Introduction

Introductions are the hardest part, I’ll tell you that much for free.

This thesis is an investigation into shifted symplectic structures and shifted Poisson structures,
and their relation to certain spaces of framed maps. Shifted symplectic structures could pithily be
described via a pullback square of “symplectic geometry” and “derived algebraic geometry” over
“algebraic geometry”, although maybe not if you want anyone to understand what you’re saying.

0.1 Shifted Symplectic Structures

Shifted symplectic structures, first described in [PTVV], are the natural extension of ordinary (alge-
braic) symplectic structures to the land of derived algebraic geometry. Promoting everything to the
level of derived stacks has the notable effect of replacing the cotangent sheaf L x with the cotangent
compler Lx, and dually the tangent sheaf with the tangent complex. This has the expected “ho-
motopic” effect of replacing isomorphisms with quasi-isomorphisms, equalities with equalities up to
homotopy, et cetera. More interestingly, the usual nondegeneracy requirement that the induced map
Tx — Lx is an isomorphism seems to become a requirement that Tx — Lx is a quasi-isomorphism.
This is generally impossible, unless L x is concentrated in cohomological degrees [—a, a] for some a.

More generally, we might look for a map Tx — Lx[n], which would correspond to a 2-form of
degree n, and which would ultimately correspond to an n-shifted symplectic structure'. Assuming
Ly is concentrated in degrees [a,b] (with |a|, |b] < 00), an n-shifted symplectic structure may be
possible for n = a + b.

This is a wide generalization of ordinary symplectic structures. First, it really is a generalization:
0-shifted symplectic structures on smooth varieties are symplectic structures in the ordinary sense.
Second, there are constructions which will provide new shifted symplectic spaces from old ones,
often with different shifts. Thus, someone uninterested in derived algebraic geometry might still use
this machinery to end up with a 0-shifted structure on a smooth variety. Finally, a lot of derived
stacks—Ilike the classifying stack BG—have shifted symplectic structures.

0.2 Maps and Framed Maps

One particular example, shown in [PTVV], is as follows. Let Y have an n-shifted symplectic struc-
ture, and let X be O-compact oriented in dimension d. This latter criterion is nontrivial; it is, for
example, satisfied for X a smooth compact Calabi-Yau variety. Then the mapping stack Map(X,Y)
has an (n — d)-shifted symplectic structure.

This is a powerful theorem that also recreates some examples of known classical symplectic
structures. For example, if X is a K3 surface, then the symplectic structure on Map(X, BG) was
described by Mukai.

1This is misleading; in the classical case, the form is equivalent to the map 7' — L, but in the derived case more
structure is needed.



However, there are also a number of cases this does not cover. Let G be a reductive group. Let
Map(P?, L, BG) be the space of principal G-bundles on P? with a trivial framing along a line L. This
space has a symplectic structure as described in [Bo]. For another example, let Map(P!, p, G/B) be
the space of maps from P! to a flag variety G/B sending a marked point in the source to a marked
point in the target. This space also has a symplectic structure, as described in [FKMM].

Both of these examples detail spaces of framed maps. Specifically, fix maps ¢ : D — X and
f:D =Y, and look at the homotopy fiber of Map(X,Y) — Map(D,Y") above f. The resulting
space, Map(X, D,Y) parametrizes maps g : X — Y with homotopies goi ~ f on D. As the above
examples show, these spaces will have shifted symplectic structures under certain circumstances.
Looking at things in a different perspective, in the above cases the source X does not have a d-
orientation, and Map(X,Y’) does not a have a symplectic structure; Map(X, D,Y) is the “correct”
space for symplectic structures.

The main result for this is

Theorem 0.1. Let X be a d-dimensional proper smooth scheme and D an effective divisor. Suppose
E is an effective divisor of X such that D = 2D + E is anticanonical. Let Y be a derived Artin
stack such that Map(X,Y), Map(D,Y), Map(D,Y), and Map(D + E,Y) are themselves derived
Artin stacks of locally finite presentation over k. Fix a base map f: D — Y. Suppose Y is n-shifted
symplectic and the projection Map(D + E|Y) — Map(D,Y) is etale over f. Then Map(X,D,Y)
has an (n — d)-shifted symplectic structure.

This theorem will provide, for example, the symplectic structure on Map(P?, L, BG). On the
other hand, it is a bit fragile; varieties with effective anticanonical divisor are common enough, but
the cohomological condition that Map(D + E,Y) — Map(D,Y) is etale over f is not guaranteed.
On a more conceptual level, we would like to know why Map(X,Y’) isn’t symplectic in this scenario
(and Map(X, D,Y’) whenever the etaleness condition is not satisfied).

0.3 Shifted Poisson Structures

To justify this sudden change of topics, we note that in the above examples, even when the mapping
space doesn’t have a symplectic structure, it still has a Poisson structure. To give two examples, if G
is a semisimple group and P is a parabolic subgroup, Map(P!, p, G/ P) will have a Poisson structure.
And the space Map(P?, L, BG) will not have a symplectic structure if we choose a nontrivial framing
on L, but it will still have a Poisson structure.

To motivate the definition of a shifted Poisson structure, we note two things. First, if we let o,
denote a point with the trivial (n + 1)-shifted symplectic structure, then an n-shifted symplectic
structure on a stack X is exactly the same as a Lagrangian structure on X — e,,,1. Second, if X
is a smooth underived scheme, then a Poisson structure on X can be used to construct a 1-shifted
symplectic space Y and a morphism X — Y with Lagrangian structure; conversely, given such a
map to a 1-shifted symplectic Y, we can construct a Poisson structure on X.

With this in mind, we take an m-shifted Poisson structure on X to be a formal derived stack Y
with an (n + 1)-shifted symplectic structure, and morphism X — Y with Lagrangian structure. The
preceding paragraph tells us that any n-shifted symplectic structure is n-shifted Poisson, and that
a 0-shifted Poisson structure on a smooth scheme is a Poisson structure in the usual sense.

With this definition, we prove a number of results about Poisson structures generalizing those
about symplectic structures. For framed mapping spaces we have the following theorem:

Theorem 0.2. Let X be a d-dimensional proper smooth scheme and D an effective divisor. Suppose
E is an effective divisor of X such that D = 2D + E is anticanonical. Let Y be a derived Artin
stack such that Map(X,Y), Map(D,Y), Map(D,Y), and Map(D + E,Y) are themselves derived
Artin stacks of locally finite presentation over k. Fiz a base map f: D — Y. Suppose Y is n-shifted
Poisson. Then Map(X, D,Y) has an (n — d)-shifted Poisson structure.



We have, notably, discarded the etaleness assumption. This theorem is pretty broadly applicable.
For example, we obtain the Poisson structure on the remaining cases of Map(PP?, L, BG). The case
of Map(P!, p, G/P) requires a more roundabout approach, but ultimately is understood via these
tools.

Even in the case that Y is symplectic, this theorem is illuminating. For example, it tells us “why”,
if X has nonzero effective anticanonical divisor, the space Map(X,Y) does not have a symplectic
structure; it has a (nonsymplectic) Poisson structure. In fact, the same is true for any Map(X, D,Y)
for which the etaleness condition of Theorem 0.1 does not hold.

0.4 Organization

Chapter 1 is an overview of shifted symplectic structures. It collects some definitions and results
but is not a detailed reference.

Chapter 2 is about shifted Poisson structures. Poisson structures and coisotropic morphisms are
defined. 0-shifted Poisson structures on smooth schemes are shown to be Poisson structures in the
ordinary sense. Results for symplectic structures are generalized to Poisson structures.

Chapter 3 concerns framed mapping spaces. It contains the main results of this thesis, particu-
larly those given in this introduction.

Chapter 4 is about the spaces Map(P!,p,G/P). The Poisson structure on this space is con-
structed.



Chapter 1

Shifted Symplectic Structures

In the following, k will be the base field, of characteristic 0.

Shifted symplectic structures are first defined in [PTVV]. We will recall some definitions and
results.

Let X be a derived Artin stack. We can form the de Rham algebra Q% = Symg, (Lx[1]). This
is a weighted sheaf whose weight p piece is Q% = Symg, (Lx[1]) = APLx[p].

Definition 1.1. The space' of p-forms of degree n on X is
.Ap(X, TL) =T<0 HomLQCOh(X)(OX, /\pLx[n]).

Here Lgcon(x) is the oo-category of chain complexes of quasicoherent Ox-modules.

Let dr,, denote the differential on Lx or the induced differential on /\* Lx. Let dgr be the de
Rham differential on A" Lx. Then we construct the weighted negative cyclic chain complex NCv,
whose degree n, weight p part is

NC"(Qx)(p) = (@ N Lx[n = i), diy + dar).
i>0

Definition 1.2. The space of closed p-forms of degree n is

AP (X ) = 1< Homz, e, x, (Ox, NC"(Qx)(p)).

There is a natural “underlying form” map AP°/(X,n) — AP(X,n) corresponding to the projection
@izo /\p+iLx[n — Z] — /\”]Lx[n}.

Intuitively, a “closed p-form” w of degree n consists of forms wy; € AP (Lx),—; for i > 0 such
that (dL, + dgr)(wp +wpt1 +---) = 0. This has the following interpretation. The underlying form
of w is wy; we require di,,w, = 0 so that w, defines a class in cohomology. For de Rham closedness,
we do not require that dgrw, equals zero, but that it is homotopic to zero with specified homotopy:
dgrwp = —dLywp41 for some wp1. We then require that wyy1 be de Rham closed, again in the
sense that dgrwp+1 = —di wpt2, et cetera. Note that a closed p-form is not a condition on a p-form,
but an extra structure consisting of the forms wyy; for ¢ > 1. In the case of a (0-shifted) p-form on
an ordinary variety, L x is concentrated in degree 0, so we must have wp4; = 0 for ¢ > 1. Thus the
structure reduces to a condition in this case.

Now we can define symplectic structures:

» o«

IHere I use “space”, “simplicial set”, and “connective chain complex” interchangably.



Definition 1.3. A 2-form w : Ox — A2Lx|[n] of degree n is nondegenerate if the adjoint map
Tx — Lx[n] is a quasi-isomorphism. Let A%(X,n)"® denote the non-degenerate 2-forms of degree
non X.

An n-shifted symplectic form on X is a closed 2-form whose underlying form is nondegenerate.
The space of n-shifted symplectic forms is the (homotopy?) product

Symp(Xv ’I'L) = Az’d(X7 Tl) X A2(X,n) AQ(Xa n)nd.
Let us give a few examples of spaces with shifted symplectic structures.

e If X is an ordinary (underived) smooth scheme, then a 0-shifted symplectic structure on X is
precisely the same as a symplectic structure in the ordinary sense.

e Let G be a reductive affine smooth group scheme over k. Then the classifying stack BG has a 2-
shifted symplectic structure. A 2-shifted symplectic form on G is the same as a nondegenerate
G-invariant quadratic form on g.

e Let X be a derived Deligne-Mumford stack locally of finite presentation over k. Then we
can define the n-shifted cotangent stack TV X [n] = R Spec Sym, (T x[—n]). Then TV X[n] has
a natural n-shifted symplectic form defined analogously to the canonical symplectic form on
TV X for a smooth scheme X.

In particular, applying this to TV (BG)[1] yields a 1-shifted symplectic form on gV /G.

1.1 Lagrangian Structures

Let Y be a derived Artin stack with an m-shifted symplectic form w and let f : X — Y be a
morphism.

Definition 1.4. The space of isotropic structures on f (with respect to w) is
Isot(f,w) = Pathg, () (A% (X, n))
the space of paths from 0 to f*(w) in A>“(X,n).
Let T; be the relative tangent complex of f, so that we have a distinguished triangle
Ty = Tx — f*(Ty).
An isotropic structure h € Isot(f,w) provides a homotopy between the morphism
Tx ATx = f*(Ty) A f*(Ty) = Ox|[n]
and 0. Then we also get a homotopy from
T;@Tx - Tx ATx — f*(Ty) A f*(Ty) — Ox[n]

to 0. There is another homotopy between this morphism and 0, coming from the canonical homotopy
from Ty — f*Ty to 0. Composing these yields a loop in Homp,,.,, x, (T ® Tx, Ox[n]), which is a
point of Homyp, ., «, (Tf @ Tx, Ox[n — 1]). By adjunction, we get a map ©p, : Ty — Lx[n —1].

Definition 1.5. We say h is Lagrangian if ©y is a quasi-isomorphism of complexes.

Note that an isotropic or Lagrangian structure is indeed a structure on a map, rather than
a property as in the ordinary case. As with the closedness structure, the structure reduces to a
condition when we restrict to ordinary varieties.

2 A2(X,n)™? is a union of connected components of A%(X,n), so the ordinary product is the homotopy product.



Remark 1.5.1. Note that if e,, denotes the point with trivial n-shifted symplectic structure, then a
Lagrangian structure on X — e, is just an (n — 1)-shifted symplectic structure on X.

Lagrangian structures are useful in generating new symplectic spaces:

Theorem 1.6 ([PTVV], Theorem 2.9). Let X, L1, Lo be derived Artin stacks, w € Symp(X,n) an
n-shifted symplectic structure on X, and f; : L; — X a morphism with Lagrangian structure h; for
i = 1,2. Then the product Ly x}}( Lo has a natural (n — 1)-shifted symplectic structure, which we
denote by R(w, hi,hs).
Proof. We briefly show the construction of R(w, h1, ha); the complete proof is given in [PTVV]. Let
Z =1 ><§( Lo, and 7; : Z — L; the projection for i = 1,2. Let uw: fi; o m; = f5 o wy be the natural
homotopy.

The Lagrangian structure h; yields a homotopy 0 ~ ffw in A%<(L;,n). Pulling back by ; gives
homotopies

i hi 0~ hlfiw,

for i = 1,2. The homotopy u gives a homotopy

w'w: h ffw ~ h3fiw.

Concatenating these paths yields a loop in A%“(L;, n); for concreteness we take 7 hy +u*w — 75 ha.
This defines an element

R(w, hi, hy) € m (A*Y(Z,n)) ~ mo(A>(Z,n —1)).
O

Remark 1.6.1. In particular, let X; and X5 be derived Artin stacks with n-shifted symplectic
structures w; and wo, respectively. Considering w; and ws as Lagrangian structures on the maps
X1, Xy — e, 1, this theorem provides the symplectic structure mjw; — m5wq on X7 x Xos.

1.2 Symplectic Structures on Mapping Stacks

Let X and Y be derived Artin stacks. The evaluation map ev : X x Map(X,Y) — Y yields a
pullback map
ev”: RF(K Q;’) - RF(X X Map(X? Y)ag}XMap(X,Y))'

If X is O-compact (see [PTVV], Definition 2.1), we have a map
RI(X x Map(X,Y), Q% xmap(x,v)) — RI(X, Ox) @ RT(Map(X, Y), Qapx,v))s

which is the Kiinneth formula RT'(X xMap(X,Y), Q;/[ap(X,Y)) ~ RI(X, Q% )@RT (Map(X,Y), QK/Iap(X,Y))
followed by projection RI'(X, Q*(X)) — RI'(X, Ox) onto the 0-forms.

Given a “fundamental class” [X] : RT'(X,Ox) — k[—d|, we can compose these morphisms to
obtain

RT(Y, Q) = RT(Map(X, Y), Qg (x,v)) [=dl;
which will induce a map on (closed) p-forms:
APCD (Y ) — APCD (Map(X,Y), n — d).

If [X] satisfies a certain nondegeneracy condition, the above map will preserve nondegeneracy of
forms. We now describe the condition.
For any perfect complex F on X, we let £V = RHom(E,Oy), and we have a natural pairing

RT(X, E) ® RT(X, EY) —2> RT(X, Ox) — s k[—d] ,



which is adjoint to a map

RT(X, E) "X Rr(x, BY)V[-d] .

More generally, for any A € cdga,?o7 we let X4 = X x Spec A, and for any perfect complex E on
X 4o we have a map

RT(X4, B) U RT(X 4, EV)Y[—d] .

Definition 1.7. We say [X] is a d-orientation if for every A € cdga,?0 and perfect complex E on
X4, the map — N [X]4 is a quasi-isomorphism.
Then we have

Theorem 1.8 ([PTVV], Theorem 2.5). Let Y be a derived Artin stack, and let X be an O-compact
derived stack with a d-orientation [X]. Assume the derived mapping stack Map(X,Y") is a derived
Artin stack locally of finite presentation over k. Then we have a map

/ ev™ (=) : Symp(Y,n) — Symp(Map(X,Y),n — d).
[X]

Fix w € Symp(Y,n). Let us describe the induced structure f[x] ev*(w) now. For any f €

Map(X,Y’), the tangent complex at f is Ty Map(X,Y) ~ RI'(X, f*Ty). Then the pairing A’ Ty Map(X,Y) —
kln — d] is given by

RT(X, f*Ty) ARD(X, f*Ty) ——=RI(X, f*Ty A f*Ty)
£ (w)

[X]

RI(X, Ox[n]) k[n — d]

Several examples of orientations are given in [PTVV], following Theorem 2.5. One particular
example is the case that X is Calabi-Yau. If X has dimension d and we have an isomorphism
wx =~ Ox, then projection of R['(X,Ox) onto the degree d cohomology H%(X,Ox)[—d], followed
by the isomorphism

HYX,0x)~ HYX,wx) ~ k

provides a map [X] : R['(X, Ox) — k[—d]. This is an orientation by Serre duality.

1.2.1 Boundary Structures

The following is due to [Ca]. Let X,Y, and Z be derived Artin stacks. Given a map f: Z — X,
we have a pullback map (— o f) : Map(X,Y) — Map(Z,Y). Assume that X and Z are O-compact
and Z has a d-orientation [Z], that Y has an n-shifted symplectic form w, and that both mapping
spaces are Artin stacks. Then Map(Z,Y) will have an (n — d)-shifted symplectic structure. It is
natural to ask when the pullback map (— o f) has an isotropic or Lagrangian structure.

Definition 1.9. The space of boundary structures on f (with respect to [Z]) is
Bnd(f,[Z]) = Pathy,s. 7] (Hom(RTI'(X, Ox), k[—d]))

the space of paths from 0 to f.[Z] in Homy(RT'(X, Ox), k[—d]).



This definition is dual to the definition of isotropic structures, and it is clear that a boundary
structure on f will yield an isotropic structure on — o f with respect to f[Z] evyw, via the identity

(—of)*/ evyw :/ evyw.
(2] f.12]

This can be extended to a dual notion of nondegeneracy (see [Ca], definition 2.8) which guarantees
that the isotropic structure is Lagrangian:

Theorem 1.10 ([Ca], Theorem 2.9). Let X,Y,Z be as above. Then we have a map Bud(f, [Z]) —
Isot(f*, f[Z] evyw) sending nondegenerate boundary structures to Lagrangian structures.

In particular we are interested in the following case. Let X be a geometrically connected smooth
proper algebraic variety of dimension d+ 1, and say it has a smooth anticanonical effective divisor D.
Then D is a d-dimensional Calabi-Yau variety by the adjunction formula, and so has a d-orientation
[D] : RT'(D,Op) — k[—d]. Similarly, using Kx ~ Ox(—D), we get a map [X] : R['(X,Ox(—D)) —
k[—d — 1]. Then the short exact sequence

OHOX(—D) Ox *Op 0
gives us a commutative diagram

RI(X, Ox) — RT(D, Op) — RT(X, Ox (~D))[1] .

l[D] l[X]

k| —d) =————— k[

Since the top row is naturally homotopic to 0, this provides a path between 0 and ¢.[D], that is, a
boundary structure on ¢. In fact:

Lemma 1.11 ([Ca], Claim 3.3). This is a nondegenerate structure.
And so, using Theorem 1.10, we get

Corollary 1.12. Let X be a geometrically connected smooth proper algebraic variety of dimension
d+1, and let D be a smooth anticanonical effective divisor. Let Y have an n-shifted symplectic form
w € Symp(Y,n). Assume Map(X,Y) and Map(D,Y) are derived Artin stacks.

Then there exist a natural (n—d)-shifted symplectic form on Map(D,Y") and Lagrangian structure
on Map(X,Y) — Map(D,Y).



Chapter 2

Shifted Poisson Structures

To start, consider a smooth (underived) scheme X with Poisson bivector field 7. The Poisson
structure is encoded by the sheaf map =¥ : Ty — Tx. This map extends to a map APt NPT —
APTx such that the square

p_
APTY, —2T s NPTy

\Ld i[w,—]
+1_4
/\p+1T)¥, u AP

commutes, where [—, —] is the Schouten bracket. To see this, first note that [r, —| has square 0: for
a € T(APTX,U), we have [, [r,a]] = 1[[r,7],a], but [x,7] = 0 is exactly equivalent to the Jacobi
identity for w. Additionally, [, —] is a derivation: [m,ab] = [r,alb+ (—1)%a[r,b]. The claim holds
almost by definition for p = 0: for f € T'(Ox,U), we have

(7, a] = tgpm = ¥ (df).

Assuming the claim for p — 1, note that T'(APTy., U) is generated k-linearly by sections of the form
fda, for a € T(AP7ITY,U). Then

APFLZE(d(fde)) = NPT (df A da)
= 7t (df) A (NP7 (dav)),
and
[, APt (fda)] = [m, f AP 78 (dav)]

= [m, [1 Al AP b ()] + [l [, AP ()]

= 7 (df) A (NPT (da)).
Thus the map TV X — TX induces a morphism

Sym® (w*[~1]) : (Sym®(T" X[~1]),d) = (Sym®(TX[~1]), [, —])

of graded mixed cdga.

We can then form the derived quotient [X/7f]. This is a formal stack equipped with a map
q: X — [X/7!]. It satisfies the universal property that a map f: X — F to a formal derived stack
F descends to ¢ : [X/n] — F iff the map Sym®(7¥[1]) factors through

¢+ (Sym® (Lgpig[—1]), d) = (Sym*(TX[-1]), [, —]),



and a map ¥ of mixed graded cdgas uniquely determines .
The structure sheaf of this stack is (Symg,, (T'X[—1]), [r, —]). Its tangent complex is

ot
Tix/n) ~{ TVX —=TX },
with T'X sitting in degree 0. Looking at the 2-forms, we have
NLix/m = {NTYX - TVX @ TX — Sym® TX}.

The degree 1 component, TV X ® T X, contains a canonical section w corresponding to the identity
TX — TX. For this to define a 2-form we need dw = 0. To see this, note that the image of w via

TVXRTX - TXTX

is precisely the bivector field 7; that this disappears in Sym?TX is precisely the fact that = is
antisymmetric. Nondegeneracy is clear, as the map Tix /s — Lix/x#[1] is literally the identity
using the above representatives for Tx .+ and Lix/.#). For closedness, let

¢ e (O[X/ﬂﬂ])l ® (]L[X/ﬂ'ﬁ])o 2TXRTVX

be the section corresponding to the identity on T'X. Then dyr( = w, so we have dgrw = 0. Thus
we can take 0 as a closedness structure for w. (Note that ¢ does not define a form on [X /7%, as
generally d¢ # 0; thus w is not necessarily exact.)

Thus [X /7] has a canonical 1-shifted symplectic structure. Looking at ¢ : X — [X /7], we see
that ¢*w is a form of degree 1, so it is zero in A’Lx ~ A2TYX. Thus q is isotropic with isotropic
structure 0. Further, T, ~ TV X, and the induced map T, — Ly is the identity. So in fact, ¢
has a Lagrangian structure. Finally, note that we can recover i via TVX ~ T, — TX. Thus a
Poisson structure on X lets us construct a 1-symplectic formal derived stack Y and ¢ : X — Y with
Lagrangian structure.

Conversely, suppose X is a smooth variety, Y a formal derived stack with 1-shifted symplectic
structure w, and ¢ : X — Y a map with Lagrangian structure. Then the quasi-isomorphism T, — Lx
gives us a map 7* : TVX ~ T, — TX. Using the fiber sequence

TVX = o TX — > ¢*Ty |,
we have
Ty ~ {TVX "> TX },
with TX sitting in degree 0. Under this identification, we have
¢ (N°Ly) ~ {N°TVX - TVX @ TX — Sym?TX},

with ¢*w corresponding to the identity in TVX ® TX. As before, antisymmetry of 7f is exactly the
fact that d(¢*w) = 0. In particular, 7% corresponds to a bivector field 7. For the Jacobi identity,
look at the second infinitesimal neighborhood X, o of X along ¢. Its structure sheaf is given by

Ox,, ~ (Symgi (TX[-1]), [r,—]). For this to be a dg-algebra, we need [r, [, —]] = &[[r, 7], —] =0
on Oy, so [r, 7] =0, which is the Jacobi identity.

Thus a 1-shifted symplectic formal stack Y and ¢ : X — Y with Lagrangian structure gives a
Poisson structure on X. Note that the actual Poisson structure on X only depended on a formal
neighborhood of X in Y; in particular, all the relevant structures involved ¢*Ly and its various
byproducts.

With this in mind, we define:
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Definition 2.1. An n-shifted Poisson structure on X is (Y,w,q,h), where Y is a formal derived
stack with an (n+ 1)-shifted symplectic structure w € Symp(Y,n+1), and ¢ : X — Y is a map with
Lagrangian structure h. Y is called the Poisson base of X.

An equivalence of Poisson structures (Y,w,q,h) — (Y',w',¢',h’) is a pair (g,7) consisting of
amap g : (Y,q) = (Y’',q") (in the category of formal derived stacks under X), and a homotopy
v q*w ~ ¢*g*w’ in [NC?(Sym® ¢*Ly[1])| such that

(@) Ly ~q"g"Ly — ¢"Ly
is a quasi-isomorphism, and the image of v in A*“ (X, n) intertwines h and h'.

Remark 2.1.1. As per the remark following Definition 1.5, if e(, ;) denotes the point with trivial
(n + 1)-shifted symplectic structure, then a symplectic structure on a derived Artin stack X is
the same as a Lagrangian structure on the map X — e(,,1). Thus every symplectic structure is
naturally Poisson.

Now consider a smooth variety X with Poisson structure 7, which we consider in terms of the
1-shifted symplectic structure w on [X/7¥] and the Lagrangian structure on q : X — [X/7¥]. Let
s : W — X be a coisotropic subvariety. That is, W is also a smooth variety, and the Poisson structure
restricted to the conormal bundle NVVV| x — TX — TX factors through the tangent space TW of W.

What relation does this have to [X/7¥]? Let the adjoint of Ny x — TW be 71'%‘/ :TYW — Nw|x;

one can show that the morphism of mixed graded cdgas induced by 7# descends to 77%4,, so we have

a formal quotient [W/7k,]. In addition, there is a natural map ¢’ : [W/xh,] — [X/7#] descending
from W — X — [X/n¥].
We can write
T

W/nb,] = {NI\/I//\X — TW},

with TW in degree 0; thus,
NLiyyi ) 2 ANTYW = TYW & Ny x — Sym® Ny x }.

I claim that ¢*w = 0. To see this, note that Hom(T'X,TX) — Hom(TW, Ny |x) sends the identity
to the composition TW — T'X — Ny x, which is 0 by definition. Thus ¢ has isotropic structure 0.
Further, we have
Tq ~ {T\/W — NW\X};
with TVW sitting in degree 0. The map T, — }LE/W St ] is clearly an isomorphism, so the isotropic
Tw
structure on ¢ is Lagrangian. Then P = [W/ﬂ'?/v] X[x/x#) X is a Lagrangian intersection, so it has a
0-shifted symplectic structure. One can check that Tp is an extension
0=TW -5 Tp -TYW — 0.

Let a : W — P be the natural map; if wp is the symplectic form on P, then a*wp = 0, so a is
isotropic (with isotropic structure 0). However, we have T, ~ TVW/[-1], and T, — Ly [—1] is the
identity. So in fact a : W — P is isotropic.

Conversely, suppose s : W — X is a smooth subvariety, that ¢’ : X’ — Y has a Lagrangian
structure for some X', and that a : W — P := X' x[x,z#) X has a Lagrangian structure. Let
pr1 : P — X’ be the projection and s’ = pry oa: W — X'. Then we have an exact sequence

T, = Ts — a* Ty, .
Using T, ~ Ly [—1] from the Lagrangian structure, and T, ~ prsT, ~ pr3TV X, we have

TYWI[-1] = Ts — s*TV X,

11



so that T, ~ NQ/V‘X. Further, the diagram

Ty ——TW

L

§*Ty ——s*T'X

commutes, that is, the Poisson map NVVV|X — TVX — TX factors through N‘lex —TW. So W is
coisotropic in the usual sense.
This leads us to define coisotropic structures in general:

Definition 2.2. Let X be a derived Artin stack with n-shifted Poisson structure given by f : X — Y.
Let W be a derived Artin stack with a map g : W — X. A coisotropic structure on g consists of the
following data:

e X’ a formal derived stack

o X' =Y

g WX

An homotopy n: fog=~ f'og
e A Lagrangian structure o on f’

Note that the above data define a map X’ — Y’ xy X, and that Y’ xy X has an n-shifted symplectic
form by Theorem 1.6. We finally require:

e A Lagrangian structure 8 on the map a : X’ — Y’ xy X.

We refer to the map f': X’ — Y as the coisotropic base of W — X.

Let (X!, f!, g}, mi, @, Bi) be coisotropic structures for ¢ = 1,2. An equivalence of coisotropic
structures is a pair (h, ), where h : (X1, f1,91,m1) — (X5, f5, g5, 15) is a morphism in the appropriate
slice category, and 7 : (¢})*a1 ~ (g7)*h*az is a homotopy in [NC?(Sym®(g7)*Lx;[1])], such that

(95)*Lixs =~ (91) " Lx; — (91) Lx;

is a quasi-isomorphism, and if w; is the symplectic form on X/ xy X for ¢ = 1,2, then the homotopy
ajwi ~ aswsy induced by 7 intertwines the homotopies S, Ba.

Remark 2.2.1. Tt is clear from the definition that if X has an n-shifted symplectic structure, con-
sidered as an n-shifted Poisson structure via X — e(,,1), then any Lagrangian morphism ¥V — X
is also coisotropic over e, — e(, ).

Conversely, the classical fact that a morphism which is both coisotropic and isotropic must be
Lagrangian is not true. For example, the morphism A! — e; is clearly isotropic (with isotropic
structure 0), and coisotropic over TVA![1] — e5. However, a Lagrangian structure on A' — e;
would be a symplectic structure on A! (in the classical sense), which clearly does not exist.

Definition 2.3. Let X be a derived Artin stack with Poisson structure given by Py = (Y3, wa, fa, ha),
and g : W — X with coisotropic structure (X', f',¢',n,«, 3). Let P; = (Y1,w1, f1,h1) be another
Poisson structure and (k,~) : P1 — P an equivalence. The pullback of the coisotropic structure via
h is as follows. Let Y; be a formal neighborhood of X in Y.

o Let X| = X' xy, V).

e The map f] : X| =Yy is X| =Y, = V1.

12



e ¢ : W — X/ is induced by W — X’ and W — X — Y;.
e m=id: frog~ fiogi.
e Let pr: X{ — X’ be the projection. The homotopy 7 yields a homotopy

(f1) wr ~ (f1) K ws ~ pre(f') ws.

Then a; is this homotopy followed by pr*a. The Lagrangian condition follows from the
Lagrangian condition for «, using the fact that Y7 — Y5 and pr are etale.

e Let wy be the induced symplectic structure on Py := X' Xy, X. Let w; be the induced
symplectic structure on P; := X{ Xy, X. Let r : P, — P be the natural map. The homotopy
induced by ~ in the previous point also gives a homotopy w; ~ r*ws. Following this with
r*[ yields B1. As in the previous point, the Lagrangian condition follows from etaleness of all
relevant maps and Lagrangianness of 3.

Lemma 2.4. Let X1, X2, X3,Y be derived Artin stacks, and let w € Symp(Y,n) be an n-shifted
symplectic structure on' Y. Fori=1,2,3, let f; : X; — Y be a morphism with Lagrangian structure
hi. Note that any product X; xy X; has a canonical (n — 1)-shifted symplectic structure. Let
g12 : L1o — X1 Xy Xs and gas : Loz — Xo Xy X3 be morphisms with Lagrangian structures kia, kas
respectively.

Then g3 : L1g := L1 X x, Lag — X1 Xy X3 has a canonical Lagrangian structure.

Proof. Let w1 : L1 — X7 and 7y : L1s — X5 be the projections, and let 712 : f1 o m; — f3 0 w2 be
the natural equivalence of morphisms. If wis € Symp(X; Xy Xo,n — 1) is the symplectic form given
by Theorem 1.6, then gjswis = 7ih1 + njsw — m5he. Then kio gives a path from 0 to this form.
Similarly if 7} : Log — X5 and 73 : Log — X3 are the projections and 793 : fo o 5 — f3 0 w3 the
equivalence of morphisms, then ko3 is a path from 0 to (75)*ha + nisw — mihs in A2 (Las,n — 1).

Lia
7%

Lis = Las
VAR SN
X, rox, = X
fi le f3
Y

Now let 7, : L1 — Lo and 7, : L1z — Loz be the projections and 74 : mo 01, — w5 o, the natural
equivalence. Then in A% (Ly3,n — 1) we have paths
k1o 0 ~ mamihy + moniaw — mams ho
Tpkos 1 0 ~ f(mh) ho + mpmssw — w5 h
Napha + 0 ~ womsha + gy f3w — 75 (m5)" ho.
Composing these gives
0~ mimthy + niw — T b, *)

where
M3z = (Tpn23) © (Uabfz) o (7Ta7712) 1My om0 fy — e 0m O fi
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is the equivalence. If wy3 € Symp(X; xy X3,n — 1) is the symplectic form, then (*) is exactly the
isotropic structure 0 ~ giswi3 we need.
For Lagrangianness, we use the diagram

TLIS . TL12 D TL23 - TXz —/ .

i I [

]Lgm[n - 2] - (]Lgn D H—‘gm)[“ - 2] - ]Lf2 [n - 1] —/=

The rows are exact and two of the three vertical maps are quasi-isomorphisms, so the third is as
well. O

Restated in Poisson language, the above is a generalization of Theorem 1.6:

Corollary 2.5. Let X have an n-shifted Poisson structure given by f : X — Y. Fori= 1,2, let
gi + X! — X be coisotropic with coisotropic base h; : Y/ — Y. Then X1 xx X2 is (n — 1)-shifted
Poisson with base Y1 Xy Ys.

Now let us generalize the situation of mapping spaces. It is relatively clear that Lagrangian
structures descend to mapping spaces:

Theorem 2.6 ([Cal], Theorem 2.10). Let X,Y,Z be derived Artin stacks and f :Y — Z a map.
Assume X is O-compact with d-orientation [X]. Assume the stacks Map(X,Y") and Map(X, Z) are
derived Artin stacks locally of finite presentation over k. Then we have a map

/ ev™(—) : Lagr(f,w) — Lagr(f o —,/ ev™(w)),

[X] [X]

that is, from Lagrangian structures on f to Lagrangian structures on (f o —).
Again, using the language of Poisson structures, we have

Corollary 2.7. Let Y have an n-shifted Poisson structure with base Z. Let X be O-compact with
d-orientation [X]. Assume the stacks Map(X,Y) and Map(X, Z) are derived Artin stacks locally
of finite presentation over k. Then Map(X,Y) has an (n — d)-shifted Poisson structure with base
Map(X, Z).

We also have a variant of Theorem 2.6 to the coisotropic case:

Theorem 2.8. Let Y be n-shifted Posison with base Z, and let g : Y' — Y be coisotropic with
base h : Z' — Z. Let X be O-compact with d-orientation [X]. Assume the stacks Map(X,Y),
Map(X, Z), Map(X,Y”’), and Map(X, Z’') are derived Artin stacks locally of finite presentation over
k. Then Map(X,Y’) — Map(X,Y) is coisotropic with base Map(X, Z') — Map(X, Z).

Proof. By Theorem 2.6, the maps Map(X,Z’) — Map(X,Z), Map(X,Y) — Map(X,Z), and
Map(X,Y’) = Map(X, Z’ Xz Y) have natural Lagrangian structures. But

Map(Xa z' Xz Y) = Map(Xa Z/) ><Map(X,Z) Ma‘p(Xv Y)
as symplectic spaces. O
And similarly of Theorem 1.10:

Theorem 2.9. Let Y be n-shifted Poisson given by f : Y — Z and Lagrangian structure h : 0 ~ w.
Let g : W — X be a map of O-compact derived Artin stacks, and let [W] be a d-orientation on W
and v a boundary structure on g.

Then Map(X,Y) — Map(W,Y') Xmap(w,z)Map(X, Z) has a natural Lagrangian structure. Equiv-
alently, Map(X,Y) — Map(W,Y) has a coisotropic structure over Map(X, Z) — Map(W, Z).
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Proof. Map(W, Z) has symplectic structure f[W] evjyw. The Lagrangian structure on Map(W,Y’) —
Map(W, Z) is given by

/ eviyh: 0~ / evyy g w = (go —)*/ eViywW.
(W] W] (W]

The Lagrangian structure on Map(X, Z) — Map(W, Z) is given by

/ev}w 10~ / evyw = (— Of)*/ eV w.
gl flw] (W]

Let @ be the induced symplectic structure on Map(W,Y') X y\rap(w,z)Map(X, Z), and let r : Map(X,Y) —
Map(W,Y') Xmap(w,z) Map(X, Z) be the natural map. Then

r*@:/ ev}h—/ev%g*w,
f[W] v

/ev}h (0~ rfe.
.

and the isotropy is given by

For the Lagrangian condition, fix a dga A and o : Spec A — Map(X,Y) corresponding to & :
X xSpecA =Y. Let w3 : X X Spec A — Spec A be the projection. Then

U*TT ~ (7T2)* HOFib(ﬁ*Tg — (f X 1SpecA)*(f X 1SpecA)*5*Tg)

and
U*LMap(X7Y) = (<7T2)*&*TY)V = Hom ((7(—2)*5*’]1‘)/7 OSpeCA) .

The map 0*T, — 0*Latap(x,v)[n — d — 1] is induced by the maps Ty — Ly [n], a quasi-isomorphism
given by the Lagrangian structure h, and

(m2)« HOFib(6* Ly — (f X lspec a)«(f X lspeca)*d*Ly) — ((m2).6" Ty )" [d — 1],
a quasi-isomorphism given by the nondegenerate boundary structure. O
Specifically, we want to generalize the case of 1.12:

Corollary 2.10. Let X be a geometrically connected smooth proper algebraic variety of dimension
d+1, and let D be a smooth anticanonical effective divisor. Let Y have an n-shifted Poisson structure
given by Y — Z. Assume Map(X,Y), Map(D,Y),Map(X, Z), and Map(D, Z) are derived Artin
stacks.

Then there exist a natural (n— d)-shifted Poisson structure on Map(D,Y") (over Map(D, Z)) and
coisotropic structure on Map(X,Y) — Map(D,Y) (over Map(X, Z) — Map(D, Z)).

Finally, we need more technical “Poisson generalizations” of some results. The following is a
generalization of the first statement of Theorem 2.9:

Corollary 2.11. Let Y be n-shifted Poisson given by f :Y — Z. Let C — Y be coisotropic over
Y'—= Z. Let g: W — X be a map of O-compact derived Artin stacks, and let [W] be a d-orientation
on W and v a boundary structure on g.

Then Map(X, C) — Map(W, C) Xnapw,y) Map(X,Y') has a natural coisotropic structure.
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Proof. Recall that the Poisson structure on ¥ := Map(W, C) X Map(w,y) Map(X,Y) is given by
U — E:= Map(X, Z) Xnap(w,z) Map(W,Y”),

with a natural Lagrangian structure, as per Corollary 2.5. T claim thatMap (X, C) — ¥ is coisotropic
over Map(X,Y’) — U. First, the Lagrangian structure on Map(X,Y”’) — U is exactly the one given
by Theorem 2.9. Next, note that Map(X,Y”’) xy = is exactly the limit of the diagram

Map(W, C) ,
Map(X,Y) \4ap(W, Y)
l
Map(X,Y”) Map(W,Y”)

which we can rewrite as Map(X,Y Xz Y") Xymapw,y x ,v/) Map(W, C). This space has a symplectic
form arising from the form on Y x z Y”, which will agree with the structure on Map(X,Y”) x¢ = up
to sign. But the fact that

Map(X, C) — 1\/[3)1)()(7 Y Xz Y/) XMap(W,YXZY’) Map(VV, C)
has a Lagrangian structure is precisely Theorem 2.9. O

This is a generalization of Lemma 2.4:

Corollary 2.12. Let X1, X, X3,Y be derived Artin stacks, and let Y have an n-shifted Poisson
structure given by Y — Z for some (n+ 1)-shifted symplectic Z. Fori=1,2,3, let f;: X; =Y be a
morphism cotsotropic over Y] — Z. Note that any product X; Xy X; has a canonical (n — 1)-shifted
Poisson structure over Y, ><ij'. Let g1o : C1o — X1 Xy X5 and go3 : Coz3 — Xo Xy X3 be morphisms
coisotropic over Lis — Y] Xy Yy and Loz — Yy xy Y{, respectively.

Then Ci3 := Ci2 X x, Cag = X1 Xy X3 has a canonical coisotropic structure over Ly Xyy Loz —
Yll Xz Y:o)/

Proof. We need to show that
Ciz = T := (X1 Xy X3) Xyyx vy (L12 Xyy La3)
has a Lagrangian structure. As in the previous proof, writing 7" as a limit gives us
T = (X1 Xy; L12) Xy x vy (X3 Xyy Laa).
The base is again symplectic, and the maps
X1 Xy Lig =Y Xz Yy < Xz Xyy Lo

have Lagrangian structures provided by Lemma 2.4. Thus this expresses T as a Lagrangian inter-
section, which again has a symplectic structure that agrees with the original structure on 7" up to
sign. Now, X9 — Y Xz Y] has a Lagrangian structure by assumption, and further rearrangement
gives a Lagrangian structure on

Cra = (X1 Xy Xo) Xy/x vy L1z = (X1 Xy Lia) Xy« vy Xo,
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and similarly for Cys.
But then we can apply Lemma 2.4 to get the Lagrangian structure on Cy3 — T.
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Chapter 3

Framed Mapping Spaces

Definition 3.1. Let D, X, and Y be derived Artin stacks, and fix mapsi: D — X and f: D —
Y. We define the framed mapping space Map(X,D.,Y, f) = HoFiby(Map(X,Y) — Map(D,Y)),
the homotopy fiber of Map(X,Y) over f € Map(D,Y). Where f is understood we will write
Map(X,D,Y).

In the following, X will generally be a smooth scheme and ¢ : D — X the inclusion of a divisor;
or X and D will both be divisors in some smooth scheme.

Now, for any g : X — Y framed along D, let us consider (Tyrap(x,p,v))g- We have an exact
sequence

(TMaP(XyD,Y))g - (TMap(X,Y))g —_— (TMap(D,Y))(i 0g),

\ |
RI(g* Ty, X) RI(i*g* Ty, D)

so we can identify (Tyap(x,p,v))g ~ RI((¢g*Ty)-p, X), where (¢*Ty)_p is the subsheaf of g*Ty
vanishing on D. In our cases we will be able to write D = V (a) locally, so (¢*Ty)_p =~ a(g*Ty).
More globally, let ev : X xMap(X, D,Y) — Y be the evaluation map and 7 : X xMap(X,D,Y) —
Map(X, D,Y’) the projection. Then Tyiap(x,p,v) = T« ((GU*Ty)_(DXMap(X7D7y))).
For p > 0 we have a cup product map

N Trap(x,v) ~ AP (meev™ Ty ) = w1 AP (ev™ Ty).
This induces a map
T (APev*Ly) — (m(APev* Ty )Y = APLntap(x,v)-

This map is compatible with the mixed structure on both sides, so descends to the level of negative

cyclic complexes:
e (NC(Y)) = NC(Map(X,Y)).

With this in mind, we define a special class of forms on Map(X,Y):

Definition 3.2. A p-form on Map(X,Y) (resp. closed p-form) is multiplicative if the corre-
sponding map Onpap(x,y) — APLmap(x,y) factors through . (APev*Ly) (resp. factors through
T ev*(NC(Y))).

Note that all forms obtained from the f[ X ev*(—) map of Theorem 1.8 are multiplicative.

The importance of multiplicative forms is as follows. Suppose £1,E — ev*Ty are two sheaves
on Map(X,Y') which are orthogonal in the sense that the multiplication map & ® & — AZev*Ty is
0. Then for any 2-form w, we have a pullback via

/\2LMap(X,Y) — (m&1)Y @ (1:E2)Y.

18



If w is multiplicative, then we can lift the pullback through ., (A2ev*Ly) — 7. (£ ® &), which is
the 0 map. Thus the pullback will be 0.

We want to generalize the case of Theorem 1.8 and Corollary 2.7 to spaces Map(X, D,Y’). The
main theorem of this section is

Theorem 3.3. Let X be a d-dimensional proper smooth scheme and D an effective divisor. Suppose
E is an effective divisor of X such that D = 2D+ E is anticanonical. Let Y be a derived Artin stack
such that Map(X,Y), Map(D,Y), Map(D,Y), and Map(D + E,Y) are themselves derived Artin
stacks of locally finite presentation over k. Fiz a base map f: D — Y.

1. Suppose Y is n-shifted symplectic and the projection Map(D + E,Y) — Map(D,Y) is etale
over f. Then Map(X, D,Y) has an (n — d)-shifted symplectic structure.

2. Suppose Y is n-shifted Poisson. Then Map(X, D,Y’) has an (n — d)-shifted Poisson structure.

Proof. Consider the fiber diagram

Map(X,D,Y) ——= Map(D, D,Y) l

Map(X,Y) ———— Map(D,Y) —— Map(D,Y)

where both squares and the larger rectangle are Cartesian. Then Map(D,Y) is (n — d + 1)-shifted
symplectic (resp. Poisson) by Theorem 1.8 (Corollary 2.7), and Map(X,Y) — Map(D,Y) has a
canonical Lagrangian structure (coisotropic structure) by Corollary 1.12 (Corollary 2.10). If we can
show that Map(D, DY) — Map(ﬁ,Y) has a Lagrangian structure (coisotropic structure) as well,
we will be done by Theorem 1.6 (Corollary 2.5). We state this as a separate lemma:

Lemma 3.4. Let X,Y, D, D be as in the theorem. Then

1. Suppose Y is n-shifted symplectic and the projection Map(D + E,Y) — Map(D,Y') is etale
over f. Then ¢ : Map(D,D,Y) — Map(D,Y) has an canonical Lagrangian structure.

2. Suppose Y is n-shifted Poisson. Then Map(X, D,Y) has a canonical coisotropic structure.
Proof. Let i : D — D be the inclusion, and let g: l:) — Y be a map such that f = g oi. Then
T,Map(D,D,Y) ~ RI'(HoFib(¢*Ty — i.i*¢*Ty),D). Let us write this as T, Map(D,D,Y) ~
RI'((9*Ty)-p, D). Similarly, for any extension of f : D — Y to f : D+ E — Y, we have

T, Map(D, D + E,Y, f) ~ RT((¢*Ty) _(p1x), D).
Let us consider (1). The multiplication

(9"Ty)-p ® (¢"Ty ) —(p+r) = N°g* Ty
is zero; in an affine local patch of X, if D =V (a) and E = V(b), then the map on sheaves is
a(g*Ty) ® ab(g"Ty) — A?g"Ty

and a?b =0 on 2D + E.

Now, the symplectic structure on Map(D, Y') is a multiplicative form. Thus, RI'((¢*Ty )—p, D)
and RF((g*']I‘y),(DJrE),ﬁ) are orthogonal in T, Map(D,Y) ~ RI'(¢*Ty, D) under this structure.
Thus the map

RI((¢*Ty)_p, D) — Ty, Map(D,Y) — L, Map(D,Y)[n —d + 1]

- (Rr((g*qry)f(m,;), [)))V n—d+1]
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is 0, so
RT((9"Ty)-p, D) = Ly Map(D,Y)[n — d + 1] ~ (RF(g*Ty, D))v n—d+1]
factors through a map
RI((¢*Ty ) p, D) — (RF(g*TY ® Opn, D))v n—d+1]. (%)

In fact, extending g to a map §: X — Y, consider the diagram

7Ty (—2D — E) 5Ty (—2D — E) ———=0

| | |

g*Ty(=D) g Ty 7Ty ® Op

| | |

7Ty (—D)® Opyrg — 3" Ty ® O2prg —— §*Ty ® Op

As all columns and the first two rows are distinguished triangles, so is the last row; restricting back
to D, we get a quasi-isomorphism

(¢"Ty)-p ~¢"Ty ® Op+r(—D) ~ ¢*"Ty ® j. KpiE,

where j: D+ E — D is the inclusion.
Then the map (*) can be rewritten as a map

RI(j*¢*Ty ® Kpyg,D + E) = (RU(j*¢*Ty,D + E))" [n —d +1].
This is just the quasi-isomorphism
RT(j*¢"Ty ® Kpyg, D+ E) = RT'(°¢"Ly ® Kpyg, D + E)[n|
given by the symplectic structure on Y, followed by the Serre duality quasi-isomorphism
RI((j*¢*Ty)" @ Kpyg, D + E)[n] = RL(j*¢*Ty, D + E)V[n — d + 1].

In particular, (*) is a quasi-isomorphism.
Now let us consider case (1). The etaleness assumption gives us that

RT(g*Ty ® Opg, D) = RI(g*Ty ® Op, D)

is a quasi-isomorphism, and so

RT((9*Ty)—(p+E). D) = RL((¢"Ty)—p, D)

is as well. Thus the map
A’RT((¢*Ty)_p, D) = A?RI(g*Ty, D)

is 0, so 0 is an isotropic structure on ¢. In addition, the map Ty, — Lyp,, (5 pyy[n — d] is precisely
the map (*) shifted by 1. This is a quasi-isomorphism, so we have a Lagrangian structure on ¢.

Now consider case (2). Suppose Y has a Poisson structure given by p : Y — Z, where Z
has an (n + 1)-shifted symplectic structure w and p has a Lagrangian structure . Recall that
the (n — d 4 1)-shifted Poisson structure on Map(D,Y) is given by Map(D,Y) — Map(D, Z),
with the symplectic and Lagrangian structures induced from w and ~. I claim that Map(f), DY) —
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Map(D,Y) is coisotropic. The base B will be the formal neighborhood of Map(D, D,Y) in Map(D+
E,D,Y) XMap(D+E,D,z) Map(D, D, Z), and q : B — Map(D, D, Z) comes from the projection
Map(D + E, D,Y) Xyap(p+£,0.2) Map(D, D, Z) followed by Map(D, D, Z) — Map(D, Z).

First let’s find a convenient representation of Tp. Let g € Map(b, Y). In the diagram

RT((9*Ty)—(p+E): D) RT((9*T,)-p, D) RI((j*9*Tp)-p, D + E)

| | |

RF((Q*T}/)_D, D) _ RF((Q*Ty)_D, D) b Rr((g*’]ry)_p, D + E) B RF((g*Ty>_D, D + E)

| | |

(Tp)g —————RI((9*p*Tz)-p, D) ®RI'((¢*Ty)-p, D + E) ——=RI((j*9*p*Tz)-p, D + E)

the last two columns and all rows are triangles, so the first column is as well. Thus we have

(Tp)y ~ HoCofib(RT((9"Ty) (p4 1) D) = RL((¢"Ty)-p, D)). (**)

For the Lagrangian structure on ¢, let us identify ¢*{2, where 2 is the symplectic structure on
Map(D, Z). For £ > 2, we have by (**):
(ANLg)y =~ { A“RT((g"Ty)-p, D)"
— RT((g"Tp)—(p+£), D) @ A“'RT((9*Ty) - p, D)"

(That is, the two are equivalent as dg-objects). Now, € on Map(D, Z) is multiplicative, and pulling
back a multiplicative form to

Sym®* RI((g*Ty)_(p+5), D) ® A“*RI((¢*Ty)—p, D)”

with s > 0 yields 0. The weight ¢ part of ¢*{ corresponds to a map k — (/\ZLB)Q7 which in turn

decomposes to a nonzero map k — A‘RT((¢*Ty)_p, D)¥ and a 0 map to all later terms in the
sequence. A homotopy from this to 0 is given by restricting the isotropic structure f[ D) ev*y from

ART(g*Ty, D)V to A'RI((¢*Ty)_p, D)V, and taking the 0 homotopy on all later terms.
For the Lagrangian condition, using (**), consider the diagram

RI((g"T,) ® Op+, D)[~1] —= RT((¢"T,) (0 ) D) ——= RT(g"T,,, D)

| | |

RI((g*Ty) ® Op, D)[-1] ——— RI[((¢*Ty)_p, D) —— RI(¢*Ty, D)

| | »

(Tq)g (Tp)g ————RI(9"p*Tz, D)

The second two columns and all rows are triangles, so the first column is too. Thus we have
(Tq)g = HoCofib(RT'((9"T,) ® Op-p, D)[-1] = RI((g"Ty) ® Op, D)[-1]). (***)

Similarly to the map (*) above, we obtain a quasi-isomorphism

RT((¢*Tp)-p, D) — (RF(Q*TY ®@ Opyk, D))v [n—d+1],
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namely

RI'((9"Tp)-p, D) 2 RI(j*g"Ty ® Kpyg, D+ E) = RI'(j*g*Ly ® Kpyg,D + E)[n],

where T, — Ly [n] is a quasi-isomorphism coming from the Lagrangian structure on p, followed by
the Serre duality quasi-isomorphism

RI((7*¢*Ty)" @ Kpyg, D + E)[n] = R (j*¢* Ty, D+ E)V[n —d + 1].
Similarly, there is a natural quasi-isomorphism
- SV
RU((9"Typ)—(p+E), D) — (RF(Q*TY ® Op, D)) [n—d+1].
Then the map T, — Lg[n — d] is given by the diagram

(Tq)g (Lp)gln —d+1] ;

i i

RT((g*T,) ® Opsp, D) ——=RI((g*Ty)—p, D)V [n — d + 1]

| |

RI((9*Ty) ® Op, D) —==RL((¢9"Ty)—(p+ 1), D)"[n — d + 1]

the columns are triangles by (**) and (***). Then this map is a quasi-isomorphism, so the isotropic
structure is Lagrangian. ~
Let @ = Map(D,Y) XMap(D,z) B be the product, and r : Map(D, D,Y) — @ the map. For any

g€ Map(D, DY), consider the diagram

RT((9*Ty) ® Opyp, D)[~1] —————=RL((9"Ty)~ (D4 8), D) ———=RI(¢"Ty, D)

| | l

RI((g*Ty)-p, D) R (g*Ty, D) & RT((¢9*Ty)-p, D) — RI(¢* Ty, D)

| l |

(r*TQ)g RI(g*Ty, D) & (r*m3Tp) ———RI(¢9" Tz, D);

again, everything but the first column is a triangle, so the first column is too.
Then ~ B
(r*Tq)y ~ HoCofib(RI'((¢*Tp) ® Op+r, D)[—1] = RI'((¢*Ty)-b, D)).

The map )
(TMap(fD,D,Y))Q ~RI'((¢"Ty)-p, D) = (r"Tq),

is precisely the structure morphism of the above cofiber. Letting wg be the symplectic structure on
@, we get T*wg = 0, so r has 0 as isotropic structure. It is easy to check that (T, ), ~ RI'((¢*T,) ®
Op+g,D)[-2], and the map (T,)q = (Lyrapp,p.y))aln — d — 1] is the quasi-isomorphism

RT((4*T,) ® Opy i, D) — RU((¢*Ty)_p, D)V[n — d + 1]

shifted by —2. O
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Remark 3.4.1. Using similar methods, one can show that if Y is (pre)symplectic, then Map(X, D +
E,Y) has a natural presymplectic structure.

Analogously to Theorems 2.6 and 2.8, we have:

Theorem 3.5. Let X be a d-dimensional proper smooth scheme and D an effective divisor. Suppose
E is an effective divisor of X such that D = 2D+ E is anticanonical. LetY be a derived Artin stack
such that Map(X,Y), Map([?,Y), Map(D,Y), and Map(D + E,Y) are themselves derived Artin
stacks of locally finite presentation over k. Fix a base map f: D — Y. Let W be a derived Artin
stack and pick a map s : W =Y.

1. Suppose Y is n-shifted symplectic, that the projection Map(D + E,Y) — Map(D,Y) is etale
over [, and that Map(D + E,W) — Map(D,W) is etale over any lift f of f. Suppose
s: W =Y has a Lagrangian structure. Then Map(X, D, W) — Map(X, D,Y) has a natural
Lagrangian structure.

2. SupposeY isn-shifted Poisson, and s : W — Y has a coisotropic structure. Then Map(X, D, W) —

Map(X, D,Y) has a natural coisotropic structure.

Proof. Similarly to the previous theorem, we use the fiber diagram

Map(X, D, W) Map( D D, W
Map(X, D,Y) L Map([),D,Y)
Map(X, W) Map 0
Map(X,Y) ¢ Map(D,Y)

The front and back faces are Cartesian squares. We have a Lagrangian (resp. coisotropic) structure
on ¢ by Corollary 1.12 (Corollary 2.10), on n by Theorem 1.6 (Corollary 2.5), and on # by Lemma
3.4. We also have a Lagrangian structure on Map(X,W) — Map(X,Y) X Map(D,Y) Map(D, W)

by Theorem 2.9 (Corollary 2.11). If we show that Map(D, D, W) — Map(D,D,Y) X Map(D,Y)
Map(D, W) has a Lagrangian (Poisson) structure, then we will be done by Lemma 2.4 (Corolllary
2.12). As before, we put this in a separate lemma:

Lemma 3.6. Let X,Y,W, D, D be as in the theorem. Then

1. Suppose Y is n-shifted symplectic, that the projection Map(D + E,Y) — Map(D,Y) is etale
over f, and that Map(D + E, W) — Map(D, W) is etale over any lift f of f. Suppose s : W —
Y has a Lagrangian structure. Then r : Map(D, D, W) — Map(D, D Y ) X \ap (B, Y)Map(D W)
has a canonical Lagrangian structure.

2. Suppose Y is n-shifted Poisson and that s : W — Y has a coisotropic structure. Then r :
Map(D, D, W) — Map(D, D,Y) X Map(D,Y) Map(D W) has a canonical coisotropic structure.

Proof. For (1), let v be the Lagrangian structure on s. If Q is the induced symplectic structure
on Map(D,D,Y) xMap(D ) Map(D, W), one can check that r*Q = _f[D] ev*y. But this is a
multiplicative form, so is already 0 on

(MTMap(D,D,W))g ~ ART((9*Tw)-p) = ARL((9"Tw) —(p+m)) (£ > 2)
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for any g € Map(b7 D, W); here the second quasi-isomorphism comes from the etaleness condition.
Thus 0 is an isotropic structure. For the Lagrangian condition, we have

(T,)y =~ RI(g*Ty ® Op, D) ~ RI'(¢* Ty @ Opy g, D),
and the map T, = Ly, 5 pw) [n — d] is the quasi-isomorphism
RI'(¢*Ts, D+ E) — RT'(¢"Lw, D + E)[n — 1]
from the Lagrangian condition on s, followed by the Serre quasi-isomorphism
RI(g*Lw, D + E) = RI(¢*Tw ® Kpyp, D+ E)Y[1 — d] ~ RT((g"Tw)_p, D)V[1 — d,

as in the proof of the previous theorem.

For (2), let the Poisson structure on Y be given by p : Y — Z with Lagrangian structure v, and
the coisotropic structure on W — Y given by u : W — Y xz Y’ with Lagrangian structure e, where
p' 1Y’ — Z has Lagrangian structure +’.

Letting B be a formal neighborhood of Map(D7D,Y) in Map(D + E,D,Y) XMap(D+E,D,2)
Map(D, D, Z), recall that the coisotropic structure on Map(D, D,Y) — Map(D,Y) came from the
map B — Map(f), 7). In our present case, the Poisson structure on ¥ := Map(f)7 DY) X Map(D,Y)

Map(D, W) comes from 3
U — E:= B Xyp,,p.2) Map(D, Y").

Let B’ be a formal neighborhood of Map(D, D, W) in Map(D+E, D, W) Xap(p+45,0,yy Map(D, D, Y").
The maps

XMap(D+E,D,W)Map(D+E,D,Y") Map(D, D, Y/) s Map(D, D, YI) - Map(D, Y/)
and
Map(D+E, D, W)X ap(p+ 5,0,y yMap(D, D,Y') = Map(D+E, D,Y) X\ap(p+5,0,2)Map(D, D, Z)
giveamap ¢’ : B’ — Z. Asin the previous theorem, one can give an isotropic structure on ¢’ basically

arising from the isotropic structure on Map(D, W) — Map(D,Y x 7 Y”), and Lagrangianness comes
from

(Tq)g (Lpr)gln —d+2]

i |

RI'((9"Ty) ® Opp, D) ——=RT((¢*Tw)-p, D)V [n — d + 2]

l |

RI((g"T.) ® Op, D) ——>RT((g"To) (s, D) [n — d + 2]

Again similarly to the previous theorem, letting p : Map(D, D, W) — R := B’ x= VU, if Qp is the
induced structure on R, then p*Qg is already 0, so 0 is an isotropic structure. For the Lagrangian
condition, at any g € Map(D, D, W), the corresponding map (T,)g = (Lygap(p,pwy)gln —d — 1] is
just ~ ~

RF(Q*TU ® 0D+E7 D)[—l] — RF((Q*Tw),D7 D)[n —d— ].],

analogous to previous maps. This gives the coisotropic structure on Map(ﬁ, D, W) — ¥ we needed.
O

O
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3.1 Framed Vector Bundles on Surfaces

As an example of these theorems, let X be a smooth surface with effective anticanonical bundle, and
take effective divisors D and FE such that 2D+ F is anticanonical. Let G be a reductive group. Choose
a map D — BG, that is, a G-bundle G — D. The space Map(X, D, BG,G) has, by Theorem 3.3, a
O-shifted Poisson structure. This structure will be symplectic if Map(D + E, BG) — Map(D, BG)
is etale over G. That is, if for every extension _C’; — D+ F of G, the map

H*(Lie(G), D + E) — H*(Lie(G), D)

is an isomorphism in all degrees. Assuming the moduli space is a smooth variety (or looking at a
semistable locus), this will be an ordinary Poisson or symplectic structure. Taking ¢ € H(X, E) to
be a section vanishing on F, this is precisely Theorem 4.3 of [Bo].

In particular, let us consider the case where X = P2, D = E is a line L, G = SL,,, and G is the
trivial bundle. The space Map(P?, L, BSL,,,G) may be identified with the framed SU (n)-instantons
on S* ([Do]). In this case, the only extension of G to 2L is the trivial bundle again, and the failure
of

H*(ﬁln ® Osyp,, 2L) — H*(E[n ® Op, L)

is given by
H*(sl, ® Or(-1),L) =0,

so we have a symplectic structure.
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Chapter 4

Monopoles

Let G be a semisimple complex Lie group and B a Borel. Let Y = G/B be the flag variety of G.
Fix a point p € P*. The space Map(P!,p,Y) is the space of framed G-monopoles on R? [Ja]. In
[FKMM] the authors show that this space has a symplectic structure. More generally, let P be a
parabolic subgroup of G and Y = G/P the partial flag variety; then it is shown that Map(P!,p,Y)
has a Poisson structure. Here I will show that the Poisson and symplectic structures arise from the
machinery of shifted structures on framed mapping spaces.

4.1 Classical Construction of the Symplectic Structure

The following construction is described in [FKMM].

Let gy = g ® Oy denote the trivial g-bundle on Y. Let py C gy be subbundle whose fiber over
a parabolic P is its Lie subalgebra p C g; similarly let vty C py be the subbundle whose fiber over
P is the nilpotent radical t. Let [y = py /ty be the bundle of abstract Levi algebras.

Recall that TY is canonically isomorphic to gy /py, and a G-invariant symmetric nondegenerate
bilinear form on g will give an isomorphism TVY 2 tvy. In the Borel case, we note that [y is trivial.

The Poisson structure on Map(P!,p,Y) is defined as follows. First note that at any f €
Map(Pt, p,Y), we have

Ty Map(P',p,Y) = HO(f*TY (=1),P') = H°(f*(a/p)(—1),P")
and
Ty Map(P',p,Y) = H' (f*TVY (=1),P") = H'(f*(r)(=1),P").
Now consider the complex
ty = gy — 8y /Py

on Y. Pulling back by f and twisting by —1 yields

[ ey)(=1) = fHgv)(=1) = f(gy /py)(=1).

Now we take the hypercohomology spectral sequence of this complex. At page 0, we get the sheaf
cohomology of each of the sheaves. Since gy is trivial, f*(gy)(—1) is a sum of Op:1(—1)s and its
cohomology vanishes. Thus the d; differentials vanish, and at E5 we get a differential

dy s H'(f*(vy)(=1),P") — H(f*(gy /py)(—1),P"),

that is,
T}/ Map(P!,p,Y) — Ty Map(P!,p,Y).

This is the Poisson structure. Verifying that this really is a Poisson structure is done in [FKMM],
or can be derived from later results.
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Remark 4.0.1. Assuming this really is a Poisson structure, let us show nondegeneracy for the case
P = B. The complex

fr(ey)(=1) = f(gy)(=1) = f(ay /py)(=1)

is quasi-isomorphic to
0— f*(Ily)(-1) — 0,

which has zero hypercohomology, as ly is trivial. Thus in particular the differential dy : H(f*(vy)(—1),P!) —
HO(f*(gy /py)(—1),P*) must be an isomorphism.

4.2 Construction via Shifted Poisson Structures

In this section we describe a construction of a Poisson structure on Map(P!, p,G/P) using the
machinery of shifted Poisson structures.

Our first hope might be to find a 1-shifted Poisson structure on ¥ = G/P and use Theorem
3.3 to induce a structure on Map(P!, p,Y). This should make us suspicious in the P = B case, as
we would expect a 1-shifted symplectic structure on G/B, which would yield a quasi-isomorphism
between g/p and t[1], which is clearly impossible.

In the general case, we can also show we can’t get our Poisson structure this way. Suppose Z is
2-shifted symplectic, and g : Y — Z has a Lagrangian structure defining a Posson structure on Y.
Using the Lagrangian condition, we get T, ~ Ly [1] = ¢[1], and in particular the map T, — Ty is
the zero map. For any f € Map(P!,p,Y), the map T}/ Map(P!,p,Y) — Ty Map(P!,p,Y) will just
be the map

HY(f*(1)(=1),P') = RU(f*(Ty)(=1),P!) — RI(f*(Ty )(=1), P') = H(f*(g/p)(—1), P!),

so will also be zero, which we do not want.
Instead, we note that G/P is already related to an existing shifted symplectic stack, BG, via the
fiber diagram

G/P—— BJ(P . (%)
)

Recall that the symplectic structure on BG is given by a G-invariant nondegenerate symmetric
quadratic form on g. Fix such a form w.

Choose an opposite parabolic P~ so that PNP~ = L is a Levi subgroup of G. Letting [ = Lie(L),
we can then write g = v~ @ [ @ t. Since [ is orthogonal to v and ™, w descends to [ and is also
L-invariant and nondegenerate. Thus, BL has a symplectic structure wy, induced from BG. Recall
that the identification L 2 P/rad(P) gives us a map P — L.

Lemma 4.1. The map ¢ : BP — BG x BL has a Lagrangian structure given by 0. Thus BP — BG
has a coisotropic structure.

Proof. The claim that 0 is an isotropic structure reduces to the claim that ¢ : p — g & [ is isotropic
in the usual sense with respect to w — wy,. Write p = [ @ v and recall that v is orthogonal to itself
and [. Then

(w —wp)(el,r), (€, 17)) = w(l, &) — w(t, ') = 0,

so we have isotropy.

For the Lagrangian condition, recall that w pairs up v nondegenerately with v—. Let A, A :
[ = g @I be the diagonal and antidiagonal maps, and note that w — wy, pairs up A(l) and A(l)
nondegenerately. Then the map T, — Lpp[1] is just the adjoint A(I) @t~ — (A(l) @ r). O
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So BP — BG has a coisotropic structure, and if ¢ — BG had one too, we would get a 1-
shifted Poisson structure on G/P by Corollary 2.5. As mentioned, there is no decent shifted Poisson
structure on G/P and it is also easy to check that ¢ — BG has no coisotropic structure. Instead,
we apply the functor Map(P!, p, —) to * to get

Map(P', p, G/P) — Map(P', p, BP) ,

! |

Map(P*, p, ¢) —— Map(P', p, BG)

and note that now Map(P!, p, BG) is 1-symplectic and Map(P!, p, BP) — Map(P!, p, BG) is coisotropic
by Theorem 3.5. Let Gp1 denote the trivial G-bundle on P!, framed at p. Then the map

o = Map(P', p, ) — Map(P', p, BG)
is just the point Gp:. And this is coisotropic, as
Te,, Map(P!, p, BG) = Ext*(Op1 @ g, Op1 @ g)(—1)[1] ~ 0.

Then the map e — Map(P!,p, BG) is trivially Lagrangian, hence coisotropic. Then Corollary 2.5
gives a 0-shifted Poisson structure on Map(P!, p, G/P).

To be a little more specific, the coisotropic bases are the maps Map(P!,p, BL) — e and e —
respectively, so the Poisson structure comes from a map Map(P!,p, G/P) — Map(P',p, BL). In
particular, in the case P is a Borel, L is a torus, and so Map(P', p, BL) = [],_, Map(P*, p, BG,,),
where 7 is the rank of G. But Map(P!, p, BG,,) = Z, so Map(P!,p, BL) is a disjoint union of points
e, with the trivial 1-symplectic structure. Thus, Map(P!, p, G/P) is in fact symplectic.

Theorem 4.2. The Poisson structures described above coincide.

Proof. Let us look at the construction using shifted Poisson structures first. Recall that, for X an
underived smooth scheme with Poisson structure g : X — Z, we recover the map Ty. — T'x by using
the Lagrangian structure on g to yield an isomorphism 7T, & Lx; with respect to this isomorphism,
the Poisson structure is given by Lx = T, — Tx. In the case X = Map(Pt, p, G/ P), let’s look at
the map g : X — Z = Map(P!,p, BL). For f € X, the tangent map g, : Tt X — ¢*(TZ); is the
composition

RL(f* (g /py)(~1),P) = RT(f*(py) (~1), 1) 1] == RO(/* (i) (-1, B) 1]
Here 0* is the connecting map coming from the short exact sequence
0= f(py)(=1) = oy (=1)) = f*(gy /py(=1)) = 0;
since f*(gy (—1)) is acyclic, 0* is a quasi-isomorphism. Then from the sequence
0= [ (ty)(=1) = f(py)(=1) = f*(Iy)(=1) = 0

we see that the fiber of 7 (and thus of g.) is R[(f*(vy)(=1),PY)[1] ~ H'(f*(vy)(—1),P!). This is
identified with va X in the canonical way, and the Poisson map is then

HY (f*(vy)(=1),PY) = H'(f*(py)(=1),P') = H"(f*(gv /py (—1)), P).

For the spectral sequence, consider the map of complexes

ty —— gy —> gy /Py -

|

Py — gy — gy /Py
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Pull back by f, twist by —1, and look at the induced map on the FEo page:

HE(f*(ey)(=1), PY) —— H°(f*(gv /py)(-1), P') .

l

HY(f*(py)(=1),Pt) —— H°(f*(gy /py)(-1),P!)

The bottom map is the inverse to the connecting isomorphism H?(f*(gy /py)(—1),P') — HL(f*(py)(—1),P!)
from the long exact sequence. Thus the Poisson map is exactly the composition

HY(f*(vy)(=1),PY) = H' (f*(py)(=1),P") = H(f*(gv /py (~1)), PY),
as above. O

Remark 4.2.1. In either case, much of the “real work” of the Poisson structure lies in the identification

(H(f*(gy /oy )(=1),P))" = H'(f*(x)(-1),P')

arising from Serre duality and the isomorphism (gy /py )Y = ty.

Remark 4.2.2. Given that G/P doesn’t have a 1l-shifted Poisson structure, what structure does
it have? Recall that an n-shifted symplectic structure on X is equivalent to a map X — e,
with a Lagrangian structure. Generalizing this by replacing e, 11 with an arbitrary (n + 1)-shifted
symplectic derived stack Z yields the notion of an n-shifted Poisson structure.

However, there is another generalization we can make: if X — e, only has an isotropic
structure, we get an n-shifted presymplectic structure on X. Combining these two, we might say an
n-shifted “pre-Poisson” structure on X is an (n + 1)-shifted symplectic derived stack Z and a map
X — Z with an isotropic structure. This is the structure G/ P has; specifically, G/P — BL has an
isotropic structure.

4.3 Other Fibers

In the fiber square
Map(P', p, G/P) — Map(P',p, BP) ,

|

e — > Map(P!,p, BG)

the base point in Map(P!, p, BG) is the trivial G-bundle on P! framed at p. This gives us Map(P*, p, G/P)
as the fiber, but is also neccessary to get a Poisson structure: for general G € Map(P!,p, BG), the
corresponding @ — Map(PP!, p, BG) is not Lagrangian or even coisotropic.

Let’s be a little more precise. Let aut(G) denote the vector bundle whose fiber at x is Lie( Aut(G,)),
and let aut,(G) be the sheaf of sections of aut(G) vanishing at p. Then Tg ~ RI'(aut,(G),P')[1].
The automorphisms of G within Map(P', p, BG) are Aut,(G), the group of automorphisms of G over
P! which are the identity above p. Then the corresponding map B(Aut,(G)) — Map(P!, p, BG) will
be an isomorphism on T in degree —1, and will be Lagrangian (with Lagrangian structure 0).

Then applying Corollary 2.5, we get

Theorem 4.3. The product B(Aut,(G)) X ap(p ,p’BG)Map(]P’l,p, BP) will have a Poisson structure.
This structure is symplectic if P = B.
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The space B(Auty(G)) XmMape p,5c) Map(P!, p, BP) can be described as follows. G acts on G
from the right and G/P on the left, so we can form the balanced product G x¢ G/P, a G/P-bundle
over P1. Note that Aut,(G) still acts on G xg G/P. Let I'(G xg G/P(—1),P') denote the sections
of G x¢ G/P sending p to a specified point of (G xg G/P),. Then

B(Auty(G)) Xnap(e1 p,Bc) Map(P', p, BP) 2 (G x¢ G/P(~1),P')/Aut,(G).
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