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ABSTRACT

ARITHMETIC AND GEOMETRY OF THE OPEN P-ADIC DISC

Scott Corry

Florian Pop, Advisor

Motivated by the local lifting problem for Galois covers of curves, this thesis inves-
tigates Galois branched covers of the open p-adic disc. Our main result is that the
special fiber of an abelian cover is completely determined by arithmetic and geomet-
ric properties of the generic fiber and its characteristic zero specializations. This
determination of the special fiber in terms of characteristic zero data is accomplished
via the field of norms functor of Fontaine and Wintenberger. As a consequence of
our result, we derive a characteristic zero reformulation of the abelian local lifting
problem, and as an application we give a new proof of the p-cyclic case of the Oort

Conjecture, which states that cyclic covers should always lift.

11



Contents

1 Introduction

1.1 Notation . . . . . . . . .

2 The Open p-adic Disc
2.1 The Weierstrass Argument . . . . . . . ... .. ... ... ... ..

2.2 The Ramification Argument . . . . . . ... .. ... ... .....

3 The Field of Norms
3.1 Review of ramification theory . . . . . . . .. ... ... ... ...
3.2 Arithmetically profinite extensions . . . . . . .. ... ... .. ..
3.3 The field of norms . . . . ... ..o
3.4 Coleman’s Theorem . . . . . . . .. .. ... ... ... ......

3.5 Connection with the open p-adic disc . . . . . . .. ... ... ...
4 The Main Theorem

5 Arithmetic Form of the Oort Conjecture

v

10

12

12

17

21

26

30

31

56



Appendix

A Computing the Different From Witt Vectors

67

67



Chapter 1

Introduction

The main result of this thesis (Theorem 4.0.1) says that the special fiber of an
abelian branched cover of the open p-adic disc is completely determined by charac-
teristic zero fibers. The motivation for such a theorem comes from the global lifting
problem for Galois covers of curves: if G is a finite group, k is an algebraically
closed field of characteristic p > 0, and f : C — (" is a finite G-Galois branched
cover of smooth projective k-curves, does there exist a lifting of f to a G-Galois
branched cover of smooth projective R-curves, where R is a discrete valuation ring
of mixed characteristic with residue field £7 This problem has been much studied;
see e.g. [9], [13], [8], [14], [16].

As a brief survey of the subject, we mention the following results:

e (Grothendieck, [9]) If f is at most tamely ramified, then a lifting exists over

R, where R is any complete DVR with residue field k. Moreover, the lifting



is unique once we fix a lifting of C’ and the branch locus of f.

e Not all wildly ramified covers are liftable: there exist curves of genus g >
2 in positive characteristic whose automorphism groups are too large to be
automorphism groups of genus g curves in characteristic zero, by the Hurwitz
genus bounds. If C is such a curve, it is then clear that C' — C" = C/Aut(C)

is not liftable to mixed characteristic.

e There are even examples of non-liftable p-elementary abelian covers. See [§]

for an example with G = (Z/pZ)? for p > 2.

e Oort, Sekiguchi, and Suwa showed in [13] that cyclic covers lift if p divides |G|
at most once. Their method was global in nature, involving a group scheme

degeneration of Kummer Theory to Artin-Schreier Theory.

e Using local methods (see below), Green and Matignon proved in [8] that cyclic

covers lift if p divides |G| at most twice.

e Pagot has shown in [14] that Klein-four covers always lift.

e D,-covers are liftable by [16], where the method of differential data is used.

The guiding conjecture in the subject was provided by F. Oort [12], who sug-
gested the

Oort Conjecture: Cyclic covers always lift.



In Chapter 5 of this thesis, we derive an arithmetic reformulation of a stronger form
of this conjecture, which specifies the ring R over which the lifting should occur:
Strong Oort Conjecture: If f: C — C' is cyclic of order p*n with (p,n) = 1,
then f lifts over R = W (k)[(pe], where W (k) denotes the Witt vectors of k.

A major breakthrough in the subject came when Green and Matignon discovered
that the obstructions to lifting are not global in nature, but rather local. Indeed,
using either rigid patching [8] or deformation theory [1], the global lifting problem
reduces to a local one, due to the
Local-to-Global Principle: ([8] section III, [1] Corollaire 3.3.5) Let y € C be
a ramification point for the G-Galois cover f : C — (', and consider the G-
Galois cover f, Spec(é(?y) — Spec(@)) obtained by completion, where G,
1s the inertia subgroup at y. Suppose that for each such ramified y € C, the map
fy can be lifted to a G,-Galois cover of open p-adic discs, I, : D — D, where
D = Spec(R[[Z]]). Then the local liftings, F,, can be patched together to yield a
lifting of f to a G-Galois cover of smooth projective R-curves.

Since @ = k[[t]], we are led to consider the following local lifting problem
for Galois covers of curves: given a finite G-Galois extension of power series rings
k[[t]]|k][z]], does there exists a lifting to a G-Galois extension R[[T]]|R[[Z]], where
R is a mixed characteristic DVR with residue field k7 One could also consider the
(weaker) birational local lifting problem for Galois covers of curves: given a finite

G-Galois extension of Laurent series fields k((¢))|k((2)), does there exists a lifting to



a G-Galois extension of normal rings A|R[[Z]]? By a lifting in this case, we mean
that A; := A/wA is an integral domain (where w is a uniformizer for R), and
the fields Frac(Ag) and k((t)) are isomorphic as G-Galois extensions of k((z)). In
particular, in the birational version of the local problem, we do not require Spec(.4)
to be smooth: in terms of geometry, this corresponds to allowing the curve C' to
acquire singularities.

As mentioned above, the local lifting problem does not always have a positive

solution. On the other hand, Garuti has shown in [6] that the birational local
lifting problem does always have a positive solution, so the birational problem is
indeed weaker than the local lifting problem. It is clearly advantageous to work
with Laurent series fields rather than power series rings, however, and the following
criterion for good reduction ensures that we may do so without sacrificing the
smoothness of our liftings.
Local Criterion for Good Reduction: ([10] section 5, [8] 3.4) Let A be a
normal integral local ring, which is also a finite R[[Z]]-module. Assume moreover
that A, := AJwA is reduced and Frac(A,)|k((2)) is separable. Let A, be the integral
closure of A, and define 5, := dimk(:é\l;/As). Also, setting K = Frac(R), denote
by d,, the degree of the different of (A® K)|(R[[Z]]® K), and by d, the degree of the
different of Frac(As)|k((z)). Then d, = ds + 26y, and if d,, = ds, then A = R[[T]].

Using this criterion, we obtain the

Birational Criterion for Local Lifting: Suppose that k[[t]]|k[[z]] is « G-Galois



extension of power series rings. Then a G-Galois extension of normal integral local
rings, A|R[[Z]], is a lifting of k[[t]]|k[[2]] if and only if it is a birational lifting of
k((0)|k((2)), and ds = dy.

Hence, the local lifting problem can be reformulated as follows: given a G-Galois
extension k((t))|k((z)), does there exist a G-Galois birational lifting .A|R[[Z]] which
preserves the different, i.e. such that d, = d,,?

It is this last formulation of the local lifting problem that provides our motiva-
tion for studying Galois covers of the open p-adic disc. In particular, given such a
G-Galois branched cover Y = Spec(A) — D, we are interested in determining geo-
metric and arithmetic properties of the special fiber Y3, — Dy, (such as irreducibility,
separability, and the degree of the different dg) from the corresponding properties
of the generic fiber Yy — Dy and its specializations at various points z € Dg.
Our main result (Theorem 4.0.1) provides precisely such a characterization of the
special fiber in terms of characteristic zero data. Roughly speaking, our result says
that the special fiber of a Galois cover of the open p-adic disc “wants” to be the field
of norms of the characteristic zero fibers, and the degree to which this fails is the
phenomenon of inseparability. Our work can be regarded as a concrete investigation
of the class field theory of the open p-adic disc, and our main result suggests that
the local lifting problem would be answered by a Grunwald-Wang type theorem for
the open disc, with control over the generic different.

In Chapter 2 of this thesis we review the basic structure of the open p-adic



disc, and then in Chapter 3 we describe the theory of the field of norms due to
Fontaine and Wintenberger, which plays a major role in our main result. Chapter 4
contains the proof of our main theorem characterizing the special fiber of a Galois
branched cover of the open p-adic disc in terms of the characteristic zero fibers of the
cover. An arithmetic reformulation of the Oort Conjecture is deduced in Chapter 5,
together with a new proof of this conjecture in the p-cyclic case. Finally, Appendix
A amends a result of Brylinksi to derive a formula for the different of a p"-cyclic

extension of a local field of characterstic p in terms of the classifying Witt vector.

1.1 Notation

Let K be a complete discretely valued field. We make the following notational

conventions:

- Rk denotes the valuation ring of K;

- mg denotes the maximal ideal of R;

kx denotes the residue field of Rg;

vk denotes the normalized discrete valuation on K, determined by the condi-

tion that vg (K*) = Z;

| - |k is the absolute value on K induced by vg, normalized so that |a|x =

p—VK(Oé).



if L is the completion of an algebraic extension of K, then we also denote by

vk (resp. |- |k) the unique prolongation of vk (resp. |- |k) to L;

for N € Z, the symbol o(N) denotes an element of K such that vg(o(N)) > N;

if L|K is algebraic, then K, denotes the maximal unramified subextension,

and K the maximal tamely ramified subextension.



Chapter 2

The Open p-adic Disc

Let K be a complete discretely valued p-adic field, with valuation ring R = Rk.
Then the open p-adic disc (over K) is defined to be Dk := Spec(R[[Z]] ®r K),
and its smooth integral model is denoted by D = Spec(R[[Z]]). The key result for
understanding the structure of the open p-adic disc is the Weierstrass Preparation

Theorem:

Proposition 2.0.1. (Weierstrass Preparation Theorem, [2] VII.3.8, Prop. 6) Sup-
pose that g(Z) € R][[Z]] has a nonzero reduced series §(z) € k[[z]], of valuation

Ve((2)(9(2)) =d > 0. Then g(Z) can be written uniquely as
9(2) = (Z"+ ag1 Z " + -+ a))U(Z),

where all a; € m and U(Z) is a unit in R[[Z]]. The degree d is called the Weierstrass

degree of g(Z).



Polynomials Z? + ag_1Z% ' + --- 4 ay as in the proposition are called distin-
guished polynomials, and we see that the ring R[[Z]] has the following properties: it
is a 2-dimensional regular local ring with maximal ideal (w, Z), where w is a uni-
formizer for R. Moreover, if P is a height 1 prime of R[[Z]], then either P = (w), or
P = (f(Z)) for some irreducible distinguished polynomial in R[Z]. It follows that
R[[Z]]® K is a Dedekind domain whose maximal ideals are in one-to-one correspon-
dence with the irreducible distinguished polynomials over R. Finally, the geometric

points of Dy can be described as:

Dk(K) = {a€ K| f(a)=0& f € R[Z] irred. distinguished}

= {aeK||ax <1},

which explains the name of Dg.

2.1 The Weierstrass Argument

As a consequence of the Weierstrass Preparation Theorem, we see that an arbitrary
nonzero power series g(Z) € R|[[Z]] can be written in the form ¢(Z) = wf(Z)U(Z),
where ¢ > 0 and f(Z) is distinguished of degree d > 0. In the course of our
investigation, we will very often have to work with the ring R[[Z]]s, the local ring
of D at the generic point of the special fiber Dy = Spec(k[[z]]) € D. Now the

previous remarks imply that an arbitrary nonzero element £(Z) € R[[Z]]m has the



form

§(2) = TH2IE) }@[)j(z),

where the f;(Z) are distinguished. In particular, the denominator f»(Z) will be
relatively prime to almost all height one primes of R[[Z]], so if P = (h(Z)) is one
of these primes, we will have £(Z) € R|[[Z]]p, and it will make sense to look at the
image of ¢ in R[[Z]]p/P = K(a), where a is a root of h(Z) in K. When we have
chosen a particular root «, we will refer to the image of £ as the specialization of
¢ at the point Z = a. Since in any particular argument only finitely many such
elements ¢ will be involved, it will generally make sense to specialize everything in
sight at most points of Dg. In the rest of this thesis, we will refer to this argument

(which allows us to specialize almost everywhere) as the Weierstrass Argument.

2.2 The Ramification Argument

Suppose that {z,,}, C Dk is a sequence of points corresponding to a sequence
{am}m € K with each a,, being a uniformizer for the discrete valuation field K (v, ).
Moreover, suppose that |a,,|x — 1 as m — o0, so that the points x,, are approach-
ing the boundary of Dg. Equivalently, we are assuming that the ramification index

em = e(K(ap)|K) goes to oo with m. Given £(Z) = wcgggU(Z) € R[[Z]]m, we

can consider the specialization of ¢ at x,, for m >> 0 (by the Weierstrass Argu-
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ment). Denoting this specialization by &, € K(a,,), we see that

fl(am)>‘

VK (am) (€m) = VK (0m) (@) + VE(am) (fg(a )

Note that for any a € mg we have Vi (a,,)(@) > Vi(a,,) (@) = €,. Hence, if d; is the
Weierstrass degree of f;(Z), then for m >> 0 we have vg(a,,)(a) > di + dy for all

a € mg. It follows that vi(a,.)(fi(m)) = Vi(anm) (@d) = d;, so

VK(am)(fm) = cepy t+ (dl - d2) 2 _d2-

Thus, we see that the normalized valuations of the specializations &, € K(a,,) are
bounded below by —ds = —(degree of the pole of £(Z)). Moreover, if ¢ > 0 (i.e. if
£(z) = 0), then VK (am)(&m) — 00 as m — oo. Finally, if d; > d,, then &, € Rg(a,,)
for m >> 0, even if ¢ = 0.

Again, since in any particular argument only finitely many such elements £ will
be involved, the foregoing remarks imply that there will be a uniform lower bound
on the normalized valuations of the specializations at the points x,,, independently
of m. Moreover, we see that it will be easy to check whether these specializations
are integral, and whether their valuations run off to infinity. We will refer to this

argument as the Ramification Argument in the sequel.
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Chapter 3

The Field of Norms

3.1 Review of ramification theory

In this section we briefly recall the definitions and important properties of the
upper and lower ramification filtrations. For complete proofs and a more leisurely
treatment, the classic source is [15], Chapter V.

Let K be a complete discretely valued field, and let L|K be a finite Galois

extension. Then we define a function iy, : Gal(L|K) — Z U {0} by

ir(o) = grel}%ri(yL(a(x) —x)—1).

Remark 3.1.1. The function iy just defined differs slightly from the function ig
defined by Serre in [15]: i, = ig — 1 for G = Gal(L|K). We prefer to use the

function iy, in order to match the notations of [17].

12



Lemma 3.1.2. Suppose that L|K is totally ramified, and let © be any uniformizer

for L. Then ip(c) = v (2% — 1) for all o € Gal(L|K).

Proof: Since L|K is totally ramified, it follows that R, = Rg[r]. On the other
hand, iy (o) is the greatest integer ¢ such that o acts trivially on the quotient
Rp/mi™ = Rp[n]/(7"*1). But o acts trivially on this quotient if and only if

vi(o(m) —m) > i+ 1, which implies that

ir(0) =vp(o(m) —7m) — 1 =g
as claimed. O

Definition 3.1.3. Let L|K be a finite Galois extension with group G. Then for an
integer ¢ > —1,

Gi:={oceG|iylo)>i}

is called the ith ramification subgroup in the lower numbering. We extend the

indexing to the set of real numbers > —1 by setting

Gt = G[ﬂ YVt € szl-

Note that G; is a normal subgroup of GG, being the kernel of the natural map

G — Aut(Ry /mith).

Moreover, the groups G; form a decreasing and separated filtration of G, with

G_1 = G and G = the inertia subgroup of G.

13



Definition 3.1.4. Define the Herbrand function of L|K, ¢rjx : R>_1 — R>_; by

" #Gy

ds.
o #Go

prik(t) =

The function ¢k is an increasing, continuous, piecewise-linear bijection, and
hence has an increasing, continuous, and piecewise-linear inverse ¢y x. If K'|K is a
Galois subextension of the finite Galois extension L|K, then we have the following

transitivity formulas for the functions ¢ and :

¢L\K = ¢L|K/O¢K/|K
YLKk = $PK|KO°CPLK -

Finally, if K’|K is an arbitrary subextension (possibly non-Galois) of the finite

Galois extension L|K, then we define a Herbrand function ¢/ x by

PKRIK = QLK © YLK

This definition coincides with our previous definition in the case where K'|K is
Galois, and the transitivity formulas above ensure that pg/x does not depend on
the containing Galois extension L|K.

Using the function 17k, we define a new ramification filtration on the Galois

group G.

Definition 3.1.5. For a real number s > —1, define

G = GT/JL\K(S)‘

14



The decreasing and separated filtration {G*}, is called the ramification filtration in

the upper numbering. Note that G=! = G_; = G and G* = G, for —1 < s < 0.

Using the upper numbering, we can give an integral expression for the inverse

Herbrand function k-

s 0
¢L|K(s):/0 igtdt Vs € Rs_1. (3.1.1)

The difference between the upper and lower ramification filtrations of G is that

the latter behaves well under taking subgroups of GG, while the former behaves well

under forming quotient groups.

Proposition 3.1.6. Let H be a subgroup of G = Gal(L|K) with fized field K.
Then the lower ramification filtration of H = Gal(L|K') is induced by the lower

ramification filtration of G:
H,=HNG; Vi > —1.

Proof: This is clear from the fact that H; is the kernel of the composition
H — G — Aut(Ry/m}t),

while G; is the kernel of the second map. O

Proposition 3.1.7. ([15], Chapter IV, Prop. 14) Let H be a normal subgroup
of G = Gal(L|K), with fized field K'. Then the upper ramification filtration on
G/H = Gal(K'|K) is induced by the upper ramification filtration of G:

(G/H)S :GSH/H VS€R2,1

15



Now suppose that L|K is an infinite Galois extension. Then Proposition 3.1.7

allows us to define an upper ramification filtration on the profinite group G =

Gal(L|K):
Definition 3.1.8. For a real number s > —1, define
G® :=lim Gal(K'|K)®

where the limit is over all finite Galois subextensions K'| K of L|K. Then the groups
{G*}; form a decreasing, exhaustive, and separated filtration of G by closed normal
subgroups, called the upper ramification filtration. We say that a real number

r > —11is a jump for the upper ramification filtration if G"*¢ # G" for all € > 0.

In particular, if K*®?|K is a separable closure of K, then the absolute Galois

group G = Gal(K*?|K) is equipped with its upper ramification filtration {G% }s.

Lemma 3.1.9. Suppose that LIK is a (possibly infinite) Galois extension with
group G, and let K'|K be a finite subextension corresponding to the open subgroup

H. Then for all u > —1 we have
H* = HN G s,

Proof: Let G be the set of all finite extensions L'| K’ contained in L such that L’
is Galois over K. Then G is cofinal in the set of all finite Galois subextensions of
L|K’, so

H* = lim Gal(L'|K")".
—

L'eg
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But for each L' € G we have

G&l(L/|K,)u = Gal(Ll|K,)wL/|K/(u)
= Gal(L/|K') N Gal(L’|K)¢,L,‘K,(u)
= Gal(L'|K') N Gal(L/|K)¢L’\K°wU|K’(U)
= Gal(L’'|K")n Gal(L,‘K)SDK’\KOSOL’\K’OwL’lK/(U)

= Gal(L’|K/) N Gal(L"K)‘PK/‘K(u)'
Taking the limit now yields

H* = lim Gal(L'|K’) N Gal(L'|K)#x1x™ = [ A Gexx® 0
(__._

L'eg

3.2 Arithmetically profinite extensions

The field of norms construction applies to a certain type of field extension, which

we now describe. The basic reference for this material is [17].

Definition 3.2.1. Let K be a complete discrete valuation field with perfect residue
field ki of characteristic p > 0, and K*? a fixed separable closure. Then an
extension L|K contained in K*?|K is called arithmetically profinite (APF) if for

all w > —1, the group G% G/, is open in Gk.

If we set K" := Fix(GY%) C K*%?, then this definition means simply that K, :=
K" N L is a finite extension of K for all u > —1. Since the upper ramification
filtration is separated, it follows that K*? = U, K", which implies that L = U, K.

17



A concrete example of an infinite APF extension is Q,((y~)|Q,, and in this case
Koy = Qp(Gpm).

Note that an APF extension need not be Galois. However, many statements
about APF extensions become more transparent in the Galois case, so we will take
special care in the following exposition to explain the meaning of various properties
and definitions in the Galois situation.

One way of thinking about APF extensions is that they are exactly those which
allow for the definition of the inverse Herbrand function (which we defined in the
previous section only for finite Galois extensions). Indeed, if L|K is a (possibly

infinite) APF extension, then we set G¢ := G% N G, and define

o (@) JHGY - GGt it u >0
L (u) =
u if =1 <u<0.

If L|K is Galois with group G = Gk /G, then G' = G4 G /G, and
G°/G" = (G GL/GL)/(GKGL/GL) = G GL/GGL = Gy /GGy,
This implies that in the Galois case we have
Yk (u) = /OU(GO : GYdt for u >0,

which accords with equation (3.1.1) given previously for finite Galois extensions.
For a general APF extension L|K, the function 11k just defined is increasing,

continuous, and piecewise-linear, with inverse ¢ which is also increasing, contin-

18



uous, and piecewise-linear. Of course, when L|K is finite, ¢k coincides with our
previous definition of the Herbrand function.

An important quantity attached to an APF extension L|K is

i(L|K) :=sup{u > -1 | G%x G = Gk}.

In terms of the ramification subextensions K,|K, the quantity i(L|K) is the supre-
mum of the indices u such that K, = K. In the case where L| K is Galois with group
G = Gk /Gy, we have G* = GG /GL, and i(L|K) is the first jump in the upper
ramification filtration on G. Note that i(L|K) > 0 if and only if L|K is totally
ramified, and i(L|K) > 0 if and only if L|K is totally wildly ramified. Because the
inverse Herbrand function v x and the quantity i(L|K) will be essential for our

later work, we include here the

Proposition 3.2.2. ([17], Proposition 1.2.3) Let M and N be two extensions of K

contained 1n K% with M C N. Then

1. if M|K is finite, then N|K is APF if and only if N|M is APF;

2. if NIM is finite, then N|K is APF if and only if M|K is APF;

3. if N|K is APF then M|K is APF;

4. if N|K is APF, then i(M|K) > i(N|K), and if in addition M|K is finite,

then i(N|M) > ¢ayx (i(N|K)) > i(N|K).

19



Proof: Note that the following equality always holds, and in particular, the finite-

ness of any two of the quantities implies the finiteness of the third:
(GK . GNG}L{) = (GK . GMG}L()<GM . GN(GM N G}L())

If M|K is finite, then the first term on the right hand side is finite, which means
that the remaining terms are either both finite or both infinite. But by definition,
N|K is APF if and only if the left hand side is finite. On the other hand, Gy, NGY =
Gﬁmk(u) by Lemma 3.1.9, so the finiteness of the right hand side again amounts to
the arithmetic profiniteness of N|M. This proves 1.

Part 2 follows immediately from the fact that N|M finite implies that the second
term on the right hand side is finite, hence the remaining two terms are either both
finite or both infinite.

For 3, if N|K is APF, then the left hand side is finite, and this implies the
finiteness of the right hand side, and in particular the fact that M|K is APF.

Finally, we prove part 4. First suppose only that N|K is APF. Then by part 3,

M|K is APF, and by the definition of i(—) we have
Gx = GGy c "M@y, € G

Hence, all of these inclusions are equalities, which implies that (M |K) > i(N|K).

If we also assume that M|K is finite, then N|M is APF by part 1, and we have

20



Hence, i(N|M) > Yar(i(N|K)) > i(N|K), the last inequality coming from the
fact that the integrand in the definition of ¥y x is > 1. O

Parts 1 and 2 of this proposition say that the APF property is insensitive to
finite extensions of the top or bottom, while part 3 says that the APF property is
inherited by subextensions. Part 4 says that the quantity i(—) can only increase in
subextensions or under a finite extension of the base M|K. In the latter case, we
get a lower bound on the increase of i(—) in terms of the inverse Herbrand function
(YIS

Given an infinite APF extension L|K, let £k denote the set of finite subex-
tensions of L|K, partially ordered by inclusion. The key technical fact about the
extension L|K is the following property of the quantity i(—), which generalizes part

4 of the previous proposition:

Proposition 3.2.3. ([17], Lemme 2.2.3.1) The numbers i(L|E) for E € Eyx tend

to oo with respect to the directed set Ep) .

3.3 The field of norms

Having discussed some general properties of infinite APF extensions, we are now
ready to describe the field of norms construction, following [17]: given an infinite
APF extension L|K, set

Xi(L)* = lim E*,

LK
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the transition maps being given by the norm Ng/g : E” — E* for E C E'. Then
define

Xk (L) = X (L) U {0}.
Thus, a nonzero element a of Xx (L) is given by a norm-compatible sequence o =
(ap)peg, - We wish to endow this set with an additive structure in such a way
that X (L) becomes a field, called the field of norms of L|K. This is accomplished

by the following

Proposition 3.3.1. ([17], Théoreme 2.1.3 (i)) If o, € Xk (L), then for all E €
Erik, the elements {Npg(ap + Be) e converge (with respect to the directed set

ELip) to an element vy € E. Moreover, o + 3 := (’}/E)EEgL‘K 15 an element of

Xi(L).

With this definition of addition, the set Xx (L) becomes a field, with multi-
plicative group X (L)*. Moreover, there is a natural discrete valuation on Xy (L).
Indeed, if Ky denotes the maximal unramified subextension of L|K (which is finite
over K by APF), then vx, (1)(o) := vg(ag) € Z does not depend on E € Ejk,. In
fact ([17], Théoreme 2.1.3 (ii)), Xk (L) is a complete discrete valuation field with
residue field isomorphic to ky (which is a finite extension of k). The isomorphism
of residue fields kx, () = kr comes about as follows. For z € kg, let [z] € K
denote the Teichmiiller lifting. That is, [—] : k; — Kj is the unique multiplicative
section of the canonical map Ry — kg, = k. Note that F|K; is of p-power degree
for all £ € &k, s0 xﬁ € ky for all such FE, since kj, is perfect. The element
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1
([2™5T]) peg, ., is clearly a coherent system of norms, hence (by cofinality) defines

an element frx(z) € Xg(L). The map frx : k — Xk(L) is a field embedding
which induces the isomorphism k7 = kx, (1) mentioned above.
The following result will be used several times in the proof of our Main Theo-

rem 4.0.1. Before stating it, we make a

Definition 3.3.2. For any subfield E' € &k, define

r(E) = [p; 1@'(L]E)-‘ |

Proposition 3.3.3. ([17], Proposition 2.3.1 & Remarque 2.3.3.1) Let L|K be an
infinite APF extension and F' € £k, be any finite extension of K contained in L.

Then
1. for any v € Rp, there exists & = (QATE)EEgL‘K € Xk (L) such that

vip(tp —x) > r(F);

2. for any o, B € Rx, (1), we have

(o +B)r = ap + Br mod m}}(F)‘

The construction just described, which produces a complete discrete valuation
field of characteristic p = char(kg) from an infinite APF extension L|K is actually
functorial in L. Precisely, Xy (—) can be viewed as a functor from the category
of infinite APF extensions of K contained in K*® (where the morphisms are K-
embeddings of finite degree) to the category of complete discretely valued fields of
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characteristic p (where the morphisms are separable embeddings of finite degree).
Moreover, this functor preserves Galois extensions and Galois groups.

Fixing an infinite APF extension L|K, the functorial nature of Xx(—) allows
us to define a field of norms for any separable algebraic extension M|L. Namely,

given such an M, we may write it as the colimit of finite extensions of L, say

M = lim L.
—_%
L'|L finite,L’CM

Then we define

XL‘K(M> = ll_II}XK(L,)

L'

With this definition, we can consider X x(—) as a functor from the category of
separable algebraic extensions of L to the category of separable algebraic extensions

of Xk (L). The amazing fact about this functor is the following

Proposition 3.3.4. ([17], Théoreme 3.2.2) The field of norms functor Xpx(—) is

an equivalence of categories.

In particular, Xk (K*) is a separable closure of Xk (L), and we have an isomor-
phism Gx, (1) = Gy

Since Xk (L) is a complete discrete valuation field with residue field kp, it fol-
lows that any choice of uniformizer 7 = (7g)g for X (L) yields an isomorphism
kr((z)) = Xk(L), defined by sending z to m. Via this isomorphism, an element
a = (ag)p € Rx, () corresponds to a power series g,(2) € kr[[z]]. The following
lemma describes the relationship between g¢,(z) and the coherent system of norms
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a = (ag)g in terms of the chosen uniformizer 7 = (7g)g. First we need to introduce

some notation. Given a power series

g(z) = Z a; 2" € ki[[2]],

define for each E € £k, a new power series

96(2) = S0 = S (funla)e’ € Rullz],

Lemma 3.3.5. For all « = (ag)p € Xk (L), we have

ap = gop(mg) mod mTE(E)

for all E € &k, where r(E) := (’%z(L!Eﬂ

Proof: By definition of the isomorphism kp,((2)) & Xk (L), if go(2) = Y o @iz,
then
@ = Z fL|K(ai)7Ti = 7111_{20 Z fL|K(az')7Ti'
=0 i=0

Now by Proposition 3.3.3, for any E € &k, we have

n

(Z fLK(ai)ﬁ) = Z(fm(ai))mg mod ng).

E =0
Thus we see that

= T}Lrgoz(f"“'K(ai))EﬂE = Jo,p(7p) mod mip?. 0
i=0

The congruence of the previous lemma can be replaced by an equality if one
is willing to restrict attention to Lubin-Tate extensions of local fields. This is a
theorem of Coleman ([4], Theorem A), to which we now turn.
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3.4 Coleman’s Theorem

A special class of infinite APF extensions are the Lubin-Tate extensions, which we
now briefly recall (see [11] Chapter V for proofs). Let H be a finite extension of
Qp, and I' a Lubin-Tate formal group associated to a uniformizer w of H. Then
I' is a formal Ry-module, and interpreting the group I' in m*® makes this ideal
into an Ry-module (here m*®? is the maximal ideal of the valuation ring of H*).
Let T, € m*?P be the w™-torsion of this Ry-module. Then Ry/w™Ry = Ty,
for all m, and in particular T, is finite. Now define Ly := U,,H(T';,), which is
an infinite totally ramified abelian extension of H, the Lubin-Tate extension of H
associated to w. Let K be a complete unramified extension of H with Frobenius
element ¢ € Gal(K|H), and define L := LyK. Then L|K is an infinite abelian
APF extension, with ramification subfields K,, := Fix(G(L|K)™) = K(I's,) ([11],
Corollary V.5.6). Moreover, we have [K,, : K| = ¢" (¢ — 1), where q := #(ky).
We will refer to extensions of this type as Lubin-Tate extensions, despite the fact
that they are really the compositum of a Lubin-Tate extension with an unramified
extension.

Now fix a primitive element (wy, ), for the Tate module
T.,(T) := limT,,.

That is, wy, is a generator for I';,, as an Ry-module, and if [w]|r denotes the en-

domorphism of I" corresponding to w, then [w|r(wm+1) = wy, for all m > 1. Note
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that the Frobenius ¢ € Gal(K|H) acts coefficient-wise on the ring Ry [[Z]][5]-

Theorem 3.4.1. ([4], Theorem A) For all « = (apm)m € Xk (L), there exists a

unique fo(Z) € Ri[[Z])[5]* such that for allm > 1,

(7Y fo) (W) = .

We may suppose that the endomorphism [w]r(Z) € Ry[[Z]] is actually a poly-

nomial of degree ¢ = #(kp):
(@) (Z) = Z94+ ag 1 27 + -+ w2 a; € my.

Then if p # 2, I claim that every primitive element (7,,),, for T(I') is also a
uniformizer for Xy (L). Indeed, for all m > 1 we have [@]|r(Tmi1) = Tm, SO Tmia
satisfies the polynomial [w|r(Z) — 7, € K,,[Z]. But this polynomial is Eisenstein,
and hence is the minimal polynomial for 7,1 over the field K,,. This means that
Nk, i1/ (Tmg1) = (=1)4(=7p) = Ty, since ¢ = plerFel is odd.

We will say that we are in the Coleman situation when p # 2 and we have chosen
a uniformizer m = (7,)m € Xk (L) that is also a primitive element for T,,(I"). An
example of the Coleman situation is given by K = Q, and L = K((y~), the p-
cyclotomic extension (for p odd). L|K is then of Lubin-Tate type, corresponding

—_

to the uniformizer @w = p € Q, and the formal group I' = G,,, with endomorphism
plr(Z) =1+ Z)P — 1.

Moreover, the choice of a compatible system of roots of unity {(,m}», C L yields a
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uniformizer 7 := ({,m —1),, € Xk (L) which is also a primitive element for the Tate
module T, p(@;).

Now suppose that we are in the Coleman situation with uniformizer = deter-
mining an isomorphism kr((z)) = Xg(L). Note that L|K is totally ramified, so
kr, = kx = k C F,. It is easy to check that the subfield Fu((2)) C k((2)) cor-

responds to Xy, )(Lo(¢e-1)) € Xk (L) under the isomorphism above. In the

following lemma, we make use of the Teichmiiller lifting T : k[[z]] — Rk[[Z]):

T(Z a;z") = Z[%‘]Zi-

Lemma 3.4.2. Suppose that o € Rx, (1) corresponds to the power series go(z) €

F,[[2]] under the isomorphism above, where ¢ = #(ky). Then

fo(Z) = ga(z) mod (w)
where fo(Z) € Rk|[[Z]] is the Coleman power series for c.

Proof: By lemma 3.3.5, the power series g,(z) has the property that
Go. K, (Tm) = @, mod my™.
On the other hand, the Coleman series f,(Z) satisfies

(¢_(m_1)fa)(7m) = Q.

Note that the operation of raising to the ¢'th power is the identity on F,, and

qts

¢! acts as the identity on H((y ;) C K. Hence, for all m = 1 mod [ we have
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Gk, = T(ga) and ¢~ "=V (f,) = f,. Restricting attention to these indices m, we

find that
fa(mm) = am = (7(9))(7m)  mod mpr.

Now apply the Weierstrass Preparation Theorem to the power series f,(Z) —

7(9)(Z) € Rk[[Z]] to conclude that
folZ) = 7(9)(2) = (2" + an 1 Z" P 4+ ag)U(Z)
for ¢ >0, U(Z) a unit, and all a; € mg. Evaluating at 7, for m =1 mod ¢t yields

@ (m + ap 7+ ag)U () € mIm

Hence for m >> 0 we have
V(@) +1 > 1y — 00

as m — oo by proposition 3.2.3. Since n is a constant, it follows that we must have

c >0, so
fo(Z) = ga(Z) mod (w). O

Hence, in the Coleman situation, a choice of uniformizer (that is also a primitive
element) defines a lifting of the multiplicative group (U <i<ix.mFg[[2]])* to Ri[[Z]]*.
Of course, if K|H is finite then the first group above is simply k[[z]]*. Note that
the multiplicativity of this lifting is guaranteed by the uniqueness in Coleman’s
Theorem. We extend this to a lifting C' : (Ui<i<ix.mFgt[[2]]) — Rk [[Z]] by setting
C(0) := 0, and we note that this Coleman lifting provides an alternative to the
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more obvious Teichmiiller lifting. In the Coleman situation, the use of C' will allow
for some simplification in the proof of our Main Theorem 4.0.1. However, the Main
Theorem holds for p = 2 and also for an arbitrary choice of uniformizer 7, and the

proof in the general case has recourse to the usual Teichmiiller lifting, 7.

3.5 Connection with the open p-adic disc

Given a totally ramified APF extension L|K, we have seen how any choice of a
uniformizer 7 = (7m,)m € Xk (L) determines an isomorphism k((z)) = Xk(L)
defined by sending z to 7 (here we set k := kx = kr). We would now like to
explicitly describe a connection between the field of norms Xy (L) and the open p-
adic disc D := Spec(R][[Z]]® K') that will underly the rest of our investigation (here
R := Rg). Namely, the special fiber of the smooth integral model D := Spec(R][[Z]])
is Dy, = Spec(k][z]]), with generic point Dy, = Spec(k((z))). Via the isomorphism
above coming from the choice of uniformizer m, we can thus identify Dy, with
Spec(Xk(L)). On the other hand, each component m,, of 7 is a uniformizer in
K,,, and in particular has absolute value |m,,|x < 1. Hence, each 7, corresponds
to a point x,, € D with residue field K,,. In terms of the Dedekind domain
R[[Z]] ® K, the point x,, corresponds to the maximal ideal P,, generated by the
minimal polynomial of 7, over R. Thus, the uniformizer 7 defines a sequence of

points {z,, },m» C Dk which approaches the boundary.
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Chapter 4

The Main Theorem

Let L|K be a Lubin-Tate extension as described in section 3.4, with residue field
k := ki = kr. Hence, there exists a p-adic local field H such that K |H is unramified
and L = K Ly, where Lg|H is an honest Lubin-Tate extension, associated to a formal

group I'. As usual, we let K, := Fix(G(L|K)™), and we recall that
(K 2 K] = # (k)™ " = ¢" "

Choose a uniformizer 7 = (7,,)m € Xg (L), which yields the identification Dy, =
Spec(Xk (L)) as well as the sequence of points {z,,},, C Dy as described in the
last section.

Consider a G-Galois regular branched cover Y — D, with Y normal. We con-
sider this cover to be a family over Spec(Ry), and we introduce the following no-

tations:

- Y, — Dy, denotes the special fiber of the cover, obtained by taking the fiber
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product with Spec(k);

- Y — Dk denotes the generic fiber, obtained by taking the fiber product with

Spec(K);
- for each m > 0, we denote by Yx ., the fiber of Yx at z,, € Dk;

- If X is an affine scheme, then F'(X) denotes the total ring of fractions of X,
obtained from the ring of global sections, I'(X), by inverting all non-zero-

divisors.

If the special fiber Y} is reduced, then F'(Y}) is a product of ng copies of a field

F(vy) =] K.
j=1
where K is a finite normal extension of k((z)) = Xk (L). On the other hand, only
finitely many of the points z,, are ramified in the cover Yy — Dy, so for m >> 0 the
fiber Yk ., is also reduced and we have an isomorphism of F(Yx ) with a product

of n,, copies of a field K :
F(Yiewm) =[] K
j=1
where K| |K,, is a finite Galois extension. Let d,, := vg; (D(K],|K,,)) denote the

degree of the different of K |K,,, and set L,, := LK C K*®.

Theorem 4.0.1. Let Y — D be a G-Galois reqular branched cover of the open

p-adic disc, with Y normal and Y} reduced. Then
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1. If Yy — Dy is generically separable, then there exists | > 0 such that for

m >> 0 and m = 1 modulo [, we have n,, = ns and
IC — XL\K(Lm)

as subfields of X (L)**? = Xpjx(K*°?P). Moreover, for these m we have an
isomorphism

Gal(K|Xk (L)) = Gal(K] | K»)
which respects the ramification filtrations. In particular, if dg is the degree of

the different of K| Xk (L), then ds = d,,.

2. If G 1s abelian, then the number of components of Yy, is less than or equal to the
number of components of Yi ,, for m >> 0, independently of any separability

assumption. In particular, Yy is irreducible if Yi ,, 15 trreducible for m >> 0.

3. If Yy is irreducible, then Y, — Dy is generically inseparable if and only if

d,y, — 0.

Remark 4.0.2. If k is a finite field, say #(k) = ¢', then we can take [ = ¢ in part
1 of the Theorem. That is, in the case of a finite residue field, the number [ is

independent of the particular cover Y — D.

Remark 4.0.3. The knowledgeable reader will note that much of our proof of part 1
is inspired by the proof in [17] of the essential surjectivity statement in Proposition
3.3.4. The main difficulty is to spread the construction of [17] over the open p-adic
disc.
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Proof: Let Y = Spec(A), so that A|R[[Z]] is a G-Galois extension of normal
rings (here R = Rk). We are assuming that A, := A/wA is reduced, where w is a
uniformizer of R. Moreover, we have (A® K)/P,(A® K) =[]} K;, form >>0

(here P, is the maximal ideal of R[[Z]] ® K corresponding to x,,).

1): Suppose that Y, — Dy is generically separable, which means that the field
extension C|k((2)) is separable, hence Galois. By the Primitive Element Theorem,
there exists x € K such that K = k((z))[z]. Moreover, we can choose z to be
integral over k[[z]], say with minimal polynomial f(T) € k[[z]][T]. Further, since
k((z)) is infinite, we can choose n, different primitive elements x; € IC such that
the corresponding minimal polynomials f;(T") € k[[z]][T] are distinct. Even more,
by Krasner’s Lemma, we may assume that each f;(T") € k[z][T], so that in fact
f;(T) € Fu[T] for some | > 0. Having fixed this I, we replace the sequence of
points {x,, },n C Dy with the subsequence corresponding to indices m congruent to
1 modulo .

Setting f(T') := [[}Z, f;(T), the Chinese Remainder Theorem implies that we

have an isomorphism

KNG = [THE)) = []6 = Fos)

Let  be the element of F(Y;) corresponding to 7 under this isomorphism, and

choose a lifting, &, of z to A(z). Denote the minimal polynomial of £ over R[[Z]](x)
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by F(T), so that F(T) = f(T). Then F(T) has the form
F(T)=T" + Ay-1((Z)T" " + -+ Ao(Z) € R[[Z])(w)[T)-

Now by the Weierstrass Argument (see section 2.1), the coefficients of F'(T") have

the form

_ 9(%)
Z" + a1 27N+ ag

Ai(Z) ,
where g(Z) € R[[Z]] and the denominator is a distinguished polynomial. Moreover,
because F(T) = f(T) € k[[z]][T], it follows that each A;(z) € Kk[[2]], which implies
that either w|g(Z) in R[[Z]] (in which case 4;(z) = 0), or the Weierstrass degree of
g(Z) is greater than n (the degree of the denominator).

Again by the Weierstrass Argument, for m >> 0 we can specialize the polyno-

mial F(T') at the point Z = 7,,,, and we have the

Lemma 4.0.4. For m >> 0, the specialized polynomial F,,,(T') € R,,[T], where R,

is the valuation ring of K,,.

Proof: This follows immediately from the previous remarks and the Ramification
Argument (section 2.2). O

Since f(T') € k[[2]][T] = Rx, [T is separable, we have disc(f) = (disc(f)k,, )m
# 0 in Xk (L). Setting r,, := [%i(MKmﬂ, we know by Proposition 3.2.3 that

lim,,, . 7, = 00, so there exists ng such that for m > ny we have

T 2> Tng > VXK(L)(diSC(f)) = VKm(diSC(f)Km)'
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Now
f(T)=F(T) =T + Ay ()TN 4+ + Ag(2) € k[2][T].
Under our fixed identification of k((2)) with X (L), each coefficient A;(z) corre-
sponds to a coherent system of norms «; = (o k,,)m- Hence, we can write
fO) =TY +ay TV '+ +ag € Rx, [T

Now let f,,(T') € R,,[T] be the polynomial obtained from f(T") by selecting the mth

component from each coefficient:
fn(T) =T + an 1k, TV + -+ ag i, € Ru[T].
Lemma 4.0.5. For m >> 0 we have vx, (r)(disc(f)) = vk, (disc(F,)).

First suppose that we are in the Coleman situation, so that we have the Cole-
man lifting, C, as described in section 3.4. The proof of Lemma 4.0.5 (and also
Lemma 4.0.7) is simpler in this case, so we will give it first and then make the
necessary changes to prove the general case. In particular, the following proof does
not apply when p = 2.

Proof of Lemma 4.0.5 in the Coleman situation: Let G(T) be the Coleman

lifting of f(7°) to R[[Z]][T:
G(T):=TN + C(AN_)(Z)TN ' + -+ C(Ag)(2).
Then G(T) = f(T) = F(T) mod w, hence

F(T)=G(T)+wyg(Z,T)
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for some g(Z,T) € R[[Z]](=)[T]. Specializing at Z = 7, yields the equation
Fn(T) = fn(T) + wg(mm, T).

Indeed, by Theorem 3.4.1, if ¢ is the Frobenius of the unramified extension K|H in

the setup of the Coleman situation, then
(¢~ NC(A) (M) = Vim € Rin.
Now recall that m =1 mod | = [F, : ky], so
¢*(m*1) — </5lt-

But A; € F[z], which implies that C(4;) € RH(qu,l)HZ]L on which ¢! acts as the
identity. Thus we have C(4;)(7) = Qim, 50 that G(T)|z=x,, = fm(T) as claimed.

Now consider
vk, (dise(f)g,, — disc(Fy,)) = vk, (dise(f)g,, — disc(fr) + disc(fn) — disc(F,)).
By Proposition 3.3.3, vk, (disc(f)g,, — disc(fn)) > 7m, and
e (ise(fn) — disc(fm + ©G(T T))) > g
for m >> 0, by the Ramification Argument applied to wg(m,, T). It follows that
vi,, (disc(f)k,, — disc(Fy,)) > 7,
for m >> 0, which implies that

vx g (disc(f)) == vk,, (disc(f)k,,) = Vk,, (disc(F)),
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since v, (disc(f)k,,) < Tny. O

Now let x,, be a root of F,,(T) in K*P, and define K,, = Km(a:m),im =
L(xy,). Then L,,|K,, is APF by Proposition 3.2.2, and we set 7, := V%lz([?m]f(mﬂ
Moreover, note that for m >> 0 we have K| = K,, and thus L,, = LK = Lo
(recall that F(Yi,,) = [[;” K;,). This follows from the fact that there exists
g € R[[Z]] such that £ € (A® K), (for example, take g to be the product of the
denominators of the coefficients A;(Z) of F(T') € R[[Z]|(=)[T]). Then the conductor
of the subring (R[[Z]] ® K),[{] C (A ® K), defines a closed subset of Y, and if
T, lies outside the image of this set in Dy, then the splitting of F(7') mod P,
determines the fiber Y, (see [11], Prop. 1.8.3). In particular, L,, = L,, is Galois
over L.

At this point we introduce the following lemma from [17], and we include the

proof for completeness, as well as to demonstrate that it only depends on Lemma

4.0.5:

Lemma 4.0.6. ([17], Lemme 3.2.5.4) For m >> 0, the extensions L|K,, and

I~(m|Km are linearly disjoint. Moreover, we have
il on) = ¥, s, (LK) > (LK),

Proof: Choose m >> 0 so that i(L|K,,) > deg(F)vx,)(disc(f)). Then I

claim that Gi((iJK"”) C Gg, - Indeed, let o € Gl}((fanm), so that iz (o]z, ) >

Uitk (LK) 2 (LK) 2 deg(Fvxr(dise(f)) = deg(F)vg,, (disc(Fn)),
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the last equality holding by Lemma 4.0.5. It follows that
Vi (0(Tm) —2m) — 1 > g (0) > v (disc(Fy)).

Hence vi (0(2y) — o) > vi (disc(F,)), which implies that o(z,,) = z,, since
both are zeros of F,,. But z,, generates f(m over K,,, so we see that 0 € G &, as
claimed.

To show the linear disjointness, let S = FiX(Gz}((ﬂKm)). Then we certainly have
K, C SN L. On the other hand S N L is fixed by G"*" G = G, so in fact
K,, = SNL. Since S and L are Galois over K,,, it follows that S and L are linearly
disjoint over K,,. But by the first part of the proof, K,, C S, so a fortiori K,, and

L are linearly disjoint over K,,.

Finally, we prove that i(L,|K,,) = Vioix (LK), By Lemma 3.1.9 we have

u w~m m(u)
G NGg, =G Fmiem,

m

But Gi((j;'Km) C Gg, , 50 we see that for u > i(L|K,,) we have

u ¢~m m(u)
Gk = Gf(}; e

Now set I' = G(L|K,,) and T' = G(Ly|K,n), and note that T' = T canonically,
by linear disjointness. Moreover, for u > i(L|K,,), this canonical map takes I'* =
GY G1/Gy isomorphically onto TV&mixn ™) = Gzim”{m (U)Gim/Gim. In particular,
for u > i(L|K,,) we see that T = I if and only if [¥&mlxm ) = T This immediately

implies that i(Ly,|K,,) = Vi i (LK), O
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Since L|K,, is totally wildly ramified, it follows from this lemma that
i(Lin| Kn) > i(L|K,) > 0,

SO f}mlf(m is totally wildly ramified. Hence, Proposition 3.3.3 says that there exists

~

Tm = (Tmp)p € Xk (L) such that

A

Vit (&R, = Tm) 2 T
Our immediate goal is to prove the following lemma about the polynomial f(7) €
E[[2]][T] = Rx, ([T from the beginning of the proof.
Lemma 4.0.7. lim,, .o f(Z,) =0.

Proof of Lemma 4.0.7 in the Coleman situation: First, note that

e () 2 Gt ().

But IZMf(m is totally ramified, hence

Vx e (L) (Em)) = vie, (f (Bm) g,)-
Denote by fz € f(m[T] the polynomial obtained by replacing each coefficient
of f € Xg(L)[T] € Xg(Ly)|[T] by its component in K,,. Then by the linear
disjointness of L|K,, and K,,|K,,, it follows that f,, = [, and we have
Vi, (f(m) i, = (T ,) = vig, (Flm)i, — fi, (@0 &)
i, i) — Fin( £,,)

= Vf(m(f<j;m)[§'m - f[{m (jm,i(m)
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Now by Proposition 3.3.3 we have

On the other hand, we have (by the Ramification Argument)

Vi, m(En i) = Fn@ni,)) = vi, (fu@,z,) = fu(@, k)
_wg<7rm7 'Ci.m,f(m>>
= Vg (@9(Tm, T, 1))

Vi, (@) — Be(Km|Kon)

v

v

e(Kn|K) — B deg(f),

where B is the order of the worst pole in the coefficients of g. Thus, we see that
vie, (@) iz, — Fn(&,, 1,,)) > min{Fp, e(K,|K) — Bdeg(f)}.

Together with the fact that vg (,, z — %) > Ty, this implies that

Vi, [@m)i,) = Vi, ([(@m)i, = Fn(@m))

Thus we have shown that

e (@) 2 g i, (En),)

oz (7) min{7,, e(K,,|K) — Bdeg(f)}.
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But 7, — 00 as m — oo, and since B is a constant, we also have e(K,,|K) —

Bdeg(f) — oo. It follows that vy, ()(f(Zm)) — oo so that

lim f(2,)=0

as claimed. O

We now turn to the proof of Lemmas 4.0.5 and 4.0.7 in the general case. We
no longer have the Coleman lifting, €', and have to make use of the Teichmiiller
lifting, 7, instead. As a consequence, the equality C(f)(T")|z=r,, = fm(T) coming
from Theorem 3.4.1 is replaced by a congruence coming from Lemma 3.3.5.

Proof of Lemma 4.0.5: Let G(T) € R[Z][T] be the Teichmiiller lifting of f(7'):

G(T) =7 )T)=T" +7(An_1)(Z)T" " + - + 7(A0)(2).
Then as before, G and F' both reduce mod w to f, hence
F(T)=G(T)+wy(Z,T)
for some g(Z,T) € R[[Z]](=)[T]. Specializing at Z = m,, now yields the equation
Fo(T) = fu(T) + 7 b (T) + wg (7, T') (4.0.1)
for some h,,,(T) € R,,[T]. Indeed, by Lemma 3.3.5, we have

J— T
Ai g, (Tm) = i i, mod My .

But [K,, : Ki] = ¢™ ! = ¢ by our choice of indices m. Note that the operation of
raising to the ¢'th power on the Teichmiiller representatives 7(F,) C R is the iden-
tity. Since the coefficients of A;(z) lie in F, it follows that A4; ., (Z2) = 7(4;)(Z),
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so that

7(A) () = ik, modmp

from which equation (4.0.1) follows immediately.

Consider
vk, (dise(f)g,, — disc(Fy,)) = vk, (dise(f)g,, — disc(fr) + disc(fn) — disc(F,)).
Now by Proposition 3.3.3, vk, (disc(f)k,, — disc(fm)) > rm, and
vk, (disc(fr,) — disc(fn + 70"y + @0 g (70, T))) > Ty

for m >> 0, by the Ramification Argument applied to wg(m,,, T) and the fact that

rm — 00. 1t follows that

vi,, (disc(f)g,, — disc(Fy,)) > 7,

for m >> 0, which implies that

vx g (disc(f)) == vk, (disc(f)k,,) = vk, (disc(F))

form >>0. O

Lemma 4.0.6 still holds in the general situation, since it depends only on the
validity of Lemma 4.0.5. Using these lemmas, we can prove that lim,, . f(Z,,) =0
in the general situation.
Proof of lemma 4.0.7: We follow the outline of the proof from the strict Coleman
situation, and the only new difficulty is to manage the extra term in equation (4.0.1).
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So recall that

e F(E) 2 Gt ) ()

Moreover, just as before f/m|f(m is totally ramified, hence

VXK(Lm)<f(j3m)) = Vf(m<f(£m)f<m)'
Denote by fz € [N(m[T] the polynomial obtained by replacing each coefficient
of f € Xg(L)[T] € Xg(Ly)[T] by its component in K,,. Then by the linear

disjointness of L|K,, and K| Ko, it follows that f,, = f&, and we have
Ve ([@m) g, — Fu(@n i) = v, (f@n)g, — [k, @ i,)
i @ i,) = Fn(@n i)

= v (PG, — Fi (i)

As always, we have

v, (@) g, — fr, @ i,)) 2 T

On the other hand, we have by the Ramification Argument

Vi, (fm(E i) = P i) = Vi, (i) — fn(B i,,)
— T M (T, 7 ) — @I (T T )
= vg, (T hm(Z,, ) + @9(Tm, 2, &)
> min{ry, vk, (@) — B}
= min{r,,, e(K,,|K) — B},
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where B is the order of the worst pole in the coefficients of g. Thus, we see that

Vl?m(f(inm)f{m - Fm(im,f?m)) > min{ry,, e(K,,|K) — B},

since 7, > 7y, Together with the fact that vz (im &, — Tm) > T, this implies (as

before) that

Vf(m(f(*%m)f(m) =Vig,., (f(i'm)f(m — Fp(7,)) > min{r,,, e(Kn,|K) — B}.

Thus we have shown that

1

VXK(L)(f(i"m)) > m(”f(m(f@m)f{m))
1 :
> mmm{rm,e(KMK) — B}.

But r,, — 00 as m — oo, and since B is a constant, we also have e(K,,| K)—B — 0.

It follows that vx, () (f(Zm)) — oo so that

lim f(&,)=0

m—00

as claimed. O

The rest of the proof now proceeds with no special treatment for the Coleman
situation.

Replacing the sequence {Z,,} by a subsequence, we may assume that it converges
to aroot Z of f. But then Z is conjugate to one of the roots x; from the beginning of

this proof, and since IC|k((2)) is Galois, we have that IC = k((2))(z;) = k((2))(Z).

Moreover, by Krasner’s Lemma, ¥ € Xg(L)(Z,,) C Xg(Ly) for m >> 0. This
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implies that K C Xk (L,,) for m >> 0, and I claim that this inclusion is actually
an equality.

Now if o € Gal(L,,|L), then Xp k(o) € Gal(Xg (L) Xk (L)) and we have

X (@) (@) = (@@™)n V)€ Xi(Ln),
where ™ is the component of § € XK(f/m) in the field f(mKn C f,m

Lemma 4.0.8. Given o € Gal(L,,|L), suppose that y € K,, is an element such

that

Vi, (0(y) = y) <.

Using proposition 3.3.3, choose an element y € X (L,,) such that

Vie, (8" = y) > T
Then
VX e (b)) (X1 (0)(9) = ) = v, (0 (y) —y).
Proof: We compute (here o(r) denotes an element of valuation at least r):
V(i) X1 (@) = 9) = vz, (@G ) = (57)0)

= v, ([(@@™)n = (1)l



We wish to apply this lemma with y = z,,, and y = Z,,,, so we compute

Vi, (U(xm) - mm) < Vi, (diSC<Fm))
< (deg F)vg,, (disc(F,))

= (deg F)vx, () (disc(f))

for m >> 0 by Lemma 4.0.5. Since 7,, — o0, it follows that x,, satisfies the

hypothesis of Lemma 4.0.8 for m >> 0, and we conclude that

VXK(Em)<XL\K(U)(£m) — Tpy) = Vi (0(@m) — Tm)

for m >> 0. This immediately implies that X (L)(%,,) = Xk (L), because if
the inclusion were proper, then there would exist o # 1 in Gal(L,,|L) such that
X1k (0)(Zm) = &y, which is a contradiction since since o(z,,) 7 Tpm.

Thus, in order to show that K = X (L), we just need to show that X (L)(Z,,) C

Xk(L)(Z). But the sequence {&,,} converges to Z, and our computation above shows

that the Krasner radii
max{vx,. )Xk (0)(@m) — m) | 0 € G(Lm|L),0 #1} < C

for some constant C' independent of m. Hence for m >> 0 so that vx, (1)(Z —Zm) >

C, Krasner’s lemma tells us that
Xk (L)(@n) C Xk(L)(Z)

as required.
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Thus, we have shown that K = X x(Ly,) = X1k (Ls). It now follows from the

fundamental equality that n, = n,,:

deg f deg F’ deg F’
Ne = = = = nm_

TR k()] (Lt L] (K, K

It remains to prove the statement about the Galois groups. By the general

theory of the field of norms, we have

Gal(Ly|L) = Gal(X g (Lm)| Xk (L)) = Gal(K| X (L)).

Moreover, since L,, = K/ L and L|K,, and K/ |K,, are linearly disjoint, it follows
that

Gal(Ly,|L) = Gal(K', L|L) = Gal(K! | K/, N L) = Gal(K_, | K,).

Thus, we just need to show that the ramification filtrations are preserved under
these isomorphisms.

First note that for all m,n >> 0, we have L,, = L,, since by the preceding proof
we have that X (L) = K = Xg(L,) and Xk (—) is an equivalence of categories.

Denote this common field by L'.

Lemma 4.0.9. (compare [17], Proposition 3.3.2) For o € Gal(L'|L) and m >> 0,

we have ig: (0) = ix ) (Xpr(0)).

Proof: This has essentially been proven on the previous pages: recall that

i, () = min {vie, (o(z) = x) = 1},
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and similarly for iy, (1)(Xzx(0)). But for any § = (§™),, € Xx(L'), we have

v Xk (@) @) = 9) = v (@@™)n = 3™)n)
= v, ([((0(5™)n — (1™ )]k,

= v (o(§™) = 9™ +o(r,))

v

min{vi, (o(5"™) — 9™, 7.,).

Now 7/, — 00, so for m >> 0 and for any ¢ not fixed by Xx(L)(c) we have

~

vx ) (X (0)(@) — 9) <7y,
which implies that
Ve ( Xk (@) (@) — 9) = v, (o(§™) — §™)

for m >> 0. It follows that ix, (1 (Xrk(0)) > ik (o). For the other inequality,
choose m >> 0 so that vk (o(2,,) — 2m) < 1, (this is possible by our previous
computations). Then clearly ix; (o) <), and if x € K, is the element achieving

the minimum value ig; (), lemma 4.0.8 says that
Vx e (Xpg(0)(2) = 2) = vgr (0(x) —x) =i (0) + 1
for a suitably chosen & € Xg(L!,). It follows that
ixp)(Xeg(0)) < ik (0),

so we have equality as claimed. O
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Since the lower ramification filtration is determined by the function ¢, it follows

that the isomorphism
Gal(K], | K,,) = Gal(L'|L) = Gal(K| Xk (L))

induced by Xk (—) preserves the ramification filtrations. Since the degree of the
different depends only on the ramification filtration, it follows that d, = d,, for

m >> 0.

2): We now assume that G is abelian, but make no separability assumption on
the special fiber Y, — D;. Since G is abelian, the decomposition groups at the n,
primes of A lying over (@) € Spec(R[[Z]]) all coincide. Call this decomposition
group Z. Taking Z-invariants, we observe that Y — D is a G/ Z-Galois regular

branched cover with totally split special fiber:

F(YZ) = ﬂk((z)). (4.0.2)

In particular, there is no more splitting in the special fiber ¥;, — Y;Z. Moreover,
the isomorphism (4.0.2) of k((z))-algebras is clearly defined over F,((z)), so we can
apply part 1 with [ = 1 to the cover Y — D. We conclude that nZ = n, for
m >> 0 (here n} is the number of components of Y;Z, ). Since Yi ., — YiZ,, is

surjective, it follows that n,, > nZ = n, as claimed.

3): Note that by part 1, if d,, — oo, then the special fiber must be generically
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inseparable, without any irreducibility hypothesis or restriction on the group G.
Now suppose that Y} is irreducible and Y, — Dy is generically inseparable. Let
V' be the first ramification group at the unique prime of A lying over (w). Taking

V-invariants, we consider the tower

Y =YV = D.

Now V is a nontrivial p-group, and thus has a p-cyclic quotient. Hence Y — YV

possesses a p-cyclic subcover, W — YV and we have the tower

Y W =YY - D.

Now consider the associated tower of special fibers

Yi — Wiy = YY) — Dy,

which corresponds (by considering the generic points) to a chain of field extensions

k((2)) C k((s)) c W C K.

Note that there is no extension of constants in this tower because the cover Y — D
was assumed to be regular.

The extension W|k((s)) is purely inseparable of degree p. Hence, there exists
x € W such that = € k((s)) but 2P = s*u € k((s)), where a € Z and u is a unit
in k[[s]]. Moreover, we may assume that u is a principle unit since & is perfect and

we can always multiply this equation by a p-power. Similarly, we may assume that

o1



0 < a < p. First take the case where a # 0. Then by Hensel’s Lemma, u has an ath
root in k((s)), call it v. Thus, 2P = (sv)* := §%, and § is a uniformizer for k((s)).
Now a generates the cyclic group Z/pZ, so there exists j with 0 < j < p such that
ja=1(p). We get:

(:Cj)p — (xp)j — (ga)j _ gla — ggp

for some r € Z. Dividing by 5™ yields

Note that #/ ¢ k((s)) since the minimal polynomial of = over k((s)) has degree p.
Hence, replacing = by gsf—f, we may assume that x? = § = sv, so that x is the pth
root of a uniformizer.

Now consider the case where a = 0 above, so that we have 2 = u, a principle
unit in k[[s]]. Write u = 1+ Y7 a;s' with a; € k. Note that there exists ¢ such
that (7,p) = 1 and «; # 0. Indeed, if u € k[[sP]], then u is a pth power in k[[s]] and
(x — u%)p = 2P —u = 0, contradicting our assumption that Y} is reduced. So let ¢
be the least i such that (7,p) =1 and «; # 0. Then we have

=1+ Z jps’? + su’

)
1<5< »

L
for some unit «'. Then replacing x by x —1 -3, <j<io aj,s’ yields the equation
)

P = s"u/,

so that we are in the first case already considered.
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Thus, we have shown that in any case, there exists z € W such that x & k((s))
and 2P = § = sv, a uniformizer for k((s)). Replacing s by 5, we may assume that
2P = s. Now let £ be a lifting of x to the localized ring of global sections I'(W) ).
Then £ is integral over AE;) and we let F(T) € -’4};) [T] be its minimal polynomial.
By Nakayama’s Lemma, the powers of £ generate I'(WW) () as an Aé)—module, SO

F(T) has degree p and we conclude that modding out by w yields

Now let S € .AXW) be any lifting of s € k((s)). Then we have
F(T)=T" -S4+ wH(T),

where H(T') € AE;) [T] is of degree at most p — 1.
The extension k((s))|k((z)) is totally ramified, so the minimal polynomial of s

over k((z)) is Eisenstein:
g(T) =T+ zaqg1 ()T "+ -+ za1 ()T + zu(z) € k[[2]][T7,

where u(z) is a unit. Again by Nakayama’s Lemma, the powers of S generate AKU)
as a R[[Z]]()-module, so the minimal polynomial of S, G(T'), is of degree c and we

have

Using the Teichmiiller lifting 7 : k[[z]] — R[[Z]], we find that
G(T) = 7(9(T)+=P(ZT)
= T4 Z1(ag-)(Z)T "+ + Z7(u)(Z2) + wP(Z,T),
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for some polynomial P(Z,T) € R[[Z]](x)[T] of degree at most ¢ — 1 in T'.

Setting Z = m,,, we get the specialized polynomial
Gm(T) = T¢ + 7 (ag—1) (7)) T + - 4 Tt () (7)) + WP (7, T),

which for m >> 0 is Eisenstein by the Ramification Argument applied to @ P(m,,, T').
Letting Sy, denote the image of S in F(Yy,,), it follows that Y}, is irreducible for
m >> 0 and Sy, is a uniformizer for the field F(Yy,,).

Now consider the polynomial H(T') € AKD) [T'], which has the form
HT)=T +c, AT '+ -+ T + co,

where 7 < p. Now each coefficient ¢; € AKZ) is integral over R[[Z]|(x), say with

minimal polynomial

pi(T) =T" + b1 (2)T" " + -+ by(Z) € R[[Z]](=)[T].
Setting Z = 7, yields the specialized polynomial

Pim(T) =T" 4 by 1 (7)) T 4 4 bo () € Ko[T).

Now by the Ramification Argument, the coefficients of the polynomials p,, (7)) are
bounded in absolute value independently of m. Hence, if ¢; ,,, denotes the image of
the coefficient ¢; in the field F(Yy,,), then the absolute value of ¢;,, is bounded

independently of m. Hence, for m >> 0, we see that

Fo(T)=T° - S, + wH(T)z=r,,
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is an Eisenstein polynomial over the field F (Y}g ), again by the Ramification Ar-
gument applied to wH (7).

We obtain the chain of field extensions

and note that &, satisfies the Eisenstein polynomial F},,(T") over K,,(S).
Thus &, is a uniformizer in the totally ramified extension K,, (S, &m)|Km(Sm),

D(Km(Simy &m) [ K (Sim)) = (F(&m)) = (0€h " + @H' (§m) 2r,.).

But

VKm(vafm)(péfn_l + wH,(gm)Z:ﬂ'm> 2

mln{VKm(Smygm) (p€£171>7 VKm(Smygm) (WH/(€m>Z:7rm )}7

and the latter quantity goes to oo as m goes to oo. By multiplicativity of the

different in towers we conclude that

dm > VKm(Sm7€m)(D<Km(Sm7 Em) [ Km(Sm))),

so d,,, goes to co as m goes to oo as claimed. O
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Chapter 5

Arithmetic Form of the Oort

Conjecture

Using Theorem 1, we deduce a new local lifting criterion for abelian extensions of
F,((2)). For this, consider a Lubin-Tate extension L|K with K = H @ for some
finite extension H|Q,. Then choose a uniformizer 7 € Xy (L), which defines an

isomorphism F,((2)) & X (L) as well as a sequence of points {2, },, C Df.

Proposition 5.0.10. Suppose that G is a finite abelian group, and let M|L be a G-
Galois extension, corresponding to the G-Galois extension Xx(M)| Xk (L) via the
field of norms functor. Suppose thatY — D is a G-Galois regular branched cover
with Y normal and Yy, reduced. Then'Y — D is a smooth lifting of X (M)| Xk (L)
if and only if there exists | > 0 such that for m >> 0 and m =1 mod [, we have

L., = M as G-Galois extensions of L, and d,, = d,.
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Proof: First suppose that Y — D is a smooth lifting of X (M)| X (L). ThenY;, —
Dy, is generically separable, so by part 1 of Theorem 4.0.1 we see that Xy (M) =
Xk(Ly) and d,,, = ds for m >> 0 and m =1 mod [, for some [ > 0. Since Xg(—)
is an equivalence of categories, we conclude that M = L,, for these values of m.
Moreover, by the local criterion for good reduction (see Introduction), we have
ds = d,, which implies that d,, = d, for m >> 0 and m =1 mod [, as claimed.
Now suppose that there exists [ > 0 so that L,, = M and d,, = d,, for m >> 0
and m =1 mod [. Then by part 2 of Theorem 4.0.1, Y} is irreducible, and then by
part 3, Y, — Dy is generically separable. Hence we may apply part 1 to conclude
that there exits [; > 0 such that F(Yy) = Xk(L,,) and ds = d,, for m >> 0 and
m =1 mod l;. But the two arithmetic progressions {t/ 4+ 1}; and {tl; + 1}; have

a common subsequence. It follows that F\(Yy) = Xg(M) and ds = d,,, so Y — D

5
is a birational lifting of Xy (M )| X k(L) which preserves the different. By the local
criterion for good reduction, it follows that Y — D is actually a smooth lifting. O

In particular, we obtain an “arithmetic reformulation” of the Oort Conjecture
concerning the liftability of cyclic covers over an algebraically closed field £ of char-
acteristic p. For this, note that it suffices to prove the Oort Conjecture over the
algebraic closure of a finite field, k = F,, by standard techniques of model theory.

—

So set K = Qur, and let L = K((p~). Then L|K is Lubin-Tate for H = Q, and

p

—

I' = G,,. Finally, if C is a finite cyclic group, define Re := Ok[(jc)] C Or. Then

we have the following “arithmetic form” of the Strong Oort Conjecture from the
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Introduction:
Arithmetic Form of the Oort Conjecture: Suppose that M|L is a finite
cyclic extension of L, with group C. Then there exists a normal, C-Galois regular

branched cover Y — D := Spec(R¢[[Z]]) with Y} reduced such that for some [ > 0

we have:

1. L,, =M form >>0and m=1 mod [;

2. d, =d,, form >>0and m=1 mod .

Proposition 5.0.11. The arithmetic form of the QOort Conjecture is equivalent to

the Strong Oort Conjecture.

Proof: This follows immediately from Proposition 5.0.10. O

Now we would like to give a direct proof of the arithmetic form of the Oort
Conjecture for p-cyclic covers, and for this we need to make some preliminary
observations. First note that K,, := Fix(G(L|K)™) = K((ym), and therefore
[Kpmy1 @ K] = p for m > 1. Moreover, by Proposition 3.2.3, the numbers

i(L|K,,) — oo as m — oo. But then by Proposition 3.2.2 we have
W(Kmg1|Km) > (LK) — 00 as m — oc.

Hence given any N > 0, there exists mg >> 0 such that for m > mg, K;,11|Kn
is a p-cyclic extension with G(Ki1|Kp)Y = G(K,y1|Kyn). In particular, if o is a

generator of G(K,4+1|K,,), then

Vi 1(0(Tmy1) — Tmg1) > VK1 |Km (N)+1>N
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for any uniformizer m,, 11 € K,i1.

Now suppose that m = (m,,) is a uniformizer for X (L), so that
Nipir| K (Tmt1) = Tom
for all m. If p,,(T') is the minimal polynomial of 7,1 over K,,, then we have
Pm(T) = TP + TP + - 4 ap 1 T+ (1) 7w,
an Kisenstein polynomial.

Lemma 5.0.12. For any B > 0, there exists m; >> 0 so that if m > my, the

coefficients of pm(T) € Ry[T] satisfy vm(a;) > B fori=1,...,p—1.

Proof: Given B > 0, set N = pB and choose m; >> 0 so that i(K,,41|K,) > N
and e,,,1 > N for m > my, where e,, is the absolute ramification index of K,,. If
we denote by o(N + 1) an element of R,,,; of valuation greater than or equal to

N + 1, then for any generator o of Gal(K,,+1|K,,) we have

t+a; = Z ajl (7Tm+1) .. O—ji(ﬂ.m+1)
J1,J2,--+,J4,distinct
= Y (M1 + o(N + 1))
= D (Thar T o(N + 1))

_ (Z;)W;IH +o(N +1).

Since p[(f) fori=1,...,p—1, we find that

1 1 1
Um(a;) = 51/m+1(ai) > 5min{ym+1(p) +i, N} > 5min{em+1, N}=B.0O
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In the course of our proof of the arithmetic form of the Oort Conjecture for p-
cyclic covers, we will need a result about the stability of the ramification filtration
under base change by subfields of an infinite APF extension L|K. Of course, the
ramification filtration behaves badly in general under ramified base change, but in

our situation we have the following

Proposition 5.0.13. ([17], 3.3.2) Let o be a K-automorphism of L. Then there

exists a subfield E € Epx such that for E' € E1p we have ip (o) = ix, ) (Xk(0)).

To see how this gives the type of stability that we require, suppose that M|L
is a finite G-Galois extension, say defined over K,,,. That is, there exists a G-
Galois extension K, |K,, such that M = K| L. Then M|K is APF and any
o € G is a K-automorphism of M to which we may apply the proposition. Hence
there exists ' € £y such that for any finite extension £'|E contained in M we
have ip/(0) = ix, () (Xk(0)). Moreover, by enlarging E we may assume that it
contains K,,, and works for all o € G. But G(M|K], ) = Z, is procyclic (since
L|Kp, is), so there is a unique subextension of M|K], of each p-power degree.
But KK, |K,, is a subextension of degree p', so it follows that E coincides
with one of them. Increasing myg if necessary, we may assume that £ = K, . It
now follows immediately from Proposition 5.0.13 that for m > my, the canonical
isomorphism G (K, K, |Kn) = G(K,, |Kn,) preserves the ramification filtrations
on these groups. In particular, we see that for m > my, the conductor of K., K, | K,
is equal to the conductor of K7, [Kpy,.
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Theorem 5.0.14. The arithmetic form of the QOort Conjecture holds for p-cyclic

covers.

Proof: Let M|L be a p-cyclic extension, say defined by adjoining the pth root of a
principle unit u € K,,, (note that every such M is so defined if we take mg >> 0).
Then K| Ky, is totally ramified, where K,,, = Kmo(u%), since kr,,, = ki is
algebraically closed. Moreover, take mg >> 0 so that the conductor of K| K, is
stable under base change by K,,|K,,, (see remarks after Proposition 5.0.13). Then

modifying v by a p-power in K,,,, we have

AP

c
mo

u=1+

v,

where v is a unit in K,,,, A = (, — 1, and ¢+ 1 is the Artin conductor of f(mO|Km0
(see [7] Proposition 1.6.3). Now choose N > ¢ and increase my if necessary so that
. em,
min{7,,, pTg} > N.
By Proposition 3.3.3, there exists a unit © € X (L) such that vy, (ik,,, —v) >

Tme = IN. Hence we can write

AP /\p@KmO

u=1+ (@Kmo—(@[(mo—v»:l—i-

c
mo

Mo
where w € K, is a unit of index at least N. Now (¢, p) = 1, so by Hensel’s Lemma

b has a cth root in X (L). Then replace the uniformizer 7 = (7,,) by 70~ ¢. Again

calling this uniformizer 7, we find that

AP
mo
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where w is a unit of index at least IV, say
w = 1+blﬂﬁo+bgwﬁ:1+'-- ;

where the b; € K are Teichmiiller representatives. Now set W = 1 + b ZV +
boZNT1 + ... € R[[Z]]* and consider the extension of normal rings A | R[[Z]]
defined generically by the Kummer equation

" )\pW
=14+ =W
+ZC

Lemma 5.0.15. (compare [5], Proposition 1.4) A; = A/\A is reduced.

Proof: Let 5y = Rm ») be the completion of the base ring at the special fiber,
and suppose on the contrary that the extension of normal rings, S|Sp, defined
generically by the equation 7?7 = 1 + %W is totally ramified of degree p. Then
A = BwP, where w is a uniformizer for S and B is a unit in S. Now in S we have

the factorization (where we set V = 1% € 5;)
TP = (T = )T = G) (T = ) = VA

But all factors in this product are (up to units) Galois-conjugate over Sy, and hence

have the same valuation. It follows that

1 1
vs(T = 1) = ~vs(VA) = ]SI/S(VBpwp2) =p,

so T =1+ AwP for some unit A € S. Taking p-powers yields:
TP = (14 AwP)’ = 1+ pAwP + - + APW" =1+ VBPW?,
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Now p = UN"! = UBP~'wP®=Y _for some unit U € Sy. Then considering the terms

of valuation p? in the previous equation implies that
UBP 'A+ A? =V B mod w.

Setting X = %, it follows that V = UX + X' in kg = ks,. But then 1 + VAP is a
pth power in Sy. Indeed, lift X to a unit X, € Sy and compute
(14+VI) (1= XA = (1+VA)(1—pXoA+---— XN
= (1+VI)(A - (UXo— Xg)N +o(p+1))
= 1+ (V-UXyg— X\ )N +o(p+1)
= 1l+o(p+1).
But any unit of index greater than vg,(A\?) = p in Sy is a pth power, so 1+ VI is a
pth power in Sj as claimed. But then S = Sy, contrary to our supposition. Hence

S/AS is reduced, which implies the same for 4. O

Setting T' = T Z¢ yields the integral equation

TP = Z% 4 \PZ@=Veyy = Z=Ve(z¢ Ty )\P),

The right hand side has zeros where Z = 0 and where (%) = ( WZl>c = AP, which

gives ¢ + 1 points each having ramification index p in the cover. It follows that the
degree of the generic different is d, = (¢ + 1)(p — 1).

On the other hand, specializing the equation at Z = m,, yields

AP
Tp =1 + —CW(TFm),

T,
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and so all of the specializations K |K,, are field extensions having Artin conductor
c+ 1, hence degree of different d,, = (¢c+1)(p—1) = d,,. Thus, from Theorem 1 the
special fiber is separable and irreducible, and we have d,, = d,. Hence, the lifting is
smooth, and we just need to verify that M = K/ L for all m >> 0. But we have
fixed things so that at level mg we have K, = Koy, hence M = K,,, L = K, L.
Now for m > my, the extension K/ |K,, is defined by adjoining a pth root of

1+ W(Wm)?—f, so by Kummer Theory, it suffices to show that

(14 W (1) ) (L4 W () )

m 7Tm+1

is a pth power in L.
For ease of notation, set u,, = W(m,,), a unit of index at least N in K,,. Thus,

we wish to show that

AP AP
]- m___ 1 m -t
(1 2 )1+ )

is a pth power in L. In fact, I claim that

AP AP A
1 m 1 m = 1 - P
(Ltu an>< et 7T1cn+1> ( 7Tm+1)

is a pth power in K, .

By Lemma 5.0.12 concerning the minimal polynomial of 7,1 over K,, we have

_ —i a;
(1) Vi =wb + ) el =l (1Y =),

p—1 p—1
1
1 7Tm+1

=1 1=

a;
7
Tm+1

and we may assume v, ;1 ( ) > pN for each 1.
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Note that any principal unit in K, of index greater than v,,(A\?) is a pth power
in K,,. Since our goal is to show that something is a pth power, we only need
to keep track of enough terms to determine the index in our computation. So we

compute (here o(—) refers to the valuation vk, )

AP 1 (L+o(pN))N?
Ltup,—) = 1+ (=11
Ut = T O e o)
N
= 1+(_1>p ! cp <1+O<pN))
ﬂ_m—i-l
Multiplying by a pth power we get
AP A AP
(14t o) (1= =2 = (1+ (=175 (1 + o(pN)-
m m+1 m+1
AP p)\ €m+1
1 + —1 pc_ — 1 —+ o0 — C
(L4 (1P g = (o = )
PA
= 1- — (1+o(pN —¢(p —1))).
m+1
Finally, we compute
P AP A
(It tmsr——) " (It um—)(1 = ——) =
m+41 m 7Terl
AP
(1= ——@+o(N))A - (1+o(pN —clp—1))) =
m—+1 m—+1
AP+ pA
1-— j_p + APo(N — ¢),

and this unit has index greater than v,,,1(\). Indeed, the last term has valuation

greater than v, 1(A\P) by our choice of N. For the second term, note that

0=(A+1)? —1= N +pA+p\0(0).
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It follows that

AP+ pA

’/m+1(—7rc ) = Um(pA?) —c
m+1
€m
= Em+1 +2 =
p—1
€m+1
= Up1(N) + pTJrl —c

v

Vm1(AP) + N — ¢ > U1 (AP).

Hence, K}, ., = K. K1, which implies that KL = K/, L = K,,,L = M, as
required. This completes the proof of the p-cyclic case of the arithmetic form of the

Oort Conjecture. O
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Appendix A

Computing the Different From

Witt Vectors

In the course of this thesis, we have seen the importance of preserving the different
in the lifting process. This raises the question of how to compute the different of a
p"-cyclic extension of a local field of characteristic p. The answer to this question
involves the relationship between Artin-Schreier-Witt theory and local class field
theory. This relationship is the subject of L. Brylinski’s paper [3], which we describe
here.

In this section, K = k((t)), where k is a finite field of characteristic p > 0.
Then Artin-Schreier-Witt theory says that p”-cyclic extensions of K are classified

by Witt vectors of length n:

W (K)/(F —1)W,(K) = Hom(G$2 /p", Z/p" 7).
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On the other hand, the reciprocity homomorphism of local class field theory ¢y :

K* — G% induces an isomorphism
K*/(K*)pn o~ Ggé)/pn7

and the unit filtration {U 1(; )} on K* corresponds under ¢x to the ramification
filtration {G%”T} of G% in the upper numbering. Combining these two isomorphisms

yields a non-degenerate bilinear form
K" (K" @ Wo(K)/(F = )Wa(K) — Z/p"Z. (%)

Recall that the Artin conductor of an abelian extension L | K is defined to be
the least positive integer f = fr/x such that ¢/ (U I({f )) = 0, or equivalently such
that U[(f) C Np/k(Ur). In terms of the ramification filtration on Gal(L/K), the
Artin conductor is the least positive integer f = fr/x such that Gal(L/K)/ = 0.
Starting from the Hilbert formula for the degree of the different of L | K ([15] Ch.
IV, Prop. 4), a straightforward computation yields the following relation between

the different and conductor:

Proposition A.0.16. Given a p"-cyclic totally ramified extension L | K, let L; | K

be the subextension of degree p*. Then

drji = vi(Duyx) = > (fryx = frop)p ™ (0" = 1) (fLo/x = 0).
i=1
Our goal is to compute dy, /i directly from the Witt vector classifying L/K. By

the above formula, this amounts to computing the Artin conductor fr,x, which by
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definition is determined by the unit filtration on K*/(K*)P". Hence, our task is to
compute the dual filtration on W, (K)/(F — 1)W,(K) with respect to the bilinear
form (). Brylinski accomplishes this in [3] using Kato’s residue homomorphism in

Milnor K-theory.

Definition A.0.17. For each m € Z, let
WI(KY) = {(x0,. .., Tno1) € Wn(K) | p" " u(z;) >m, 0<i<n}.

Proposition A.0.18. ([3], Proposition 1) {Wrgm)(K)}mez forms a decreasing filtra-
tion of W,,(K) by subgroups which is exhaustive and separated. The quotient group

W™K /WA (K) s generated by elements of the form

1—n—+1

(0,...,0,A" "m0, ...,0)

where 0 < 1 < n ranges over all values such that # € 7, the nonzero entry is in
the ith place, and X € k. Endowing the quotient group W, (K)/(F — 1)W,,(K) with

the quotient filtration {Wygm)(K)mod(F — 1)}, we have:

W (K)Ymod(F — 1)/W D) (K)mod(F —1) = 0  form >0

W (K)mod(F — 1)/W P (K)mod(F —1) = [k/(F - 1)k]"
W™ (K)mod(F — 1) /W™D (K)mod(F — 1) =
0 if vp(m) = n

form < 0.
k ifvy(m)=n—i—1,i>0
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Moreover, in the case m < 0, when the quotient group is nonzero, the isomorphism

with k s given by

A (0,0, P 0, 0).
We are now ready to state Brylinski’s
Theorem A.0.19. ([3], Theoreme 1) For the bilinear form (x), the right annihilator
ofw is W™ (K)mod(F — 1) for all m > 0.

Unfortunately, the corollary to this result stated by Brylinski is not quite true.
Since this corollary computes the Artin conductor of L | K in terms of the classifying
Witt vector, we take this opportunity to introduce the concept necessary to fix

Brylinksi’s statement.

Definition A.0.20. A Witt vector of length n, say (zo,...,2,—1) € W,(K), is

manimal if and only if for ¢ = 0,...,n — 1 the following implication holds:
min{piy(:pg),pi_lu(xl), coov(z)=mp = (vo,. .., 1) & Wi(ﬁ#l)mod(F —1).

Minimality ensures that modding out by the image of the Artin-Schreier-Witt
transformation F' — 1 doesn’t change which piece of the filtration a Witt vector
belongs to. The next proposition gives a nice condition guaranteeing minimality.

Before stating it, however, we need another
Definition A.0.21. A Witt vector (zo, ..., z,—1) € W,(K) is essentially prime-to-

p if and only if for all ¢+ we have

min{p'v(xo),p" *v(z1),...,v(z)} = pi’ju(:cj) = p fv(z;).
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In other words, if a minimum is ever attained at a certain component, then that

component has valuation prime to p.

Proposition A.0.22. Ifz = (zg,...,2,-1) € W,(K) is essentially prime-to-p and

v(xg) < 0, then x is minimal.

Proof: We proceed by induction on the length n. For the case n = 1, suppose that
v(xg) = mp < 0 and (mg,p) = 1. The first condition implies that the image of x
is nonzero in W™ (K) /W™ (K). We wish to show that Ty is still nonzero in
W (K ymod(F—1) /W ™™ (K)mod(F—1). But since mo < 0 is prime to p, both
of these groups are isomorphic to k by Brylinski’s proposition, hence isomorphic to
each other. Thus 7y is nonzero.

Now suppose that the claim holds for length n—1 > 0, and consider an essentially
prime-to-p Witt vector of length n: = = (xq, ..., x,_1). By the induction hypothesis,
the Witt vector (zg,..., 2, 2) € W,_1(K) is minimal. So all we need to show is

that T is nonzero in

W= (K)mod(F — 1)/W{m=# (K )mod(F — 1)

n

where m,,_; = min{p"'v(zo),...,v(x,_1)}. This is equivalent to the statement

that for all a € W,,(K), setting « = z + (F — 1)(a) yields

min{p" 'v(ag), ..., v(an_1)} < Mp_1.
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Since (zg, ..., Tp_2) is minimal, we know that

min{p" 'v(ag), ..., v(a,_1)} < min{p" 'v(ag),...,pr(a, o)}
< min{p" 'v(xg),...,pr(r,_2)}.

Thus, we are done unless v(z,_;) < min{p"~'v(zy), ..., pr(r,_2)}. So suppose that
this inequality holds. Then by essentially prime-to-p, p does not divide m,,_; =

v(z,—1). Then again by Brylinski’s proposition, we have the isomorphisms

W=D KYmod(F — 1)/W M=+ (K)mod(F — 1) = k

= WD (K) [T ().

Since the image of x in the last group is nonzero by definition, it follows that = is
nonzero in the first group as well. This shows that z is minimal as claimed. O
Now that we have the notion of minimality, we can correctly state the corollary

to Brylinski’s theorem:

Corollary A.0.23. Suppose that (zo,...,Tn_1) € Wo(K) is minimal with v(zg) <
0, and for 1 < i < nlet L; | K be the p'-cyclic subextension of the corresponding
totally ramified p™-cyclic extension L | K. Then for each i the Artin conductor of

L; | K is given by
frok =—mi1+1=— min{p" 'v(zo), ..., v(r; 1)} + 1.

Putting this together with our earlier formula for the different yields

n—1

drx = Z(mz'—l —my)p'(p" " = 1),

=0
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where as always m; = min{p‘v(zo),...,v(z;)} and we set m_; = 1. Note that
this formula only holds for minimal Witt vectors. This is enough to calculate the
different for any p"-cyclic extension L | K, since we can always choose a classifying

Witt vector that is prime-to-p.
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