
Exam II: Complex Analysis. (150 points.) MATH 241, December 16, 2005.

NAME: PROFESSOR:

Answer all the questions. Each problem counts as 15 points.

1. Find all values of the cube root of -4V2+i4V2. Draw a picture of the roots in the complex
plane.

2. Find all values of arcsin 2 (or sin-12). Draw a picture of these values in the complex plane.
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3. Let fez) = u(x, y) + iv(x, y) be a function of a complex variable z = x + iy. For which of
the functions u(x, y) below does there exist a (real-valued) function vex, y) so that fez) is
analytic? If it exists, find v(x,y), and calculate the complex derivative f'(z).

a) u(x,y) = x2 + 2y

b) u(x, y) = x2 + 2x _ y2

c) u(x,y}= e-X(xsiny-ycosy)
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4. Evaluate the integral

1zzdz,

where c is the segment of the parabola y = x2 between the points (0,0) and (1,1) (Le.,
from z = 0 to z = 1 + i). The curve c is oriented from left to right.
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5. Evaluate the integral

1 :4 dz.

The path of integration c is the semicircle Izi = 1 in the lower half plane, which starts at
z = 1 and ends at z = -1.
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6. For each of the functions 1 below, give the first four terms of the Laurent selies centered
at the indicated singularity ZOo

a) I(z) = z2sin ~ at zo = O.

b) I(z) = z3iz2 at Zo= o.
c) I(z) = z':';i2 at ZO= 1r/2.

Then answer the followingquestions in each case: What is the residue of 1 at zo? Is the
singularity at ZOremovable, essential, or a pole? If it is a pole, what is its order?
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7. Evaluate the contour integral

J cosz/4 dz
1'cz2 - 7rZ

for each of the following (positively oriented) circles c:

a) Izl= 4, b) Iz- 41 < 2, c) Iz- 21= 1.
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8. Evaluate the contour integral

Ie
Z2

-dz.
c cosz

The contour c is composed of four straight line segments Cl, C2,C3,Co!(in this order), where
Cl connects (2, -2) to (2,2), C2connects (2,2) to (-2, -2), C3connects (-2, -2) to (-2,2),
and C4connects (-2,2) to (2, -2), closing the loop.
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9. Evaluate the real integral

1
+00 . Xh2+ !. h dx.

-00
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10. Evaluate the real integral

[21r 1
Jo ~ " dO,

where a = -! + !v'5 (incidently: a is the value of the golden ratio).

Bonus (5 extra points): Find an expression for the value of the integral for general
a> o.
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