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Additional Theorems

The Bieberbach theorem characterizes compact flat manifolds. A crystallographic group is
a subgroup of O(n) n Rn that acts freely on Rn and has compact fundamental domain.
Theorem 1.1 (Bieberbach, 1911) Assume G ⊂ O(n) n Rn acts freely on Rn . If α ∈ G
then all principle rotational angles of A(α) are rational. If the translational parts of G span
some subspace S ⊂ Rn , then the pure translations of G span E.
Since the translational parts of elements of a crystallographic group spans Rn , it follows that
a flat manifold is covered by a torus. Bieberbach was also able to use this with a theorem
on group extensions to prove that there are only finitely many quotients. As a special case,
Gromov’s almost-flat manifold theorem implies stronger form of Bieberbach’s theorem.
Theorem 1.2 Let G be a crystallographic group. Then
i) There is a translational, normal subgroup Γ/G of finite index (indeed ind(Γ : G) <
1
2(4π) 2 n(n−1) ).
ii) If α ∈ G then either α is a translation or the smallest nonzero principle angle A(α)
is greater than 12 .
iii) Further, if α ∈ G and 0 < θ1 < · · · < θk are the nonzero principle rotational angles of
A = A(α), then
1
l−k
θl ≥ (4π)
2
Via (i), this formulation directly shows that there are finitely many flat manifolds of a given
dimension.
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Emplying a series of strikingly original techniques, Gromov proved a radical extension
of the Bieberbach theorem. Let d = d(M ) is the diameter of M and K = maxp∈M |secp | is
the largest sectional curvature that appears on M .
Theorem 1.3 (Gromov’s almost flat manifold theorem) There is an  > 0 so that if
M is a compact Riemannian manifold and d2 K < , then π1 (M ) has a nilpotent subgroup
Γ of finite index, and M is a finite quotient of a nilmanifold.
Fukaya proved an extension of Gromov’s theorem. He assumes that a Riemannian
manifold converges with bounded curvature, not to a point, but to another manifold, possibly
of lower dimension.
Theorem 1.4 (Fukaya’s Theorem) Given n, µ > 0, there is a number  so that whenever
N n , M are Riemannian manifolds with |sec| ≤ 1, inj(N ) > µ, and dGH (N, M ) < , then
there is a submersion f : M → N so that (M, N, f ) is a fiber bundle, the fibers are quotients
of nilmanifolds, and e−τ () < |df (ξ)|/|ξ| < eτ () .
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