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The concepts of linear span, linear independence, linear dependence, and basis, are defined
for ¥,(C) exactly as in the real case. Theorems 12.7 through 12.10 and their proofs are all
valid without change for ¥,(C}.

12.17 Exercises

1. Let A = (1,7, B = (i, —1), and C = (2i, 1} be three vectors in V(C). Compute each of the
following dot products:
(a) 4-B; (b) B-4; (©) (i4)- 8, (d) 4-UB); (e) (i) - (B);
) B-C; (® 4A-C; (h) (B +0C)- 4; HUA4-0O-5
(i) (4 —iB) {4 + iB). :

2. 164 =(2,1, ~iyand B = (i, —1, 2), find a nonzero vector C in ¥;3(C) orthogonal to both A

and B.
3. Prove that for any two vectors 4 and B in V,(C), we have the identity

4 + B2 = A2+ |BI* + A-B+ 4B,

4. Prove that for any two vectors A and B in V,(C), we have the identity
4 + B2 — 4 —Bi* =2(4-B + 4 B).

5. Prove that for any two vectors 4 and B in ¥,{C), we have the identity

|4 + BIF + 14 — BI* =2 {4]* + 2 |B}®.

6. {a) Prove that for any two vectors 4 and B in Vu(O), the sum 4 + B + A - Bisreal
(b) If 4 and B are nonzero vectors in F(C), prove that

A-B+A4A-B
— [
2 < —miETT S

7. We define the angle 6 between two nonzero vectors A and B in V,(C) by the equation

0 HA-B+4-B)
= ArCCos — ST m
41 181
The inequality in Exercise 6 shows that there is always a unique angle  in the closed interval
0 < 6 < = satisfying this equation. -Prove that we have

A — BI® = [l4]* + |BI* —2 [4] Bl cos 0.

8. Use the definition in Exercise 7 to cempute the angle between the following two vecto_rs in
VAC) A = (1,0,7,7, ), and B = (i, i,/,0,0.
9, (2) Prove that the following three vectors form a basis for V(0): 4 =(1,0,0), B = (0,4, 0),
C=(1,1,1).
(b) Express the vector (5,2 — 1/, 20y as a linear combination of 4, B, C. _
10. Prove that the basis of unit coordinate vectors Ey, ..., Bz in Fy is also a basis for ¥,,(C).
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APPLICATIONS OF VECTOR ALGEBRA
TO ANALYTIC GEOMETRY

13.1 TIntroduction

This chapter discusses applications of vector algebra to the study of lines, planes, and
conic sections. In Chapter 14 vector aigebra is combined with the methods of calculus, and
further applications are given. to the study of curves and to some probiems in mechanics.

The study of geometry as a deductive system, as conceived by Evuclid around 360 B.C,,
begins with a set of axioms or postulates which describe properties of points and lines.
The concepts “‘point” and “line” are taken as primitive notions and remain undefified.
Other concepts are defined in terins of points and lines, and theorems are systematically
deduced from the axioms. Euclid listed ten axioms from which he attempted to deduce all
his theorems, It has since been shown that these axioms are not adequate for the theory.
For example, in the proof of his very first theorem Euclid made a tacit assumption concern-
ing the intersection of two circles that is not covered by his axioms. Since then other lists
of axioms have been formulated that do give all of Euclid’s theorems. The most famous
of these is a list given by the German mathematician David Hilbert (1862-1943) in his now
classic Grundlagen der Geomelrie, published in 1899. (An English translation exists:
The Foundations of Geometry, Open Court_Publishing Co., 1947.) This work, which went
through seven German editions in Hilbert’s lifetime, is said to have inaugurated the abstract
mathematics of the twentieth century.

Hilbert starts his treatment of plane geometry with five undefined concepts: point, line,
on (a relation holding between a point and a line), between (a relation between a peint and a
pair of points), and congruence (a relation between pairs of points). He then gives fifteen
axioms from which he develops all of plane Euclidean geometry. His treatment of solid
geometry is based on twenty-one axioms involving six undefined concepts.

The approach in analytic geometry is somewhat different. We define concepts such as
point, line, on, between, etc., but we do so in terms of real numbers, which are left un-
defined. The resulting mathematical structure is called an aralytic mode! of Euclidean
geometry. In this model, properties of real numbers are used to deduce Hilbert’s axioms.
We shall not attempt to describe all of Hilbert’s axioms. Instead, we shall merely indicate
how the primitive concepts may be defined in terms of numbers and give a few proofs to
illustrate the methods of analytic geometry.
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472 Applications of vector algebra to analytic geomelry

13.2 Lines in n-space

In this section we use real numbers to define the concepts of point, line, and on. The
definitions are formulated to fit our intuitive ideas about three-dimensional Euclidean
geometry, but they are meaningful in #-space for any n > 1.

A point is simply a vector in ¥,
the words *point” and *‘vector” interchangeably. The vector space V, is called an analytic
model of n-dimensional Euclidean space or simply Euclidean n-space. To define “line,” we
employ the algebraic operations of addition and multiplication by scalars in 7, .

DEFINITION. Let P be a given point and A a given nonzero vector. The set of all points
of the form P + tA, where { runs through all real numbers, is called a line through P parallel
to A. We denote this line by L(P; A) and write

L(P; A) = {P + td | treal) or, more briefly,

L(P; A} = {P + t4}.

A point Q is said to be on the line L(P; A) if Q € L(F; A).

In the symbol L(#; A), the point P which js written first is on the line since it corresponds
to ¢ = 0. The second point, 4, is called a direction vector for the line, The line L(O; 4)
through the origin O is the linear span of A; it consists of all scalar multiples of 4. The
line through P parallel to 4 is obtained by adding £ to each vector in the linear span of 4.

Figure 13.1 shows the geometric interpreiation of this definition in ¥, . Each point P + 4
can be visualized as the tip of a geometric vector drawn from the origin. As ¢ varies over
all the real numbers, the corresponding point P + ¢4 traces out a line through P parallel

to the vector 4. Figure 13.1 shows points corresponding to a few values of ¢ on both fines -

L{P; Ay and L{O; A).

Pyed L(P;4)

P24

Py A
+ L(O; d)

24

-24

Figure 13.1 The line L{P; A} through P parallel to A4 and its geometric relation to

the line L(Q; A) through O parallel to 4.

, that is, an ordered n-tuple of real numbers; we shall use :
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-13.3 Some simple properties of straight lines

- First we show that the direction vector 4 which occurs in the definition of L{P; 4) can
- be replaced by any vector parallel (o 4. (We recall that two vectors 4 and B are called
parallel if 4 = ¢B for some nonzero scalar ¢.)

THEOREM 13.1. Two lines L(P; A) and L{P; B) through the same point P are equal if
and only if the direction vectors A and B are paralfel.

. Proof.  Assume first that L{P; 4) = L(P; B). Take a point on L(P; 4) other than P,
. for example, P + A. This point is also on L{P; B)so P + 4 = P + ¢B for some scalar c.
- Hence, we have 4 = ¢B and ¢ # 0 since 4 5 0. Therefore, A and B are parallel.

Now we prove the converse. Assume A and B are parallel, say 4 = ¢8 for some ¢ 7 0.
AP @ is on L{P; A), then we have @ =P + td = P+ HcB) = P + (ci)B, s0 ¢ is on
L{P; B}, Therefore L(P; A) = L(P; B). Similarly, L(P; B) = L(P; A),s0 L(P; A) = L(P; B).

Next we show that the point P which occurs in the definition of L(P; 4) can be replaced
© by any other point @ on the same line.

THEOREM 13.2. Two fines L(P; 4) and L{Q; A) with the same direction vector A are
Cequal if and only if (@ is on L{P; 4).

Proof. Assume L(P; A) = L(Q; A). Since O is on L(Q; A), O is also on L(P; 4).
“To prove the converse, assume that @ is on L{P; 4), say ¢ = P + c4. We wish to prove
Sthat L(P; A) = L(Q; A). X e L(PyA), then X = P ++ t4 for some t. ButP = Q — cA,
80X = Q —cAd + tAd =@ + (r — )4, and hence X is also on L{Q; 4). Therefore
L(P; A) @ L(Q; A). Similarly, we find L(Q; A} < L(P; A}, so the two lines are equal.

~ One of Euclid’s famous postulates is the pdrallel postulate which is logically equivalent
! to the statement that “through a given point there exists one and only one line parallel to a
" given line.” We shall deduce this property as an easy conseguence of Theoremn 13.1.
First we need to define parallelism of lines.

DEFINITION.  Two lines L(P; A) and L(Q; B) are called parallel if their direction vectors
A and B are parallel.

© THEOREM 13.3. Given a line L and a point Q not on L, then there is one and only one
ine L' containing Q and parailel to L.

Proof. Suppose the given line has direction vector 4. Consider the line L' = L(Q; A).
This line contains @ and is parallel to L. Theorem 13.1 tells us that this is the only line
with these two properties.

Note: For a long time mathematicians suspected that the parallel postulate could
be deduced from the other Euclidean postulates, but all atterapts to prove this resulted
in failure. Then in the early 19th century the mathematicians Karl ¥. Gauss (1777-1855),
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1. Bolyai (1802-1860), and N. I. Lobatchevski (1793-1856) became convinced that the
parallel postulate could not be derived from the others and proceeded to develop non-
Euclidean peometries, that is to say, geometries in which the parallel postulate does not
hold. The wark of these men inspired other mathematicians and scientists to enlarge
their points of view about “accepted truths’ and to challenge other axioms that had been
considered sacred for centuries.

It is also easy to deduce the foilowing property of lines which Euclid stated as an axiom.

THEQREM 13.4.  Two distinct points determine a line. That is, if P # @, there is one
and only one line containing both P and Q. It can be described as the set {P + t(Q — P)}

Proaf.  Let L be the line through P parallel to Q — P, that is, fet
L=LP;Q—P)={P+1(Q—P).

This line contains both P and @ (take t = 0to get Pand t = 1 to get 7). Now let L' be
any line containing both P and @. We shall prove that L' = L. Since L’ contains P, we
have L' == L(P; 4) for some 4 ¥ O. But L’ also centains Q so P + ¢4 = @ for some c.
Hence we have @ — P = c4, where ¢ # O since @ # P. Therefore 0 — P is paraliel to A
50, by Theorem 13.2, we have L' = L(P; A) = L(P; 0 — P} = L.

EXAMPLE. Theorem 13.4 gives us an easy way to test if a point @ is on a given line
L{P; A). Tttells us that @ is on L{P; A} if and only if ¢ — P is parallel to 4. For example,
consider the line L{P; 4), where P = (1,2, 3) and 4 = (2, —1, 5). To test if the point
¢ = (1, 1, 4) is on this line, we examine @ — P = (0, —1, 1). Since ¢ — P is not a scalar
multiple of 4, the point (1, 1, 4) is not on this line. On the other hand, if Q = (5,0, 13),
we find that @ — P = (4, —2, 10) = 24, so this ¢ is on the line,

Linear dependence of two vectors in 7, can be expressed in geometric language.

THEOREM 13.5. Two vectors A and B in V,, are linearly dependent if and only if they lie
on the same line through the origin.

Proof. If either A or B is zero, the result holds trivially. If both are nonzero, then A4
and B are dependent if and only if B = ¢4 for some scalar +. But B = tA4 if and only if B
lies on the line through the origin parallel to 4.

13.4 Lines and vector-valued functions

The concept of a line can be related fo the function concept. The correspondence which
associates to each real f the vector P + 14 on the line L(P; 4) is an example of a function
whose domain is the set of real numbers and whose range is the line L(P; 4). If we denote
the function by the symbol X, then the function value XT#) at ¢ is given by the equation

(13.1) X =P+ 4.

We call this a vector-valued function of a real variable.
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The function point of view is important because, as we shall see in Chapter 14, it provides
a natural method for describing more general space curves as weli,

The scalar ¢ in Equation (13.1) is often called a parameter, and Equation (13.1) is calied a
vector paramelric equation or, simply a vector equation of the line, Occasionally. it is con-
venient to think of the line as the track of a moving particle, in which case the parameter !
is referred to as fime and the vector X (1) is called the position vector.

Note that two points X(a) and X(b) on a given line L(P; A) are equal if and only if we have
Ptad =P+ bd, or{a— b4 = (. Since 4 # O, this last relation holds if and only if
a = b. Thus, distinct values of the parameter 7 lead to distinct points on the line.

Now consider three distinct points on a given line, say X(a), X(b), and X{c), where a > b.
We say that X(c)is detween X(a) and X(h)if ¢ is between @ and b, that is, if a < ¢ < b.

Congruence can be defined in terms of norms. A pair of points P, Q is called congruent
to another pair P', Q" if |P — Qf = [P’ ~ Q'). The norm [P — Q| is also called the
distance between P and (.

This completes the deﬁn-itions of the concepts of point, line, on, between, and congruence
in our analytic model of Euclidean n-space. We conclude this section with some further
remarks concerning parametric equations for lines in 3-space.

If a line passes through two distinct points £ and @, we can use ¢ — P for the direction
vector 4 in Equation (13.1); the vector equation of the line then becomes

X()=P+t(Q—P) or X)) =10+ (L — )P,

Yector equations can also be expressed in terms of components. For example, if we
write P = (p,q,7), A = (a, b, ¢), and X(2) = {x, y, z), Equation (13.1) is equivalent to the
three scalar equations

(13.2) x=p+fa, y=gq-th, z=r+tc.

These are called scalar parametric equations or simply parametric equations for the line;
they are useful in computations involving components. The vector equation is simpler
and more natural for studying general properties of lines.

If all the vectors are in 2-space, only the first two parametric equations in (13.2) are
needed. Ln this case, we can eliminate ¢ from the two parametric equations to obtain the
relation

(13.3) bx —p)—aly —q) =0,

which is called a Carfesian equation for the line, If g 5 0, this can be written in the point-
sope form '

b
y—a=_x—p.
The point {p, ¢) is on the line; the number b/a is the slope of the line.
The Cartesian equation (13.3) can also be written in terms of dot products. If we let

N={(b, —a), X = (x, 3}, and P = (p, ), Equation (13.3) becomes

(¥ —P)-N=0 or Y N=PFP-N
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The vector IV is perpendicular to the direction vector A since N- A = ba — ab = 0; the
vector N is called a normal vector to the line. The line consists of all points X satisfying
the relation (X ~ P} N =0,

The geometric meaning of this relation is shown in Figure 13.2. The points P and X are
on the line and the normal vector & is orthogonal to X’ — P. The figure suggests that among
all points X on the line, the stnallest length | X'|j occurs when X is the projection of P along
N. We now give an algebraic proof of this fact.

i
Iy

N Normatl vector

Direction
vector

/

FiGURE 13.2 A line in the xy-plane through P with normal vector N. Each point X
on the line satisfies (X ~ P)-N =0,

THEOREM 13.6.  Let L be the line in V, consisting of all points X satisfying
X-N=P'N,
where P is on the line and N is a nonzerc vector normal to the line. Let

_ PN
I

Then every X on L has length | X\| > d. Moreover, | X|| = d if and only if X is the pr
Jection of Pralong N:
PN

NN’

X where t

N,

Proof. If XeL, we have X+ N = P+ N. By the Cauchy-Schwarz inequality, we

[P+ Nl =X Nl < X IND,

which implies | XY > |P- N|/yN| = d. The equality sign holds if and only if
for some scalar ¢, in whichcase P- N= X N =IN-N,sot=P: N/N-N. Thl_

pletes the proof.
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In the same way we can prove that if O is a given point in ¥, not on the line £, then for
all X on L the smallest value of |X — @ is {2 — @) N|/INT, and this occurs when
X — @ is the projection of P — @ aleng the normal vector N. The nuniber

(P — &) N|
IV

is called the distance from the point O to the line L. The reader should illustrate these con-
cepts on a figure similar to that in Figure 13.2,

13.5 Exercises

- 1. Aline L in ¥, contains the two points P = (-3, 1) and @ = (1, ). Determine which of the
following points are on L. (a) (0,0); (b) (0, 1); () (1, 2); (d)} (2, 1); (&) (-2, 1}

2. Solve Exercise 1 if P = (2, —1) and Q = (—4,2).

3. A line L in ¥, contains the point P = {—3,1,1) and is parallel to the vector (1, —2, 3).
Determine which of the following points are on L. (a) (0 0,0); ()2, —1, 4): (-2, —1,4);
(d)(—4,3, =2); (& (2, —9,16).

4, A line L contains the two points 7 = (-3, 1, [) and @ = {1, 2, 7). Determine which of the

following points are on L. (a) (—=7,0,5); (b){~7,0, =5); (c)(—11, 1, 11}; () (=11, —1,11);

@L54; O35 @11 -2

. In each case, determine if all three points P, @, R lie on a line.

@P=021,0,0=41,-1),R=(03, —-1,1).

) P =(2,2,3,0=(~2,31), R =(—6,4,1).

©P=0C1L1,0=(-2,31),R=(—1,1).

Among the following eight points, the three points A, B, and C lie on a line, Determine all

subsets of three or more points which lie on a line: A =(2,1,1), B=(6, —1,1}, C =

(6,51, D=(-2,3,1), E=(L1,1), F={—4,4,1}, G =(—13,9, 1), H = (14, =6, 1).

. A line through the point 2 = (1, i, I} is parallel to the vector 4 =(1,2,3). Another line
through @ = (2, 1, 0) is parallel to the vector B = (3, 8, 13). Prove that the two lines intersect
and determine the point of intersection.

. (a) Prove that two lines L{P; A) and I(Q; B) in V, intersect if and only if P — 0 is in the

linear span of 4 and B.

(b} Determine whether or not the following two lines in ¥ intersect:

L={1,-1)+0-2,1,3)}, L ={@3 -4, +«-1,52}.

Let X{¢#) = P + A be an arbitrary point on the line L(P; A), where P = (1, 2,3} and 4 =
(1, =2,2),and let @ = (3, 3, 1),

a) Compute |G — X())?, the square of the distance between Q and X(/).

b) Prove that there is exactly one point X(¢,) for which the distance Q2 — XM is a minimum,
and compute this minimum distance.

¢) Prove that Q — X{(#y) is orthogonal to A.

t @ be a point not on the line L(P; A} in ¥, .

et f(7) = 1@ — X(}% where X (1) = P + 4. Prove that f1r) is a quadratic polynomial
tand that this' polynomlal takes on its minimum value at exactly one ¢, say atf =1,.
‘Prove that @ — X(4,) is orthogonal to A.

i two parallel lines L{P; 4) and L{{}; A) in
¢ intersection L(P; A) m L{Q; A) is empty.
et two lines L(P; A) and L(Q; B) in ¥, which are not parallel.
ither empty or consists of exactly one point.

wn

@

-

¥, . Prove that either L(P; Ay = L(Q; A)

Prove that the intersection
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13.6 Planes in Euclidean n-space

A line in a-space was defined to be a set of the form {F + 14} obtained b.y adding t.o a
given point P all vectors in the linear span of a nonzero vector 4. A plane 1s.deﬁned' ina
similar fashion except that we add to P all vectors in the linear span of two linearly inde-
pendent vectors 4 and B. To make certain that V. contains two linearly independent
yectors, we assume at the outset that 1 > 2. Maost of our applications will be concerned

with the case n = 3.

Fioure 13.3  The plane through P spanned by 4 and B, and its geometric refation
to the plane through O spanned by 4 and B.

DEFINITION. A set M of points in V., is called a plane if there is a point P and two linearly -

independent vectors A and B such that

M = {P+ 54 + tB|s, t real}.

We shall denote the set more briefly by writing M = {P 4 s4 + #5}. Each point of M
is said to be on the plane. In particular, taking s = ¢ = 0, we see that P is on the plane. The_
set {P -- 54 + tB} is also called the plane through P spanned by 4 and B. When P is the
origin, the plane is simply the linear span of 4 and B. Figure 13.3 shows a plane in ¥V -
through the origin spanned by 4 and B and also a plane through a nonzero point P spanned z

by the same two vectors. ' . .
Now we shall deduce some properties of planes analogous to the properties of lines given

in Theorems 13.1 through 13.4. The first of these shows that the vectors A and B in the
definition of the plane (P -+ 54 + tB} can be replaced by any other pair which has the

saoe linear span.

THEOREM 137, Two planes M = {P + sA + 1B} and M’ = {P + sC + 1D} through

the same point P are equal if and only if the linear span of 4 and B is equal to the lineq
span of C and D.
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Proof. If the linear span of 4 and B is equal to that of C and D, then it is clear that
M= M'. Conversely, assume that M = M’. Plane 3 contains both P 4- 4 and P + B,
Since both these points are also on M’, each of A4 and B must be in the linear span of C
and D. Similarly, each of C and D is in the linear span of 4 and B, Therefore the linear
span of 4 and B is equal t¢ that of C and D.

The next theorem shows that the point P which occurs in the definition of the plane
{P 4 54 - 1B} can be replaced by any other point € on the same plane.

THEOREM 13.8.  Two planes M = {P + s4 + tB} and M’ = {Q + sA + (B} spanned by
the same vectors A and B are equal if and only if Q is on M.

Proof. M = M’, then @ is certainly on M. To prove the converse, assume  is on
M, say Q@ =P + ad + bB. Take any point X in M. Then X = P + 54 + {8 for some
scalars & and £, But P= Q@ — ad — bB, s0 ¥ = 0 + (s — a)d + (¢ — b)B. Therefore
Xisin M',s0 M < M'. Similarly, we find that M" < M, so the two planes are equal,

Euclid’s parailel postulate (Theorem 13.3) has an analog for planes. Before we state this
theorem we need to define parallelism of two planes, The definition is suggested by the
geometric representation in Figure 3.3

DEFINITION.  Two planes M = {P -+ 5A -+ tB} and M' = {Q + 5C + tD} are said to
be parallel if the linear span of A and B is equal to the linear span of C and D. We also say
that a vector X is parallel to the plane M if X is in the linear span of A and B.

THEOREM 13.9.  Given a plane M and a point Q not on M, there is one and only one plane
M’ which contains @ and is paraliel to M.

Proof. Let M = {P -+ s4 + B} and consider the plane M’ = {Q + 4 + B}, This

plane contains O and is spanned by the same vectors 4 and B which span M. Therefore
M’ is parallel to M. If M" is another plane through O parallel to A4, then

M" = {Q + sC + 1D}

where the linear span of C and D is equal to that of A4 and B. By Theorem 13,7, we must
have A" = M'. Therefore M’ is the only plane through @ which is parallel to M.

Theorem 13.4 tells us that two distinct points determine a line. The next theorem shows
that three distinct points determine a plane, provided that the three points are not collinear.

THEOREM 13.10. If P, O, and R are three points not on the same line, then there is one
d only one plane M containing these three points. It can be described as the set

M={P+s(0 ~P)+ (R — P)}.
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Proof. We assume first that one of the points, say P, is the origin. Then ¢ and R are
not on the same line through the origin so they are finearly independent. Therefore, they

span a plane through the origin, say the plane
M’ = {sQ + tR}.

This plane contains all three points 0, ¢, and R. _
Now we prove that M’ is the only plane which contains all three points O, ¢, and R,

Any other plane through the origin hds the form
M = {sd + 1B},
where A and B are linearly independent. If A" contains @ and R, we have

(13.3) Q=ad +bB, R=c¢A +dB,

for some scalars @, &, ¢, d. Hence, every linear combination of @ and R is also a linear

combination of A and B, so M’ < M". o
To prove that M" & M, it suffices to prove that each of 4 and B is a iineat combination

of ¢ and R. Multiplying the first equation in (13.5) by & and the second by & and sub-
tracting, we eliminate B and get :

(ad — be)A = dQ — bR,

Now ad — bc cannot be zero, otherwise ¢ and R would be dependent. Therefore we can
divide by ad — bc and express A as a linear combination of Q and R. Similarly, we can

express B as a linear combination of @ and R, so we have M" = M’. This proves the :

theorem when one of the three points P, @, R is the origin.

To prove the theorem in the general case, let M be thesetin (134}, andlet C = @ — F,
D = R — P. First we show that C and D are linearly independent, If not we would have

D = tC for some scalar ¢, giving us R — P == t(Q — ), or R =P - {0 — P), coritra

dicting the fact that P, {2, R are not on the same line. Therefore the set M is a plane
through P spanned by the linearly independent pair C and D. This plane contains all three
points P, O, and R (take s = 1, 1 = Otoget @, and s =0, ¢ = 1 to get R). Now we must

prove that this is the only plane containing P, @, and R.

Let M’ be any plane containing P, ¢, and R. Since M’ is a plane containing P, we have

M = (P + sd + (B}

for some linearly independent pair 4 and B. Let M, = {s4 + B} be the plane through th
origin spanned by the same pair 4 and B. Clearly, M’ contains a vector X if and only
M| contains X — P. Since M’ contains Q and R, the plane M contains € = @ - P )
D = R — P. But we have just shown that there is one and only one plane containing
¢, and D since C and D are linearly independent. Therefore M, = {sC + tD}, so M*
{P + sC -+ tD} = M. This completes the prool. :

In Theorem 13,5 we proved that two vectors in ¥, are linearly dependent if and oni;
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they lie on a line through the origin. The next theorem is the corresponding result for three
vectors.

THEOREM 13.11.  Three vectors A, B, C in V, are linearly dependent if and only if they
lie on the same plane through the origin,

Proof. Assume A, B, C are dependent. Then we can express one of the vectors as a
linear combination of the other two, say C = 54 + 1B. If 4 and B are independent, they
span a plane through the origin and C is on this plane. If 4 and B are dependent, then
A, B, and C lie on a line through the origin, and hence they lie on any ptane through the
origin which contains all three points 4, B, and C.

To prove the converse, assume that 4, B, C lie on the same plane through the origin, say
the plane M. If 4 and B are dependent, then 4, B, and C are dependent, and there is
nothing more to prove. If 4 and B are independent, they span a plane M through the
origin. By Theorem 13.10, there is ane and only one plane through O containing 4 and 5.
Therefore M’ = M. Since C is on this plane, we must have C = sd + tB, so 4, B, and
C are dependent.

13.7 Planes and vector-valued functions

The correspondence which associates to each pair of real numbers s and t the vector
P+ s4 + 1B on the plane M = {P + 54 + tB} is another example of a vector-valued
function. In this case, the domain of the function is the set of all pairs of real numbers
(s, £y and its range is the plane M. If we denote the function by X and the function values
by X(s, ¢), then for each pair (s, £) we have
- {13.6) X(s,t) = P 4 54 ++ 1B,

We call X a vector-valued function of two real variables. The scalars s and r are called
> parameters, and the equation (13.6) is called a parametric or vector equation of the plane.
“This is analogous to the representation of a line by a vector-valued function of one real

ariable. The presence of two parameters in Equation (13.6) gives the plane a two-
imensional quality. When each vector isin ¥, and is expressed in terms of its components,

ay

=(P1)P2:PB)! A=(a1,a2,as), B=(b11 bzsbﬂ)’ and X(.S‘, I)ﬁ(x:)’,z),

_:é vector equation (13.6) can be replaced by three scalar equations,

x = py b say -+ thy, Y =p, -+ 5ay - thy, Z = pg + 8ay + thy.

he parameters 5 and ¢ can always be eliminated from these three equations to give one
a1 equation of the form ax 4 &y «+ ¢z = d, called a Cartesian equation of the plane.
/¢ illustrate with an example. :
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EXAMPLE. Let M = {P -+ 54 + tB}, where P=(1,2,3), A=(,21) and B =
{1, —4, —1). The corresponding vector equation is

X(s,H=1(1,2,3+s(1,2, D + 1, —4, —1).

From this we obtain the three scalar parametric equations
1

—

x==1+s+7, y=24+2—4, z=345—1r.

To obtain a Cartesian equation, we rewrite the first and third equations in the form x — 1 =
541 z—3=2s5—1 Adding and then subtracting these equations, we find that 25 =
x4z -4, 2 = x — z -+ 2. Substituting in the equation for y, we are led to the Cartesian
equation x + y — 3z = —6. We shall return to a further study of linear Cartesian equa-
tions in Section 13.16.

13.8 Exercises

1. Let M = {P + 54 + B}, where P = (1,2, —=3), 4 = (3,2,1), and 8 = (1,0, 4). Determine
which of the following points are on M. '
@ (1,20 0,215 © 6460 @ 666 @ 66 -3

2. The three points P = (1, 1, —1), @ =(3,3,2), and R = (3, —1, —2) determine a plane AL
Determine which of the following points are on M.

(@ 2,20 M@0 =3 (0 (=31, -3 @ ((31,3) (0,00,

10.

(by Find two points on the intersection M* M M” if M” has the Cartesian equation
x+2y+z=0.

Let L be the line through (1, 1, 1) parallel to the vector (2, —1, 3}, and let M be the plane
through (1, 1, —2) spanned by the vectors (2, 1, 3) and {0, 1, I). Prove that there is one and
only one point on the intersection I M M and determine this point.

. A line with direction vector X is said to be parallel to a plane M if X is parallel to M. Let

L be the line through (1, 1, 1) parallel to the vector (2, ~1i, 3). Determine whether L is parallel
to each of the following planes.

(a) The plane through (1, 1, —2) spanned by (2,1, 3y and (§, 1, ).

(b} The plane through (I, 1, ~2}, (3,5,2), and (2, 4, —1).

(c) The place with Cartesian equation x -+ 2y -+ 3z = —3.

- Two distinet points P and Q lie on a plane M. Prove that every point on the line through P

and @ also lies on A,

. Given the line L through (1, 2, 3) paraliel to the vector {1, 1, 1}, and given a peint (2, 3, 5}

which is not on L. Find a Cartesian equation for the plane M through (2, 3, 5} which contains
every point on L.

. Given a line L and a point P not on L. Prove that there is one and only one plane through

P which coatains every point on L.

13.9 The cross product

In many applications of vector algebra to problems in geometry and mechanics it is
helpful to have an easy method for constructing a vector perpendicular to each of two
given vectors A and B. This is accomplished by means of the cross product 4 x B (rzad

3. Determine scalar parametric equations for each of the following planes.
{a) The plane through (1, 2, 1) spanned by the vectors {0,1,0) and (1, 1, 4).

(b) The plane through (§, 2, 1), (0, 1, 0), and {1, 1, 4).

4, A plane M has scalar parametric equations

x=14+5—2r, yp=2 4544, z=25+1,
(a} Determine which of the following points are on M: ©,0,0,(,2,0, -3, -3
(b) Find vectors P, 4, and B such that M = {F + 54 + tB}.

5. Let M be the plane determined by three points 2, ¢, R not on the same line. ) i
(a) If p, g, r are three scalars such that p +q +r = 1, prove that pP +4Q + rRis on
{b) Prove that every point on M has the form pP +qQ + rR, wherep +¢ + = 1 :

6. Determine a linear Cartesian equation of the form ax + by + cz = d for each of the follow_i_
planes. :
{a) The plane through (2, 3, 1) spanned by (3, 2, )and (—1, =2, —3)
(b) The plane through (2, 3, 1), (-2, -1, =3), and (4,3, —1).

(¢) The plane through (2,3, 1) paralilel to the plane through the origin spanned by (2, Q,
and (1,1, 1). -

7. A plane M has the Cartesian equation 3x — 5y +z = 9.
(@) Determine which of the following peints are on A {0, =2, —1), (-1, 2,2}, (3:
(b} Find vectors P, 4, and B such that M = {P + 54 + (B}.

8. Consider the twa planes M = {P + s4 + (B} and M = {Q + sC + ¢D}, where P =
A=, -1, B=(-1,0,2), ¢ ={2,3,1}, C=(1,2,3), and D =(3,2, 1. Fi
distinct points on the intersection M M M". .

9. Given a plane M = {P + 54 + B}, where P = (2,3, 1), 4 = {1, 2,,and B =
ancther plane M’ with Cartesian equation x — 2y +z = 0.

(2) Determine whether M and M’ are parallel.

%4 cross B") which is defined as follows:

DEFINITION, Let A = (ay, ag, ag) and B = (by, by, by) be two vectors in V. Their cross
oduct A X B (in that order) is defined to be the vector

A X B = (agh; — azby, asb; — aiby, aby, — ayhy).

The following properties are easily deduced from this definition.

THEOREM 13.12.  For all vectors A, B, Cin V4 and for all real ¢ we have:

).

‘¢(4 X B) = (cd) X B,
d;

AX B=—(B XA

(skew symmetry),
AXxB+CO=MAXxB+{4x0)

(distributive law),

A (AdxB=0

(Ax B =0 :

A X B = 42} B|? - (4 - B
X B=0

{orthogonality to 4),
(orthogonaliity to B),
(Lagrange’s identity),
if and only if A and B are linearly dependent.

Parts (a), (b), and (¢} follow quickly from the definition and are left as exercises
reader. To prove (d), we note that

(A X B} = ay(aby ~ alty) 4 aasy — aybs) 4 ax{ahy — ahy) =0,
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Part (e) follows in the same way, or it can be deduced from (2) and (d). To prove (f), we since ¥+ 4 = N-B=0. Also, since C- A = C- B =0, we have
write

4 x B> = (aghy — asbo)® + (agby — @bs)* + {a:bz — as01)’ C-N=C-(ad +bB+cC)=cC-C.

d .
an Therefore, (N NWC* C) = (&N CHC - C) = (N - C)(cC- C) = (N C)?, which completes
"A"ZHBE[Z . (A . B)E — (ai + (1% + gg)(bi + bg E bg) — (albl + asb, + a3b3)2 the PrOOf.

Theorem 13.12 helps us visualize the cross product geometrically. From properties (d)
and (e), we know tha?t A % B is perpendicular to both 4 and B. When the vector 4 X Bis
represented geometrically by an arrow, the direction of the arrow depends on the relative

and then verify by brute force that the two right-hand members are identical.

Property (f) shows that 4 X B =0 if and only if (4 - B = [4[*[B}% By the Cauchy-
Schwarz inequality (Theorem 12.3}, this happens if and only if one of the vectors is a scalar
multiple of the other. In other words, 4 X B = O if and only if A and B are linearly

dependent, which proves (g). k .

EXAMPLES. Both (a) and (g) show (hat 4 X 4 = O. From the definition of cross product
we find that

ixj=k, jxk=i, kxi=], ;
The cross product is nof associative. For example, we have i J .
AxR
iX(Exp=ixk=-] but (xDxj=0xj=0,
The next theorem describes two more fundamental properties of the cross product,
roEoreM 13,13, Let A and B be linearly independent vectors in Vy. Then we have the (2) A right-handed coordinate system {b) A left-handed coordinate system -

Jollowing:
() The vectors A, B, A X B are linearly independent.
(b) Every vector N in Vy orthogonal to both A and B is a scalar multiple of A X B.

Figure 13.4  Illustrating the relative positions of 4, B, and 4 x B. .

positions of the three unit coordinate vectors. If i, j, and & are arranged as shown in Figure
13.4(a), they are said to form a right-handed coordinate system. In this case, the direction of
f‘i X B is determined by the “right-hand rule.” That is to say, when 4 i,s rotated into B
i suchla way that the fingers of the right hand point in the directien of rotation, then the
-thumb indicates the direction of 4 X B (assuming, for the sake of the discussion, that the
‘Fhull;‘rllb is Pf;%?;‘)ﬁm;llm;l to the other fingers). In a left-handed coordinate system, ,as shown
1n Figure 13.4(b), the direction of 4 i i

iine otk oo X B is reversed and may be determined by a corre-
The length of 4 x B has an interesting geometric interpretation. If 4 and B are nonzero
ectors making an angle ¢ with each other, where 0 5 ¢ < w, we may write 4- B =
Al | Bl cos 6 in property (£} of Theorem 13.12 to obtain B

Proof. Let C =4 % B. Then C # O since 4 and B are linearly independent. Given
scalars a, b, ¢ such that ad + b8 + cC = O, we take the dot product of each member with
C and use the relations 4+ C = B- C =0 to find ¢ = 0. This gives ad + BB = 0, s0°
a = b = 0 since A and B are independent. This proves (a). :

Let N be any vector orthogonal to both 4 and B, and let © = A X B. We shall prove
that

(N-CR=(N-N)C-C}).

Then from the Cauchy-Schwarz inequality (Theorem 12.3) it fojlows that NV is a scal
multiple of C.
Since A, B, and C are linearly independent, we know, by Theorem 12.10(c), that the

4 x B|2 = jAJ4B[*1 — cost 6) = i
span Vy. In particular, they span N, so we can write I 1PN cos® ) = |AL*[B]*sin* 6,

om which we find

N=ad + bB+ cC
ld x B = jl4] }B] sin 8.

for some scalars 4, b, ¢. This gives us o .
e || B sin @ is the altitude of the parallelogram determined by 4 and B (see Figure 13.5),

N- N=N-{gad+ B+ cCy=cN-C ee that the length of A x B is equal to the area of this parallelogram.
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Area = || 4 x B

Froure 13.5 The length of 4 x B is the area of the parallelogram determined by 4 and B.
13.10 The cross product expressed as a determinan{

The formula which defines the cross product can be put in a more compact form with the :
aid of determinants. If @, b, ¢, d are four numbers, the difference ad — be is often denoted |

by the symbol
a b

¢ d

and is called a deferminant (of order two). The numbers a, b, ¢, d are calied its elements, |
and they are said to be arranged in two horizontal rows, a, b and ¢, d, and in two vertical
columns, a, ¢ and b, d. Note that an interchange of two rows or of two columns only changes

the sign of the determinant. For example, since gd — bc = —(bc — ad), we have
a b b«
e d| d c|

If we express each of the components of the cross product as a determinant of order two,
the formula defining 4 x B becomes

This can also be expressed in terms of the unit coordinate vectors 7, j, k as follows:

ay

by by

dy 4

by by

4

by b

> ;

AxB:(

a; 4

by by

ap dy

by by

ay a3

by by

(13.7) AXEB= i+ i+ k.

Determinants of order three are written with three rows and three columns and they may

be defined in terms of second-order deferminants by the formula

[ a .
P by b by b by b
(13.8) by by Byl = —a, + a, )
Cg O3 €1 G ¢ G
€; Cy Cg

This is said to be an “expansion” of the determinant along its first row. Note that the
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determinant on the right that multiplies a; may be obtained from that on the left by deleting
the row and column in which a, appears, The other two determinants on the right are
obtained similarky.

Determinants of order greater than three are discussed in Volume IT. Qur only purpose
in introducing determinants of order two and three at this stage is to have a useful device
for writing certain formulas in a compact form that makes them easier to remember.

Determinants are meaningful if the elements in the first row are vectors. For example,
if we write the determinant

i j k
dp dy dy
bl b?- bﬂ

© and “expand’’ this according to the rule prescribed in (13.8), we find that the result is equal

to the right member of (13.7). In other words, we may write the definition of the cross
product 4 x 8 in the following compact form.:

i j ok
AXB=|a a, a
b, by by
=Fo.r example, to compute the cross product of 4 = 2f — 8/ 4 3k and B = 4f 4 3k, we
write
; ,
AxB=|2 —Js 3 =|'"8 Si-i_ IS k= —36i — 6 + 8k
o 4 3 4 3 03 0 4

13.11 Exercises

l,Llet d=—i+2k B=2i+j—k C=i+2j+2k Compute each of the following
vectors in terms of i, §, &:
{a) A x B; (d) 4 x (C x A); (g (4 xC) xB;
(0 B x C; (e) (A xB)xC; (h) (4 + 8B) x (4 —O);
) Cx 4; ) A x{(B x C); () (4 x By x({d x Q).
2. In gach case find a vector of length 1 it V' orthogonal to both 4 and 8:
(@) A =i+j+k, B =2 +3f—k;
(b) A =2i =344k, B=—i+5i+7%
(¢} A =10—2j- 3k, B=-3+2j—-4&

. 3. In each case use the cross product to compute the area of the triangle with vertices 4, 8, C:

(@) 4 ={0,22), B =020 -1 C=03,40;
by 4 =(~-2,3, 1), B=(, -3,4), C=(1,21)
{c} 4 =1(0,0,0), B=011, C=(1,0,D. )
4. 1f A =20 + 5]+ 3k B=2 +7 + 4k, and C = 3i + 3j + 6k, express the cross product
(A —C) x (B — Ayin terms of §, §, k.
5. Prove that |4 x B| = [A|l }B] if and only if A and B are orthogonal.
6. Given two linearly independent vectors 4 and Bin Vy. Let € = (B x A) — B.
(a) Prove that A is orthogonal to B + C.
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(b) Prove that the angle 6 between B and C satisfies 4w < 6 < .
(©) If 18] = 1 and |B x 4] =2, compute the length of C.
7. Let A and B be two orthegonal vectors in ¥, , each having length 1.
(&) Prove that 4, B, A x B is an orthonormal basis for V.
(b) Let C = (A x B) x 4. Prove that |Cf = 1.
(c} Draw a figure showing the geometric relation between A, B, and 4 x B, and use this
figure to obtain the relations :

(A xB)yxd4d=2158, (A %X B)xB=—4,

(d) Prove the relations in part (c) algebraically.
8. {(a) If 4 x B =0 and 4 B =0, then at least one of 4 or B is zero, Prove this statement
and give its geomeiric interpretation. .
(b) Given 4 = O, A x =4 x Cand A-B = A" C, prove that B = C.
9. Letd =2i —j+2kand C=3i +4j— k&
{(a) Find a vector B such that 4 x B = C. Is there more than one solution 7
(b) Find a vector Bsuch that 4 x B = Cand A4- B = 1. Is there more than one solufion?

10. Given a nonzero vector A and a vector C orthogonal to 4, both vectors in ¥y . Prove that there
is exactly one vector Bsuch that 4 x B=Cand 4 -8 = L.

11, Three vertices of a parallelogram are at the points 4 = (1,0,1), B=(-11, 1), C
2, —1,2)

Ea) Find }all possible points I which can be the fourth vertex of the parallelogram.
(b} Compute the area of triangle ABC. .

i2, Given two nonparallel vectors 4 and B in ¥, with A-B =2, [A|l =1, |B| =4. Let C
2(A x B) — 38. Compute 4 - (B - (), |Cl, and the cosine of the angle 8 between B and €.

13, Given two Jinearly independent vectors 4 and B in V3. Determine whether each of the follow-
ing statements is true or false.

(a) A + B, A — B, A % B are linearly independent.
(0} A + B, A +1{4 x B), B+ (A x B)are linearly independent,
(¢} A, B, (A + B) x (4 — B) are linearly independent.

14. (a) Prove that three vectors 4, B, Cin V;lie on a line if and only if (B — 4) x (C — A) = 0.
(b) If 4 % B, prove that the line through A4 and B consists of the set of all vectors P such
that (P — A} x (P — B) = O, o

15. Given two orthogonal vectors 4, B in ¥y, each of length 1. Let P be a vector salisfying the
equation P x B = 4 — F. Prove each of the following statements.

{a) P is orthogonal to B and has length .
{b) P, B, P x Bform a basis for V5.

() (P xB)xB=-P

(@) P =344 — 44 x B).

13.12 The scalax triple product

The dot and cross products can be combined to form the scalar triple product A+ B X C
which can oniy mean A - (B x (). Since this is a dot product of two vectors, its value 15
scalar. We can compute this scalar by means of determinants, Write 4 = (&, a,, ga)
B = {by, by, by), C = (cq, s, ca) and express B x C according to Equation (13.7). Formin
the dot product with A, we obtain

a; dy d

b bs =|b by by

by by by b,

A'Bxcﬂal 'i"aa

Cg O3 [ Y €y Oy

€ €3 O
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Thus, 4 - B % Cis equal to the determinant whose rows are the components of the factors
A, B, and C.

In Theorem 13,12 we found that two vectors 4 and B are linearly dependent if and only
if their cross product 4 x B is the zero vector. The next theorem gives a corresponding
criterion for linear dependence of three vectors,

THEOREM 13.14.  Three vectors A, B, Cin Vy are linearly dependent if and only rf
A-Bx C=0

Proof. Assume first that 4, B, and C are dependent. If B and C are dependent, then
Bx C=0, and hence 4+ B x C = 0. Suppose, then, that B and C are independent.
Since all three are dependent, there exist scalars a, b, ¢, not all zero, such that ad + b8 +
¢C = 0. We must have g # {0 in this relation, otherwise B and € would be dependent.
Therefore, we can divide by @ and express 4 as a linear combination of B and C, say 4 =
th + sC. Taking the dot product of each member with B x C, we find

ABXCO=tBBX(C+sC-BxC=0,

since each of B and C is orthogonal to B X C. Therefore dependence of 4, B, and C
implies 4+ B x C =0,

To prove the converse, assume that 4 - B x C = 0. If B and C are dependent, then so
are A, B, and C, and there is nothing more to prove. Assume then, that B and C are linearly
independent. Ther, by Theorem 13.13, the three vectors 8, C, and B X C are linearly
independent. Hence, they span 4 so we can write

A=aB+bC+ (B x C)

for some scalars a4, b, c. Taking the dot product of each member with B x C and using the

fact that 4 - (B x C) = 0, we find ¢ == 0, 50 A== aB + bC. This proves that 4, B, and C

are linearly dependent.

EXaMPLE. To determine whether the three vectors (2, 3, —1), (3, —7, 5), and (1, -5, 2)
are dependent, we form their scalar triple product, expressing it as the determinant

2 3 —1
3 =7 5|=2A—14425—3(6—-5 —(—15+7) =27.
[ ~5 2 '

Since the scalar triple product is nonzero, the vectors are linearly independent.

. 'The scalar triple product has an interesting geometric interpretation. Figure 13.6 shows

o parallelepiped determined by three geometric vectors 4, B, C not in the same plane. Its

altitude is |CT cos ¢, where ¢ is the angle between 4 x B and C. In this figure, cos ¢
‘is positive because 0 < ¢ < 4w. The area of the parailelogram which forms the base is
14 x B|, and this is also the arca of each cross section parallel to the base, Integrating

he cross-sectional area from 0 to | Cf cos ¢, we find that the velume of the parallelepiped
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is |4 % B (|C] cos ¢), the area of the base times the altitude. But we have
4 x B| (IC) cos ) = (4 x B)- C.

In other words, the scalar triple product A4 x B - C is equal to the volume of the parailele-
piped determined by 4, B, C. When 47 < & < m, cos ¢ is negative and the product
A x B- Cis the negative of the volume. If 4, B, C are on a plane through the origin, they

are linearly dependent and their scalar triple product is zero. In this case, the parallelepiped :

degeneraies and has zero volume.

Ax 8B

Altitude = || €]} cos ¢ —- Volume — Ax 8. C

base = || 4 x B||

FIGURE 13.6 Geomeiric interpretation of the scalar triple product as the volume of
a parallelepiped.

This geometric interpretation of the scalar triple product suggests certain algebraic

properties of this product. For example, a cyclic permutation of the vectors A4, B, C

leaves the scalar triple product unchanged. By this we mean that
(13.9) AX B C=Bx(C A=Cx4-8.

An algebraic proof of this property is outlined in Exercise 7 of Section 13.14. This property

implies that the dot and cross are interchangeable in a scalar triple product. In fact, the °
commutativity of the dat product implies (B x €)' 4 = A~ (B x C) and when this is °

combined with the first equation in (13.9), we find that
(13.10} AxB-C=4-BxXCC.

The scalar triple product 4 - B x C is often denoted by the symbol [4BC] without indi
cating the dot or cross. Because of Equation (13.10), there is no ambiguity in this notation--
the product depends enly on the order of the factors 4, B, C and not on the positions ¢
the dot and cross.

13.13 Cramer’s rule for solving a system of three linear equations

The scalar triple product may be used to solve a system of three simultaneous linear

equations il three unknowns x, ¥, z. Suppose the system is written in the form
ax +hy+oz=4d,

(13.11) oy + By + 07 = dy,
agx + by + cz = djy .
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Let A be the vector with components a, , ay , ay and define B, C, and D similarly. Then the
three equations in (13,11) are equivalent to the single vector equation

(13.12) xA 4 yB4zC=D.

1If we dot multiply both sides of this equation with B x C, writing [ABC] for A+ B x C,
we find that
x{ABC] + y[BBC] + z[CBC] = [DBC}.

Since [BBC] = [CBC] = 0, the coefficients of y and z drop out and we obtain

__ [DBC]

(13.13) x =
[ABC]

it [ABC]# 0.

A similar argument yields analogous formulas for y and z. Thus we have

(13.14) p=ADCL g = ABD]
[ABC]

= [450) if [ABC] 0.

The condition [4BC] 5% 0 means that the three vectors 4, B, C are linearly independent.
In this case, (13.12) shows that every vector D in 3-space is spanned by 4, B, C and the
multipliers x, y, z are uniquely determined by the formulas in (13.13) and {13.14), When
the scalar triple products that occur in these formulas are writter as determinants, the
result is known as Cramer’s rule for solving the system (13.11):

dy b oo a, dy e ay by dy
dy by & a; dy ey a, b, dy
. dy by ¢y Y= a, dy g JOL: by dy
a; by oo ’ a, b, o ’ - a, b o
a, by ¢ dy, by &g dy by ¢y
a; by o dqg by oy ag by o

If [ABC) = 0, then 4, B, C lie on a plane through the origin and the system has no
solution unless D lies in the same plane. In this latter case, it is easy to show that there are
infinitely many solutions of the system. in fact, the vectors 4, B, C are linearly dependent
so there exist scalars w, v, w not all zero such that wd -+ v8 + wC = (0, Ifthe triple (x, v, 2)
satisfies (13.12), then so does the triple (x + fw, y + v, z + tw) for all real ¢, since we have

(x+ ad + (y + B + (2 + w)C
= x4 + yB + zC 4 Hud + vB + w() = x4 b yB 4+ 2C.

13.14 Exercises

1. Compute the scalar triple product 4 - B x ( in each case.
(w) A =(3,00), B =(0,4,0), C =1(0,9,8).
(b) 4 =(2,3, ~1), B=(-75, C=(,-52.
© A4A=213), B =(-3006), C={@535 —1)
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9.

10.

1.
12.

13.
14.

15.

. Find all real 7 for which the three vectors {1, ¢, 13, (¢, 1, 0), (0, 1, ) are linearly dependent.
. Compute the volume of the paralleiepiped determined by the vectors i +Jj,j + & k -+ L.
 Provethat 4 x B =A-(B xDi +A-(B xj)j + 4 (B x k)k.

CProvethati x (A xD +F X (d xj)+k x (4 x k) =24,

. (a) Find all vectors ai + & -+ ck which satisty the relation

(af +bf +ck) -k x (6] + 37 +4k) =3.

(b) Find that vector ai + bf + ck of shortest length which satisfies the relation in (a).

. Use algebraic properties of the dot and cross products to derive the following properties of

the scalar triple product.
@U+B U+BxC=0

(b) 4 8B x C = —B-A x C. This shows that switching the first two vectors reverses the_

sign. [Hint: Use part (a) and distributive laws.] ) _
(©) A B x C= —4-C % B. This shows that switching the second and third vectors
reverses the sign. [Hint: Useskew-symmetry.]
(@ A-B x C=—CB x A This shows that switching the first and third vectors reverses
the sign. [Hint: Use (b} and (c).] ’

Equating the right members of (b), (¢), and (d), we find that

A'BXxC=B-CxA=C"A4AxB,

which shows that a cyclic permutation of 4, B, C leaves their scalar triple product unchanged.
This exercise outlines a proof of the vector identity

(13.15) AX{(BxC) =(C AB—{B AC,

sometimes referred to as the “cab minus bac” formula. Let B = (b1, by, by), C = (c1, 2, )
and prove that
Ix (B xC)y=e¢B—5C.

This proves (13.13) in the special case 4 = i. Prove corresponding formulas for 4 = jand
A =k, and then combine them to obtain (13.15).

Use the “cab minus bac” formuia of Fxercise 9 to derive the following vector identities.

(8) (4 x BY X (C x D) =(d x B-D)C — {4 x B-C)D,

M AXxBXxO+BXCxA+FCx{(4dxB)=0

() A X (BxC)=(4dxB)x Cifandonlyif B x (C x A} = 0.

(DA xB)(CxDy=(BD)A-C) ~{(B-ClA- D).

Four vectors A, B, C, ¥ in V, satisfy the relations 4 x C* B =35, 4 x D -8 = L3O+ D=
P+2i+k C—D=i—k Compute(4d x B) x (C x D) in terms of i, j, k

Prove that (4 x B) (B x C) x (C x A =(4-B x O™ .

Prove or disprove the formula 4 x [4 x {4 x 8} C = — 4> 4B x C.

(a) Prove that the volume of the tetrahedron whose vertices are 4, B, C, D is

FIB ~A)-(C—A) = (D — A

(b) Compute this volume when A4 = (1, 1, 1), B = 0,0,2), € =(0,3,0), and D ={4,0, 0‘}
(a) If B # C, prove that the perpendicular distance from A to the line through B and C1i

4 — B) x (C — B/IB ~ C].

(b} Compute this distance when A = {1, =2, =5}, B =(—1,, 1), and C = (45, 1).
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16, Heron's formula for computing the area § of a triangle whose sides have lengths a, b, c states
that § =/ s(s —a)(s — b)Yz — ¢), where s =(a + b + ¢}f2. This ecxercise outlines a
vectorial proof of this formula,

Assume the triangle has vertices at O, 4, and B, with |dl = a, |B| =5, |B — 4f =c.
{a) Combine the two identities

4 % B|* = 14PBI* — (4-B)*,  —24-B = |ld — B|® ~ 4|} — | B}

to obtain the formuia
A48% = g2 — H® — a® — b%)? = 3(2ah — ® +a® + BN 2ab 4+ & —a® - ).
() Rewrite the formula in part (a) to obtain
Sf=rhla+b+ea+-b—cc—a+bc+a—5,
and thereby deduce Heren's formuia.
Use Cramer’s rule to solve the system of equations in each of Exercises 17, 18, and 19.

M. 2+ 2y +3z =35, x —y +4z =11, —y+z=3
1. x+y+2z=4, Ix—y—z=12, 2x + 5y + 3z =3,
19. % +y =3, x+z=2, ¥y +z=3
20 IF P =(1,1,1) and A = (2,1, —1), prove that each point (x, y,z) on the line {£ + 14}

satisfies the system of linear equations x —y +z =1, x +y +32=35,3x + 5y + 7z = 1L
13.15 Normai vectors to planes

A plane was defined in Section 13.6 as a set of the form {P + s4 + tB}, where 4 and B
are linearly independent vectors. Now we show that planes in V, can be described in an
entirely different way, using the concept of a normal vector.

DEFINITION.  Let M = {P + 54 + 1B} be the plane through P spanned by A and B. A

vector N in V is said to be perpendicular to M if N is perpendicular to both A and B. If, in

addition, N is nonzero, then N is called a normal vector to the plane.
‘Note: M N-4=N'B=0, then N-(s4 +¢tB) =0, so a vector perpendicular to

both 4 and B is perpendicular to every vector in the linear span of 4 and B. Alsg, if
N is normal to a plane, so is /¥ for every real ¢ # C.

THEOREM 13.15.  Given a plane M = {P + sA + 1B} through P spanned by 4 and B.

Let N = A X B. Then we have the following:

={a) N is a normal vecror 1o M. .
{b) M is the set of all X in Vy satisfying the equation

13.16) (X—P) N=0.

Proof. Since M is a plane, 4 and B are linearly independent, so 4 X B # 0. This

roves \a) since 4 x B is orthogonal to both 4 and B.
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To prove (b), let M be the set of all X in ¥, satisfying Equation (13.16). If X & M, then
X — Pis in the linear span of 4 and B, so X — P is orthogonal to N. Therefore X e M’
which proves that 3 = M'. Conversely, suppose X € M". Then X satisfies (13.16). Since
A, B, N are linearly independent (Theorem 13.13), they span every vector in ¥y so, in

particular, we have
X—P=sA+1tB+uN

for some scalars s, f, u. Taking the dot product of each member with ¥, we find u =0,
50 X - P =54 + tB. This shows that X € M. Hence, M < M, which completes the
proof of (b).

The geometric meaning of Theorem 13.15 is shown in Figure 13.7. The points P and X
are on the plane and the normal vector N is orthogonal to X — P. This figure suggests the
following theorem.

THEOREM 13.16.  Given a plane M through a point P, and given a nonzero veclor N normal
to M, let '
i N

13.17
@17 i

Then every X on M has length | X|| > d. Moreover, we have | X|| = d if and only if X is the
projection of P along N: '
X =1IN, where I=M.
N-N

Proof. The proof follows from the Cauchy-Schwarz inequality in exactly the same
way as we proved Theorem 13.6, the corresponding result for lines in ¥y. :

By the same argument we find that if Q is a point not on M, then among all points X
on M the smallest length |X = Q| occurs when X — ( is the projection of P — @ along
A. This minimum length is {(P — @) - N|/|N| and is called the disrance from @ to the
plane. The number d in (13.17) is the distance from the origin to the plane.

13.16 Linear Cartesian equations for planes

The results of Theorems 13.15 and 13,16 can also be expressed in terms of components.
If we write N = (a, b, ), P == (xy, 1y, ), and X = (x, y, z), Equation (13.16} becomes

(13.18) a{x — x1) + by — y1) + oz — 7)) = 0.

This is called a Cartesian equation for the plane, and it is satisfied by those and only those
points (x, y, z) which lie on the plane. The set of points satisfying (13.18) is not altered if
we muitiply each of a, b, ¢ by a nonzero scaltar t. This simply amounts to a different choice

of normal vector in (13.16).
We may transpose the terms not involving x, y, and z, and wtite (13.18) in the form

(13.19) ax + by + cz = d;,
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where d; = ax, + by, + cz; . An equation of this type is said to be linear in x, y, and z.
We have just shown that every point (x, y, z) on a plane satisfies a linear Cartesian equation
(13,19} in which not all three of g, &, ¢ are zero. Conversely, every linear equation with this
property represents a plane, (The reader may verify this as an exercise.)

The number d, in Equation (13.19) bears a simple relation to the distance d of the plane
from the origin. Since d; = P+ N, we have |d,| = |P+ N| = d|N||. In particular |d;| = d
if the normal & has fength 1. The plane passes through the origin if and only if d; = 0.

[

FiGure 13.7 A plane through P and Ficure 13.8 A plane with intercepts
X with normal vector N. 31,2

EXAMPLE. The Cartesian equation 2x + 6p + 3z = 6 represents a plane with normal
vector N == 2i - 6f + 3k. We rewrite the Cartesian equation in the form

wal ¥
I
-

_|.

po e

+

[

- from which it is apparent that the plane intersects the coordinate axes at the points (3, 0, ),

(0, 1, 0), and (0, 0, 2). The numbers 3, I, 2 are called, respectively, the x-, y-, and z-

_intercepts of the plane. A knowledge of the intercepts makes it possible to sketch the plane

quickly, A portion of the plane s shown in Figure 13.8. Its distance 4 from the origin is

.d=6f|N|| = 6/7.

Two parallel planes will have a common normal N. If ¥ = (a, &, ¢), the Cartesian equa-
tions of two parallel planes can be written as follows:

ax & by + ¢z = d;, ax + by + cz = dy,

the only difference being in the right-hand members. The number |d, — dpl/| V| is called

the perpendicular distance between the two planes, a definition suggested by Theorem 13.16.
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Two planes are called perpendicular if a normal of one is perpendicular to a normal of the 7.
other. More generally, if the normals of two planes make an angle § with each other, then °
we say that 0 is an angle between the two planes.
- 18,
13.17 Exercises 0
1. Given vectors 4 = 2 + 3j —4kand B =j + k.
(a) Find a nonzero vector ¥ perpendicular to both A and B,
{b) Give a Cartesian equation for the plane through the origin spanned by 4 and B.
(c) Give a Cartesian equation for the plane through (1, 2, 3) spanned by A and B
2. A plane has Cartesian equation x + 2y - 2z + 7 = 0. Find the foliowing:
(a) a normal vector of unit length;
(b) the intercepts of the plane;
(c) the distance of the plane from the origin; 20
(d) the point € on the plane nearest the origin, a1

3. Find a Cartesian equation of the plane which passes through (1, 2, —3) and is paraliel to the
plane given by 3x — y + 2z = 4. What is the distance between the two planes? .

4. Four planes have Cartesian equations x + 2y — 2z = 5, 3x - @y + 3z =72, x +y +2z=
—l,andx -2y +z ="

(a) Show that twe of them are paraliel and the other two are perpendicu]ar.
(b) Find the distance between the two parallel planes.

5. The three points (1,1, —1), (3,3, 2), and (3, —1, —2) determine a plane, Find (a) a vector
normal to the plane; (b) a Cartesian equation for the plane; {c) the distance of the plane '
{rom the origin. }

6. Find a Cartesian equation for the plane determined by (1, 2, 3, (2,3,4), and (—1,7, =2)

7. Determine an angle between the planes with Cartesian equations x +y =land y +2 =2

8. A line parallel to & nonzerc vector N is said to be perpendicular to & plane M if N is norma
to M. Find a Cartesian equation for the plane through (2, 3, -7}, given that the line through
(1,2, 3 and (2, 4, 12) is perpendicular to this plane.

9. Find a vector parametric equation for the line which contains the point (2,1, —3) and is

perpendicular to the plane given by 4x — 3y +z = 3.

. A point moves in space in such & way that at time r its position is given by the vestor X (1) =

(=0 +@2 3y + Q= Dk,

{a} Prove that the point moves along a line. (Callit L.)

(b) Find a vector & parailel to L.

(c) At what time does the point strike the plane given by 2x -+ 3y + 2z + 1 =07

(d) Find a Cartesian equation for that plane parallel to the one in part {©) which containg

the point X(3).

(2) Find a Cartesian equation for that plane perpendicular to £, which contains the point X

Find a Cartesian equation for the plane through (1, 1, 1) if a normal vector N makes angles

L, Lo, Lo, with i, j, &, respectively. ;

Compute the velume of the tetrahedron whose vertices are at the origin and at the point

where the coordinate axes intersect the plane given by x + 2y + 3z = 6.

. Find a vector A of lengt‘h 1 perpendicular to { -+ 2j — 3k and parallel to the plane wit

Cartesian equation x — ¥ + 5z = 1.

. Find a Cartesian equation of the plane which is parallel to both vectors i +Jjand j + kan

intersects the x-axis at (2,0, 0).

Find all points which lie on the intersection of the three planes given by 3Jx +y +z =

Ix +y+S5z="Tx—y+3z =3 :

Prove that three planes whose normals are linearly independent intersect in one and onl

one point, :

11,

12.

15.

16,

A line with direction vector A is said to be parailel to a plane M if A is parallel to M. A line
containing (1, 2, 3) is parallel to each of the planes given by x + 2y + 3z =4, 2x + 3y +
4z = 5. Find a vector parametric equation for this line.

Given a line L pot parallel o a plane M, prove that the intersection L N M contains exactly
one point.

(a) Prove that the distance from the point (x5, ys, 2,) to the plane with Cartesian equation
ax + by +ez+d=0is

laxg ++ byy + czy + d|
@ + ¥+ HP

(b} Find the point P on the plane given by 5x — 14y + 2z + & = 0 which is pearest (o the
point @ =(=2,15, =7).

. Find a Cartesian equation for the plane parallel to the plane given by 2x — y + 2z +4 =0

if the point (3, 2, —1) is equidistant from both planes.

. () If three points 4, B, C determine a plane, prove that the distance from a point @ to this

plane is [(Q ~ A - {B — A) x (C — DB — 4 »x(C — A)|.
(b) Compute this distance if @ =(1,0,0), 4 =(0, 1,1}, B=(l, —1,1), and C =(2, 3, 4).

. Prove that if two planes M and M’ are not parallel, their intersection M N 3" is a line.
. Find a Cartesian equation for the plane which is parallel to j and which passes through the

intersection of the planes described by the equations x + 2y + 3z =4, and 2x +y +z =2,

. Find a Cartesian equation for the plane parallel to the vector 3¢ — j + 2k if it contains every

point on the line of intersection of the planes with equations x + y =3 and 2y + 3z = 4.

13.18 The conic sections

. A moving line G which intersects a fixed line A at a given point P, making a constant
angie O with 4, where 0 < § < }n, generates a surface in 3-space called a right circular
one. The liie G is called a generator of the cone, A is its axis, and F its vertex. Each of the
‘ones shown in Figure 13.9 has a vertical axis. The upper and lower portions of the cone
mesting at the vertex are called nappes of the cone. The curves obtained by slicing the
one with a plane not passing through the vertex are called conic sections, or simply conics.
f the cutting plane is parallel to a line of the cone through the vertex, the conic is called 2

Ellipse

Parabola

/

Hyperbola

FiGure 13.¢ The conic sections.
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parabola. Otherwise the intersection is called an ellipse or a hyperbola, according as the
plane cuts just one or both nappes. (See Figure 13.9.} The hyperbola consists of two
“pranches,” one on each nappe.

Many important discoveries in both pure and applied mathematics have been related
to the conic sections. Appolonius’ treatment of conics as early as the 3rd century B.C. was
one of the most profound achievements of classical Greek geometry. Nearly 2000 years
fater, Galileo discovered that a projectile fired horizontally from the top of a tower falls
to earth along a parabolic path (if air resistance is neglected and if the motion takes place
above a part of the earth that can be regarded as a flat plane). One of the turning points in
the history of astronomy occurred around 1600 when Kepler suggested that all planets
move in elliptical orbits. Some 80 years later, Newton was able to demonstrate that an
elliptical planetary path implies an inverse-square law of gravitational attraction. This led
Newton to formulate his famous theory of universal gravitation which has often been
referred to as the greatest scientific discovery ever made. Conic sections appear not only as
orbits of planets and satellites but also as trajectories of elementary atomic particles. They
are used in the design of lenses and mirrors, and in architecture. These examples and many
others show that the importance of the conic sections can hardly be overestimated.

There are other equivalent definitions of the conic sections, One of these refers to special
points known as foci (singular: focus). An ellipse may be defined as the set of all pointsina
plane the sum of whose distances d, and d, from two fixed points F, and F, (the foci) is

iDirectrix
| d
JXC N
H (clﬁpi(;;wtam I —(htf/zplje:bgl)al:l)smnt ! do = dy Figure 13.11 The ice-cream-cone proof.
{parabola)

et P be an arbitrary point of the ellipse. The problem is fo prove that llﬁlil + ilj;':g':2 f
onstant, that is, independent of the choice of P.  For this purpose, draw that line on the
¢ from the vertex O to P and let A; and A4; be its intersections with the circles C,
and Gy, respectively. Then PF _a’_nd FA; are two tangehts to 5] from P, and hence [|[PF}| =
PA,l. Similarly [PF| = {P4,], and therefore we have

FiGure 13.10  Focal deﬁﬁ;tiorgs of the conic sections.
constant. (See Figure 13.10.) If the foci coingide, the ellipse reduces to a circle. : A hyper:
bola is the set of all points for which the difference |d; — dl is constant. A parabola is th
set of all points in a plane for which the distance to a fixed point F (called the focus) i
equal to the distance to a given line (called the directrix).

There is a very simple and elegant argument which shows that the focal property of a
ellipse is a consequence of its definition as a section of a cone. This proof, which we ma
refer to ag the “ice-cream-cone proof,” was discovered in 1822 by a Belgian mathematician
G. P. Dandelin (1794-1847), and makes use of the two spheres S; and S, which are draw
so as to be tangent to the cutting plane and the cone, as illustrated in Figure 13.11. Thes
spheres touch the cone along two parallel circles C; and C,. We shall prove that the point
F, and F,, where the spheres contact the plane, can serve as foci of the eilipse.

e — —
\PEy|| + IBFy|| = |Pdy) + [Pyl .

: — —> —

t |PA;f} + 1PA,] = [A4,4,f, which is the distance between the parallel circles C; and
measured along the surface of the cone. This proves that # and ¥, can serve as foci of
he ellipse, as asserted.

Modifications of this proof work also for the hyperbola and the parabola. In the case
f the hyperbola, the proof employs oné sphere in each portion of the cone. For the
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parabola one sphere tangent to the cutting piane at the focus Fis used. This sphere touches
the cone along a circle which lies in a plane whose intersection with the cutting plane is the
directrix of the parabola. With these hints the reader should be able to show that the focal
properties of the hyperbola and parabola may be deduced from their definitions as sections
of a cone,

13,19 Eccentricity of conic sections

Another characteristic property of conic sections involves a concept called eccentricity.
A conic section can be defined as a curve traced out by a point moving in a plane in such
a way that the ratio of its distances from a fixed point and a fixed line is constant. This
. constant ratio is called the eccentricity of the curve and s denoted by e. (This should not be
confused with the Euler number e} The curve is an ellipse if 0 < e <1, 8 parabola if
e =1, and a hyperbola if e > 1. The fixed point is called a focus and the fixed line a
directrix.

We shall adopt this definition as the basis for our study of the conic sections since it
permits a simultaneous treatment of all three types of conics and lends itself to the use of
vector methods. In this discussion it is understood that all points and lines are in the same
plane.

DEFINITION.  Given @ line L, a point F not on L, and a positive number e. Let d(X, L)
denote the distance from a point X to L. The set of all X satisfying the relation

(13,20) & — Fll = ed(X, L)

is called a conic section with eccentricity e. The conic is called an ellipseif e < 1,a parabola

ife =1, and a hyperbola if e > 1.

If N is a vector normal to L and if P is any point on L the distance d(X, L) from any
point X to L is given by the formula

I(X — P)- N
d(X, L) = “—a—-™m>t—-.,

B =""y
When N has length 1, this simplifies to d{X, L) = (X — P)- N|, and the basic equation
{13.20) for the conic sections becomes :

(13.21) fx — Fi ='eJI(X — P)- Ni.

The line L separates the plane into two parts which we shall arbitrarily label as “positive”
and “negative’” according to the choice of N. If- (X — P)- N > 0, we say that X is in the
positive half-piane, and if (X - P)+ N < 0, we say that X is in the negative half-plane.
On the line L itself we have (X — P)- N = 0, in Figure 13.12 the choice of the normai
vector N dictates that points to the right of L are in the positive hali-plane and those to the
left are in the negative half-plane.

Now we place the focus Fin the negative half-plane, as indicated in Figure 13.12, and
choose P to be that point on L nearest to F. Then P — F = dN, where |d] = |P — F]is
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Directrix L

P— N unit normal to L

P = F4dN

Ficure 13.12 A conic section with eccentricity e is the set of all X satisfying
X — Fll =el(X — F}-N —d|.

the distance from the focus to the directrix. Since Fis in the negative half-plane, we have

(F—P)-N= —d <0,s0dis positive. Replacing P by F 4 dN in (13.21), we obtain the
following theorem, which is illustrated in Figure 13.12.

THEOREM 13.17. Ler C be a conic section with eccéniricity e, focus F, and directrix L
at a distance d from F. If N is a unit normal to L and if F is in the negative half-plane deter-
mined by N, then C consists of all points X satisfying the equation

(13.22) |X — Fll =e|{(X~F)-N~d.

13.20 Polar equations for conic sections

The equation in Theorem 13.17 can be simplified if we place the focus in a special
position. For example, if the focus is at the origin the equation becomes

(13.23) ‘ ' | X =elX -N—dl.

This form is especially useful if we wish to express X in terms of polar coordinates. Take
the directrix L to be vertical, as shown in Figure 13.13, and let N = i, If X has polar co-
ordinates r and 8, we have | X|| = r, X'+ & = r cos 8, and Equation (13,23) becormies

(13.24) r=elrcosf —dl.

If X lies to the left of the directrix, we have rcos @ < d, so [rcos @ —d| =d — rcos 6
and (13.24) becomes r = e(d — r cos ), or, solving for r, we obtain

(13.25) pm—od
ecosf 4+ 1
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If X lies to the right of the directrix, we have r cos 6 > d, so (13.24) becomes

r=e(rcosfd —dy,
giving us

ed
26 =
(13.26) " ecos f — 1

Since r > 0, this last equation impiies ¢ > [. In other words, there are poinis to the right
of the directrix only for the hyperbola. Thus, we have proved the following theorem which
is illustrated in Figure 13.13.

Directrix Directrix
X
X [
F
|
I i |
r 1 L 'I
| |
1
re 0 : g 0} :
|+—— r cos 8—-—l Wrcosﬁ—-———-\
d . d

(a) rcos 0 < d on the ellipse, parabola, {b) rcos £ > d on the right branch of
and left branch of the hyperbola the hyperbola

Froure 13.13  Conic sections with polar equation r = ¢ |rcos & — d|, The facus F
is at the origin and lies to the left of the directrix.

THEOREM 13.18.  Let C be a conic section with eccentricity e, with a focus Fat the origin,
and with a vertical directrix I at a distance d fo the right of F. If 0 < e £ 1, the conic Cis
an ellipse or a parabola; every point on C lies to the left of L and satisfies the polar equation

“ed

13.27 o= e |
( ) ecosd + 1

If e > 1, the curve is a hyperbola with a branch on each side of L. Foints on the left branch
sarisfy (13.27) and points on the right branch satisfy

ed
13.28 o
¢ ) ecos Bl — i
Polar equations correspoading to other positions of the directrix are discussed in the
next set of exercises.
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13.21 Exercises

1. Prove that Equation (13.22) in Theorem 13.17 must be replaced by
WX —Fl =e|(X —F) N +d|

if Fis in the positive half-plane determined by .
2. Let C be a conic section with eccentricity «, with a focus at the origin, and with a vertical
directrix L at a distance d to the left of F. )
(a) Prove that if C is an ellipse or parabola, every point of C fies to the right of L and satisfies
the polar equation
ed

i L

(b) Prove that if C is a hyperbola, points on the right branch satisfy the equation in part (a)
and points on the left branch satisty r = —ed[(l + ecos §). Note that 1 + ecos 0 is always
negative in this case.

3. If a conic section has a horizontal directrix at a distance d above a focus at the arigin, prove
that its points satisfy the polar equations obtained from those in Theorem 13.18 by replacing
cos 6 by sin 8. What are the corresponding polar equations if the directrix is horizental and
lics below the focus?

Each of Exercises 4 through 9 gives a polar equation for a conic section with a focus F at the
origin and a vertical directrix lying to the right of F. In each case, determine the eccentricity e

o and the distance 4 from the focus to the directrix. Make a sketch showing the relation of the curve

to its focus and directrix.

2 i
4'r=l+(:(:isfn" 7'rmm%+cosﬁ'
5 3 8 4
T T fcoser T E T ¥ 2cos e

6 4
6'P_3—ih(:056" S T Y east

In each of Exercises 10 through 12, a conic section of eccentricity e has a focus at the origin and
a directrix with the given Cariesian equation. In each case, compute the distance d from the focus
to the directrix and determine a polar equation for the conic section. For a hyperbola, give a
polar equation for cach branch, Make a sketch showing the relation of the curve to its focus
and directrix.
10. e = 4; directrix: 3x + 4y = 25,
11, ¢ = 1; directrix: 4x 4 3y = 25.
12. ¢ = 2; directrix: x +y = 1.
13. A comet moves in a parabolic orbit with the sun at the focus. When the comet is 10% miles
from the sun, a vector from the focus to the comet makes an angle of #/3 with a unit vector
N from the focus perpendicular to the directrix, the focus being in the negative half-plane
determined by M.
{a) Find a polar equation for the orbit, taking the origin at the focus, and compute the
smallest distance from the comet to the sun.
(b) Soive part (a) if the focus is in the positive hall-plane determined by N,
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13.22 Conic sections symmetric about the origin

A set of points is said to be symmetric about the origin if — X is in the set whenever X is
in the set. We show next that the focus of an eflipse or hyperbola can always be placed 50

the conic section will be symmetric about the origin. To do this we rewrite the basic
equation {13.22) as follows:

(1329) X —Fl=¢ef{(X—F) N—d|=¢|X N—F N-—dj=|eX N—aqaj,
where @ = ed + eF - N. Squaring both members, we obtain
(13.30) (X)2—2F X + |F[2 =X - NP — 2eaX - N+ o,

1f we are to have symmetry about the origin, this equation must also be satisfied when X
is replaced by — X, giving us :

(13.31) TXIE+2F X+ |F* = e¥(X - NP+ 2eaX N + a°.
Subtracting {13.31) from (13.30), we have symmetry if and only if

F-X=eaX N or (F—eaN) - X=0.

This equation can be satisfied for all X on the curve if and only if F and N are related by..

the equation
(13.32) F=ealN , where a=ed+eF N.

The relation F = eaN implies F+N = eq, giving us o = ed + e?a. If e =1, this last
equation cannot be satisfied since d, the distance from the focus to the directrix, is nonzero.
This means there is no symmetry about the origin for a parabola. If e # 1, we can always
satisfy the relations in {13.32) by taking

(13.33) a=—2__ F=-%_N.

Note that ¢ > 0if e < I and ¢ < 0 if ¢ > 1. Putting F = eaN in (13.30) we obtain the
foliowing.

THEOREM 13,19, Let C be a conic section with eccentricity e = 1 and with a focus F at
a disiance d from a divectrix L. If N is a unit normal to L and if F = ealN, where g =
edf(l — &%), then C is the set of all points X satisfying the equation

(13.34) IXH2 + e2a? = (X - N} + a2,

(13.36)
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This equation displays the symmetry about the origin since it is unchanged when X is

replaced by —X. Because of this symmetry, the ellipse and the hyperbola each have two
“foci, symmetrically located about the center, and two directrices, also symmetrically located
- about the center.

Equation (13.34) is satisfied when X = d-aN. These two points are called vertices of the

‘comic. The segment joining them is called the major axis if the conic is an ellipse, the

transverse axis if the conic is a hyperbola.
Let N' be a unit vector orthogonal to N. If X = bN’,then X' - N = 0, so Equation (13.34)
is satisfied by X = AN’ if and only if b* + ¢%a® = 4% This requires ¢ < 1, b2 = a%(1 — €%

“ The segment joining the points X' = £+ 5N, where b = aV'l — ¢* is called the minor axis

of the ellipse.

Note: If wepute = 0in (13,34), it becomes || X'|| = g, the equation of a circle of radius
a and center at the origin, In view of (13.33}, we can consider such a circle as a limiting
case of an ellipse in which e — 0 and 4 — o in such a way that ed —a.

13,23 Cartesian equations for the conic sections

To obtain- Cartesian equations for the ellipse and hyperbola, we simply write (13.34)
in terms of the rectangular coordinates of X. Choose ¥ = i (which means the directrices
are vertical) and let X = (x, y). Then [X|* = x* 4+ y* X+ N = x, and (13.34) becames
x2 oyt e el em 2bx?® o gf or XM(1 - €%) o4 p* = (1 — e%), which gives us

x% yZ
13.35 — == 1
( ) a + a*(l — &%)

This Cartesian equation represents both the ellipse (e < 1) and the hyperbola (¢ > 1) and
is said to be in standard form. The foci are at the points (ae, 0} and (—uae, 0); the directrices
are the vertical lines x == gfe and x = ~afe.

Ife <1, weletdh = av'l — e® and write the equation of the ellipse in the standard form

2 ]
Y
-i—-l;'z:l.

an
1%

Tts foci are located at {¢, 0y and (—¢, 0}, where ¢ = ge = Va® — b% An example is shown

in Figure 13.14(a).
Ife > 1, we let & = jg|V'e? — 1 and write the equation of the hyperbola in the standard
form

(13.37) :

Qﬂik

2
Yo _
-—-5*'2-—1.

Its foci are at the points (¢, 0) and (—¢, 0), where ¢ = |a] ¢ = Vg + % An example is
shown in Figure 13.14(b).
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Note; Solving for y in terms of x in (13.37)}, we obtain two solutions

b
a5 gt

(13,38)
|af

y==%

For large positive x, the number v/x® — a* is nearly equal to x, so the right member of
(13.38) is nearly &bx/|al, It is easy to prove that the difference between y; = bx/|a| and

Py o= ok — a%/|a} approaches 0 as x — -+ . This difference is

5 b A% (x? — a? lal b lal b
oy, = (% - VAR — ) = — - <,
Y= Ial( ¥ < Ialx+\/x2 gt x +Vx—da x

50 y, — yp —0 as x — 4. Therefore, the line y = bxfla| is an asymptote of the
hyperbola. The line y = -bxfla| is another asymptote. The hyperbola is said to ap-
proach these lines asymptoticaily, The asymptotes are shown jn Figure 13.14(b).

(~¢,Q) (—c,0)
(a) Ellipse (b} Hyperbola
_x;+£;.=l; b= a? —c? z'—:——'g;=l; b“=c2#a3:

Figure 13.14  Conic sections of eccentricity ¢ # 1, symmetric about the origin. The
foci are at (¢, 0), where ¢ = |a| e. The triangles relate a, b, ¢ geometrically.

The Cartesian equation for the ellipse and hyperbola will take a different form if the
directrices are not vertical. For example, if the directrices are taken to be horizontal, we |
may take N = j in Equation (13.34). Since X -N¥N=X-j=y, we obtain a Cartesian
equation like (13.35), except that x and y are interchanged. The standard form in this

case is
2 2
¥ x
13.39 =4 e =
( ) a® a1l — &%)

If the conic is transiated by adding a vector Xy = (x5, yo} to each of its points, the center,
will be at (xq, ¥o) instead of at the origin. The corresponding Cartesian equations may be

obtained from (13.35) or (13.39) by replacing x by x — x, and y by y — ¥e.
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To obtain a Cartesian equation for the parabola, we return to the basic equation (13.20}
with e == 1. Take the directrix to be the vertical line x = -~ and place the focus at (c, 0}.
If X = (x, y), we have X — F = (x — ¢, y}, and Equation (13.20) gives us (x — ¢)* + 3* =
|x + ¢|® This simplifies to the standard form

(13.40) y* = dex.

The point midway between the focus and directrix (the origin in Figure 13.15) is called the
vertex of the parabola, and the line passing through the vertex and focus is the axis of the
parabola. The parabola is symmetric about its axis. If e > 0, the parabola lies to the right
of the y-axis, as in Figure 13.15. When ¢ < 0, the curve lies to the left of the p-axis.

Directrix x + ¢f 1

X= —¢

|

‘
!
I
i

-
Ok F=(c,0) 0

[

Directrix ¥ =—¢

Ficure 13.15 The parabola y* = 4ex. FIiGURE 13,16 The parabola x* = 4cy.

1f the axes are chosen so the focus is on the p-axis at the point (0, ¢) and if the horizontal
line y = —c is taken as directrix, the standard form of the Cartesian equation hecomes

x* = 4y,

When ¢ > 0 the parabola opens upward as shown in Figure 13.16. When ¢ < @, it opens
downward. ) ‘

If the parabola in Figure 13.15 is translated so that its verfex is at the point (x¢, yo), the
corresponding equation becomes

(y — yol* = delx — Xo) -

The focus is now at the point (xy + ¢, o) and the directrix is the line x = xg— ¢. The
xis of the parabola is the line y = yy.
Similarly, a translation of the parabola in Figure 13.16 leads to the equation

(x — xo)* = 4e(y — yo),

ith focus at (¥, ¥o + ¢). The line y = p; — ¢ is its directrix, the line x = x, its axis.
- The reader may find it amusing to prove that a parabola does not have any asymptotes.
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13.24 Exercises

Each of the equations in Exercises I through 6 represents an ellipse. Find the coordinates of
the center, the foci, and the vertices, and sketch each curve, Also determine the eccentricity.

=7 2 105y
1.m+§6=1. 4. 9x% 4 25y* = 25,

yz x2

2T 2 2
2. 100 +36 1. 5. 4y 4+ 3x i

{(x — 2)? (v + 3y (x + 1)% O+ 2)?
3. 16 + g = ]. 6. T +T =1,

In each of Exercises 7 through 12, find a Cartesian equation (in the appropriate standard form)

for the eliipse that satisfies the conditions given. Sketch each curve.

7. Center at (G, 0), one focus at (3, 0), one vertex at (1, 0).

8. Center at {—3, 4), semiaxes of lengths 4 and 3, major axis parallel to the x-axis.

9. Same as Exercise 8, except with major axis parallel to the y-axis. ‘
10, Vertices at {—1, 2), (-7, 2), minor axis of length 2.
11. Vertices at (3, —2), (13, —2), foci at (4, —2), {12, —2).
12, Center at (2, ), major axis parallel to the x-axis, the curve passing through the points (6, 1)

and (2, 3). : )

Each of the equations in Exercises 13 through 18 represents a hyperbola. Find the coordinates '

of the center, the foci, and the vertices. Sketch each curve and show the positions of the asymptotes.
Also, compute the eccentricity,

xa yz

k —_ = % 2 =

R Rl 16. 9% — 16)% = 144.
;oo 2 cun _

A ik 7, 4x% — 5% +20 = 0.
(x +3° . (x— 1% (y+2°

15, = (y— 32 =1 18— = =1

In each of Exercises 19 through 23, find a Cartesian equation (in the appropriate standard form)
for the hyperbola which satisfies the conditions given. Sketch each curve and show, the positions
of the asymptotes.

19. Center at (0, 0}, one focus at (4, 0), one vertex at (2, 0).

20. Foci at (0, 4 V2, vertices at (0, £1).

21. Vertices at {2, 0), asymptotes y = +2x.

22, Center at (—1, 4), one focus at (—1, 2}, one vertex at (—1, 3).

23. Ceuter at (2, —3), transverse axis parallel to one of the coordinate axes, the curve passing
through (3, —13 and (-1, O).

24, For what value (or values) of C will the line 3x — 2y = C be tangent to the hyperbola
=3yt =17 :

25. The asymptetes of a hyperbola are the lines 2x — y = 0 and 2x + y = 0. Find a Cartesian
equation for the curve if it passes through the point (3, — 53

Each of the equations in Exercises 26 through 31 represents a parabola. Find the coordinates
of the vertex, an equation for the directrix, and an equation for the axis. Sketch each of the curves.
26, y* = —8x. ‘ 29, x% = Gy.

27. 3 = 3x. 30. 2" + 8y =0.
28, (v — 1)* = 12x - 6. 3. (x + 2P =4y +9.
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In each of Exercises 32 through 37, find a Cartesian equation (in appropriate standard form)
for the parabola that satisfies the conditions given and sketch the curve.
32. Focus at (0, —}); equation of directrix, y = {.
33. Vertex at (0, 0); equation of directrix, x = —2.
34, Veriex at (—4, 3); focus at (—4, 1).
35. Focusat (3, —1); equation of directrix, x = .
36. Axis is parallel to the y-axis; passes through (9, 1), (1, 0}, and (2, 0).
37. Axis is parallel to the x-axis; vertex at {1, 3); passes through (-1, —1).
38. Proceeding directly from the focal definition, find a Cartesian equation for the parabola whose
focus is the origin and whose directrix is the line 2x 4 y = 10.

13.25 Miscellaneous exercises on conic sections

1. Show that the area of the region bounded by the ellipse xa® - y*/b* = 1 is ab times the
area of a circle of radius 1.

Note: This statement can be proved from general properties of the integral, without
performing any integrations.

2. {a) Show that the volume of the solid of revolution generated by rotating the ellipse
x*a® + y?fb* = 1 about its major axis is ab® times the volume of a unit sphere.

Note: This statement can be proved from general properties of the integral, without
performing any integrations.

(b) What is the result if the ellipse is rotated about its minor axis?
3. Find all positive numbers 4-and B, A > B, such that the area of the region enclosed by the
ellipse Ax® + By* = 3 is equal to the area of the region enclosed by the ellipse

(A4 +Bx2+(4—Byr=3.

4. A parabolic arch has a base of length b and altitude # Determine the area of the region
bounded by the arch and the base.

5. The region bounded by the parabola y* = 8x and the line x = 2 is rotated about the x-axis.
Find the volume of the solid of revelution so generated.

6. Two parabolas having the equations y* = 2(x — 1)and y* = 4(x — 2)enclosea planeregion R.
(a) Compute the area of R by integration.
(5) Find the volume of the solid of revolution generated by revolving R about the x-axis.
(c) Same as (b}, but revolve R about the y-axis.

7. Find a Cartesian equation for the conic sectien consisting of ail points (x, y) whose distance
from the point (0, 2) is half the distance from the line y = 8.

8. Find a Cartesian equation for the parabola whose focus is at the origin and whose directrix
isthelinex +y +1 =0.

9. Find a Cartesian equation for a hyperbola passing through the origin, given that its asymptotes
are thelines y =2x + land y = —2x + 3.

10. (a) For each p > 0, the equation px® -+ (p + 2)y* = p* + 2p represents an ellipse. Find
(in terms of p) the eccentricity and the coordinates of the foci.

(b) Find a Cartesian equation for the hyperbola which has the same foci as the ellipse of
part (a) and which has eccentricity V3.

11. In Section 13.22 we proved that a conic symmetric about the origin satisfies the equation
| X — F|| == |eX N — al, where ¢ = ed + eF - ¥, Use this relation to prove that | X — F[ +
|X + F|| = 2a if the conic is an ellipse. In other words, the sum of the distances from any
point on an ellipse to its foci is constant.
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i2,

13.

{a.
17.

20,

21.

22,

Refer to Exercise 11. Prove that on each branch of a hyperbola the difference [X — F|f —
IX -+ F|| is constant.

{a) Prove that a similarity transformation (zeplacing x by rx and y by #)) carries an ellipse
with center at the origin into another ellipse with the same eccentricity. In other wotds,
similar ellipses have the same eccentricity.

(b) Prove also the converse, That is, if two concentric ellipses have the same eccentricity
and major axes on the same line, then they are related by a similarity transformation.

(c) Prove results corresponding to {(a} and (b) for hyperbolas.

. Use the Cartesian equation which represents all conics of eccentricity e and center at the

origin to prove that these conics are integral curves of the differential equation y* = (e* — Dx/y.

Note: Since this is a homogeneous differential equation (Section 8,23}, the set of all
such conics of eccentricity ¢ is invariant under a similarity transformation. (Compare
with Exercise 13.)

. (&) Prove that the collection of all parabolas is invarfant under a similarity transformation,

That is, a similarity transformation carries a parabola into a parabola.

(b} Find all the parabolas similar to y = &%,

The line x — y + 4 = 0 is tangent to the parabola y* = 16x, Find the point of contact.

(a) Givena # 0. If the two parabolas y? = dp(x — @) and x® = 4gy are tangent to each other,
show that the x-coordinaie of the point of contact is determined by « alone.

(b} Find a condition on a, p, and ¢ which expresses the fact that the two parabolas are tangeat
to each other.

. Consider the locus of the points £ in the plane for which the distance of F from the point

(2, 3) is equal to the sum of the distances of P from the two coordinate axes,

(a) Show that the part of this locus which lies in the first quadrant is part of a hyperbola.
Locate the asymptotes and malke a sketch.

{b) Sketch the graph of the locus in the other quadrants.

. Two parabolas have the same point as focus and the same line as axis, but their vertices lie

on opposite sides of the focus. Prove that the parabolas intersect orthogonally (ie., their
tangent lines are perpendicular at the points of intersection).
{a) Prove that the Cartesian equation

represents all conics symmetric about the origin with foci at (¢, 0) and (¢, 0).
(b) Keep ¢ fixed and let S denote the set of all such conics obtained as a® varies over all positive
numbers %% Prove that every curve in 5 satisfies the differential equation

¥ 2 2 2a‘_y =0
Xy o + (x? —y —c)dx——xym .

(c) Prove that S is self-orthogonal; that is, the set of all orthogonal trajectories of curves in
S is § itself. [Hinr: Replace y* by —1/y’ in the differential equation in (b).] . '

Show that the locus of the centers of a family of circles, all of which pass through a given
paint and are tangent to a given line, is a parabola.

Show that the locus of the centers of a family of circles, ail of which are fangent (externally)
to a given circle and also to a given straight line, is a parabola. (Exercise 21 can be considered
to be a special case.)
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23.

24,

(a) A chord of lenpth 8 |¢| is drawn perpendicular to the axis of the parabola y* = dcx. Let
P and @ be the points where the chord meets the parabola, Show that the vector from O to P
is perpendicular to that from O to Q.

{b) The chord of a parabela drawn through the focus and parallel to the directrix is called
the latus rectum. Show first that the length of the latus rectum is twice the distance from the
focus to the directrix, and then show that the tangents to the parabola at both ends of the
latus rectum intersect the axis of the parabola on the directrix.

Two points P and @ are said to be symmetric with respect to a circle if P and ( are coliinear
with the center, if the center is not between them, and if the product of their distances from the
center is equal to the square of the radius. Given that @ describes .the straight line
x +2y -5 =0, find the locus of the point P symmetric to Q with respect to the circle
x4y =4,




