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1.7 Exercises

The properties of area in this set of exercises are to be deduced from the axioms for area stated
in the foregoing section. ]

I. Prove that each of the following sets is measurable and has zero area: (a) A set consisting of a
single point. (b} A set consisting of a finite number of points in a plane. (c) The union of a
finite collection of line segments in a plane.

2. Bvery right triangular region is measurable because it canr be obtained as the intersection of
two rectangles. Prove that every triangular region is measurable and that its area is one half
the product of its base and altitude.

3, Prove that every trapezoid and every parallelogram is measurable and derive the usual formulas
for their areas,

4, A point (x, y) in the plane is called a Jattice point if both coordinates x and y are integers. Let
P be a polygon whose vertices are lattice points. The area of P is I + £B — 1, where I denotes
the number of lattice points inside the polygon and B denotes the number on the boundary.

{a) Prove that the formula is valid for rectangles with sides paraliel to the coordinate axes,
(b) Prove that the formula is valid for right triangles and paralielograms.
(¢) Use induction on the number of edges to construct a proof for general polygons,

5. Prove that a triangle whose vertices are lattice points cannot be equilateral.

[Hine:  Assume there is such a triangle and compute its area in two ways, using
Exercises 2 and 4.]

6. Let 4 ={1,2, 3, 4,5}, and let .# denote the class of all subsets of 4. (There are 32 altogether,
counting A itself and the empty set @.) For each set § in .#, let #(S) denote the number of
distinct elements in 8, If § = {1, 2, 3, 4} and T = {3, 4, 5}, compute a(§ v T}, n(8. " T),
n(S — 77, and (T — S). Prove that the set function n satisfies the first three axioms for area.

1.8 Intervals and ordinafe seis

In the theory of integration we are concerned primarily with real functions whose domains
are intervals on the x-axis. Sometimes it is important to distinguish between intervals
which include their endpoints and those which do not. This distinction is made by introducing
the following definitions.
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Figure 1.16 Examples of intervals.

If ¢ < b, we denote by [a, b] the set of all x satisfying the inequalities a < x < b and
refer to this set as the closed interval from a to . The corresponding open interval, writien

(a, B), is the set of all x satisfying a < x < b, The closed interval {a, 8] includes the end- -

points @ and b, whereas the open interval does not. (See Figure 1.16.) The open interval
(a, b) is also called the interior of [a, ]. Half-open intervals (g, &] and [a, &), which include
just one endpoint are defined by the inequalities a < x < & and a < x < b, respectively.
Let f be a nonnegative function whose domain is a closed inte-val [a, b]. The portion
of the plane between the graph of f and the x-axis is called the ordinate set of f. More
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precisely, the ordinate set of fis the collection of all points (x, y} satisfying the inequalities
a<x<b, 0Ly fx).

In each of the examples shown in Figure 1.17 the shaded portion represents the ordinate
set of the corresponding function.

Ordinate sets are the geometric objects whose areas we want to compute by means of the
integral calculus. We shall define the concept of integral first for step functions and then
use the integral of a step function to formulate the definition of integral for more general

a b a b

Ficure 1.17 Exampies of ordinate sets.

functions. Integration theory for step functions is extremely simple and leads in a natural
way to the corresponding theory for more general functions. To start this program, it is
necessary to have an anaiytic definition of a step function. This may be given most simply
in terms of the concept of a partition, to which we turn now.

1.9 Partitions and step functions

Suppose we decompose & given closed interval [g, 5] into n subintervals by inserting
n -~ 1 points of subdivision, say x;, %3, ..., X,_1 , subject only to the restriction

{1.2) AL Xy L x, < b,

It is convenient to denote the point « itself by x, and the poiat & by x,,. A collection of
points satisfying (1,2} is called a partition P of [a, b), and we use the symbol

P={xy,x1,..., X0}
to designate this partition, The partition P determines » clased subintervals
o, 2] [x1, %] oo, [Hna, Xl
A typical closed subinterval is [x,_y , x.], and it is referred to as the kth closed subinterval

of P; an example is shown in Figure 1.18. The corresponding open interval (x,_, , x,) is
called the kth open subinterval of P.

Now we are ready to formulate an analytic definition of a step function,
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/kt,h subinterval [x, _;, x;]

4 = Xq X Xy vc- X 1 Xy - X1 Xn= b

Figure 1.18  An example of a partition of {a, b].

DEFINITION OF A STEP FUNCTION. A function s, whose domain is a closed interval [a, b},
is called a step function if there is a partition P = {xy, %; , ..., X} of [a, b] suck that s is
constant on each open subinterval of P. That is to say, for each k =1,2,...,n, there is
¢ real number 5, such that

s(x) = 5, if @ xa<x<x,.

Step functions are sometimes called piecewise constant fumctions.

Note: At each of the endpoints x,_; and x, the function must have some weil-defined
value, but this need not be the same as s .

ExaMpPLE. A familiar exampie of a step function is the “postage function,” whose graph
is shown in Figure 1.19. Assume that the charge for first-class mail for parcels weighing
up to 20 pounds is 5 cents for every ounce or fraction thereof. The graph shows the number
of 5-cent stamps required for mail weighing up to 4 ounces. In this case the line segments
on the graph are half-open intervals containing their right endpoints. The domain:of the
function is the interval [0, 320].

From a given partition P of [4, b}, we can always form a new partition P’ by adjoining
more subdivision points to those already in P. Such a partition P’ is called a refinement
of P and is said to be finer than P. For example, F = {0, 1, 2, 3, 4} is 2 partition of the

interval [0, 4). If we adjoint the points 3/4, \/5, and 72, we obtain a new partition P’ of

44+ — PO 1 2 3 4
3t —
21 ————p
| ——
e ———1 PO 31 V2 2 37 4
0 B 2 3 4 4 7
FiguRE 1,19 The postage function. Froure 1.20 A partition P of [0, 4]and a

refinement /.
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[0, 4], namely, P’ = {0, 3/4, 1, 42,2, 3, 742, 4}, which is a refinement of P. (See Figure
1.20.) If a step function is constant on the open subintervals of P, then it is also constant
on the open subintervals of every refinement P,

1.10 Sum and product of step functions

New step functions may be formed from given step functions by adding corresponding
function values. For example, suppose s and ¢ are step functions, both defined on the
same interval [a, b]. Let P, and P, be partitions of [a, b] such that s {s constant on the open
subintervals of P, and ¢ is constant on the open subintervals of P, . Let u = 5 + ¢ be the
function defined by the eguation

u(x) = s(x) + #H{x) if a<g<x<b.
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Figure 1.21 The sum of two step functiens.

To show that u is actually a step function, we must exhibit a partition P such that « is
constant on the open subintervals of £, For the new partition P, we take all the points of
P, along with all the points of P,. This partition, the union of P, and P, , is cailed the
coruman refinement of Py and P, . Since both s and r are constant on the open subintervals
of the common refinement, the same is true of . An example is illusirated in Figure 1.21.
The partition P, is {a, x;, b}, the partition P, is {a, x;, &}, and the common refinement is
{a, x;, xy, b} .

Similarly, the product v = 51 of two step functions is another step function. An
important speciai case occurs when one of the factors, say ¢, is constant throughout [a, §].
if 1{x) = ¢ for each x in [g, 8], then each function value #(x) is obtained by multiplying the
siep function s(x) by the constant e.

1.11 Exercises

In this set of exercises, [x] denotes the greatest integer < x.

1, Let f(x} = {x] and let g(x} = [2x] for all real x. In each case, draw the graph of the function
A defined over the interval [-~1, 2] by the formula given.
@ hx) =f(x) +g(). (0 Ax) = fx)g(x).
() M) = f(x) +g(xf2). (D) hlx) = §f(2x)g(x/2).

2. In each case, fis a function defined over the interval {—2, 2] by the formula given. Draw the
graph of £, If fis a step function, find a partition P of [—2, 2] such that f/'is constant on the
open subintervals of P.
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(@) f(x}) = x + [xI. (d) flx) = 2[x].

O F0) =%~ (&) &) =[x + 3L

©) f&x) =[—x} () f&) =[x+ [x + 4.
. In each case, sketch the graph of the function f defined by the formula given.

(a) f) = [Vx]  for 0 <x <10 © f) =Tz for 0g£x<10.

(b) f(x) = [x% for 0 <x <3, () f(x) = [x]? for 0gxg3.
4, Prove that the greatest-integer function has the properties indicated.

{a) [x + n] = [x] + n for every integer .

2

. —[x] if xis an integer,
L= ) — 1 otherwise.

© x+3 =[x+ o [xI+[]+1
(d} [2x] = [x] + [x + 31

{e) [Bx] = [x] +[x + 41 + [x + 31

Optional exercises.

5. The formulas in Exercises 4(d) and 4{(e) suggest a generalization for [nx]. State and prove
such a generalization.

6. Recall that a lattice point (x, y) in the plane is one whose coordinates are integers. Let fbea
nonnegative function whose domain is the interval [a, b}, where a and b are integers, a < 5.
Let S denote the set of points (x, y) satisfyinga < x < 6,0 <y < f{x). Prove that the number
of lattice points in 5 is equal to the sum

]

{f(ml.
n=q
7. If @ and b are positive integers with no common factor, we have the formula
S nal _(a =1~ 1)
b 2 ‘
n=1

When # = 1, the sum on the left is understood to be 0.
(a) Derive this result by a geometric argument, counting lattice points in a right triangle.
{h) Derive the result analytically as follows: By changing the index of summation, note that
3 [majb] = T4} [a(b — n)jb]. Now apply Exercises 4(a) and (b) to the bracket on the
right.
8. Let S be a set of points on the real line. The characteristic function of §' is, by definition, the
function yg such that xg(x) = 1 for every x in §, and yg(x) = 0 for those x not in 5. Let £ be
- astep function which takes the constant value ¢, on the kth open subinterval J; of some partition
of an interval [4, #]. Prove that for each x in the union I; W I, v+ W [, we have

£ = 3 e (0.
k=1

This property is described by saying that every step function is a linear combination of char-
acteristic functions of intervals,

1.12 The definition of the integral for step functions

In this section we introduce the integral for step functions. The definition is constructed
so that the integral of a nonnegative step function is equal to the area of its ordinate set.
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Let s be a step function defined on {4, b, and let P = {x;, x; , . . ., X} be a partition of
la, b] such that s is constant on the open subintervals of P. Denote by s, the constant value
that s takes in the kth open subinterval, so that

s(x) = g, if Xyt <X < Xy k=1,2,...,n.

DEFINITION OF THE INTEGRAL OF STEP FUNCTIONS. The infegral of 5 from a to b, denoted
by the symbol [" s(x) dx, is defined by the following formula:

(1.3) [7s0x) ax =§1 Sp° (g = Xpr)

That is to say, to compute the integral, we multiply each constant value s, by the length of
the kth subinterval, and then we add together all these products.

Note that the values of 5 at the subdivision points are immaterial since they do not appear
on the right-hand side of (1.3). In particular, if s is constant on the open interval {a, b}, say
s(x) = cif @ < x < b, then we have

P sty dx = e300 — xen) = b — @),
s}

regardiess of the values s(g) and s(b). If ¢ > 0and if s(x) = ¢ for all x in the closed interval
ia, ], the crdinate set of 5 is a rectangle of base b — # and altitude ¢; the integral of 5 is
¢(b — a), the area of this rectangle. Changing the value of 5 at one or both endpoints @ ot b
changes the ordinate set but does not alter the integral of 5 or the area of its ordinate set.
For example, the two ordinate sets shown in Figure 1.22 have equal areas.

¥

ol

Figure 1.23 The ordinate set of a
step function,

Froure 1.22  Changes in function values at two
points do not alter area of ordinate set,

The ordinate set of any nonnegative step function s consists of a finite mumber of rect-
angles, one for each interval of constancy; the ordinate set may also contain or lack certain
vertical line segments, depending on how s is defined at the subdivision points. The integral
of 5is equal to the sum of the areas of the individual rectangles, regardless of the values s
takes at the subdivision points. This is consistent with the fact that the vertical segments
have zero area and make no contribution to the area of the ordinate set. In Figure 1.23,
the step function s takes the constant values 2, 1, and § in the open intervals (1, 2), (2, 5},
and (5, 6), tespectively. Its integral is equal to

LES(x)dx=21(2-1)+1‘(5—2)+g-(6—5)=%,
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It should be noted that the formula for the integral in (1.3} is independent of the choice of
the partition P as long as s is constant on the open subintervals of P. For example, suppose
we change from P to a finer partition P by inserting exactly one new subdivision point #,
where x, < t < x;. Then the first term on the right of (1.3) is replaced by the two terms
5+ (0 — xpyand 5, - {x; — 1), and the rest of the terms are unchanged. Since

st = x5 — =8 {3 — X)),

the value of the entire sum is unchanged. We can proceed from P to any finer partition P’
by inserting the new subdivision points one at a time. At each stage, the sum in (1.3)
remains unchanged, so the integral is the same for ali refinements of P.

1.13 Properties of the integral of a step function

In this section we describe a number of fundamental properties satisfied by the integral
of a step function. Most of these properties seem obvious when they are interpreted
geometrically, and some of them may even seem trivial. All thiese properties carry over
to integrals of more general functions, and it will be a simple matter to prove them in the
general case once we have established them for step fonctions. The properties are listed
belaw as theorems, and in each case & geometric interpretation for nonnegative step functions
is given in terms of areas. Analytic proofs of the theorems are eutlined in Section 1.15.

a b

Ficure 1.24 Tllustrating the additive property of the integral.

The first property states that the integral of a sum of two step functions is equal to the
sum of the integrals. This is known as the additive property and it is illustrated in Figure
1.24.

THHOREM 1.2. ADDITIVE PROPERTY.

f: [5(x) -+ t{x)] dx =f: s(x) dx +f: H(x) dx .

The next property, iflustrated in Figure 1.25, is called the homogeneous property. It
states that if all the function values are multiplied by a constant ¢, then the integral is also
multiplied by c.

THEOREM 1.3. HOMOGENEOUS PROPERTY. For every real number ¢, we have

[Perstydx=c [ sx)dx.
3 @

These two theorems can be combined into one formula known as the linearity property.
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a b a b

Frure 1.25  Tllustrating the homogeneous property of the integral (with ¢ = 2).
THEOREM 1.4. LINEARITY PROPERTY. For every real c; and ¢y, we have

j; [e15(x) + cot(x}] dx = 3 j: s(x) dx -+ ¢y J: i(x} dx .

Next, we have a comparison theorem which tells us that if one step function has larger
values than another throughout [a, &), its integral over this interval is also larger.

THEOREM 1.5. COMPARISON THEOREM. If s{x} < I(x) for every x in [a, b], then

J.: s(x) dx < Lb t(x) dx .

. Interpreted geometrically, this theorem refiects the monotone property of area. If the

ordinate set of a nonnegative step function lies inside another, the area of the smaller region
is less than that of the larger,

The foregoing properties all refer to step functions defined on a commeon interval. The
integral has further important properties that relate integrals over different intervals.
Among these we have the following.

THEGREM 1.6. ADDITIVITY WITH RESPECT TO THE INTERVAL OF INTEGRATION,
[ b [ .
['sde+ ["san=["sydx  if a<e<b.
a [ a

This theorem reflects the additive property of area, illustrated in Figure 1.26. If an ordinate
set is decomposed into two ordinate sets, the sum of the areas of the two parts is equal to
the area of the whole.

The next theorem may be described as invariance under franslation. If the ordinate set
of a step function s is “shifted” by an amount ¢, the resulting ordinate set is that of another
step function £ related to 5 by the equation #(x) = s(x — ¢). If 5 is defined on [¢, &1, then
1 is defined on [¢ + ¢, b -+ c], and their ordinate sets, being congruent, have equal areas.
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3 )

a ¢ b a b a+c b+c

Fioure 1.26  Additivity with respect
to the interval of integration,

Figure 1.27 Illusirating invariance of the
integral under translation: #(x} = s(x — ¢).

This property is expressed analytically as follows:
THEOREM 1.7. INVARIANCE UNDER TRANSLATION,
fb s(x) dx = ch s(x ~—c)dx  foreveryrealc.
[ atc

Its geometric meaning is illustrated in Figure 1,27 for ¢ > 0. When ¢ < 0, the ordinate
set is shifted to the left.

The homogeneous property (Theorem 1.3) explains what happens to an integral under a
change of scale on the y-axis. The following theorem deals with a change of scale on the
x-axis. If 5 is a step function defined on an interval [a, b] and if we distort the scale in the
horizontal direction by multiplying ail x-coordinates by a facior k > 0, then the new graph

is that of another step function ¢ defined on the interval [ka, kb] and related to s by the

equation

x(x)..—.s(’—;) i ka<x<kb.

An example with k& = 2 is shown in Figure 1.28 and it suggests that the distorted figure has
an area twice that of the original figure. More generally, distortion by a positive factor k

a X, b 2a 2x, 26

Fioure 1,28 Change of scale on the x-axis: #(x) = s(xf2).

has the effect of multiplying the integral by k. Expressed analytically, this property assumes
the following form: '

THEOREM 1.8. EXPANSION OR CONTRACTION OF THE INTERVAL OF INTEGRATION.

B b
f s(;) dx = kf s(x)dx  foreveryk > 0.

ka

Until now, when we have used the symbol f?, it has been understocd that the lower limit
@ was Jess than the upper limit 5. It is convenient to extend our ideas somewhat and consider
integrals with a lower limit larger than the upper limit. This is done by defining

(L.4) jb SO0 dx = — f” sx)dx  if a<h.
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We also define
[*stxydx =0,

a definition that is suggested by putting @ = b in (1.4). These conventions allow us to con-
clude that Theorem 1.6 is valid not only when ¢ is between ¢ and b but for any arrangement
of the points a, b, c. Theorem 1.6 is sometimes written in the form

J:: s(x) dx + f: s(x) dx + f: s(x)dx =0,

Similarly, we can extend the range of validity of Theorem 1.8 and allow the constant k to
be negative. In particular, when k = —1, Theorem 1.8 and Equation (1.4) give us

j” s(x) dx = j_‘: s(~x) dx .

5 t(x) =s(—x)

- +
a b

Ficure 1.29 illustrating the reflection property of the integral,

We shall refer to this as the reflection property of the integral, since the graph of the funciion
t given by 1(x) = s(—x) is obtained from that of s by reflection through the y-axis, An
example is shown in Figure 1.29.

1.314 Other notations for integrals

The letter x that appears in the symbol {? 5(x) dx plays no essential role in the definition
of the integrai, Any other letter would serve equally well, The letters f, u, v, z are frequently
used for this purpose, and it is agreed that instead of [ s(x) dx we may write [° s(2) d,
J? 5(u} du, etc., all these being considered as alternative notations for the same thing. The
symbols x, 7, u, etc. that are used in this way are called “dummy variables.” They are
analogous to dummy indices used in the summation notation.

There is a tendency among some authors of calculus textbooks to omit the dummy
variable and the d-symbol altogether and to write simply [®s for the integral. One good
reason for using this abbreviated symboal is that it suggests more strongly that the integral
depends only on the function 5 and on the interval {a, b]. Also, certain formulas appear
simpler in this notation. For example, the additive property becomes {2 {s + ) = [25 +
Jt¢. On the other hand, it becomes awkward to write formulas like Theorems 1.7 and
1.8 in the abbreviated notation, More important than this, we shall find later that the
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original Leibniz notation has certain practical advantages. The symbel dx, which appears
to be rather superfluous at this stage, turns out to be an extremely useful computational
device in connection with many routine calculations with integrals.

1.15 Exercises

1. Compute the value of each of the following integrals. You may use the theorems of Section

10,

1.

1.13 whenever it is convenient to do so. The notation {x] denotes the greatest integer < x.
8 3

(@ L [x] dx. (d) L; 20x] dx.
a3 1 3

) Ll [x + 1] dx. (€} f_l [2x] dx.

© [° @+ +4)de O [ [-2ldx.

. Give an example of a step function 5, defined on the closed interyal [0, 5], which has the

following properties: {3 s(x) dx = 5, 7 s(x) dx = 2.

, Show that j'; [x]dx + J'Z [—x]dx =a —&.
. (a) I nis & positive integer, prave that [ {#] dt = n(n — 1)/2.

(b) If fix) = ja’” [£] dr for x > 0, draw the graph of fover the interval {0, 4],

. (a) Prove that §¥ [#1dr =5 — /2 — /3.

{(h) Compute §*, ["]dr.

. () If nis a positive integer, prove that | [¢]? dt = n(n — 1)(Zrn — 1)/6.

(b) ¥ flx) = _Fﬁ [P dt for x = 0, draw the graph of f cver the interval [0, 3].
(c) Find all x > 0 for which % [r]? dt = 2(x ~ 1).

. (a) Compute j: [\/E] dr.

(b} If 7 is a positive integer, prove that {J" [Vl df = n(n — D4n + 1)/6.

. Show that the translation property (Theorem 1.7) may be expressed in the equivalent form

ﬂ’:ﬂ“ flx)dx = f: flx +)dx.

. Show that the following property is equivalent to Theorem 1.8:

* flydx = kJ"’ Flhx) dx .

Given a positive integer p. A step function s is defined on the interval [0, p} as follows:
s06} = (—=1)"n if x lies in the intervaln < x <n + 1, wheren =0,1,2,....p — 1;5(p) = 0.
Let f(p) = j'f]’ s(x} dx.

(a) Calculate (3, f{4), and F(f(3)).

{b) For what value (or values) of p is |f(p)| = 77

If, instead of defining integrals of step functions by using formula (1.3), we used the definition

7

[ICSEED T LIS

Fr==]

a new and different theory of integration would resuit, Which of the foliowing properties would

Exercises 7

i2.

remain valid in this new theory?

(a)f:s_'_f:s:_l-:s‘ (C)ch-s:cfjs.
[ cen=[s+]n @ [* sty dr = [" st 4 )

(&) 1f s(x) < #x) for each x in [a, b], then { V< f v r.
PUN a

Solve Exercise 11 if we use the definition
b n
[ s(xydx = 5 (23— xk ).
Ja E=1

Analytic proofs of the properties of the integral given in Section 1.13 are requested in d
following exercises. The proofs of Theorems 1.3 and 1.8 are worked out here as sampl
Hints are given for the others.

Proof of Theorem 1.3: jz c-s(x)dx =¢ _f"i s(x) dx for every real c.

Let P = {xp, %;, - - - , X} be apartition of [a, b] such that 5 is constant on the open subinterv:
of P. Assume s(x) =5, if xpy <x <xp(k =1,2,...,0). Then ¢ s(x) = ¢ 5 if x4
x < X, and hence by the definition of an integral we have

2,

k=L

J:c - 5(x) dx =

2 ki3 )
s — X ) =y s (g ) =c ( s(x) dx .
= i Ja

Proof of Theorem 1.8:
if k>0.

kb x] - b
La S(E, dx = k.LS(X) dx

Let P = {x;,%,...,%,} bea partition of the interval [a, 5] such that s is constant on

open subintervals of P. Assume that s(x) = s, if x, ; <x <x,. Let t(x) = s(x/k) if ka
x < kb. Then t(x) = s if x Yies in the open interval {(kx,_ , kx}; hence P = {fexg s kxy s o
kx,} is a partition of [ka, kb] and ¢ is constant on the open subintervals of P. Therefore

a step function whose integral is

[¥ 46 dv = Yo G, — k) =k D, G —xep) = k[ s ax.
i=1 dn

ka il

13. Prove Theorem 1.2 (the additive property).

[Hint: Use the additive property for sums: »4_.(a, + &) = 25 a, + 27 1 by ]

14. Prove Theorem 1.4 (the linearity property).

[Hint: Use the additive property and the homogeneous property.]

15. Prove Theorem 1.5 (the coniparison theorem).

[Hint: Use the corresponding property for sums: 3%, a, < e by if @, < By, for
k=12 ...,,n]
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16. Prove Theorem 1.6 (additivity with respect to the interval),

[Hint: If P, is a partition of [a, ] and Py a partiton of [¢, &), then the points of P, along
with those of P, form a partition of [a, 6].]
17. Prove Theorem 1.7 (invariance under translation).

[Hint: MP ={x;,%,...,%,)Isapartition of [, B), then P = {x;, + ¢, 21 +¢,...,
X, -+ ¢} is a partition of [@ + ¢, b + €]}

1.16 The integral of more general fumctions
The integral [ s(x} dx has been defined when 5 is a step function. In this section we shall
formulate a definition of [%f(x) dx that wiill apply to more general functions f. The

definition will be constructed so that the resulting integral has all the properties listed in
Section 1.13.

o h approximation from above

P

o 5, approximation from below

Freure 1.30 Approximating a function f from above and below by step functions.

The approach will be patterned somewhat after the method of Archimedes, which was
explained above in Section 11.3. The idea is simply this: We begin by approximating the
function f from below and from above by step functions, as suggested in Figure 1.30.
That is, we choose an arbitrary step function, say s, whose graph lies below that of £ and a
arbifrary step function, say # whose graph lies above that of f. Next, we consider the
collection of ail the numbers [* 5{x) dx and [* #(x) dx obtained by choosing s and ¢ in all
possible ways. In generai, we have

L” 50 dx < f" #x) dx

because of the comparison theorem. If the integral of fis to obey the comparison theorem,
then it must be a number which falls between (2 s(x) dx and [? ¢(x) dx for every pair of
approximating functions s and t. If there is only one number which has this property
we define the integral of fto be this number.

There is only one thing that can cause trouble in this procedure, and it occurs in the very
first step. Unfortunately, it is not possible to approximate every function from above
and from below by step functions. For example, the function f given by the equations

fm=1 i xx0, O =0,
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is defined for all real x, but on any interval [a, b] containing the origin we cannot surround
£ by step functions. This is due to the fact that fhas arbitrarily large values near the origin
or, as we say, fis unbounded in every neighborhood of the origin (see Figure 1.31). There-
fore, we shall first restrict ourselves to those functions that are bounded on [g, b), that is, to
those functions f for which there exists 2 number A > 0 such that

(L.5) —MLfH) <M

for every x in [a, b]. Geometrically, the graph of such a function lics between the graphs
of two constant step functions s and ¢ having the values — M and + .M, respectively. (See

— Mo e s(x) = ~M

Figure 1,31  An unbounded function. Frgure 1.32 A bounded function.

Figure 1.32.} In a case liké this, we say that fis bounded by M. The two inequalities in
(1.5) can also be written as,

| fO.L M.

With this point taken care of, we can proceed to carry out the plan described above and
to formulate the definition of the integral,

DEFINITION OF THE INTEGRAL OF A BOUNDED FUNCTION. Let f be a function defined anc

- bounded on [a, b]. Let s and t denote arbitrary step functions defined on [a, b] such that

(1.6) . s(x) < f(x) < #(x)
for every x in [a, b]. If there is one and only one number T such that
(L7} f: sx) dx < 1 < [" 1(x) dx

Jor every pair of step functions 5 and ¢ satisfying (L.6), then this number I is called the
integral of f from a to b, and is denoted by the symbol [% f{x) dx or by [Lf. When sucl
an T exists, the function f is said to be integrable on [a, b].
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If a < b, we define [¢f(x) dx = — 2 f(x) dx, provided f is integrable on [a, ]. We
also define {2 f(x)dx = 0. If f'is integrable on [a, b, we say that the integral J° f(x) dx
exists. 'The function fis called the integrand, the numbers « and b are called the fimits of
integration, and the interval [a, &) the interval of integration.

1.17 Upper and lower integrals

Assume fis bounded on [g, b]. If 5 and ¢ are step functions satisfying (1.6), we say s is
below f, and ¢ is above f, and we write s < f < 1,

Let 5 denote the set of all numbers % 5(x) ox obtained as s runs through all step functions
below £, and let T be the set of all numbers [° #(x} dx obtained as # runs through all step
functions above f. That is, let

5= [f:s(x)dﬂ sgf], T= U:I(x)dxlfg :].

Both sets § and T"are nonempty since fis bounded. Also, f2s(x) dx < [he(x) dxifs < f<t,
so every number in 5 is less than every number in T, Therefore, by Theorem 1,34, S has
a supremum, and T has an infimum, and they satisfy the inequalities

f: 59 dx < sup § < il T< [ (x) dx

for all s and ¢ satisfying s < £ < 2. This shows that both numbers sup .5 and inf 7" satisty
(1.7). Therefore, f'is integrable on [a, b] if and only if sup § = inf 7, in which case we have

["f(xyds = sup S = inf 7.

The number sup S is called the lower integral of f and is denoted by J/(f}. The number
inf Tis called the upper integral of fand is denoted by Kf). Thus, we have

I(f) = sup [f" s(x) dx| s gf] . kP = ;nfU” (x) dx | f < ;} .
The foregoing arguiment proves the following theorem.

THEOREM 1.9. Every function f which is bounded on [a, b] has a lower integral I(f) and
an ypper integral K f) satisfying the inequalities

[stax <100 < P < [ ) dx

Jor all step functions s and ¢ withs < f < t. T) he function f is integrable on {a, b] if and only
if its upper and lower integrals are equal, in which case we have

[reax=nn =15
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1.18 The area of an ordinate set expressed as an integral

The concept of ares was introduced axiomatically in Section. 1.6 as a set function having
certain properties. From these properties we proved that the area of the ordinate set of a
nonnegative step function is equal to the integral of the function. Now we show that the
same is true for any integrable nonnegative function. We recall that the ordinate sct of a
nonnegative function / over an interval [a, b] is the set of all points (x, y) satisfying the
inequalitiecs 0 L y L fx) a < x £ b

THEOREM 1.10. Let f be a nonnegative function, integrable on an interval [a, b], and el
Q denote the ordinate set of f over [a, b]. Then Q is measurable and its area is equal to the
integral |, f(x) dx.

Proof. Let Sand T be tWo step regions satisfying § € @ € T. Then there are two steg

functions s and # satisfying s < ' < ¢ on [, b], such that
b &
a) = ["stxydx  and  &(T)= [ 4 dx
Since fis integrable on [a, 5], the number 7 = [} f(x) dx is the only number satisfying the
inequalities
b 3
[t ax <1< [P1(x) dx

for all step functions sand ¢ withs < f < ¢. Therefore this is also the only nurber satisfying

a(S) < I < a(T)for all step regions § and Twith § < @ = T. By the exhaustion property.
this proves that (? is measurable and that alQy =1L

Let O denote the ordinate set of Theorem 1.10, and let " denote the set that remains i
we remove from ¢ those points on the graph of f. Thatis, let

Q={xy|egxgb,0<y < )}

The argument used to prove Theorem 1.10 also shows that Q' is measurable and tha
a(Q’) = a(@). Therefore, by the difference property of area, the set Q0 — Q' is measurabl¢
and '

-

a(Q ~ Q) =a(Q) —a(Q)=0.
In other words, we have préved the following theorem.

THEOREM 1.11. Let f be a nonnegative function, integrable on an interval [a, b]. The
the graph of f, that is, the set

) ]a<x<by=sx},
is measurable and has area equalio 0.

1.19 Informal remarks on the theory and technique of imtegration

Two fundamental questions arise at this stage: (1) Which bounded functions are integrable’
(2) Given that a function f is integrable, how do we compute the integral of [?
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The first question comes under the heading *““Theory of Integration™ and the second under
the heading “Technique of Integration.” A complete answer to question (1) lies beyond the
scope of an introductory course and will not be given in this book. Instead, we shall give
partial answers which require only elementary ideas.

First we intreduce an important ciass of functions known as monotonic functions. In
the following section we define these functions and give a number of exampies. Then we
prove that all bounded monotonic functions are integrable. Fortunately, most of the
functions that occur in practice are monoctonic or sums of monotonic functions, so the
results of this miniature theory of integration are quite comprehensive.

The discussion of “Technique of Integration” begins in Section 1.23, where we calculate
the integral f x* dx, when p is a positive integer. Then we develop general properties of the
integral, such as linearity and additivity, and show how these properties help us to extend
our knowledge of integrals of specific functions.

1.20 Monetonic and piecewise monotonic fonctions. Definitions and examples

A function [ is said to be increasing on a set §if f(x) < f(y) for every pair of points x
and y in § with x < y. If the strict inequality f(x) < f(») holds for all x < y in S, the
function is said to be strictly increasing on S. Similarly, f is called decreasing on S if

)\

-]
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4

\

:_/

=Y
o

.
[S3F SEN————

Increasing Strictly increasing Strictly decreasing

FrGure 1,33  Monotonic functions,

JE =) forall x <y in 8. IF f(x) > fp) for all x < p in S, then fis called strictly
decreasing on S. A function is called monotonic on § if it is increasing on § or if it is de-
creasing on S\ The term sirictly monotonic means that fis strictly increasing on § or strictly
decreasing on §. Ordinarily, the set § under consideration is either an open interval or a
closed interval. Examples are shown in Figure 1.33.

Ficure 1.34 A piecewise monotonic function.

Integrability of bounded monotonic functions

A function f is said to be plecewise monotonic on an interval if its graph consists o
finite number of monotonic pieces. That s to say, f is plecewise monotonic on [a, .
there is a partition P of [, b] such that fis monotonic on each of the open subintervals
P. In particular, step functions are piecewise monotonic, as are all the examples shown
Figures 1.33 and 1.34.

EXAMPLE 1. The power functions. If p is a positive integer, we have the inequality

xp<y” if USx‘(J’,

- which is easily proved by mathernatical induction. This shows that the power functior

defined for all real x by the equation f(x) = x7, is strictly increasing on the nonnegat
real axis. Tt is also strictly monotonic on the negative real axis (it is decreasing if p is e
and increasing if p is odd). Therefore, fis piecewise monotonic on every finite interval

EXAMPLE 2. The square-root function. Let f(x) = Vx for x > 0. This function is stric
increasing on the nonnegative real axis, Infact,if 0 < x < y, we have

y—x
j— X =
VY —V/x WY

hcnca,\/;—\/;c>0.

EXaMPiE 3. The graph of the function g defined by the equation

_ig(x)=v:'2--—x2 f —rgxgr

* is a semicircle of radius . This function is strictly increasing on the interval —r < x <

and strictly decreasing on the interval 0 £ x < r. Hence, g is piecewise monotonic
{wer, 7] '

1.21 Integrability of bounded monotenic functions

The importance of monotonic functions in integration theory is due to the follow
theorem,

THECREM 1.12. If fis monotonic on a closed interval [a, b], then f is integrable on [a,

Proof. We shall prove the theorem for increasing functions. The proof for decreas
functions is analogous. Assume f is increasing and let I{f) and X f) denote its Iower
upper integrals, respectively. We shall prove that J(f)} = K f).

Let n be a positive integer and construct two special approximating step functions s,, :
1, as follows: Let P =2 {x4, ¥, ..., X,} be a partition of [, &] intc » equal subintervals,
is, subintervals [x,_;, x,] with x, — x,_; = (b — a)/n for each k. Now define 5,, and ¢,
the formulas

5.(20) = Q1) 1,(x) = f(x) it x <x <x.
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At the subdivision points, define s, and f, so as to preserve the relations s,(x) < f{(x) <
1,(x) throughout [g, 5]. An example is shown in Figure 1.35(a). For this choice of step
functions, we have

fbtn _j bsn =J§If (o0 — 1) —;élf ()t — X5-1)
b—a (b — a}ff(b) — f{a)]

n

= 228 1) — Sl =
B=1

n

where the fast equation is a consequence of the telescoping property of finite sums. This Tast
relation has a simpie geometric interpretation. The difference f5z, — [} 5, is equal to the
sum of the areas of the shaded rectangles in Figure 1.35(a). By sliding these rectangles to
the right so that they rest on a common base as in Figure 1.35(b), we see that they fill out a

“A f(b) — fla)

/,j" . 7 Al o )
St i l

d=Xg X X3

(@) (b} "

Froure 1,35 Proof of integrability of an increasing function.

rectangle of base (b — a)fn and altitude f(b) — f(a); the sum of the areas is therefore
Cin, where C = (b — a)[f(&) — fla)l-

Now we rewrite the foregoing relation in the form

[ b e}
f tn _j Sp = -
a @ H

The lower and upper integrals of f satisfy the inequalities

Pa<rn<[.

(1.8)

and

[sncrn<[s

Multiplying the first set of inequalities by {—1) and adding the result to the second set, we
obtain

n—-In< ="
Using (1.8) and the relation J(f) < Kf), we obtain

osﬂﬁ-ﬂﬁsf
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for every integer # > 1. Therefore, by Theorem L31, we must have I(f) = If). This
proves that fis integrable on [a, b].

1.22 Calculation of the integral of a bounded monotonic fimction

The proof of Theorem 1.12 not only shows that the integral of a bounded increasing
function exists, but it also suggests a method for computing the value of the integral. This
is described by the following theorem.

CTHEOREM 1.13.  Assume fis increasing on a closed interval [a, b]. Let x, = a 4 k(b ~ a)fn
Sfork =0,1,...,n IfIis any number which satisfies the inequalities

b=a S iy <1< P03 fe
fe=1

n n
k=0

(1.9)

for every integer n > 1, then I = JE f(x) dx.

Proof. Let s, and ¢, be the special approximating step functions obtained by subdivision
. of the interval [z, b) into # equal parts, as described in the proof of Theorem 1.12. Then,
- inequalities (1.9) state that

[ssrg] e

- for every n > 1. But the integral [° f(x) dx satisfies the same inequalities as J. Using
: Equation (1.8) we see that

osﬁ—rﬁﬁﬁ gf

“for every integer n > 1. Therefore, by Theorem 1.31, we have f = [} f(x) dx, as asserted.
An analogous argument gives a proof of the corresponding theorem for decreasing
functions.

' THEOREM 1.14. Assume f is decreasing on [a, b]. Let x, = a + k(b — a)fn for I =
1,...,n. IfIis any mumber which satisfies the inequalities

ba S oy <1282 S 1

n n
k=1

3

or every integer n > 1, then I'=[% f(x}dx.

1.23 Calculation of the integral [% x? dx when p is a positive integer

" To illustrate the use of Theorem 1.13 we shall calculate the integral ff x? dx where
b > 0 and p is any positive integer. The integral exists because the integrand is bounded
:_md increasing on [0, b]. ‘
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THEOREM 1.15. If p is a positive integer and b > 0, we have

b a1
fx”dx= b .
0

p+1i
Proof. We begin with the inequalities
1 nI,.|.1 1)
D<= <>
r=1 Pt 1 =1

valid for every integer n > 1 and every integer p > 1. These inequalities may be easily
praved by mathematical induction. (A proof is outlined in Exercise 13 of Section I 4.10.)
" Multiplication of these inequalities by 5%+ /a?+! gives us

L P
niiin p+1 =n n

n
=1

If we let f(x) = x® and x, == kbjn, for k = 0, 1, 2, . . ., n, these inequalities become

n

pet B+l b
= D flw) <~ <2 D fx)
nes rp+1 n 4

Fo==.

Therefore, the inequalities (1.9) of Theorem 1.13 are satisfied with f{x) = x?, @ = 0, and
I'=b™Y(p + 1). Itfollows that [} x? dx = b¥/(p + 1). ‘

1.24 The basic properties of the integral

From the definition of the integral, it is possible to deduce the following properties.
Proofs are given in Section 1.27.

THEOREM 1.16. LINEARITY WITH RESPECT TO THE INTEGRAND. If both f and g are in-
tegrable on la, b], so0 is o1 f + cug for every pair of constants ¢y and ¢y . Furthermore, we have

[ o) + csg) dx = e [ Fy dx + g || g() v

Note: By use of mathematical induction, the linearity property can be generalized as
follows: ¥ fi,. .., [, ate integrable on [4, #], then so is ¢ fy + - -+ -+ cufy, for all real
€1y---5Cp,and

[Senooar=3e [ oo dx.

k

THEOREM 1.17. ADDITIVITY WITH RESPECT TO THE INTERVAL OF INTEGRATION. If two
of the following three integrals exist, the third also exists, and we have

[0 de 4 [ reo ax = [P s dx.
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Note; 1In particular, if fis monotonic on [a, #] and also on [, c], then both integrals
j"’; fand jg [Fexist, s0 _]': falso exists and is equal to the sum of the other two integrals.

THEOREM 1.18. INVARIANCE UNDER TRANSLATION. If [ is integrable on [a, b}, then for
every real ¢ we have

f:f(x) dx = J::;f(x - ¢)dx .

THEOREM 1.19. EXPANSION OR CONTRACTION OF THE INTERVAL OF INTEGRATION. If f i
integrable on [a, B), then for every real k 5 O we have .

ey [loE) o

Note: In both Theorems 1.18 and 1.19, the existence of one of the integrals implies th
existence of the other. When & = —1, Theorem 1.19 is called the reflection property.

THEOREM 1.20. COMPARISON THEOREM. If both f and g are integrable on [a, b] and i
2(x) < f(x) for every x in [a, b], then we have

[ s ax < [ 169 ax.

An important special case of Theorem 1.20 occurs when g{x) = 0 for every x. In thi
case, the theorem states that if f(x) > 0 everywhere on [, b}, then |, f(x)dx> 0. L
other words, a nonnegative function has a nonnegative integeal. It can also be show:
that if we have the strict inequality g(x) < f(x) for all x in [, b], then the same stric
inequality holds for the integrals, but the proof is not easy to give at this stage.

In Chapter 5 we shall discuss various methods for calculating the value of an integre
without the necessity of using the definition in each case. These methods, however, ar
applicable to only a relatively small number of functions, and for most integrable function
the actual numerical value of the integral can only be estimated. This is usually done b
approximating the integrand above and below by step functions or by other simple function
whose integrals can be evaluated exactly. Then the comparison theorem is used to obtai
corresponding approximations for the integral of the function in question. This idea wi
be explored more fully in Chapter 7.

1.25 Integration of polynomials

In Section 1.23 we established the integration formula

] bm7+1
(1.10) j xF dx =
0

for b > 0 and p any positive integer, The formula is also valid if & = 0, since both membe
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are zero. We can use Theorem 1.19 to show that (1.10) also holds for negative b, We simply
take k = —1 in Theorem 1,19 to obtain

—b b b (_b}wl
f X' dx = —f (—x)dx = (-»-1)”“] X dx = ——,
0 [ 0 p+1

which shows that (1.10) holds for negative . The additive property [ x7 dx = {} x% dx —
§¢ x¥ dx now leads to the more general formula

b 2l _ oo
fxﬁdx=u__’
@ p+1

valid for all real @ and b, and any integer p > 0.
Sometimes the special symbol

PR

is used to designate the difference P(b) — P(a). Thus the.foregoing formula may also be
writien as follows:

bopptl gl

a-— p-Jr-i

This formula, along with the lineasity property, enables us to integrate every polynomial.
For example, to compute the integral Jx® — 3x + 5) dx, we find the integral of each term
and then add the results. Thus, we have

3 R 3 3 3 xﬂﬂ x23 3
f(x2—3x+5)dx=fxzdx—Sfxdx+5jdx=— -3 4 5x
1 1 1 1 3 h 2 1t 1
3 3 2 _ 18 i_ {1 .
B \NS St P el W ST SN UL
3 2 1 3 3

More generally, to compute the integral of any polynomial we integrate term by term:

B, kL, R

Lb Z e dx = En: ckbek dx = Z et

Ei=0 k=0

We can also integrate more complicated functions formed by piecing together various
polynomials. For example, consider the integral {5 |x(2x — 1)} dx. Because of the absolute-
value signs, the integrand is not a polynomial. However, by considering the sign of
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I%(2x — 1), we can sphit the interval [0, 1] into two subintervals, in each of which the inte-
~ grand is & polynomial. As x varies from 0 to 1, the product x(Zx — I) changes sign at the
ipoint x = §; it is negative if 0 < x < § and positive if § < x < 1. Therefore, we use the
- ddditive property to write

f: [x(2x — 1} dx = —Lm x(2x — 1) cix + JEZ %(2x — 1} dx

1

= [~ 2ty dx o [

2
R ‘112(236 — %) dx

G-t (E-H=1

.26 Exercises

Compute each of the following integrals.

L J’: K dx. ' 11. f;’z(stﬂ + 6% = 2 + 5) di
2 ﬁ x* dx. 12, j; {u — D — 2) da.
3. j: 42 d. 13, El(x + D2dx.
4, J—;4x3 dx. 14, fﬂ“ (x + 1) dx.
s, f: St d. 15, j: (x — DG3x — 1) dx.
'_6. [} srae __ 16, [*10e = DBx ~ Dl d.
7. [1 5t = ax®) . 1. [*ex — 5P dx.
8. f_ll (5x1 = 4x%) dx. 18. f: (¥t~ 3P dx.
9. ﬁl * + 1) dr. 19. f; X — 5) d.
© 10. f: (3x% — 4x + 2) dx. 20. [:: (¥ +4Y°dx. [Hint: Theorem 1.18.]

*. 21, Find all values of ¢ for which

(ﬂ) J: x(l b Jf) dx = 0, ) (b) J‘:Rx(l —_ x}l dx = 0.

« 22. Compute each of the foilowing integrals. Draw the graph of fin each case.

9 _ fat if 0<x<1,
(@ J'Of(x) dx  where f(x) M(Z—x F1lex<z
x if 0gx<¢

() f Yrodx where fix) =1 | —x
[ cl - if eg£xx1;

¢ is a fixed real number, 0 < ¢ < 1.

. 23. Find a quadratic polynomial P for which P(0) = P(1) = 0 and [} P(x) dx = 1.

24. Find a cubic polyromial P for which P(0) = P(—2) =0, P(1) =15, and 3 [°, P(x) dx =4
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Optional exercises

25, Let fbe a function whose domain contains —x whenever it containg x. We say that fis an
evert function if f{-x) = f(x) and an odd function if f(—x) = —f(x) for all x in the domain
of f. If fis integrable on [0, 8], prove that :

@ f "b () dx =2 f: fGydx if fis even;
(b) f “b fx)ydx =0 if £is odd.
26, Use Theorems 1.18 and 1,19 to derive the formuia

f”_f(x) dx = (b — a)f:f[a + (b — ayx] dw.

27. Theorems 1.18 and 1.19 suggest a common generalization for the integral § f(4x 4 B) dx.
Guess the formula suggested and prove it with the help of Theorems 1.18 and 1,19, Discuss
also the case 4 = 0.

18. Use Theorems 1,18 and 1.19 to derive the formula

f:f(c — x)dx =f:::f(x) dx.

.27 Proofs of the basic properties of the integral

This section contains proofs of the basic properties of the integral listed in Theorems
1.16 through 1.20 in Section 1.24. We make repeated use of the fact that every function f
which is bounded on an interval [a, #] has a lower integral J(f) and an upper integral K /)
1tven by

3 . v
H=swpl['sls<r], Kp=int[t]r<e,
where s and ¢ denote arbitrary step functions below and above f, respectively, We know,
sy Theorem 1.9, that fis integrable if and only if 7(f) = /), in which case the value of the

ntegral of fis the common value of the upper and lower integrals.

Proof of the Linearity Property (Theorem 1.16). We decompose the linearify property into
two parts: .

A | Fovo=[r+[s

B) : L”cf:cj:f.

To prove (A), let J(f) = §fandletg) = [°g. WeshallprovethatI(f+ g) = {f + g) =
)+ I(g-

Let 5; and s, denote arbitrary step functions below f and g, respectivety. Since fand g
ire integrable, we have

i =sw [ sis<s], 1=sw| slu<sl.
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By the additive property of the supremum (Theorem 1.33), we also have

(L.11) 1+ =sup{[ s+ [sls<fisn<g.

But if &, € fand 5, < g, then the sum s = 5, + 5, is a step function below f'+ g, and we
have

st [s=s<is+9.

Therefore, the number I{f 4 g) is an upper bound for the set appearing on the right of
{1.11). This upper bound cannot be less than the least upper bound of the set, so we have

(1.12) N+ g <Kf+g).

Similarly, if we use the relations

=it nif<n), 1@=int{[nle<sf,

where #, and #; denote arbitrary step functions above f and g, respectively, we obtain the
inequality

(1.13) Kf+ g <I(f) + g}

Inequalities (1.12) and (1.13) together show that [{f + g) = Kf + g) = I(f)} + Kg). There-
fore £+ g is integrable and relation {A) holds.

Relation (B} is trivial if ¢ = 0. If ¢ > 0, we note that every step function s; below ¢f'is of
the form 5, = ¢s, where s is a step function below f. Similarly, every step function #; above
cf is of the form ¢ = ¢z, where ¢ is a step function above f. Therefore we have

1) =sup |\ si|si<of) =swple ["s]s <5} = ety

and

Fen=inf{[ t|of<nf=imtle[ ¢|f<d = .

Therefore [(¢f) = I(ef) = el(f). Here we have used the foliowing properties of the
supremum and infimum:

(1.14) sup{ex|{xcd}=csupix|xecd}, inf{cx|xed}=cinfix|xecd},

which hold if ¢ > 0. This proves (B) if ¢ > 0. '

If ¢ < 0, the proof of (B) is basically the same, except that every step function s below ¢f
is of the form s, = ¢f, where # is a step function above f, and every step function # above
cf is of the form ¢, == ¢s, where 5 is a step function below f. Also, instead of {1.14) we use
the relations

sup {cx | xed) = cinf {x}xcd}, inf{ex|xed}=csup{x|xed},
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which hold if ¢ < 0. We now have

Kefy = ’ _ b L _
i(ef) sup{L 51l51$ cf} —sup{cL t[fg t} mcmfu; t|f_<_t} = cf(f).
Similarly, we find H¢f) = eI(f). Therefore (B) holds for all real c.

Proof of Additivity with Respect to the Interval of Integration (Theorem 1.17). Suppose

thata < & < ¢, and assume that the two integrals [2 fand |7 fexist, Let J(f) and K /) denote
the upper and lower integrals of f over the interval [«, ¢]. We shall prove that

(L.15) mn=1n=[r+[r.

If 5 is any step function below f on {g, ¢], we have

_[:s=J:s+J:s.

Conversely, if 5; and s, are step funciions below f on [a, 5] and on [b, ¢}, respectively, then
the function s which is equal to 5, on [, &) and equal to 5, on [5, ¢] is a step function below

Fon {a, ¢] for which we have
o 5 2
Ls=};sl+£?sg.

Therefore, by the additive property of the supremum (Theorem 1.33), we have

i =sw{[sls<s)=swp{[sils <} 45w alags=Lr+[7r
Similarly, we find

n=[r+[r

which proves (1.15} when a < b <V ¢. The proof is similar for any other arrangement of
the points a, b, €.

Proof of the Translation Property (Theorem 1.18). Let g be the function defined on the
interval [a - ¢, b 4 ¢] by the equation g(x) = f{ix — ¢). Let [{g) and {g) denote the lower
and upper integrals of g on the interval [a + ¢, & + ¢]. We shall prove that

(L.16) K = Ke) = [ 1) dx.

Let 5 be any step function below g on the interval [a 4 ¢, b -~ ¢}. Then the function s,
defined on [a, &] by the equation s(x) = 5(x + ¢) is a step function below f on [a, 5].
Moreover, every step function s; below f on [g, &] has this form for some s below g. Also,
by the translation property for integrals of step functions, we have

P sty de = [ stx+ @y dx = [ o) dx.
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Therefore we have

e ] b
K =sop ([ |5 < g =sup ([ s <} = [ s
Similarly, we find Hg) = [° f(x) dx, which proves (1.16).
Proof of the Expansion Property (Theor;em 1.19). Assume k > 0 and define g on the

interval [ka, kb] by the equation g(x) = f{x/k). Let Kg) and Kg) denote the lower and
upper integrals of g on fka, kb]. We shall prove that

b
(1.17) Ke) = Kg) =k | f0x) dx.
Let 5 be any step function below g on lka, kb]. Then the function s, defined on [a, 5] by
the equation 5,(x) = s(kx) is a step function below f on {4, #]. Moreover, every step

function s, below f on [a, b] has this form. Also, by the expansion property for integrals
of step functions, we have

[ sty dx = ke [ stex) dx = ke [ i) dx
o ’ 3 o 1 -
Therefore we have

Hg) = sup {L;;bs i 5 < g} = sup {k J:; 5 ] 5y gf} = k‘f:f(x) dax .

Similarly, we find /g) = k{% f{x) dx, which proves (1.17) if & > 0. The same type of proof
can be used if £ < 0.

Proof of the Comparison Theorem (Theorem 11.20). Assume g < f on the interval [a, b].
Let s be any step function below g, and let ¢ be any step function above f. Then we have
fts < §b¢, and hence Theorem 134 gives us

e=sl[sis g <me{[[ s = [

[:3

This proves that [ g < f? £, as required.




