MATH 600 Homework 6
Not due, but do!

Lee 14-1 Consider T? = S x S' C R*, defined by w? 4+ 2?2 = 32 + 22 = 1, and with the product orientation.
Compute [, zyzdw A dy.

Lee 15-3 If M is a smooth manifold and w € A*(M),n € A'(M) are closed forms, show that the cohomology
class of w A 1 depends only on the cohomology classes of w and 7. (Thus there is a bilinear map
U: HE(M) x H{(M) — H¥*(M) given by [w] U [] = [w A 7], called the cup product.)

Spivak 8-31 (more on the cup product)
(a) If a € H*, 3 € H', show that aU 3 = (—1)*BUa.
(b) The cup product is natural: if F': M — N, then F*(aU () = (F*a) U (F*j).

(c) Show that the cross product x : H*(M)x H/(N) — H*T!(M x N) given by [w] x [] = [75,w ATy
is well-defined (mps and 7y are the projections to M and N respectively.)

(d) If A: M — M x M is the diagonal map p — (p,p), then a U S = A*(a x ).
Spivak 8-3 If n is an integer and R > 0, define the singular 1-cell cg, : [0,1] — R?\ {0} by

crn(t) = (Rcos(2nmt), Rsin(2nnt))

a) For any R, Ry, n, show that there is a singular 2-cell ¢ : [0, 1] — R2\ {0} with 9o = cg, . —CRy n-
1 2,

(b) If v : [0,1] — R2\ {0} is any curve with v(0) = ~(1), show that there is some n € Z with
7 — ¢1,n, = Oo for some singular 2-cell o.

(c) Show that n is unique. (This n is the winding number of v around 0.)

Spivak 8-5 We could also have defined integration using singular simplices. Let Ay = {(ml, L |0 <zl <1, Do zt < 1};
a singular k-simplex on a manifold M is a smooth map o : Ay — M. A singular k-chain is a formal
sum of singular k-simplices.

(a) For each 0 < i <k, define 9; : Ag_1 — Ay by:

{30($1,...7$k_1) = ([1 > mi] ,:Cl,...,gck_l)

Oz, ... 2" = (2t 20,00 2k

If ¢ is a singular k-simplex, define the singular k£ — 1-simplex do by

k

0o = Z(fl)ia 0 0;

=0

Show that 92 = 0.

(b) Define integration of an n-form on the standard singular n-simplex. Show that, if w = fdx' A

-~-/\d;ﬂ/\o~/\d:c”, then
/ dw:/ w
A, oA,

(c) Define integration of k-forms on singular k-simplices.

(d) Prove Stokes’ theorem for singular k-simplices. (Imitate the proof of, but do not use, Stokes’
Theorem for k-cells.)

1. Given a manifold-with-boundary M™, with an orientation u, define the outward orientation O on OM
by declaring, for any p € dM, that an ordered basis {v1,...,v,—1} for T,(OM) is in (Ou), exactly if
{v,v1,...,vn—1} € pp, where v is an outward-pointing vector at p.

(a) Show that Ju is well-defined, that is, the choice of outward-pointing vector does not make a
difference.



(b) Consider the n-dimensional Euclidean halfspace H" = {(x!,... 2™)[a" > 0}, with its standard
orientation o. Show that dug, on OH™ = R" " x {0} 2 R"~! is (—1)" times the usual orientation
on R™~1,

2. Suppose 7 : M™ — M™ is a k-sheeted smooth covering map, M and M are oriented, and 7 is an
orientation-preserving map. If w € Af (M), show [ m*w =k [, w.



