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ABSTRACT

Twisted spectral data and singular monopole

Tong Li

Tony Pantev

We study higher dimensional versions of monopoles with Dirac singularities on
manifolds which are principal circle bundles over a smooth complex projective va-
riety. We interpret such generalized monopoles in terms of twisted spectral data
on a companion algebraic vareity. We conjecture that this correspondence is bijec-
tive under certain stability condition, and thus gives an algebraic construction of

singular monopoles.
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Chapter 1

Generalized monopole

1.1 Monopole equation

Bogomolny’s equation describes static monopoles in Yang-Mills theory. Given a
three dimensional Riemannian manifold Y, let £ denote a rank n Hermitian vector
bundle £ — Y, and let A be a unitary connection on F, let ¢ be a skew Hermitian
section of the bundle End(FE), the section ¢ is called a Higgs field on E (with trivial

coefficients). We say that the triple (F, A, ¢) satisfies Bogomolny equation if

We first study the equation when ¥ = S x X, where ¥ is a Riemann surface.
In this case, Bogomolny equation comes from dimension reduction of the anti-self-
duality equation: consider M = R x Y = R x S! x ¥, fix a complex structure on

Y, let z be its local coordinate, we use s to parameterize R and ¢ to parameterize



S1, then w = s + it is a holomorphic coordinate on R x S!, thus give M a complex
structure so that M = C* x Y. In terms of these coordinates, a connection form A

on Y is expressed as

A:Atdt‘i‘Ade‘i‘AgdZ

Given a Higgs field ¢ on Y, let A= ¢ds + A in this local trivialization, then A

glues into a connection on M, and we have

Proposition 1.1.1. (A, ¢) satisfies Bogomolny equation if and only z'ffl satisfies
anti-self-duality equation:

«F; = —F; (1.1.2)

Fix a Kahler metric on ¥, and denote its Kahler form by w. We can extend the
metric to a Kahler metric on M, and denote its Kéhler form as Q. Split F'; with
respect to the complex structure on M, and denote by AF'; the curvature component

proportional to §2, we see that the anti-self-duality equation is equivalent to
02 _ 1220 _ _
Fr=F7 =0, AF;=0 (1.1.3)
A useful generalization of the anti-self-duality equation is Hermit-Einstein equation
F?=F" =0, AF; =v/-1C idg (1.1.4)

with constant C'. To generalize Bogomolny’s equation, we apply dimension reduci-
ton to the equation [1.1.4} let X be a k£ dimensional smooth projective variety, with

Kihler form w, let Y be a S' bundle over X, together with a Hermitian vector



bundle E over Y, a connection A and a Higgs field ¢. In a local chart U of X where
we can trivialize Y as S' x U, use zi, - - - , 2 for the holomorphic coordinates on U,

and use t for the coordinate of S*, suppose

1<i,j<k

k
A=Adt+) (Ajdz + A;dz)

J=1

and denote

v, (%JrAj)dzj, 1<j<k
J

\V&

j

<%+A5)d2j, 1<j <k

v, = <%+At>dt

Fab:[vCUVb], a,be{l’---’k"i’...%’t}

equation is equivalent to:

(

Fy=0, F;;=0

Fy =V=1V o Adt, F;=—V/—1Vi¢ Adt (1.1.5)

P Fg— Vi =V—1CI

Definition 1.1.2. The triple (F, A, ¢) is a generalized monopole on Y with slope

C'if for each U C X where Y trivializes, equation holds.

Remark 1.1.3. We will allow singular solutions, and in that case, we define gener-

alized monopole on an open submanifold Y, C Y in the same way.

Definition 1.1.4. For a generalized monopole (E, A, ¢) on Y with slope C, we say



that a generailzed monopole (E’; A’ ¢') on Y with slope C’ is a sub-monopole of

(E,A,¢) if E'is a sub-bundle of £ preserved by A and ¢, and Ajpr = A', | = ¢'.
Remark 1.1.5. A sub-monopole must have the same slope, i.e., C' = C.

Definition 1.1.6. A generalized monopole (E, A, ¢) on Y is irreducible if its only

sub-monopoles are the trivial ones, i.e. (0,0,0) and (E, A, ).
In local coordinates, denote
k
Ve =>V;
j=1
Fy* = [V¥. V¥

then the equation [1.1.5|is equivalent to
(

Fy? =0

VY,V —V=1¢] =0 (1.1.6)

P Fg— Vi =V—1CI
\
Let B, = Ejqy<v, the first equation in implies that Vggl defines an integrable
complex structure on Fj.
Definition 1.1.7. The scattering map from ¢y to t;
Rto,tl . Eto — Et1

is defined by parallel transport with respect to A; —i¢, namely, for each oy € Ejy,,)

there is a unique solution o () of



with initial value o(tg) = 0. We set Ry, 1, (00) = o(t1).

According to the second equation in [1.1.6] the scattering map defines a holo-

morphic isomorphism from Ey, to Ej,.

1.2 Dirac singularity

We consider solutions with Dirac type singularities, the prototype is a family of

U(1) monopoles on the three dimensional manifold
Bi(e) :=={(r,0,¢) | 0<r <e 0€[0,7], ¢ €[0,2m)}
with the standard volume form on Bj(e):
dp=r?sinfdr AdOAdy

Projecting along radial direction yields a map from Bj(e) to the unit sphere S?,
denote by Ly the Hermitian line bundle on Bj(€) obtained by pulling the line bundle

of degree k on S?. Explicitly, we can trivialize line bundles on the open sets

Up=1{0#0}, Up=1{0#7}

and glue them into L via the transition function given by gro = eV~ %, Consider

the connection form A on L, defined by

v—1
Ay = 5 k(cos@+1)dw on U

A, = glk(cose—l)dz/} on U,




on the overlap these forms satisfy

A+ 9;01 d gr0 = Ao

so A is a U(1) connection on Lj. In this case, the Higgs field will be a function

taking value in purely imaginary numbers, and if we choose

it is easy to verify that (Lj, A, ¢) satisfies Bogomolny equation on B(e). Such
a solution has boundary behavior that has a nice geometric interpretation, it is
first explored in the paper of Witten and Kapustin, they showed that scattering
map cross Dirac type singularities plays a role of Hecke modification in geometric
Langlands program.

We extend this picture to higher dimensions. Let Y be an m-dimensional Rie-
mannian manifold, Z C Y is a codimension 3 compact sub-manifold. For every

p € Z, we can choose local coordinates (z1,- - ,x,,) so that:
e p=(0,---,0)
e Zisgiven by 1 = a9 =123 =10
e the metric is of the form I,, + O(R) as R := /22 + -+ 22, = 0

we call (xq,- -, z,,) regular system of coordinates of Y with respect to Z centered

at p.



Definition 1.2.1. With the above settings, let (E, A, ¢) be a generalized U(n)
monopole on Y, we say the monopole has a Dirac singularity along Z with weights
(k1,- -+, ky) if for every p € Z, under every regular coordinates (xy,--- ,2,,) of Y

with respect to Z centered at p, such that

1. There is a unitary isomorphism « of the restriction of the bundle E' to
B :={(z1,22,23,0,---,0) | 0 < R < e} = Bg(e)
with a direct sum of line bundles Ly, & Ly, & --- @ Ly, on Bj(e).

2. Identify B, with Bg(e), and identify E with direct sum of vector bundle
Ly, & Ly, ® -+ ® Ly, on Bi(e) under the bundle isomorphism «, in the triv-
ializations of E over the two open subsets {# # 0} and {# # 7w} induced
by the standard trivializations of the line bundles Ly, the trivializations have
transition function diag(eV=%1? ... eV=Ten¥) "in both of the trivializations,

¢ and A have asymptotic behaviors as follow:

v —1
2r

o= diag(ky,- -+ ,kn) + O(1), Du(r¢) =0O(1) as r — 0.



Chapter 2

Charbonneau-Hurtubise theorem

In the paper [?] Charbonneau and Hurtubise study generalized monopoles of Dirac
singularity on a product of a circle and a Riemann surface, I will summarize their
results in this chapter. Let ¥ denote a compact Riemann surface and fix a Kéahler
metric on it, with Kéhler form w. Consider monopoles on Y = S x X, In this case,

the monopole equations [1.1.5) can be writen simply as:
FA —V —1CIdEw = *DA¢ (201)

and the singularities occur at a discrete set of points.

2.1 Scattering map

Now parameterize S' = R/Z by ¢ € [0, 1], and consider monopole (FE, A, ¢) with

singularities at p; = (t;,2;) € S' x ¥ with weights /;j = (kj1,kjo, -+ L kjn), 1 =



1,2,---, N, furthermore, we require that 0 < ?; <--- <ty < 1. Write & = Ej)xn.

Regarding the scattering map R;,, we have
Proposition 2.1.1. Away from t;, & is a holomorphic bundle on X, and

1. If there is no singular time t; between t and t', the scattering map Ry : & —

Ev is an holomorphic isomorphism.
2. If only one t; lies in between t and t', then c1(Ey) — c1(&) = Tr(k;), where
j=1

The map Ry is a meromorphic map which is an isomorphism away from z;,

and near z; there exist trivializations of &, &y such that Ry is given by
diag((z — z)F, - (2 — z)Fm)
Consider the map Ry; : & — &, since & = &), we get a meromorphic endo-
morphism of & which is holomorphic outside of z;’s.

Definition 2.1.2. A bundle pair (£, p) consists of a holomorphic bundle £ on %
and a meromorphic endomorphism p : £ — £ such that p is an isomorphism outside

of a finite set of points.

Thus we get a map from generailzed monopoles to bundle pairs:

O:(E,A,¢)~ (&, Roa)



In general, consider an arbitrary pair (&, p) consisting of a rank n holomorphic
vector bundle £ over ¥, and a meromorphic bundle automorphism p : £ — £. Near

a singular point p of p, choose a coordinate z centered at p and a trivialization of £

Proposition 2.1.3 (Iwahori et al. [?]). There are invertible holomorphic n X n

matrices F(z),G(z) and integers k = {ky,--- ,kn}, such that in this trivialization,
p=F(z)diag(z", -, 2")G(2)
and the set of integers {ki,--- ,k,} is independent of the choice of F and G.

Definition 2.1.4. In the above setting, we say that the bundle pair (£, p) has

singularity type k at p.

It is clear that the bundle pair (&, Ry1) obtained from above has singularity
type l;;; at z;.

Notice that by proposition 2.1.1, we have
N

c(&r) = er(&) = Y Tr(ky),

J=1

since & = &, a bundle pair corresponding to a generalized monopole must satisfy

N
> Tr(k;) = 0.
=1

Proposition 2.1.5. For a singular U(n) generalized monopole with slope C, we

have
N
Z Tr(_;)tz = C (50) + % VOI(E)
i=1

10



2.2  Stability

Consider a bundle pair (£, p) on %, with singular type k; at z;, i = 1,2,---, N.
Given a list of numbers ¢ = (t1,ty,--- ,tx) € TV, where TV denotes the torus
formed by the product of N circles of circumference 1, for the bundle pair (&, p),

we define

Definition 2.2.1. t—degree

0f(E,p) = c1(€) — th Tr(ky)

and #-slope

ni€, p) = 6{E, p)/rank €

Definition 2.2.2. A bundle pair (&,p) is {-stable if any proper non-trivial p-

invariant subbundle has a strictly smaller -slope.

Proposition 2.2.3. If (£,p) is the image of a irreducible generalized monopole

under the map ©, then it is a t-stable bundle pairs for some t € TN.

Theorem 2.2.4 (Charbonneau-Hurtubise). Given t-stable bundle pair (€, p) on %,
with singularity type l;;; at z;, 1 =1,2,--- N, such that all Tr(l;;;-) sum to 0. Given
0<ty <ty <. <ty <1 and denote p; = (t;,z;) € St x &, there is a generalized
monopole (E, A, $) on S x X with Dirac-type singularities of weight k; at p;, for

which O(E, A, ¢) = (£, ¢).

11



Given k;, 1 <i < N, such that 3" Tr(k;) = 0, denote
MiT(‘Sl X 27])17"' JpNJEh”' 7EN)

as the moduli of irreducible generalized monopole on S! x ¥ with Dirac singularity

of type k; at p; = (ti, z;), and denote
M3(27217"' 7ZN7];17"' 7];]\775

as the moduli of #-stable bundle pair with singularity of type k; at 2;, Charbonneau-

Hurtubise theorem says that the map ©

@:MiT(Sl X Eaplv"' 7pN7E17"' 7];:]\[) —>MS<Z,21,"' 7ZN7E17"' 7EN7£)
(E7A7¢) = (507R0,1)

is a bijection.

12



Chapter 3

Spectral data

3.1 Spectral cover of bundle pair

From any bundle pair (€, p) over Riemann surface ¥, we can associate to spectral
data (3, £), where 3 is a branched cover of £\ {z1,-- - , 2y} and £ is a sheaf on 2.

Let ¥g =X\ {21, -, 2n}-

Definition 3.1.1. The spectral curve 3 C C* x X is defined to be

Y ={(\z2) €C"x Xy | det(N — p(z)) =0}
where I € End(€) is identity over each z € 3.
Denote p : C* x 3 — 3 to be the projection,

Definition 3.1.2. The spectral sheaf £ is a subsheaf of p*€ restricted on ¥ which
assigns to (A, z) the eigenspace of ker(p*p(z) — A - id).

13



Thus we get a map = from bundle pair (£, p) to its spectral data (3, £).

If p(z) is regular everywhere (i.e. it has distinct eigenvalues for different Jordan
blocks), then L is a line bundle on 5. Note that being nonregular is a complex
codimension three condition, and as in the case of Riemann surface, a generic p is
regular.

The spectral data (3, £) reconstructs the bundle pair (€, p). Indeed, if we denote
Ty - Yo as the restriction of p on ENJ, and let 1 be the tautological section of
p*(C* x ¥) 2 C* x C* x ¥ consisting of points (A, A, z) in local coordinates, then
we have

E=m.L, p=m

In this way, we see that = is invertible, so we get a bijection between meromorphic
bundle pair and its spectral data.
We interpret stability as numerics controlling singularities of the spectral data.

Near a singular point z;, p(z) is asymptotic to
diag(zk“, 2Rz zk"”),

hence the spectral cover has several branches approaching to 0 or to oo, and the

growth rate is controlled by the power k;;.

Definition 3.1.3. Let X be a smooth projective variety, we say that Xisa spectral

cover of X if there exist a matrix of meromorphic function p on X, such that

X ={(z,\) € X x C*| det(A — p(z)) =0}

14



Given an n-sheet spectral cover Y of ¥ — {z1,-++ ,2n}, in a small punctured
neighborhood of z;, we have n disjoint sheets covering it, in this neighborhood, we
can parameterize > by holomorphic coordinate z, assume the j-th sheet is given by

(2,9i(%)), where g;(z) is a holomorphic function.

Definition 3.1.4. We say that the cover has singularity type k; = (kiv, -+ kin) if

the leading term of Laurent expansion for the g;(z) is z%i.

Definition 3.1.5. Consider an n-sheet branched cover ¥ — X with singularity

type /2;; at z;, given a vector t = (t1,--+ ,ty) € TV, we define its t-degree as

and define its t-slope as

Definition 3.1.6. The spectral data (3, £) is i-stable if for any subsheaf F C 15, L

of pure dimension one, the i-slope of F is strictly smaller than that of (i, L).

Now we can consider the moduli of stable spectral data (f], L), such that 3 is
an n-sheeted branched cover of ¥ with singularity type k; over z;, and L is in the

Prym variety of p : 5. — 3. Denote this moduli as following:
sz(zazla' o 7ZN7E17 T 7]%’N7t<>

In the language of spectral data, we can restate the Charbonneau-Hurtubise theorem
as

15



Theorem 3.1.7. The composition map

EO@:MiT(Sl X Eapla"' 7pN>]glv“' 7];]\7) %sz(zazla"' 7ZN7E17"' 7];:]\77{)
(B,A,0) = (5.£)

s a bijection.

Notice that if we replace Riemann surface X by a smooth projective variety X,
and consider generalized monopoles on S! x X with Dirac singularities, we can still
get bundle pair (€, p) via the scattering map Ry, and thus get its spectral data

(X, L).

3.2 Fourier-Mukai transform

We observe that for monopole without singularities, the map = o © can be con-
structed directly, via Fourier-Mukai transform.

Let £ be the trivial line bundle on S' x C*, and V4 be the connection on &
given by the connection form As = zdt, where t and z parameterize S' and C*
respectively. Recall that Fourier-Mukai transform identifies local system (F, Ag)
on S' with skyscraper sheaf £ in C*, in the following way:

Denote by

pr:Stx CX — 8t py: St x CX — CX

the natural projections. Let A" = Agp + Ay, consider it as a connection form on

16



piE, it gives a partial connection V", locally
V' =0, +A"dt: piE — piE® Oy

then Rpy.(ker V") = 0, L = R'py.(ker V") is a skyscraper sheaf on C*, and
dim H°(C*, L) = rank(E).

Let U be quasi-projective variety, consider the trivial line bundle &2 on S' x U x
C* with connection A4 given by the form zd¢. We apply Fourier-Mukai transform
fiberwise, this discussion together with the Charbonneau-Hertubise theorem now

give the following

Proposition 3.2.1. Fourier-Mukai transform with kernel (22, A») converts smooth

monopole data (E, A —/—1¢) on S* x U to its spectral data (U, L).

On the other hand, given spectral data ((7 , L), on each fiber, we consider

which is a locally free sheaf of constant rank, thus a vector bundle on S' x U.
Furthermore, the construction equips £ with a canonical flat partial connection
V. Choose a unitary connection A on E, subtracting it from V7 gives a Higgs
field ¢ = —/—1(V’, — Ay), so that (E, A, ¢) is triple that can be a candidate of
monopole. Though this may not always be a monopole, we conjecture that when
the spectral data satisfies certain stability condition, we can get a monopole in this

way.

17



On non-trivial S* bundles, we can still apply Fourier-Mukai transform locally
and get twisted spectral data by gluing, this enables us to extend the theorem of
Charbonneau and Hurtubise. We will interpret twisted spectral data as a geometric

object — a line bundle on an analytic gerbe.

3.3 Analytic gerbe

Let X be a complex manifold and let O denote the sheaf of holomorphic functions
on X. We can consider a cohomology class in H?(X,0*) as a geometric object
— an O*-gerbe, much in the same way as we interpret elements in H'(X, O*) as

holomorphic line bundles. We first explain this in Cech cohomology:

Definition 3.3.1. Given an open cover {U,} of X, an O*-gerbe ¢ is an assignment
to each threefold intersection Uy, = U,NUgNU, an invertible holomorphic function

Japy, such that
1 1 1
9apy = Yarp = 9pay = Yy
and on each fourfold intersection
5(9)&675 = gByé - ga_»;(s * GapBs g(;/;»y =1

Definition 3.3.2. A trivialization of gerbe g on U is defined by holomorphic func-
tions

fop = f3a :UagNU — C*

18



on twofold intersections in U such that in U,g, N U,

9apy = fapferfra

Definition 3.3.3. A gerbe is trivial if it has a global trivilization. Two gerbes are

equivalent if their difference is trivial.

Given two trivializations f,s and f; 5 on U, their difference is measured by

hozﬁ = faﬁ/fc/zﬂ

we have d(h) = 1, so h is a Cech 1-cocycle, and the difference between two triv-
ializations is a line bundle on U. Notice that over each open set U,, we can set

f8y = Gapy for B,v # a, and set f,3 = 1, by cocycle condition on g, we have

98+vs = [avfrsfss

therefore we get a trivialization over U,. On the intersection U, N Ug, the two
trivializations differ by a line bundle L,g. This leads us to an equivalent definition

of gerbe:

Definition 3.3.4. An O*-gerbe is defined by the following data:

A line bundle L,z on each U,s

e An isomorphism L,g = L/gal

A trivialization 0,3, of Lag ® Lgy ® Lyg o0 Uagy

The trivialization 6, satisfies 6(6) = 1 on Uagys

19



Geometrically, we can consider such gerbes as analytic stacks: denote by BO*
the classifying stack of O, i.e., it assigns to each open set V a category, whose
objects are O*-torsors on V' and morphisms are isomorphisms of torsors. Then an
O*-gerbe on X is a BO* torsor on X, i.e. a stack of groupoids over X, which admits
a principal hemogeneous action of BO*. In this way, a gerbe H on X comes with a
projection H — X, and is classified by an element in H'(X, BO*), This is consistent
with the previous discussion since BO* = O*[1] and so H'(X, BO*) = H(X, O*[1])

is isomorphic to H?*(X, O*).

3.4 Twisted spectral data

Suppose Y is a principal S' bundle over X, let (E, A, ¢) be a singular monopole
on Y, with singularities located in the fiber over divisors Z;,---,Zy C X. Take
an open cover {U;} of Xo:= X \ {Z1,---Zn}, so that for each U; the fiber bundle
Y; := Y|y, — U; trivializes. Using this trivialization we construct Poincaré bundle
with connection (£, A;) on Y; x C* as in Proposition . The Fourier-Mukai
transform with kernel (&7, A;) converts the monopole (E, A, ¢)y, into spectral data
on U; x C*. The spaces U; x C* glue into X x C*, the spectral cover glue into
X C Xo x C*, but the Poincaré bundle with connection (&, A;) does not glue,
they only glue into an O* gerbe H with conneciton whose 3-curvature is represented

the De Rham cohomology class

1 dz dz
i (a(Y)) At (7’2 = 72) € H3(X x CX,Z)

20



Tautologically the locally defined Poincare line bundles with connections glue

into a global pair (£, A%) on the gerbe Y x x H, and we get the following:

Proposition 3.4.1. Fourier-Mukai transform associated to (£, Az) converts the
monopole data (E; A —/—1¢) on Y to spectral data ()?,E), where L is a weight
one line bundle on the restriction of H to )?, or equivalently a trivialization of the

gerbe H|)~<.

Definition 3.4.2. A twisted spectral data on X corresponding to gerbe H, with
singularities along Zi,---Zy, is a pair ()Af , L) consisting of a spectral cover X C
X xC*of X\ {Z,---,Zy}, and a weight one line bundle £ on the restriction of

the gerbe H to X.
Theorem 3.4.3. On a Riemann surface, twisted spectral data always exists.

Proof. Let % be a Riemann surface, z1,--- , 2y € 2, and H be a gerbe on ¥ x C*.

Choose any spectral cover S of & \ {z1,---, 2n}, by exponential exact sequence:
o HX(S,0) = H(S,0%) — H¥(S,Z) — - --

we have H Q(i O*) = 0 since the terms before and after it are 0. Therefore the
restriction of gerbe H on > is always trivial. A line bundle on a trivial gerbe is the

same as a trivialization of the gerbe. Therefore twisted spectral data exist. O

Let X be a smooth complex projective variety of complex dimension k, we

consider the case when the circle bundle Y — X sits inside a line bundle Ox (D) as

21



its unit circle bundle, where D is an effective divisor on X. Then the Fourier-Mukai
transform gives us a gerbe H on X x C*. Let Z,--- Zy be irreducible divisors on

X, we have

Theorem 3.4.4. Suppose O(D) is ample, and set {Zy,--- Zn} contains all of the
irreducible components of D, then twisted spectral data corresponding to H with

singularities along Zy, -+ , Zn exists.

Proof. Let Xog = X \{Z1,---Zn}, M = X xC*, and My = Xy x C*. Consider the
map

a: H2(M,0%) — H*(My, O%)

we claim that «(H) = 0.

Notice that we can fit « into exponential exact sequence:

H?*(M, Q) —— H*(M,, O)

| |

H*(M, 0") —— H?*(Mo, O%)

L

H3(M,Z) —2—~ H3(M,,Z)
Then the gerbe H € H?*(M,O*) maps via d; to pi(w) A pix (1), where py, pex
are the natural projections from M to X and C* respectively, w is the De Rham
cohomology class in H?(X,Z) representing the Chern class of O(D) and 7 is the
De Rham cohomology class that generates H'(C*,Z).

We know that H'(C*,Z) = Z when ¢ = 0,1, and H(C*,Z) = 0 when i > 1.

22



By Kunneth formula for M = X x C*,
H*(M,7Z) = H*(X,Z) ® H(C*,Z) ® H*(X,7Z) ® H'(C*,7Z)

therefore 6, (H) € H*(X,Z) ® H'(C*,Z) and it maps to w under the natural iso-
morphism H?*(X,Z)® H'(C*,Z) = H*(X,Z).

Similarly, we have

H*(M,y,7Z) = H*(X,,Z) ® H(C*,Z) © H*(Xy,Z) ® H (C*,7Z)
and o6, (H) € H*(Xy,Z) @ H'(C*,Z) = H*(Xy,Z). The composition o §;(H)
is induced by the restriction map
o: H*(X,Z) — H*(X,,Z)
Let W =Z,U---UZy, then Xy = X \ W, the map o fits into the Gysin sequence:
HW,Z) — H*(X,Z) — H*(Xo,Z) — - - (3.4.1)
its Poincaré dual gives
Hop o(W,Z) — Hop_o(X,Z) — Hop_o(Xo,Z) — -~

Since the Pioncaré dual of w is represented by the divisor D, and D is spanned
by irreducible components of W, so D is in the image of first map Hoy_o(W,Z) —
Hop (X, Z), therefore the second map Hoy_o(X,7Z) — Hop_o(Xo,Z) sends D to 0.
Go back to the sequence [3.4.1] we see that o(w) = 0, therefore 3o §;(H) = 0.

Now consider a(H), since d 0 a(H) = S0 d1(H) = 0, we have a(H) comes from
H?(My, O). Since O(D) is ample, and D is an non-negative integer combination of
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Zs, 80 O(Zy+- -+ Zy) is ample, therefore Xj is a Stein manifold, hence H*( X, O) =
0 for ¢ > 0, then by Kunneth formula, H?(M,,©) = 0. So the pre-image of a(H)
in H?(M,, O) can only be 0, thus a(H) = 0.

So we see that the gerbe H restricts to a trivial gerbe on X , hence twisted

spectral data exist. O
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Chapter 4

Conjecture

In the light of Kobayashi-Hitchin correspondence, we conjecture that monopole data
corresponds to twisted spectral data with some stability conditions.

To be completed.
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