proof. If f decays sufficiently rapidly, we can integration by parts to obtain that

oo

1 > 71
[attude =g - [ 5
o - o (4.52)
_ 1 2
- / £
—o0
The Cauchy-Schwarz inequality implies that
1 1
o0 oo 2 o0 2
U of fudz| < { / x2|f|2dx] [ / |fl-|2dx]
Using (4.52), the Parseval formula and this estimate we obtain
oo oo 3 - 3
1 1 "
5 [ s < [ / x2|f|2dx] [— / £2|f|2dx] . (4.53)
2 2m
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With the expected position and momentum normalized to be zero, the variance in the
position and momentum are given by

o 1/2 o 1/2
Ax = / z2 f2 and A& = / fgf

The estimate (4.53) is equivalent to Az - A& > % If a, b are non-negative numbers then the
arithmetic mean-geometric inequality states that

a? 4+ b2
b < .
W=7

Combining this with the Heisenberg uncertainty principle shows that

1 < (Az)? + (A6

That is
/f2dx < /x2f2+f§dm. (4.54)

12
The inequality (4.54) becomes an equality if we use the Gaussian function f(x) = e 2.
A reason why the Gaussian is often used to smooth measured data is that it provides the
optimal resolution (in the L2-norm) for a given amount of de-noising.

Exercises

962
Exercise 4.4.3. Show that both (4.51) and (4.54) are equalities if f = e~ 2z . Can you show
that the only functions for which this is true are multiples of f?

4.4.3 The Paley-Wiener theorem

In imaging applications one usually works with functions of bounded support. The question
naturally arises whether it is possible to recognize such a function from its Fourier transform.
There are a variety of theorems which relate the support of a function to properties of its
Fourier transform. They go collectively by the name of Paley-Wiener theorems.

Theorem 4.4.3 (Paley-Wiener Theorem I). A square-integrable function f satisfies

f(z) =0 for |x| > L if and only if its Fourier transform f extends to be an analytic function
in the whole complex plane that satisfies

/ |£(€ +i7)|2de < MM for all 7 and

(4.55)
L]

VIl

|f(€+im)| <
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Proof. The proof of the forward implication is elementary. The Fourier transform of f is given by
an integral over a finite interval,

L
&) = / fl@)e e de. (4.56)
L

The expression clearly makes sense if £ is replaced by £ + ¢7, and differentiating under the integral
shows that f(€ 4 ¢7) is a analytic function. The first estimate follows from the Parseval formula as
f(€+iT) is the Fourier transform of the L?-function f(x)e~"*. Using the Cauchy Schwartz inequality
we obtain

L
Fe+inl=| [ f)e=smds
/

(4.57)
LI

=/

L
JICRE

from which the estimate is immediate.

The proof of the converse statement is a little more involved; it uses the Fourier inversion formula
and a change of contour. We outline of this argument, the complete justification for the change of
contour can be found in [40]. Let > L > 0, the Fourier inversion formula states that

fo) =5 [ e

Since f (2)e®* is an analytic function, satisfying appropriate estimates, we can shift the integration
to the line £ + i7 for any 7 > 0,

1

f@) =5 [ Ferineeta,

In light of the first estimate in (4.55), we obtain the bound
|[f(@)] < MelE=o)7,

Letting 7 tend to infinity shows that f(x) = 0 for x > L. A similar argument using 7 < 0 shows
that f(z) =01if z < —L. O

For later applications we state a variant of this result whose proof can be found in [40].

Theorem 4.4.4 (Paley-Wiener II). A function f € L?*(R) has an analytic estension
F(x +1iy) to the upper half plane (y > 0) satisfying

[ 1F G+ i) <
- (4.58)

i / Fla+iy) — f@)? =0

if and only if f(&) =0 for £ <0.
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4.4.4 The Fourier transform of generalized functions

See: A.5.6.

Initially the Fourier transform is defined for absolutely integrable functions, by an ex-
plicit formula (4.3). It is then extended, in definition (4.2.5), to L?-functions by using its
continuity properties. The Parseval formula implies that the Fourier transform is a contin-
uous map from L?(R) to itself, indeed it is an invertible, isometry. For an L2-function, the
Fourier transform is not defined by an integral, nonetheless the Fourier transform on L?(R)
shares all the important properties of the Fourier transform defined earlier for absolutely
integrable functions.

It is reasonable to seek the largest class of functions to which the Fourier transform
can be extended. In turns out that the answer is not a class of functions, but rather the
generalized functions (or tempered distributions) defined in section A.5.6. In the discussion
which follows we assume a familiarity with this section! The definition of the Fourier trans-
form on generalized functions closely follows the pattern of the definition of the derivative
of a generalized function, with the result again a generalized function. To accomplish this
extension we need to revisit the definition of a generalized function. In section A.5.6 we

gave the following definition:
Let C2°(R) denote infinitely differentiable functions defined on R which vanish outside of bounded
sets. These are called test functions.

Definition 4.4.1. A generalized function on R is a linear function, ! defined on the set of test
functions such that there is a constant C' and an integer k so that, for every f € C°(R) we have
the estimate

k
1Al < Csup | (1+ )" Y 194 f ()] (4.59)
e =0

These are linear functions on C°(R) which are, in a certain sense continuous. The constants C
and k in (4.59) depend on [ but not on f. The expression on the right hand side defines a norm on
C°(R), for convenience we let

k
||fHk=21é§ (L+J2)* Y101 f ()]

=0

The observation that we make is the following: if a generalized function satisfies the
estimate

LI = Clfll

then it can be extended, by continuity, to any function f which is the limit of a sequence
< fn >C CX(R) in the sense that

lim [|f — fullk = 0.
n—oo
Clearly f € C*(R) and ||f||x < oo. This motivates the following definition

Definition 4.4.2. A function f € C*°(R) belongs to Schwartz class if || f||x < oo for every
k € N. The set of such functions is a vector space denoted by S(R).
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From the definition it is clear that
CX(R) ¢ S(R). (4.60)

Schwartz class does not have a norm with respect to which it is a complete normed linear
space, instead each || - || defines a semi-norm. A sequence < f, >C S(R) converges to
f € S(R) if and only if

lim [|f — fullx =0 for every k € N.

With this notion of convergence, Schwartz class becomes a complete metric space, the
distance is defined by

=il sl
ds(f.g) =S 279 9
sth9) = 2 2 T T

Remark 4.4.3. Of course each | - || satisfies all the axioms for a norm. They are called
“semi-norms” because each one alone, does not define the topology on S(R).

Let p(z) € C°(R) be a non-negative function with the following properties
(1). pz)=1ifze]-1,1],
(2). p(z)=0if |;U| > 2.
Define ¢, (z) = p(n~1z), it is not difficult to prove the following proposition.

Proposition 4.4.2. If f € S(R) then f, = ¢onf € C(R) C S(R) converges to f in S(R).
That is
lim || fn — fllx = 0 for every k. (4.61)

The proof is left as an exercise.

From the discussion above it therefore follows that every generalized function can be
extended to S(R). Because (4.61) holds for every k, if [ is a generalized function and
f € S(R) then I(f) is defined as

) = lim Upnf).

To show that this makes sense, it is only necessary to prove that if < g, >C C°(R) which
converges to f in Schwartz class then

lim (g, — pnf) =0. (4.62)

n—oo

This is an immediate consequence of the triangle inequality and the estimate that [ satisfies:
there is a C' and k so that

‘l(gn - (Pnf)’ < CHgn - SOank
< Clllgn = fllx + I1f = onfllxl-

Since both terms on the right hand side of the second line tend to zero as n — oo, equa-
tion (4.62) is proved. In fact the generalized functions are exactly the set of continuous
linear functions on S(R). For this reason the set of generalized functions is usually denoted

by S'(R).

(4.63)
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Why did we go to all this trouble? How will this help extend the Fourier transform
to §’'(R)? The integration by parts formula was the “trick” used to extend the notion of
derivative to generalized functions. The reason it works is that if f € S(R) then 9, f € S(R)
as well. This implies that [(0, f) is a generalized function whenever [ itself is. The Schwartz
class has a similar property vis d vis the Fourier transform.

Theorem 4.4.5. The Fourier transform is an isomorphism of S(R) onto itself, that is if
f € S(R) then both F(f) and F~L(f) also belong to S(R). Moreover, for each k there is an
k' and constant C), so that

IFN Nk < Cllfllwr for all f € S(R). (4.64)

The proof of this theorem is an easy consequence of results in section 4.2.4. We give
the proof for F, the proof for F~! is essentially identical.

Proof. Since f € S(R) for any j, k € NU {0} we have the estimates

[l

oL @) < Lk

(4.65)

From Propositions 4.2.1 and 4.2.3 it follows that f is infinitely differentiable and that, for any k, j,
sup [¢[*97 £ (€)] < oo.
§ER

To prove this we use the formula

o0

§0Lf(©) = [ (10, [(~iay )] e =Ed.

— 0o

Because f € S(R) the integrand is absolutely integrable and in fact if m = max{j, k} then

€L ()] < Crall fllmras (4.66)

here C,; depends only on k and {. This completes the proof. O

Instead of integration by parts, we now use this theorem and the identity
[ t@i@is = [ g (.67

to extend the Fourier transform to generalized functions. The identity follows by a simple
change in the order of integrations which is easily justified if f,g € S(R). It is now clear
how we should define the Fourier transform of a generalized function.

Definition 4.4.3. If [ € §'(R) then the Fourier transform of [ is the generalized function
[ defined by R R

I(f)=1(f) for all f e S(R). (4.68)
Theorem 4.4.5 implies that f € S(R) so that the right hand side in (4.68) defines a gener-
alized function.
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But why did we need to extend the definition of generalized functions from CZ°(R)
to S(R)? The answer is simple: if 0 # f € C°(R) then Proposition 4.4.1 implies that
f & C°(R). This would prevent using (4.68) to define I because we would not know that
I f) made sense! This appears to be a rather abstract definition and it is not at all clear
that it can be used to compute the Fourier transform of a generalized function. In fact,
there are many distributions whose Fourier transforms can be explicitly computed.

Example 4.4.1. If ¢ is an absolutely integrable function then

lp = lg.

If f € S(R) then the identity in (4.67) holds with ¢ = ¢, as a simple interchange of
integrations shows. Hence, for all f € S(R)

L(f) = / F@)p(@)dz = 15(f).

This shows that the Fourier transform for generalized functions is indeed an extension of
the ordinary transform: if a generalized function [ is represented by an integrable function
in the sense that [ = [, then the definition of the Fourier transform of [ is consistent with
the earlier definition of the Fourier transform of ¢.

Ezample 4.4.2. If f € S(R) then

oo

fo) = [ faye

This shows that = l; which is represented by an ordinary function equal to the constant
1.

FEzxample 4.4.3. On the other hand the Fourier inversion formula implies that
oo
[ #©d =2ms00
—o

and therefore |; = 2. This is an example of an ordinary function that does not have
a Fourier transform, in the usual sense, and whose Fourier transform, as a generalized
function is not an ordinary function.

Recall that a sequence < l,, >C 8’'(R) converges to [ in §’(R) provided that

l(g) = lim I,(g) for all g € S(R). (4.69)

n—oo

This is very useful for computing Fourier transforms because the Fourier transform is con-
tinuous with respect to the limit in (4.69). It follows from the definition that:

In(g) = In(9) (4.70)

and therefore N .
lim 1,,(g) = lim 1,,(9) = 1(9) = l(g)- (4.71)
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Ezxample 4.4.4. The generalized function lxm, can be defined as a limit by

o)
0o

Vo (1) = lim [ e (a)da.

0

l

The Fourier transform of [,-cx is easily computed using example 4.4.1, it is

X[0,00)

[ f(x)d
Fllecoy )0 = [ HDE

This shows that

T @y
F (b)) = lim e (4.72)

In fact, it proves that the limit on the right hand side exists!

We close this discussion by verifying that the Fourier transform on generalized functions
has many of the properties of the ordinary Fourier transform. Recall that if [ is a generalized
function and f is an infinitely differentiable function which satisfies estimates

|02 f ()] < Cj(1+ |a))",
for a fized k then the product f -1 is defined by
f-Ug) =1U(f9)-

If I € S'(R) then so are all of its derivatives. Using the definition it is not difficult to find
formulae for F(IV]) :

—

FAMN(f) = 19(f) = (=1)10%f) = 1((i)? f). (4.73)
This shows that
FVY = (i) - 1. (4.74)
A similar calculation shows that
F((—iz) - 1) =1V, (4.75)

Exercises
Exercise 4.4.4. Prove (4.60).

Exercise 4.4.5. Prove that ds defines a metric. Show that a sequence < f,, > converges
in S(R) to f if and only if
HILH;O dS(fnv f) =0.

Exercise 4.4.6. Prove Proposition 4.4.2.
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Exercise 4.4.7. Prove (4.67). What is the “minimal” hypothesis on f and g so this formula
makes sense, as absolutely convergent integrals.

Exercise 4.4.8. Give a detailed proof of (4.66).

Exercise 4.4.9. Prove, by direct computation that the limit on the right hand side of (4.72)
exists for any f € S(R).

Exercise 4.4.10. If [, , is the Cauchy principal value integral

hya(f) =P.V. / @

then show that F(l;/;) = lsigna-
Exercise 4.4.11. Prove (4.75).

Exercise 4.4.12. The inverse Fourier transform of a generalized function is defined by

N —

Show that F~1(l) =1 = F~1(l).

4.5 The Fourier transform for functions of several variables.

The Fourier transform can also be defined for functions of several variables. This section
presents the definition and some of the elementary properties of the Fourier transform for
functions in L'(R") and L?(R™). In most ways it is quite similar to the one dimensional
theory. A notable difference are discussed in section 4.5.5.

Recall that we use lower case, bold Roman letters x,y, etc. to denote points in R"™,
that is

x=(21,...,%n) Or Y = (Y1, -, Yn)-

In this case x; is called the j*-coordinate of x. The Fourier transform of a function of
n-variables is also a function of n-variables. It is customary to use the lower case, bold
Greek letters, € or n for points on the Fourier transform space with

62(517"')571) 01"77:(771a~~-a77n)-

The volume form on Fourier space is denoted d€ = d¢; . . . d&,.

4.5.1 L'-case

As before we begin with the technically simpler case of absolutely integrable functions.

Definition 4.5.1. If f belongs to L'(R™) then the Fourier transform, f of fis defined by

f({):/f(x)ei<5’x>dx for & e R". (4.76)
RTL
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Since f is absolutely integrable over R™ the integral can be computed as an iterated
integral

/f(x)e_i<§’x>dx = / / f(x1, ... xp)e” @18 dyy - e @nbngy, (4.77)
R —00 —00

changing the order of the one dimensional integrals does not change the result. When
thought of as a linear mapping, it is customary to use F(f) to denote the Fourier transform

of f.

Using a geometric picture for the inner product leads to a better understanding of the
functions e¢*). To that end we write £ in polar form as € = rw. Here r = ||£]| is the length
of £ and w its direction. Write x = x’ 4 tw where x’ is orthogonal to w, (i.e. (x',w) = 0).
As (x,w) =t the function (x,w) depends only ¢. Thus

ei(x,E) _ eirt'

This function oscillates in the w-direction with wave length 27” To illustrate this we give a
density plot in the plane of the real and imaginary parts of

ei(x,f) — COS<X,£> + iSiH(X,§>

for several choices of €. In these figures white corresponds to +1 and black corresponds to
—1. The Fourier transform at & = rw can be re-expressed as

flrw) = //f(x’—l—tw)emdx’dt. (4.78)

—oo L
Here L is the (n — 1)-dimensional subspace of R™ orthogonal to w :
L={2eR": (X, w)=0}

and dx’ is the (n — 1)-dimensional Euclidean measure on L.

(a)

Figure 4.3: Real and imaginary parts of exp(i((x,y), (1,1)))
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i
0; -2 4
)

(b)

Figure 4.4: Real and imaginary parts of exp(i((x,y), (2,0)))

The Fourier transform is invertible; under appropriate hypotheses there is an explicit
formula for the inverse.

Theorem 4.5.1 (Fourier Inversion Formula). Suppose that f is an absolutely integrable
function defined on R™. If f also belongs to L'(R™) then

) = L et
F) [QW]HR[ fleye=de (1.79)

Proof. The proof is formally identical to the proof of the one dimensional result. As before we begin
by assuming that f is continuous. The basic fact used is that the Fourier transform of a Gaussian
can be computed explicitly:

Fle—eel?y = H 7 Ll (4.80)
€
Because f is absolutely integrable
e*Egg = 11 lX€ e—cligl? d¢
(4.81)
i 2 / / F(y)em ™ Edyee<IEl" .
€ 7T
R™ R™

The order of the integrations in the last line can be interchanged; using (4.80) gives,

Zx{ ~ lim uxg\\?
/ fg)ea =t / fly dy
(4.82)
— lim o /et
E1lO on]T /f x — 2v/et)e dt.
R7l

In the last line we use the change of variables y = x — 2y/et. As f is continuous and absolutely
integrable this converges to

L’{Z/e—ntwﬁdh

[27]2

R
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Since
eI gt = [27] 2,
R’IL

this completes the proof of the theorem for continuous functions. As in the one-dimensional case,
an approximation argument is used to remove the additional hypothesis. The details are left to the
reader. O

Exercises
Exercise 4.5.1. Prove formula (4.78).
Exercise 4.5.2. If g1(2), ..., gn(z) belong to L'(R) show that

flai,. . mn) = g1(z1) -+ gn(zn) € LY(R™).
Show that

f(gl’ cee ,gn) = 91(51) o gn(&n)

Use this to compute the Fourier transform of P

4.5.2 Regularity and decay

There is once again a close connection between the smoothness of function and the decay
of its Fourier transform and vice versa. A convenient way to quantify the smoothness of
a function on R"™ is in terms of the existence of partial derivatives. Formulae in several
variables which involve derivatives can rapidly become cumbersome and unreadable. For-
tunately there is a compact notation, called multi-index notation, giving n-variable formulae
with the simplicity and readability of the one-variable case.

Definition 4.5.2. A multi-index is an ordered n-tuple of non-negative integers usually
denoted by a lower case Greek letter. For a = (o, ..., ay), a multi-index, set

al =l ay! and la| = a1 + - 4 .
The function |e| is called the length of a. The following conventions are useful:
x* = x{'wy? - apm and OF = 05 052 - 0.

FEzample 4.5.1. The binomial formula has an n-dimensional analogue:
k x*
(e =k Y T
{a: |a|=k}

Example 4.5.2. If f is a k-times differentiable function on R™ then there is also a n-
dimensional analogue of Taylor’s formula:

f = > %JFR,Q(X). (4.83)
{a: o<k} ‘

Here Ry is the remainder term; it satisfies

| Ri(x)| _
Ixl—0 x|
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As in the one dimensional case, the most general decay result is the Riemann-Lebesgue
Lemma.

Proposition 4.5.1 (Rlemann Lebesgue Lemma). Let f be an absolutely integrable
function on R™ then f is a continuous function and limg|_ f(.f) 0.

The proof is very similar to the one dimensional case and is left to the reader.

The smoothness of f is reflected in the decay properties of its Fourier transform. Sup-
pose that f is continuous and has a continuous partial derivative in the z;-direction which
is integrable, i.e.

/lamjf]dx < 0.
R

For notational convenience we suppose that j = 1 and set x = (21, x’). For any finite limits
R, R1, Ry we can integrate by parts in the xi-variable to obtain

/ / flzy,x “x8) gx' doy = |: ; ] [ / [f(Ry,x') _f(_RhX/)]efo,ﬁ)dx/
K1

—Ri ||Ix'||<R Ix'[|<R
Rs

Ony f (21, x’)ei<x’§>dx'd:c1] .
—Ri|x|<R
(4.84)

Because 0, f is integrable the second integral on the right hand side of (4.84) tends to
F(Or, f) as R, Ry, Ry tend to co. The boundary terms are bounded by

/ [|f(Re,x)| + | f(— Ry, x)|]dx’
Rn—l

As f is absolutely integrable there exist sequences < le >, < R§ > tending to infinity so
that these (n — 1)-dimensional integrals tend to zero. This shows that F (0, f) = i§&1F(f)-
The same argument applies to any coordinate proving the following proposition.

Proposition 4.5.2. If f is an absolutely integrable, continuous function with an absolutely
integrable, continuous j™-partial derivative then

F(0x; )(€) = i&F (f)(E)-
There is a constant C' such that if f has a continuous, integrable gradient then f satisfies
the estimate
CRf (1] + [V flldx
(L+11€l)

The integration by parts argument can be iterated to obtain formulee for the Fourier
transform of 0% f for any multi-index a.

/(&) <
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Theorem 4.5.2. Suppose that f is an absolutely integrable, continuous function with con-
tinuous, absolutely integrable a™-partial derivatives for any a with |a| < k. Then there
exists a constant C so that o

FO1< G e

and for each such a we have

21 (&) = (i)*f(8).
The theorem relates the rate of decay of the Fourier transform to the smoothness of f.
As in the one dimensional case, this theorem has a partial converse.

Proposition 4.5.3. Suppose that f is an integrable function on R™ such that, for an € > 0,
a non-negative integer k, and a constant C

C

—_— .
(1 + [eFtnte =

f€) <

Then f has k-continuous derivatives which tend to zero at infinity.

Proof. The proof is a consequence of the Fourier inversion formula. The decay hypothesis implies
that

_ L[t
160 = o [ FEe=<ae

Rn

The estimate satisfied by f implies that this expression can be differentiated up to k-times. Hence
the Fourier transform of 92 f is (i€)®f(£). Because F(02f) is an L'-function, the last statement
follows from the Riemann-Lebesgue lemma. O

Remark 4.5.1. Tt is apparent that the discrepancy between this estimate and that in The-
orem 4.5.2 grows as the dimension increases. As in the one-dimensional case, more natural
and precise results are obtained by using weak derivatives and the L?-norm. As these results
are not needed in the rest of the book, we will not pursue this direction. The interested
reader should consult [17].

In order to understand how decay at infinity for f is reflected in properties of f we first
suppose that f vanishes outside the ball of radius R. It can be shown without difficulty
that f(€) is a differentiable function, and its partial derivatives are given by

0g, f(€) = /% [f(x)e”®X]dx = /f(x)(—il’j)eig'xdx = F(—iz; f)()- (4.85)
Bgr Br

Iterating (4.85) gives

o F(E) = (—i) /X"‘f(X)e"g'deZ (=) F(x*£) (€). (4.86)
R

If instead of assuming that f has bounded support, we assume that (1 + ||x||)*f is inte-
grable then a standard limiting argument shows that f is k times differentiable and the a'"
derivative is given by the right hand side of (4.86).

Summarizing these computations we have:
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Proposition 4.5.4. If (1+||x|)*f is absolutely integrable for a positive integer k then the
Fourier transform of f has k continuous derivatives. The partial derivatives of f are given
by

g1 (&) = (=) Fx*f)(©).

They satisfy the estimates
g 1) < [ x5 o)lx.
Rn

and tend to zero as ||€|| tends to infinity.

Exercises

Exercise 4.5.3. Suppose that f is in L!'(R"). Show that there exist sequences < a, >
tending to +o00 so that

lim |f(an,x")|dx’.

n—oo

Rn—1

Exercise 4.5.4. Suppose that f is an integrable function which vanishes outside the ball
of radius R. Show that f is a differentiable function and justify the interchange of the
derivative and the integral in (4.85).

Exercise 4.5.5. Suppose that f is an integrable function which vanishes outside the ball
of radius R. Show that f is an infinitely differentiable function.

Exercise 4.5.6. Give the details of the limiting argument used to pass from (4.86) with f
of bounded support to the conclusion of Proposition 4.5.4.

Exercise 4.5.7. Prove the n-variable binomial formula.

Exercise 4.5.8. Explain the dependence on the dimension in the hypothesis of Proposi-
tion 4.5.3.

Exercise 4.5.9. Find a function f of n-variables so that

C

but f is not continuous.

4.5.3 L’-theory

See:  A.5.6, A.5.5.I

As in the 1-dimensional case, the n-dimensional Fourier transform extends to square-
integrable functions. The basic result is the Parseval formula.
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Theorem 4.5.3 (Parseval formula). If f is absolutely integrable and [, | f(x)[*dx < oo,

then
1

2 _ £ 2
R[ 70 = [2”]"R/ NGRS (187

n

The proof is quite similar to the one dimensional case. It uses an approximation argument
and the identity, valid for absolutely integrable functions:

[ t0atax = [ 160 [ =gtyayax= [ wiatv)iy. (4.88)
J

R R R

The details are left to reader.
As in the single variable case the Fourier transform is extended to L?(R™) by continuity.
As before we set

Fr(€) = / f(x)e €% dx,
x| <R

Parseval’s formula implies that

Ifrll2 < lIxBaflL2-

Because L?(R™) is complete and L?-functions with bounded support are dense in L? it
follows from Theorem 4.2.3 that the Fourier transform of f can be defined as the L2-limit

f=LIMfg.

R—o00

Moreover the Parseval formula extends to all functions in L2(R™). This shows that the
Fourier transform is a continuous mapping of L?(R") to itself: if < f, > is a sequence with
LIM f, = f then

n—oo

LIMf, = f.
n—oo
The L2-inversion formula is also a consequence of the Parseval formula.
Proposition 4.5.5 (L?-inversion formula). Let f € L?(R") and define

fr(x) = — / f(e)e=ede,

LR
lel<r

then f = %IMFR.

Proof. We need to show that limp_.o ||fr — f|lLz = 0. Because the norm is defined by an inner
product we have

Ifr = fll> = I frllZ> — 2Re(fr, flze + [If] e-

The Parseval formula implies that

1

el = o [ 1F@FPdE and If1: = o [ 1@
R™

lgli<r

The proof is completed by using the following lemma.
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Lemma 4.5.1. Let g € L?(R") then

U.9) = o / (4.59)
ll€ll<

The proof of the lemma is a consequence of the Parseval formula, it is left as an exercise for the

reader. Using (4.89) gives
1 ~
=11t = o [ F©FaE

l€l>R
This implies that %IMFR = f. O

Remark 4.5.2. The extension of the Fourier transform to functions in L?(R") has many
nice properties. In particular the range of the Fourier transform on L? is exactly L?(R™).
However the formula for the Fourier transform as an integral is purely symbolic. The Fourier
transform itself is only defined as a LIM; for a given & the pointwise limit

Ii —ix-€
g, [ gean
[|x||[<R

may or may not exist.

We conclude this section with an enumeration of the elementary properties of the
Fourier transform for functions of n-variables. As before these hold for integrable or square-
integable functions and follow from elementary properties of the integral.

1. Linearity:
The Fourier transform is a linear operation, if a € C then

F(f+9)=F()+Fg), Flaf)=aF(f)

2. Scaling:
The Fourier transform of f(ax), a function dilated by a € R is given by

/f azr) Zﬁxdx—/f _Z_

).

(4.90)
- Lk

3. Translation:
Let f¢ be the function f shifted by the vector t, fi(x) = f(x —t). The Fourier

transform of f¢(£€) is given by
= /f(x—t)eﬁ'xdx
R

_ / Fly)e €@+ gy (4.91)
Rn

= e 4 f(e).
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4. Reality:
If f(x) is real valued then f(£) = f(—€).

5. Evenness: . .
If f is even then f is real valued, if f is odd then f is purely imaginary valued.

Exercises
Exercise 4.5.10. Give the details of the proof of the n-dimensional Parseval formula.

Exercise 4.5.11. Show that (4.87) implies that

de
]

[ roogexiax = [ i@
R~ R

Exercise 4.5.12. Prove Lemma 4.5.1.

Exercise 4.5.13. Verify properties (4) and (5).

Exercise 4.5.14. Prove that the Fourier transform of a radial function is also a radial
function and formula (4.92).

4.5.4 The Fourier transform on radial functions

Recall that a function which only depends on ||x|| is said to be radial. The Fourier transform
of a radial function is also radial and can be given by a 1-dimensional integral transform.

Theorem 4.5.4. Suppose that f(x) = F(||x||) is an integrable function, then the Fourier
transform of f is given by the one-dimensional integral transform

N CTL

&)= —2 | Jua(r|€])F(r)r=dr. 4.92
© HM?! IEDFE) (4.92)

Here ¢, is a constant depending on the dimension.

If Re(v) > —1 then J,(z), the order v Bessel function is defined by the integral

(%) . /eiz cos(6) SiDQV(Q)dQ.
r(3)

MO T

Proof. The derivation of (4.92) uses polar coordinates on R™. Let x = rw where r is a non-negative
number and w belongs to the unit (n — 1)-sphere, S™~1. In these coordinates the volume form on
R™ is

dx =" tdrdVgn-1,
here dVgn—1 is the volume form on S™~!. In polar coordinates, the Fourier transform of f is given
by

o0

f(é) = / / F(r)e @& qVg, 1 r"Ldr. (4.93)

0 gn—1
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It not difficult to show that the integral over S™~1 only depends on €| and therefore it suffices to
evaluate it for £ = (0,...,0,||€]|). Points on the (n — 1)-sphere can be expressed in the form

w = sinf(w’,0) + (0,...,0,cos6),

where w’ is a point on the unit (n — 2)-sphere and 6 € [0, 7]. Using this parametrization for Sm~1
we obtain a formula for the volume form,

dVgn-1 = sin" 2 0dVgn». (4.94)

Using these observations, the spherical integral in (4.93) becomes

/ e W8 qVgn1 = / / e~ rlElcost ginn=2 g qV/g,. > d
s o (4.95)
= Un,g/e_w”ﬁ” s 0 6in" 2 0de.
0
The coefficient o,,_5 is the (n — 2)-dimensional volume of S"~2. Comparing this integral with the

definition of the Bessel function gives (4.92). O

Example 4.5.3. The Fourier transform of the characteristic function of the unit ball By C R
is given by the radial integral

1
€)= —2 [ Jua(r|€l)rE dr.
’ H&HTO/ :

Using formula 6.561.5 in [20] gives

— Cn
X8 (§) = —=r Ja ([[€]])-
1 1€l= =
As ||€]] tends to infinity the Bessel function is a oscillatory term times [/[|]]] 7. Overall
we have the estimate
GO < —
Bi(§) = ——— 7
(1 + (€1 =
Exercises

Exercise 4.5.15. Prove that the spherical integral in (4.93) only depends on [|€]|.

Exercise 4.5.16. Verify the parametrization of the (n — 1)-sphere used to obtain (4.94)
as well as this formula.

Exercise 4.5.17. Determine the constant ¢, in (4.92).

Exercise 4.5.18. Using (4.94) show that o,, the n-volume of S™ is given by

n+1

272
+1)°
(%)
Exercise 4.5.19. Using the connection between the one-dimensional integral transform

defined in (4.92) and the n-dimensional Fourier transform, find a formula for the inverse of
this transform. Hint: Use symmetry, this does not require any computation!

Op =
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4.5.5 The failure of localization in higher dimensions*

The localization principle is a remarkable feature of the 1-dimensional Fourier transform.
Suppose that f is an integrable function defined on R. According to the localization principle
the convergence of the partial inverse

1

£ ix€
o [ e

fr(z) =

>~

to f(x) only depends on the behavior of f in an interval about z. This is a uniquely
one dimensional phenomenon. In this section we give an example due to Pinsky showing
the failure of the localization principle in three dimensions. A complete discussion of this
phenomenon can be found in [57].

Pinsky’s example is very simple, it concerns f(x) = xp, (x), the characteristic function
of the unit ball. The Fourier transform of f was computed in example 4.5.3, it is

eJs (I€])
lelz

In this example ¢ denotes various positive constants. Using formula 8.464.3 in [20] this can
be re-expressed in terms of elementary functions by

_ cllig]l cos([I€]l) — sin(li€])]
1€11°

Using polar coordinates, we compute the partial inverse:

1)

(4.96)

The last integral has a limit as R — oo however sin(R) does not! Thus fr(0) remains
bounded as R tends to infinity but does not converge.

Remark 4.5.3. The reader interested in complete proofs for the results in this section as
well as further material is directed to [40], for the one dimensional case or [72], for higher
dimensions.

Exercises

Exercise 4.5.20. Prove the existence of the limit

R
lim sin(r)dr .
R—o0 r

0



Chapter 5

Convolution

In the previous chapter we introduced the Fourier transform with two purposes in mind:
(1) Finding the inverse for the Radon transform. (2) Applying it to signal and image
processing problems. Indeed (1) is a special case of (2). In this chapter we introduce a
fundamental operation, called the convolution product. Convolution is intimately connected
to the Fourier transform. Because there is a very efficient algorithm for approximating the
Fourier transform and its inverse, convolution lies at the heart of many practical filters.
After defining the convolution product for functions defined on R™ and establishing its
basic properties we briefly turn our attention to filtering theory.

5.1 Convolution

For applications to medical imaging we use convolution in 1-, 2- and 3-dimensions. The
definition and formal properties of this operation do not depend on the dimension and we
therefore define it and consider its properties for functions defined on R".

Definition 5.1.1. If f is an integrable function defined on R™ and g is bounded then the
convolution product of f and g is defined by the absolutely convergent integral

frg(x)= /f(x —¥)9(y)dy. (5.1)
in

Remark 5.1.1. There are many different conditions under which this operation is defined.
If the product f(y)g(x —y) is an integrable function of y then f x g(x) is defined by an
absolutely convergent integral. For example, if g is bounded with bounded support then it is
only necessary that f be locally integrable in order for fx*g to be defined. In this chapter we
use functional analytic methods to extend the definition of convolution to situations where
these integals are not absolutely convergent. This closely follows the pattern established to
extend the Fourier transform to L?(R").

Convolution provides a general framework for analyzing moving averages. To better
understand it, first think of f as an input “signal” and ¢ as a non-negative weight function,
then f * g(x) is a weighted average of the values of f. The contribution of f(x —y) to

f * g(x) is given weight g(y).

131
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Ezample 5.1.1. Let g(z) = %X[fl,l] (z); if f is a locally integrable function then the integrals
in (5.1) make sense. The convolution f x g at x is

z+1

fro@ =3 [ fw.
z—1

This is the ordinary average of f over the interval [z — 1,z + 1]. If f = x[_1,1) then

0 if || > 2,
frgley =B i —2<u <0,
el rp<a <o

Ezample 5.1.2. Let g(x) = ¢,7 ", (||x]|); here B, is the ball of radius r in R and c,,! is
the volume of B;. Again f * g is defined for any locally integrable function and is given by

fgx) = / F(x — y)aly)dy
J

(5.2)
= cpr? f(x—y)dy.
/

It is the average of the values of f over points in B, (x).

Convolution also appears in the partial inverse of the Fourier transform. In this case
the weighting function assumes both positive and negative values.

Ezample 5.1.3. Let f belong to either L'(R) or L%(R). In section 4.4.1 we defined the
partial inverse of the Fourier transform

R
1 £ 1T
Sr(f)(@) = 5= [ Fle)e s (53)
—R
This can be represented as a convolution,
SR(f) = f * DR:
where
_ Rsinc(Rx)

Dpg(x) —

For functions in either space this convolution is given by an absolutely convergent integral.

The convolution product satisfies many estimates, the simplest is a consequence of the
triangle inequality for integrals:

1 * glloo < [[fllzrllglloo- (5:4)

We now establish another estimate which, via Theorem 4.2.3, extends the domain of the
convolution product.
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Proposition 5.1.1. Suppose that f and g are integrable and g is bounded then f x g is
absolutely integrable and

1 * gl < [l fllzllglizr (5.5)

Proof. 1t follows from the triangle inequality that

/If*g |dx<//|fx y)9(y)|dydx

R R™
//Ifx y)g(y)|dxdy.

Going from the first to the second lines we interchanged the order of the integrations. This is allowed
by Fubini’s theorem, since f(y)g(x —y) is absolutely integable over R™ x R™. We change variables
in the x-integral by setting t = x — y to get

(5.6)

1f* gl < // [f®)llg(y)ldtdy = [IfllL: gl -
RTL R’VL
O
For a fixed f in L'(R™) the map from bounded, integrable functions to L*(R") defined
by Ct(g) = f * g is linear and satisfies (5.5). As bounded functions are dense in L'(R"),
Theorem 4.2.3 applies to show that C; extends to define a map from L'(R") to itself.

Because f is an arbitrary integrable function, convolution extends as a map from L!(R™) x
LY(R™) to L'(R™). The following proposition summarizes these observations.

Proposition 5.1.2. The convolution product extends to define a continuous map from
LY(R™) x LY(R™) to L'(R™) which satisfies (5.5).

Remark 5.1.2. If f and g are both in L!'(R") then the integral defining f * g(x) may not
converge for every x. The fact that f(y)g(x —y) is integrable over R™ x R™ implies that

/f(Y)g(x -
i

might diverge for x belonging to a set of measure zero. An inequality analogous to (5.5)
holds for any 1 < p < co. That is, if f € LP(R") and g € L'(R") then f g is defined as an
element of LP(R™), satisfying the estimate

1f* glle < [ fllzellgllzr- (5.7)

The proof of this statement is left to the exercises.
Ezample 5.1.4. Some decay conditions are required for f % g to be defined. If f(z) =

[v/1+ |z]]7! then

o0

1 1
f*f(x)—/ dy = oo for all z.
J TR VI ]

If, on the other hand, we let g = [\/1 + |2]]"(0+9), for any positive € then f * g is defined.
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The basic properties of integration lead to certain algebraic properties for the convolu-
tion product.

Proposition 5.1.3. Suppose that fi, f2, f3 belong to L*(R™) then the following identities
hold:

f1* fa = fox f1,
Jix(fo+ f3) = fu* fa + f1* f3, (5.8)
fix(fax f3) = (f1x f2) * f5.

Proof. We prove the first assertion; it suffices to assume that f; is bounded, the general case then
follows from (5.5). The definition states that

h*b@)z/fmwﬁ@—ywy
RTL

Letting t = x — y this integral becomes

/ﬁ&*ﬂhmﬁ:b*ﬁ@)
J

The proofs of the remaining parts are left to the exercises. O

Taken together, these identities say that convolution defines a multiplication on L!(R™)
which is commutative, distributive and associative. The only thing missing is a multiplica-
tive unit, that is a function i € L'(R™) so that f *i = f for every f in L'(R"). It is not
hard to convince ourselves that such a function cannot exist. For if

f&%=/f&yﬁWMm
J

for every point x and every function f € L'(R™) then i must vanish for x # 0. But in this
case f*i = 0 for any function f € L'(R"). In section 5.3 we return to this point.

A reason that the convolution product is so important in applications is that the Fourier
transform converts convolution into ordinary pointwise multiplication.

Theorem 5.1.1. Suppose that f and g are absolutely integrable then
F(f+g) = F(f)F(9)- (5.9)

Proof. The convolution, fx*g is absolutely integrable and therefore has a Fourier transform. Because
f(x—y)g(y) is an absolutely integrable function of (x,y), the following manipulations are easily
justified,

fU*MQ=/U*M@f“”h

R'ﬂ
- / / Flx — y)gy)e= €¥) dydx

FAA (5.10)
- / / F®)g(y)e €0+ gty

RW,R7l

= f(£)3(8).
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Remark 5.1.3. The conclusion of Theorem 5.1.1 remains true if f € L?(R") and g € L*(R").

s

In this case f * g also belongs to L?(R"). Note that § is a bounded function, so that fg
belongs to L?(R") as well.

Ezample 5.1.5. Let f = x[_1,1)- Formula (5.9) simplifies the computation of the Fourier
transform for f % f or even the j-fold convolution of f with itself

frgf L fuexf

j—times

In this case

F(f x5 F)(E) = [2sinc(§)].

Ezample 5.1.6. A partial inverse for the Fourier transform in n-dimensions is defined by

R R
SB(f) = ﬁ / / (&)= d.
“R

—R

The Fourier transform of the function
R]™ {~
DTL — [ = 1 .
(%) [77] jli[lsmc(Rajj)

is X[=r,r|(€1) " X[-Rr,R)(€n) and therefore Theorem 5.1.1 implies that

Sr(f) = Dg * [.

Exercises

Exercise 5.1.1. For f € L'(R) define

_ ) fl@) i [f(z)| < B,
Jpl@) = {0 it |f(z)| > B.

Show that limp_. || f — fB||L1 = 0. Use this fact and the inequality, (5.5) to show that the
sequence < fp * g > has a limit in L*(R).

Exercise 5.1.2. Prove the remaining parts of Proposition 5.1.3. Explain why it suffices to
prove these identities for bounded integrable functions.

Exercise 5.1.3. Compute x[_11) *; Xx[-1,1] for j = 2,3,4 and plot these functions on a
single graph.

Exercise 5.1.4. Prove that ||f % g||z2 < ||fllz2llgl/z:- Hint: Use the Cauchy-Schwarz in-
equality.

Exercise 5.1.5. * For 1 < p < oo use Holder’s inequality to show that ||f * g|lzr <
1fllzellgllze-

Exercise 5.1.6. Show that F(D%)(€) = x[—r,r)(&1) - X[=r,R) (§n)-
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Exercise 5.1.7. Prove that the conclusion of Theorem 5.1.1 remains true if f € L?(R")
and g € LY(R™). Hint: Use the estimate ||f * g|lz2 < ||f|lz2]lgll: to reduce to a simpler
case.

Exercise 5.1.8. Show that there does not exist an integrable function ¢ so that i f = f for
every integrable function f. Hint: Use Theorem 5.1.1 and the Riemann-Lebesgue Lemma.

Exercise 5.1.9. A different partial inverse for the n-dimensional Fourier transform is

defined by

1

Salf) = g | O,

l€l<r

This can also be expressed as the convolution of f with a function F3. Find an explicit
formula for F7.

5.1.1 Shift invariant filters

In engineering essentially any operation which maps inputs to outputs is called a filter.
Since most inputs and outputs are represented by functions, a filter is usually a map from
one space of functions to another. The filter is a linear filter if this map of function spaces is
linear. In practice many filtering operations are given by convolution with a fixed function.
If ¢» € L*(R™) then
Cylg) =1 *g,

defines such a filter. A filter which takes bounded inputs to bounded outputs is called
a stable filter. The estimate (5.4) shows that any filter defined by convolution with an
L'-function is stable. Indeed the estimate (5.7) shows that such filters act continuously on
many function spaces.

Filters defined by convolution have an important physical property: they are shift in-
variant.

Definition 5.1.2. For 7 € R" the shift of f by T is the function fr, defined by
f2(x) = F(x — 7).
A filter, A mapping functions defined on R™ to functions defined on R™ is shift invariant if
A(fr) = (Af)r.

If n =1 and the input is a function of time, then a filter is shift invariant if the action
of the filter does not depend on when the input arrives. If the input is a function of spatial
variables, then a filter is shift invariant if its action does not depend on where the input is
located.

Proposition 5.1.4. A filter defined by convolution is shift invariant.

Proof. The proof is a simple change of variables.
Cult)x) = [ wlx = y)fy ~ )y
]Rn

= /1/}(x777w)f(w)dw (5.11)
Rn

= Cy(f)(x — 7).

In going from the first to the second line we used the change of variable w =y — 7. O
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In a certain sense the converse is also true: “Any” shift invariant, linear filter can be
represented by convolution. What makes this a little complicated is that the function
may need to be replaced by a generalized function.

Beyond the evident simplicity of shift invariance, this class of filters is important for
another reason: Theorem 5.1.1 shows that the output of such a filter can be computed
using the Fourier transform and its inverse, explicitly

Cy(f) = F @) (5.12)

This is significant because the Fourier transform has a very efficient, approximate numerical
implementation.

FEzxample 5.1.7. Let ¢ = %X[—Ll]v the convolution @ * f is the moving average of f over
intervals of length 2. It can be computed using the Fourier transform by,

o0

v i) = o [ el

—0o0

Exercises

Exercise 5.1.10. For each of the following filters, decide if is shift invariant or non-shift
invariant.

(1).  Translation: A(f)(x)

(3).  Multiplication by a function: Ay(f) 4 pf.
(4).  Indefinite integral from 0: Zo(f)(z) < Jo f(y)dy.
(5).  Indefinite integral from —oo : Z_o(f)(x) < [ fy)dy.

(6).  Time reversal: 7,(f)(z) < f(—z).
(7). Integral filter: f— [* ayf(y)dy.
(8).  Differentiation: D(f)(z) = f'(x).

Exercise 5.1.11. Suppose that A and B are shift invariant. Show that their composition
Ao B(f) g A(B(f)) is also shift invariant.

5.2 Convolution and regularity
Generally speaking the averages of a function are smoother than the function itself. If f

is a locally integrable function and ¢ is continuous, with bounded support then f * g is
continuous. Let T be a vector in R” then

Jim [ g+ ) = £ gl)) =l [ F()lgtx 7 ) — g(x — ¥y
.
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Because g has bounded support it follows that the limit on the right can be taken inside
the integral, showing that

i f o+ g(x +7) = [+ g(x).
T—
This argument can be repeated with difference quotients to prove the following result.

Proposition 5.2.1. Suppose that f is locally integrable, g has bounded support and k
continuous derivatives, then f g also has k continuous derivatives. For any multi-inder a
with |a| < k we have

R(f*g) =[x (0Z9) (5.13)

Remark 5.2.1. This result is also reasonable from the point of view of the Fourier transform.
Suppose that g has k integrable derivatives, then Theorem 4.5.2 shows that

I
(1+ l1gIN*

If f is either integrable or square-integrable then the Fourier transform of f * g satisfies an
estimate of the form A
Clr )l

(1 +lIEN*

This shows that the Fourier transform of f % g has a definite improvement in its rate of
decay over that of f and therefore f * g is commensurately smoother.

9(6)] <

[F(f+9)€)] <

5.2.1 Approximation by smooth functions

If ¢ is a smooth function with bounded support and f is locally integrable then ¢ * f is a
smooth function. Hence convolution gives a method for approximating integrable functions
by smooth functions. To do that we choose a non-negative, even, infinitely differentiable
function, ¢ supported in [—1,1]. An example is given by the function

1
e T it <1
t) = ’
o) {o if [t > 1.

Let ¢(x) = cpo(||x]]), with the constant ¢, selected so that

For € > 0 let
) (5.14)

see figure 5.1. Observe that ¢, is supported in the ball of radius e. Using the change of
variables ey = x gives

[edix= [ Zoiax= [ elvay = 1. (5.15)

R" R™ R
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N

Figure 5.1: Graphs of ¢, with ¢ =.5,2,8.

This identity allows the difference between f and ¢ * f to be expressed in a convenient
form

e x f(x) — f(x) = / ) — F)]pelx — y)dy. (5.16)

Be(x)

The integral is over the ball of radius €, centered at x. It is therefore reasonable to expect
that, as € goes to zero, @, * f converges, in some sense, to f. Note that

Heuristically this gives another way to understand what happens to ¢, * f as e — 0 :

—

e F(€) = 4l F (&)
e€) £ (&) — (0)f (&) (5.17)

Again, in some sense, @, * f converges to f as e tends to 0.

If we think of f as representing a noisy signal then ¢, * f is a smoothed out version of f.
In applications € is a measure of the resolution available in . f. A larger € results in a more
blurred, but less noisy signal. A smaller € gives a better approximation, however at the cost
of less noise reduction. The graphs in figure 5.2 show a noisy function and its convolutions
with a smooth function for two values of ¢; note the tradeoff between smoothness and detail.
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(a) A noisy function. (b) A little smoothing. (c) All detail is gone.

Figure 5.2: Using convolution to smooth a noisy function.
The precise sense in which ¢, * f converges to f depends on its regularity and decay.
The square-integrable case is the simplest.
Proposition 5.2.2. Suppose that ¢ is an absolutely integrable function with
/ p(x)dx = 1.
R
If f € L2(R™) then . * f converges to f in L2(R™).

Proof. The Plancherel formula implies that

o x| — fllre-

1
e f = flls = ooy

The Fourier transform of ¢, is computed using (4.36), it is
F(pe)(§) = (). (5.18)
From Theorem 5.1.1 we obtain
lpe  f = fllee = 1f(e = Dllz2.

The Lebesgue dominated convergence theorem, (5.18) and the fact that $(0) = 1 lead to the
conclusion that

lim (13— 1)l =0.

Another important case is the L'-case

Proposition 5.2.3. Suppose that ¢ is an absolutely integrable function with

[etoix=1.

Rn
If f € LY(R™) then . * f converges to f in the L'-norm.
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Proof. The proof of this result is quite different from the L2?-case it relies on the follwing lemma:

Lemma 5.2.1. lff S I/I(Rn) then
lim || fr— f”Ll =0.
7—0

In other words the translation operator, (7, f) — fr is a continuous map of R"™ x L!(R") to L*(R"™).
The proof of this statement is left to the exercises. The triangle inequality shows that

loe s f— fllo = / / [F(x — et) — F)]p(t)dt| dx

| i
S/Wﬁﬂ /U@—aﬂ-ﬂ@wxdt (5.19)
Rn Rn
= [16®lfe = Flsea.
R?L

The last integrand is bounded by 2| f||z:|p(t)| and therefore the limit, as € goes to zero, can be
brought inside the integral. The conclusion of the proposition follows from Lemma. O

It is also useful to examine @, * f(x) at points where f is smooth.

Proposition 5.2.4. Let f be a locally integrable function and suppose that ¢ has bounded
support. If [ is continuous at x then

Eﬁ%*ﬂ@:f@%

Proof. As f is continuous at x, given 1 > 0 there is a 6 > 0 so that
Ix =yl <d=1[f(x) = f¥) <n (5.20)

If € is sufficiently small, say less than €y, then the support of ¢, is contained in the ball of radius 6.
Finally since the total integral of ¢ is 1 we have, for an € < ¢ that

e F(x) — F(x)] = / e¥)(Fx — y) — F(x))dy

)

< / o)1 f(x — y) — f(x)|dy

Bs

S/%MWy

Bs
<.

(5.21)

In the second line we use the fact that ¢, is non-negative and, in the third line, estimate (5.20). O

Remark 5.2.2. If f has k continuous derivatives in Bs(x) then, for € < § and @ with || < k,
Proposition 5.2.1 implies that

O (pe * f)(x) = Pe * 8§f(x)
Proposition 5.2.4 can be applied to conclude that

lim 02 (e * f)(x) = D2 (x).
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There are many variants of these results. The main point of the proof is that ¢ is
absolutely integrable. Many similar looking results appear in analysis, though with much
more complicated proofs. In most of these cases ¢ is not absolutely integrable. For exam-
ple, the Fourier inversion formula in one-dimension amounts to the statement that ¢, *x f
converges to f where ¢(z) = 7! sinc(z). As we have noted several times, before sinc(z) is
not absolutely integrable.

In practice, infinitely differentiable functions can be difficult to work with. To simplify

computations a finitely differentiable version may be preferred. For example, given k € N

define the function
cp(1—z2)F  if 2] <1,
= 5.22
Vi) {0 if 2] > 1. (5:22)

The constant, ci is selected so that 1 has total integral one. The function v has k — 1
continuous derivatives. If

wk,e(l‘) = E_I@Z)k,s(%)

and f is locally integrable, then < v x f > is a sequence of k — 1-times differentiable
functions, which converge, in an appropriate sense to f.

Using these facts we now complete the proof of the Fourier inversion formula. Thus far
Theorems 4.2.1 and 4.5.1 were proved with the additional assumption that f is continuous.

Proof of the Fourier inversion formula, completed. Suppose that f and f are absolutely integrable
and . is as above. Note that f is a continuous function. For each ¢ > 0 the function ¢, * f is
absolutely integrable and continuous. Its Fourier transform, ¢(e€) f (&), is absolutely integrable. As
€ goes to zero it converges locally uniformly to f (£). Since these functions are continuous we can
use the Fourier inversion formula to conclude that

g f0) = 5 [ () e =0

R

This is a locally uniformly convergent family of continuous functions and therefore has a continuous
limit. The right hand side converges pointwise to

x) = [ Fey=eag
R™

Lemma 5.2.1 implies that || * f — f||1 also goes to zero as € tends to 0 and therefore F(z) = f(x
(To be precise we should say that after modification on a set of measure 0, F(z) = f(z).) This
completes the proof of the Fourier inversion formula. O

Exercises

Exercise 5.2.1. Let f be an integrable function with support in the interval [a, b] and g an
integrable function with support in [—¢, €]. Show that the support of f x g(z) is contained
in[a—eb+¢.

Exercise 5.2.2. Use Corollary A.7.1 to prove Lemma 5.2.1.

Exercise 5.2.3. Give the details of the argument, using Lemma 5.2.1, showing that if f
is an L'-function then

tig [ o(6)fx — Flrdt =0,

Rn
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Exercise 5.2.4. Use the method used to prove Proposition 5.2.4 to show that if f € LP(R)
for a1 <p < oo then ¢, * f converges to f in the LP-norm. Give an example to show that
if f is a bounded, though discontinuous function, then ||¢¢ * f — f||c may fail to tend to
Z€ero.

Exercise 5.2.5. Let ¢ () = [2¢] 7' x[_c(2). Show that if f € L?(R) then ¢ * f converges
to f in L?(R).

Exercise 5.2.6. For the functions vy, defined in (5.22), find the constants ¢ so that

/wk(x)dx = 1.

-1

Exercise 5.2.7. Use the Fourier inversion formula to prove that

Fo6) = 5 +4(0) (523)

A~

What assumptions are needed for f * § to make sense?

Exercise 5.2.8. * For k a positive integer suppose that f and fkf(f) belong to L?(R). By
approximating f by smooth functions of the form ¢, * f show that f has k L?-derivatives.

5.2.2 The support of f *g.

Suppose that f and g have bounded support. For applications to medical imaging it is
important to understand how the support of f * g is related to the supports of f and g. To
that end we define the algebraic sum of two subsets of R™.

Definition 5.2.1. Suppose A and B are subsets of R™. The algebraic sum of A and B is
defined as the set

A+B={a+beR" : ac A, and b € B}

Using this concept we can give a quantitative result describing the way in which con-
volution “smears” out the support of a function.

Lemma 5.2.2. The support of f * g is contained in supp f + suppg.

Proof. Suppose that x is not in supp f + suppg. This means that no matter which y is selected
either f(y) or g(x —y) is zero. Otherwise x =y + (x — y) would belong to supp f + supp g. This
implies that f(y)g(x —y) is zero for all y € R™ and therefore

Fr96) = [ F3)90x - y)dy =0
Rn
as well. This proves the lemma. O
Suppose that f is a function which represents an image. For example we could imagine

that f takes values between 0 and 1 with 0 corresponding to white and 1 to black. Values
in between correspond to shades of grey. Convolution with a function like ., defined in



144 CHAPTER 5. CONVOLUTION

section 5.2.1, provides a reasonable model for the measurement of such an image. Suppose
that f has bounded support then, by Lemma 5.2.2,

supp(f * @c) C supp f + supp @e.
As @, is supported in B this is the e-neighborhood of the support of f,
supp(f)e = {x € R" : dist(x,supp(f)) < €}.
The figures indicates what happens in the 2-dimensional case.

origina

_ \
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Figure 5.3: f is smeared into the e-neighborhood of supp(f).

The convolution of f with ¢, smears the image represented by f. The value of ¢, * f(x)
depends on the values of f in the ball of radius € about x, hence parameter € reflects the
resolution of the measuring apparatus.

At points where the image is slowly varying the measured image is close to the actual
image. Near points where f is rapidly varying this may not be the case. Noise is usually
a high frequency phenomenon with “mean zero;” smoothing averages out the noise. At
the same time, the image is blurred. The size of € determines the degree of blurring. The
Fourier transform of fxp. is f(€)p(e€). Because ¢ has integral 1 it follows that ¢(0) = 1. As
the support of ¢ is a bounded set, its Fourier transform is a smooth function. This shows
that p(ef) ~ 1 if [|€]| << €. Thus the “low frequency” part of f * ¢, closely approximates
the low frequency part of f. On the other hand $(€) tend to zero rapidly as ||€|| — oo and
therefore the high frequency content of f is suppressed in f * .. Unfortunately both noise
and fine detail are carried by the high frequency components. Using convolution to supress
noise inevitably destroys fine detail.

5.2.3 Convolution equations

Convolution provides a model for many measurement and filtering processes. If f is the
state of a system then, for a fixed function 1, the output g is modeled by the convolution
g = ¢ * f. In order to recover the state of the system from the output one must therefore
solve this equation for f as a function of ¢g. Formally this equation is easy to solve, (5.10)
implies that

There are several problems with this approach. The most obvious problem is that 1/3
may vanish for some values of £. If the model were perfect then, of course, §(§) would also
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have to vanish at the same points. In real applications this leads to serious problems with
stability. A second problem is that, if ¢)(x) is absolutely integrable, then the Riemann-
Lebesgue lemma implies that ¢(€) — 0 as ||| — oo. Unless the measurement g is very
smooth and noise free we would be unable to invert the Fourier transform of this ratio to
determine f. In Chapter 9 we discuss how these issues are handled in practice.

Ezxzample 5.2.1. The rectangle function defines a simple weight, . = (26)_1)([_575]. Its
Fourier transform is given by

e(€) = sinc(ef).

This function has zeros at ¢ = (e~ 'mm), where m is any positive integer. These zeros are
isolated so it seems reasonable that an integrable function f should be uniquely specified
by the averages 1. * f, for any € > 0. In fact it is, but the problem of reconstucting f from
these averages is not well posed.

FEzxample 5.2.2. Suppose that v is a non-negative function which vanishes outside the in-
terval [—e, €] and has total integral 1,

7 W(x)dz = 1.

If f is a locally integrable function then f 1 (x) is the weighted average of the values of f
over the interval [z — €, x + €]. Note that v x 1 also has total integral 1

7 Y*Y(x)de = 7 7 V(Y)Y (z — y)dyde

— 00 —O0

7 7w(y)1/}(t)dtdy

—00 —O0

=1-1=1.

(5.24)

In the second to last line we reversed the order of the integrations and set t = = — y.

Thus f * (1 % 1)) is again an average of f. Note that 1 * 1(x) is generally non-zero for
x € [—2¢,2¢], so convolving with 1 % 1) produces more blurring than convolution with
alone. Indeed we know from the associativity of the convolution product that

fr(xip) = (f x9) x ¢,

so we are averaging the averages, f * 1. This can be repeated as many times as one likes,
the j-fold convolution 1) ;1 has total integral 1 and vanishes outside the interval [—je, je|.
Of course the Fourier transform of v ;) is [121(5)]9 which therefore decays j times as fast
as ¥().

We could also use the scaled j-fold convolution §~ ¢ *; (6§~ 1z) to average our data.
This function vanishes outside the interval [—jde, jde] and has Fourier transform [¢(5¢)]7.
If we choose § = j~! then convolving with this function will not blur details any more than
convolving with 1 itself but better suppresses high frequency noise. By choosing j and §
we can control, to some extent, the trade off between blurring and noise suppression.
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Exercises

Exercise 5.2.9. If a and b are positive numbers then define

Wap(T) = %[ra(x) + rp(x)].

Graph wg () for several different choices of (a,b). Show that for appropriate choices of a
and b the Fourier transform w,(§) does not vanish for any value of €.

Exercise 5.2.10. Define a function

fl@) = Xy @) (1 —|z])?

Compute the Fourier transform of this function and show that it does not vanish anywhere.
Let f; = f*; f (the j-fold convolution of f with itself). Show that the Fourier transforms,

fj are also non-vanishing.

5.3 The §-function
[See:  A5.6.]

The convolution product defines a multiplication on L!(R") with all the usual properties
of a product except that there is no unit. If ¢ were a unit then i % f = f for every function
in L!'(R™). Taking the Fourier transform, this would imply that, for every &,

i) f(&) = f(.

This shows that i(§) = 1 and therefore i cannot be an L'-function. Having a multiplicative
unit is so useful that engineers, physicists and mathematicians have all found it necessary
to simply define one. It is called the J-function and is defined by the property that for any
continuous function f

1(0) = / 5(y)f(y)dy. (5.25)

Proceeding formally we see that

5 f(x) = / 5(y)f(x — y)dy
s (5.26)

=[x~ 0) = [(x).

So at least for continuous functions d * f = f.

It is important to remember the d-function is not a function. In the mathematics
literature the d-function is an example of a distribution or generalized function. The basic
properties of generalized functions are introduced in Appendix A.5.6. In the engineering
and physics literature it is sometimes called a unit impulse. In section 4.4.4 the Fourier
transform is extended to generalized functions (at least in the one-dimensional case). The
Fourier transform of § is as expected, identically equal to 1:
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While (5.25) only makes sense for functions continuous at 0, the convolution of § with
arbitrary locally integrable functions is well defined and satisfies § * f = f. This is not too
different from the observation that if f and g are L'-functions then f * g(x) may not be
defined at every point, nonetheless, f * g is a well defined element of L!(R™).

In both mathematics and engineering it is useful to have approximations for the J-
function. There are two complementary approaches to this problem, one is to use functions
like ¢, defined in (5.14) to approximate ¢ in x-space. The other is to approximate ¢ in
&-space. To close this chapter we formalize the concept of resolution and considering some
practical aspects of approximate d-functions in one-dimension.

5.3.1 Approximating the )-function in 1-dimension

Suppose that ¢ is an even function with bounded support. The Fourier transform of ¢
is ¢(€e€). Because @, vanishes outside a finite interval its Fourier transform is a smooth
function and $(0) = 1. As ¢ is a non-negative, even function its Fourier transform is real
valued and assumes its maximum at zero. In applications it is important that the difference
1 — ¢(ef) remain small over a specified interval [—B, B]. It is also important that @(e)
tend to zero rapidly outside a somewhat larger interval. As ¢ is non-negative, d¢(0) = 0;
this means that the behavior of ¢(§) for & near to zero is largely governed by the “second
moment”

One would like this number to be small. This is accomplished by putting more of the mass
of ¢ near to z = 0. On the other hand the rate at which ¢ decays as |{| — oo is determined
by the smoothness of ¢. If ¢ = % X[-1,1] then ¢ decays like |€]7L. Better decay is obtained
by using a smoother function. In applications having ¢ absolutely integrable is usually
adequate. In one-dimension this is the case if ¢ is continuous and piecewise differentiable.

The other approach to constructing approximations to the d-function is to approximate
its Fourier transform. One uses a sequence of functions which are approximately 1 in an
interval [—B, B] and vanish outside a larger interval. Again a simple choice is x[_p p5](§)-
The inverse Fourier transform of this function is ¥g(x) = 7! Bsinc(Bz). In this context
it is called a sinc pulse. Note that ¢p assumes both positive and negative values. A
sinc-pulse is not absolutely integrable, the fact that the improper integral of ¥ p over the
whole real line equals 1 relies on subtle cancellations between the positive and negative
parts of the integral. Because tp is not absolutely integrable, it is often a poor choice
for approximating the d-function. Approximating 8 by (QB)_lx[_B’B] * X[-B,B)](§) gives a
sinc-pulse, (2B)~1¢%(x), as an approximation to §. This function has better properties: it
does not assume negative values, is more sharply peaked at 0 and is absolutely integrable.
These functions are graphed in figure 5.4.
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Figure 5.4: Approximate d-functions

Neither the sinc nor sinc? has bounded support, both functions have oscillatory “tails”
extending to infinity. In the engineering literature these are called side lobes. Side lobes
result from the fact that the Fourier transform vanishes outside a bounded interval, see
section 4.4.3. The convolutions of these functions with x[_; ;) are shown in figure 5.5. In
figure 5.5(a) notice that the side lobes produce large oscillations near the jump. This is an
example of the “Gibbs phenomenon.” It results from using a discontinuous cutoff function

in the Fourier domain. This effect is analyzed in detail, for the case of Fourier series in
section 7.5.
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Figure 5.5: Approximate d-functions convolved with x[_1 ;.

Exercises

Exercise 5.3.1. Suppose that f is a continuous L'-function and ¢ is absolutely integrable
with fR i = 1. Show that < ¢, * f > converges pointwise to f.
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Exercise 5.3.2. Suppose that ¢ is an integrable function on the real line with total integral
1 and f is an integrable function such that, for a & > 1,

¢
(T4 [N~

Use the Fourier inversion formula to estimate the error ||p. * f(x) — f(x)].

1f(€)] <

5.3.2 Resolution and the full width half maximum

We now give a standard definition for the resolution present in a measurement of the form
1 x f. Resolution is a subtle and, in some senses, subjective concept. It is mostly useful
for purposes of comparision. The definition presented here is just one of many possible
definitions.

Suppose that 1 is a non-negative function with a single hump similar to those shown
in figure 5.1. The important features of this function are

1. It is non-negative,

2. It has a single maximum value, which it attains at 0, (5.27)

3. It is monotone increasing to the left of the maximum

and monotone decreasing to the right.

Definition 5.3.1. Let ¢ satisfy these conditions and let M be the maximum value it
attains. Let z1 < 0 < x2 be respectively the smallest and largest numbers so that

(1) = dlaz) = 2.

2
The difference xo — x1 is called the full width half maximum of the function . It is denoted
FWHM(%). If f is an input then the resolution available in the measurement, ¥ x f is
defined to be the FWHM(v)).

In principle if FWHM(v¢1) < FWHM(v2) then f — 1 * f should have better resolution
than f — 19 * f. Here is a heuristic explanation for this definition. Suppose that the signal
f is pair of unit impulses separated by a distance d,

f(z) =0(z) + d(x — d).
Convolving ¢ with f produces two copies of ¥,
Y f(z) = ¢(x) + ¢(x — d).

If d > FWHM(%) then ¢ * f has two distinct maxima separated by a valley. If d <
FWHM(¢)) then the distinct maxima disappear. If the distance between the impulses is
greater than the FWHM(v)) then we can “resolve” them in the filtered output. More gen-
erally the FWHM(v)) is considered to be the smallest distance between distinct “features”
in f which can be seen in ¢ * f. In figure 5.6 we use a triangle function for ). The FWHM
of this function is 1, the graphs show v and the results of convolving 1 with a pair of unit
impulses separated, respectively by 1.2 > 1 and .8 < 1.



150 CHAPTER 5. CONVOLUTION

A4 A 24—
/\ /\ ‘
bet— | |4
| os] \\ /o8] \\\
/ \ \ / 06 \
Jo4q | / 04 / \
/ \ / \ / ] \
/ / \ / 04 \
/ 021 \ / 0.2 \ /02 \
/ \\ // \‘\ / \\
2 0 1 2 -2 a2 0 1 2 -2 Y 1 2
X X X
(a) ¥ (=) (b) (x4 .6) +1b(z—.6) (c) Y(z+.4)+¢(z—.4)

Figure 5.6: Illustration of the FWHM definition of resolution

This definition is often extended to functions which do not satisfy all the conditions
in (5.27) but are qualitatively similar. For example the characteristic function of an interval
X[-B,B] (z) has a unique maximum value and is monotone to the right and left of the
maximum. The FWHM(x|_p p)) is therefore 2B. Another important example is the sinc-
function. It has a unique maximum and looks correct near to it. This function also has
large side-lobes which considerably complicate the behavior of the map f +— f * sinc.
The FWHM(sinc) is taken to be the full width half maximum of its central peak, it is

approximately given by
FWHM(sinc) =~ 1.895494.

We return to the problem of quantifying resolution in Chapter 9.

Exercises

Exercise 5.3.3. Numerically compute the FWHM(sinc?(z)). How does it compare to
FWHM(sinc(z)).

Exercise 5.3.4. Suppose that

hy() = |:Sin5£$):|j |

Using the Taylor expansion for sine function show that, as j gets large,

log 2
FWHM(h)) = || 1082

J

Exercise 5.3.5. Using the Taylor expansion for the sine, show that as B gets large

FWHM(sinc(Bx)) ~ g

1‘2
Exercise 5.3.6. For a > 0 let g,(x) = e~ «2. Compute FWHM(g,) and FWHM(g, * g3).



