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ABSTRACT

GALOIS EXTENSIONS RAMIFIED AT ONE PRIME

Jing Long Hoelscher

David Harbater, Advisor

This thesis studies Galois extensions of global fields and associated Galois groups

with one ramified prime, in both the number field and function field cases. Over Q

some restrictions on both solvable and nonsolvable Galois groups ramified only at

one prime are shown. We also give a description of tamely ramified meta-abelian

Galois groups and examples of infinite class field towers with one finite prime ram-

ified. Over real quadratic fields Q(
√

d), results about nilpotent Galois groups ram-

ified only at one prime in Q(
√

d) are shown. Over function fields Fq(t), a stronger

version of the forward direction of “Abhyankar’s conjecture” is proved. Finally, we

give a simple description of cyclotomic function fields with a view toward developing

Iwasawa theory for cyclotomic function fields.
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Chapter 1

Introduction

1.1 Overview

One of the most fundamental problems of Galois theory is that of determining which
finite groups can occur as Galois groups over a given field. For an algebraically
closed field K, this inverse Galois problem is solved affirmatively for K(t), i.e.every
finite group occurs as a Galois group over K(t) (see Corollary 1.5 in [Ha1]). Over
the field Q and function fields Fq(t) over a finite field Fq, the same is believed to be
true but the problem remains open.

In both the function field and number field cases, one can also ask about the
“fine structure” of the inverse Galois problem, i.e. which groups occur as Galois
groups with specified ramifications? In the function field case, this means studying
Galois groups of finite branched covers of projective curves X with specified branch
locus. In the number field case, it deals with the Galois groups over a number field
F ramified only at a given finite set of primes of F . In both cases we know that
not every finite group occurs with prescribed ramification. As the number and the
size of ramified primes increases, more finite groups are allowed to occur as Galois
groups. And in the “limit”, we expect all finite groups to occur. This thesis is
concerned with descriptions of finite groups that can occur as Galois groups with
given ramifications, or which can be ruled out.

In the case of function fields, my focus is on curves over finite fields. On the other
hand, over an algebraically closed field k of characteristic p, the situation is better
understood. There, a precise form of the above question was posed in Abhyankar’s
Conjecture [Ab], which was proved by M. Raynaud [Ra] and D. Harbater [Ha2].
Namely, given a smooth connected projective k-curve X with genus g and a finite
set S of n > 0 closed points of X, we may consider the set πA(X−S) of finite groups
that occur as Galois groups over X with ramification only at S. Let U = X − S;
then πA(U) consists of all finite quotients of the fundamental group π1(U). For a
finite group G, let p(G) denote the subgroup of G generated by the subgroups of
p-power order. We call a finite group G a quasi-p group if G = p(G). Abhyankar’s
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conjecture says that a necessary and sufficient condition for a finite group G to be
in πA(U) is that G/p(G) can be generated by a set of at most 2g + n− 1 elements.
A consequence of Abhyankar’s conjecture is that

πA(A1) = {quasi-p groups}.

It is unknown precisely which groups are Galois groups of tamely ramified covers
of U , but each must have at most 2g + n− 1 generators.

This last assertion carries over to curves over a finite field Fq, if one restricts to
geometric curves (with no extensions of constants), since base change to F̄q(t) does
not change the Galois group (see Proposition 1.2.15 below). In fact, if we allow
extensions of constants, there will be one more generator, i.e. the Frobenius. In
the case of function fields over finite fields, we count the number of ramified primes
according to their degree; here deg(p) = logq(Norm(p)). Motivated by this and the
analogy between function fields and number fields, Harbater posed a corresponding
conjecture in [Ha3] for the open set Un = Spec(Z[ 1

n
]) of Spec(Z):

Conjecture 1.1.1. [Harbater, 1994] There is a constant C such that for every
positive square free integer n, every group in πt

A(Un) has a generating set with at
most log n + C elements.

That is, if G ∈ πt
A(Un), i.e. G is a Galois group over Q ramified only at primes p

dividing n and each p does not divide its ramification index ep, then the growth of
the number of generators of G is asymptotic to log(n). Also note that if G ∈ πA(Un),
Conjecture 1.1.1 implies that G/p(G) has at most log n + C generators, which is
relevant to Corollary 1.4.2 below. Harbater has some results in [Ha3] for the case
n = 2, which can be regarded as evidence for this conjecture. I have extended his
results to bigger primes. In addition I prove a stronger version of the conjecture in
the case of function fields over finite fields.

This thesis describes finite groups that can occur as Galois groups over number
fields or function fields Fq(t) with only one prime ramified. For abelian Galois
groups, class field theory provides a complete answer to both situations. In the
solvable case, Section 2.1, we apply class field theory and group theory to towers
of abelian extensions to get some restrictions on solvable groups that can occur as
Galois groups over Q ramified at only one prime. Theorem 2.1.1 and its corollaries
generalize some results in [Ha3] to give more evidence for the Conjecture 1.1.1. We
also give a complete description of tamely ramified meta-abelian extensions over
Q. In Section 2.2, where the group needs not be solvable, finite towers of abelian
extensions do not suffice. There we use the Odlyzko discriminant bound, local class
field theory and group theory to rule out certain non-solvable groups as Galois
groups over Q ramified only at one prime. In Section 2.3, some examples of infinite
class field towers ramified only at one prime are shown, where class field theory and
group cohomology are used. In Section 2.4, we show some results about nilpotent
groups as Galois groups over a quadratic number field using class field theory. In
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Chapter 3, by combining the Frobenius action with the branch cycle description
of a lift of a tame cover to characteristic 0, we give some restriction on Galois
groups occurring tamely over function fields Fq(t). We also present a “hands-on”
description of cyclotomic function fields and take steps to develop Iwasawa theory
for cyclotomic function fields.

1.2 Background

In this section, we will review some background material that will be necessary in
what follows.

1.2.1 Class Field Theory

Let K denote a field complete under a discrete valuation, L be a finite separable
extension of K. Serre has a very nice description of the inertia group:

Corollary 1.2.1 ([Se3], Corollary 4). Assume the characteristic of the residue
field of L is p > 0. The inertia group I is the semi-direct product of a cyclic group
of order prime to p with a normal subgroup whose order is a power of p.

In a number field K, an idèle α = (αp) is a tuple (αp) of elements αp ∈ K∗
p ,

where αp is a unit in the ring Op of the integers of Kp, for all most all p. The
idèle group IK (i.e. the set of all idèles) of K is the restricted product of K∗

p ’s with
respect to the unit groups O∗

p,

IK =
∏

p

K∗
p .

The quotient group CK = IK/K∗ is called the idèle class group. Given a modulus
m =

∏
p pnp , define

U
np
p =


1 + pnp , if p - ∞

R∗
+ ⊂ K∗

p , if p is real
C∗ = K∗

p , if p is complex

The congruence subgroup Cm
K = Im

KK∗/K∗ mod m is formed from the idèle group

Im
K =

∏
p U

(np)
p . The ray class field Km mod m is the class field Km/K for the

congruence subgroup Cm
K , which satisfies canonically

Gal (Km/K) ∼= CK/Cm
K .

Proposition 1.2.2 ([Ne], Corollary 6.3). Every finite abelian extension L/K is
contained in a ray class field Km/K for some module m.

In the case m = 1, the ray class field Km is the big Hilbert class field, which is
the maximal unramified abelian extension of K.
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Proposition 1.2.3 ([Ne], Exercise 13, Page 368). For every module m, one has
an exact sequence

1 −→ O∗
+/Om

+ −→ (O/m)∗ −→ ClmK −→ Cl1K −→ 1,

where O∗
+, resp. Om

+, is the group of totally positive units of O, resp. of totally
positive units ≡ 1 mod m.

The Hilbert class field, also called the small Hilbert class field, is defined to be
the maximal unramified abelian extension H/K in which all infinite places split
completely. The Galois group G = Gal (H/K) is canonically isomorphic to the
ideal class group of K.

Proposition 1.2.4 ([Ne], Theorem 7.5). In the Hilbert class field H of K, every
ideal a of K becomes a principal ideal.

For the class number of a p-extension over Q, there is a useful result by Harbater:

Proposition 1.2.5 ([Ha3], Proposition 2.8). Let p and q be (possibly equal)
prime numbers. Let G be a p-group, and let Q ⊂ K be a G-Galois extension
ramified only at q.

(a) The extension Q ⊂ K is totally ramified over q.

(b) The class number of K is prime to p.

1.2.2 Discriminant Bounds

In the case the Galois group is non-solvable, we will use the upper bound and the
lower bound on discriminants of Galois extensions to rule out some finite groups.
In class field theory, we have an upper bound for the discriminant:

Theorem 1.2.6 ([Ne], Theorem 2.6). Suppose L/K is a Galois extension of
algebraic number fields with [L : K] = n and p is a prime ideal of the ring OK of
integers of K. Then p is ramified in L/K if and only if p | dL/K, where dL/K is
the discriminant of L/K. Furthermore, let ps be the maximal power of p dividing
dL/K, and let e be the ramification index of p in L/K. Then one has:{

s = n(1− 1
e
) if p is tamely ramified,

n ≤ s ≤ n(1− 1
e

+ vp(e)) if p is wildly ramified.
(1.2.7)

For the lower bound, we have the Odlyzko discriminant bound:

Proposition 1.2.8 ([Od], Corollary 1). Let K be any algebraic number field,
dK/Q the absolute value of the discriminant of K, and r1 and 2r2 the numbers of
real and complex conjugate fields, respectively. Then

dK/Q ≥ (60.1)r1(22.2)2r2e−254; (1.2.9)
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dK/Q ≥ (58.6)r1(21.8)2r2e−70. (1.2.10)

If the zeta function of K satisfies the General Riemann Hypothesis (GRH), then

dK/Q ≥ (188.3)r1(41.6)2r2e−3.7×108

. (1.2.11)

1.2.3 Fundamental Groups

Let X be a smooth connected projective k-curve and U an open subset of X. Denote
kac the algebraic closure of k. The algebraic (or étale) fundamental group π1(U) is
defined to be the inverse limit of the inverse system of groups occurring as Galois
groups of pointed étale Galois covers of U (see SGA I [Gro]). Define πA(U) to be
the set of finite quotients of the algebraic fundamental group π1(U), i.e. the set of
the finite groups that can occur as Galois group of étale Galois covers of U . In the
situation char(k) = p > 0, denote πt

A(U) the set of Galois groups of tamely ramified

covers (these groups may have order divisible by p), and πp′

A (U) the set of Galois
groups of étale Galois cover of U with order prime to p. In situation char k = 0, we
can still talk about πp,t

A (U) and πp′

A (U) after we fix a prime p.

Case (k = C). In this classical case, the situation is well understood by Riemann’s
Existence Theorem:

Theorem 1.2.12 (Riemann’s Existence Theorem). Let X be a smooth connected
complex projective curve with genus g, and U = X − {ξ1, ..., ξn} with n ≥ 0 be an
open subset of X. Then the algebraic fundamental group π1(U) is the profinite
completion of the topological fundamental group

πtop
1 (U) = 〈a1, ..., ag, b1, ..., bg, c1, ..., cn |

g∏
i=1

[ai, bi]
n∏

j=1

cj = 1〉

So in the complex case, if n > 0, the algebraic fundamental group π1(U) is
isomorphic to the free profinite group on 2g + n− 1 generators, and πA(U) consists
of the finite groups having 2g+n−1 generators. Fix a prime p; then πp,t

A (U) consists
of the finite groups on 2g + n generators, {a1, ..., ag, b1, ..., bg, c1, ..., cn}, subject to
the relations

∏g
i=1[ai, bi]

∏n
j=1 cj = 1 and p - ord(ci) for all i = 1, ..., n, whereas

πp′

A (U) consists of the finite groups on 2g + n− 1 generators and of order prime to

p, with an injective map πp′

A (U) ↪→ πt
A(U).

Case (k = kac & char(k) = 0). More generally, we can consider the case k is
any algebraically closed field of characteristic 0. Grothendieck [Gro] has shown the
algebraic fundamental group π1(U) is also the free profinite group on 2g + n − 1

generators, and πA(U), πp′

A (U) and πp,t
A (U) (for a fixed prime p) are also the same

as in the situation when k = C.
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Case (k = kac & char(k) = p > 0). Now we consider the case when k is still
algebraically closed, but of characteristic p > 0. Less is known in this situation.
The main result is Harbater and Raynaud’s proof of the Abhyankar Conjecture:

Theorem 1.2.13 (Abhyankar Conjecture, proved by Harbater [Ha2], Raynaud
[Ra]). Let X be a smooth connected projective curve with genus g over an alge-
braically closed field k of characteristic p > 0, and U = X −{ξ1, ..., ξn} with n > 0.
Then

πA(U) = {G | G/p(G) has 2g + n− 1 generators}.

As a consequence, the condition G ∈ πA(UC) implies G ∈ πA(Uk). We know

πp′

A (U) is the same as in the situation when k is algebraically closed and of charac-
teristic 0. For πt

A(U), it is strictly smaller than the counterpart in the characteristic
0 algebraically closed situation. In fact we know

πp′

A (Uk) j πt
A(Uk) $ πp,t

A (UC).

Here is an example for the strictness for πt
A(Uk) $ πp,t

A (UC).

Example 1.2.14. Assume char(k) = p 6= 2, and λ ∈ P1
C. Let E/P1

C be the
branched cover of degree 2 and branched at {0, 1,∞, λ}; thus E is an elliptic
curve. We can take the maximal unramified elementary abelian p-cover E ′/E
with Gal (E ′/E) ∼= (Z/p)2, and E ′/P1

C is a Galois cover with Galois group G =
(Z/p)2 o Z/2; so G ∈ πp,t

A (UC) for UC = P1
C − {0, 1,∞, λ}.

E ′

(Z/p)2

E

Z/2

P1
C

But G /∈ πt
A(Uk), since any G-Galois cover of Uk has to be wildly ramified some-

where. To see this, take a Galois cover E ′∗/P1
k with Galois group G. It will dominate

a degree 2 cover E∗/P1
k unbranched away from {0, 1,∞, λ′(∈ k)}.

E ′∗

(Z/p)2

E∗

Z/2

P1
k

6



But the p-rank of E∗ is either 0 or 1, since the genus of E∗ is at most 1. Thus E∗

has no connected unramified cover of Galois group (Z/p)2, so E ′∗/P1
k has be wildly

ramified somewhere. Thus G /∈ πt
A(Uk).

It is unknown what exactly πt
A(Uk) is, but each finite group in πt

A(U) has 2g+n−1
generators ([Gro], XIII, Corollary 2.12). As for π1(U), it is still very much unknown
although we know the finite quotients.

Case (k = Fq). We restrict only to regular covers Y/X, i.e. k is algebraically closed
in the function field of Y . Given such a regular cover, we can lift it to F̄q.

Ȳ = Y ⊗Fq(t) F̄q(t)

G
OOOOOOOOOOOOO

Y

GX̄ = X ⊗Fq(t) F̄q(t)

OOOOOOOOOOOOO

X

So G corresponds to a cover Ȳ /X̄ in the algebraic closure F̄q. If Y/X is a tame
cover, so is Ȳ /X̄. Due to Grothendieck, G has at most 2g + n − 1 generators,
where g is the genus of the k-curve X. Say a point p splits into deg(p) points
over F̄q. Thus counting the number of ramified primes according to their degree
deg(p) = logq(Norm(p)), we have the following:

Proposition 1.2.15. Let X be a smooth projective curve over a finite field Fq.
Then there exists a constant C such that for all open subsets U = X − D ⊂ X,
where D is an effective divisor of X, every group in πt

A(U) has a generating set with
at most logq(Norm(D)) + C elements.

1.3 Analogy between number fields and function

fields

There are various analogies between algebraic number fields and algebraic function
fields of one variable, as shown by A. Weil (see [We]), Dinesh Thakur (see [Th]), etc.
Let K be an algebraic number field. An archimedean prime p is real or complex
depending on whether or not the completion Kp is isomorphic to R or C. The real
primes are given by embeddings τ : K −→ R, and the complex primes are induced
by the pairs of complex conjugate non-real embeddings τ : K −→ C. If Kp is a p-
adic field, then p corresponds to a nonarchimedean finite prime. Given any α ∈ K,

7



number fields function fields
the rational number field Q the rational function field Fq(t)
the rational integer ring Z the polynomial ring Fq[t]

the completion R of Q the Laurent series field Fq((
1
t
))

an algebraic closure C of R the completion of an algebraic closure of Fq((
1
t
))

Table 1.1: Basic analogies between Q and Fq(t)

for each p of K, we can associate a corresponding valuation vp as follows:

vp(α) =


log(| τα |) if Kp is a real infinite prime,
2 log(| τα |) if Kp is a complex infinite prime,
−vp(α) log(Norm(p)) if p is a finite prime,

(1.3.1)

and elementary algebraic number theory gives the following (see page 185 of [Ne]):

Proposition 1.3.2. Given any α ∈ K∗, one has vp = 0 for almost all p, and∑
p

vp(α) = 0. (1.3.3)

The relation 1.3.3 can be considered as an arithmetic analogy of a particular
case of Cauchy’s Theorem. Let K be an algebraic function field of one variable over
C. Given any α ∈ K, and a point p on the Riemann surface of K, denote by vp the
order of α at the point p, and define the following:

vp(α) =


−n if α has p as a pole of order n,
n if α has p as a zero of order n,
0 if p is neither a pole nor a zero of α.

(1.3.4)

Then we have
∑

p vp = 1
2πi

∫
γ
d(log(α)), where γ is a Jordan curve containing all

poles and zeros of α. By Cauchy’s theorem, we have
∫

γ
d(log(α)) = 0, which implies∑

p

vp(α) = 0. (1.3.5)

Considering that the residue degree of a number field is always finite, function
fields over a finite field are the closest analog to number fields. At the basic level
Table 1.1 gives a dictionary between number fields and function fields. We can also
consider the fundamental group π1(Un), πA(Un), πt

A(Un) for “curves” of the form
Un = Spec(Z[ 1

n
]), where n is a square-free positive integer. In the function field

Fq(t), a square-free polynomial f of degree d has norm qd and defines a set of d
geometric points. If we let U ⊂ A1

Fq
be the set where f 6= 0, then by Proposition

1.2.15, we know every element in πt
A(U) is generated by d elements. In the number

field case, the open subset Un of Spec(Z) is the non-vanishing set of the integer n, of
norm n. By the analogy between number fields and function fields Fq(t), Harbater
posed the Conjecture 1.1.1.

8



1.4 Previous Results

In support of the Conjecture 1.1.1, Harbater has shown some evidence in [Ha3].

Theorem 1.4.1 ([Ha3], Theorem 2.6). (a) If p < 23 is a prime, then πt
1(Up)

is a cyclic group of order p− 1.

(b) The group πt
1(U23) is not cyclic.

Corollary 1.4.2 ([Ha3], Corollary 2.7). If p < 23 is prime, and G is in πA(Up),
then G/p(G) is a cyclic group of order dividing p− 1.

Proposition 1.4.3 ([Ha3], Proposition 2.17). Let K be a Galois extension of
Q ramified only over 2, and let Q ⊂ K0 be an intermediate Galois extension whose
degree is a power of 2. Then either

(i) Gal (K/K0) is a quasi-2 group; or

(ii) there is a non-trivial abelian unramified extension K0 ⊂ L of odd degree such
that L ⊂ K and L is Galois over Q.

In particular, every group in πA(U2) is a quasi-2 group. This gives evidence to
Conjecture 1.1.1. Furthermore, [Ha3] also shows the following results about πA(U2):

Theorem 1.4.4 ([Ha3], Theorem 2.20). Let G be a solvable group in πA(U2).
Then either G is a 2-group or order < 16, or G has a quotient of order 16.

Lemma 1.4.5 ([Ha3], Lemma 2.22). If G ∈ πA(U2) and | G | ≤ 300, then G is
solvable.

Theorem 1.4.6 ([Ha3], Theorem 2.23). Let Q ⊂ K be a Galois extension ram-
ified only over 2, with Galois group G and ramification index e. Then 16 divides e
unless G is a 2-group of order < 16 (in which case the extension is totally ramified).

1.5 Related results

In the early 1970s, Serre conjectured in [Se2] that every continuous irreducible odd
representation of GQ into GL2(F̄p), unramified outside p, comes from a cusp form
of some weight on SL(2, Z). Serre’s conjecture has the following consequence: every
two-dimensional irreducible odd representation of GQ over F̄p that is unramified
outside p has a twist coming from an eigenform f on SL(2, Z) of weight at most
p+1. As we know, the spaces Sk(SL(2, Z)) of cusp forms for SL(2, Z) are zero when
k ≤ 11. So Serre’s conjecture would predict the non-existence of certain continuous
irreducible mod p representation of degree 2 of GQ, thus the non-existence of certain
Galois extensions of Q unramified outside p.

9



In the case p = 2, Tate has shown the non-existence of certain Galois extension
of Q unramified outside 2 in a letter to Serre in 1973.

Theorem 1.5.1 ([Ta], Theorem). Let G be the Galois group of a finite extension
K/Q which is unramified at every odd prime. Suppose there is an embedding ρ :
G ↪→ SL2(k), where k is a finite field of characteristic 2. Then K ⊂ Q(

√
−1,

√
2)

and Trace(ρ(σ)) = 0 for each σ ∈ G.

The non-existence in the case p = 3 was also proved by Serre in [Se1]. In
1997, Sharon Brueggeman showed, in accordance with Serre’s conjecture, the non-
existence of certain Galois extensions unramified outside 5.

Theorem 1.5.2 ([Br1], Theorem 1.1). Assume GRH. Let G be the Galois group
of a finite Galois extension K/Q which is unramified outside 5. Let ρ : G ↪→
GL2(F̄5) be a faithful semisimple odd representation. Then ρ = χa

5 ⊕ χb
5 for a = 0

or 2 and b = 1 or 3, where χ5 is the cyclotomic character.

In 2002, Hyunsuk Moon and Yuichiro Taguchi [TM] extended previously-known
results about the non-existence of certain continuous irreducible mod p represen-
tations of degree 2 of GQ by improving Tate’s discrimant bound. In 2006, Chan-
drashekhar Khare proved the level one case of Serre’s conjecture, which generalizes
the results of Tate and Serre to all primes p:

Theorem 1.5.3 ([Kh], Theorem 1.1). Let ρ̄ : GQ −→ GL2(F̄p) be a continuous,
odd irreducible representation unramified outside p. Then ρ̄ arises from a newform
in Sk(ρ̄)(SL2(Z)).

On the other hand, there has also been much progress, by Brueggeman, Jones
and Doud using improved discriminant bounding and polynomial searching, in de-
termining the non-existence of various Galois extensions of Q which are unramified
outside a single prime p.

Theorem 1.5.4 ([Br2], Theorem 4.1). Let K be a number field which is ramified
only at a single prime p and p ≤ 7. Then its Galois group is not isomorphic to
SL(3, 2), A7, or S7.

Corollary 1.5.5 ( [Jo2], Theorem 2.2). If G is the Galois group of a finite
extension of Q unramified away from 2 and | G |> 8, then | G | is a multiple of 16.

Theorem 1.5.6 (Jones, 2006). There do not exist any extensions of Q of degree
n which are unramified away from 2 where 10 ≤ n ≤ 15.
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Chapter 2

Number Field Case

This chapter addresses the case that the base field is a number field. In Sections
2.1 and 2.2, we consider finite groups in πA(Up) where Up = Spec(Z[1

p
]), i.e. Galois

groups over Q only ramified at p (and possibly infinity). We will give some examples
of infinite class field towers in Section 2.3. In Section 2.4, we look at nilpotent
extensions over a quadratic number field Q(

√
d). In the last section 2.5, we will try

to use modular forms to construct more Galois extension over number fields.

2.1 Solvable Extensions over Q

2.1.1 Evidence for Conjecture 1.1.1

A consequence of the Conjecture 1.1.1 would be that if G ∈ πA(Up) for some prime
p, without assuming the ramification to be tame, then G/p(G) is generated by at
most log(p) + C elements. Thus if p is very small, we expect G to be very close
to being a quasi-p group. In fact, this holds when p < 23 as seen in the Corollary
1.4.2, i.e. G/p(G) is cyclic of order dividing p − 1. The following theorem is a
generalization of this idea and of Proposition 1.4.3, but with an extra assumption
on solvability.

Theorem 2.1.1. Let K be a finite Galois extension of Q ramified only at a single
finite prime p > 2, with the Galois group G = Gal (K/Q) solvable. Let K0/Q be
an intermediate abelian extension of K/Q. Let N = Gal (K/K0) and p(N) be the

11



quasi p-part of N .

K(ζp)

nnnnnnnnnnnnn

K

N

L

K0(ζp)

ooooooooooooo

K0

G/N

Q(ζp)

oooooooooooooo

Q

Suppose N is solvable. Then either

(i) N/p(N) ⊂ Z/(p− 1); or

(ii) there is a non-trivial abelian unramified subextension L/K0(ζp) of K(ζp)/K0(ζp)
of degree prime to p with L Galois over Q.

We will first give some corollaries, then prove a lemma and a proposition that
will be used in the proof of Theorem 2.1.1, given at the end of this section.

Remarks. • If we let K0 = Q and p < 23, Theorem 2.1.1 is just Corollary
1.4.2 in the solvable case.

• The proof of Theorem 2.1.1 shows that the condition (i) can be replaced by
the condition K/Q is a quasi-p extension of a totally ramified extension.

Using 2.1.1, we can show some dihedral groups cannot be in πA(Up) for some
primes p.

Corollary 2.1.2. Suppose p ≡ 1 ( mod 4) is a regular prime such that the class
number of Q(

√
p) is 1 (for example, in the range 2 ≤ p ≤ 100, this is the case when

p = 5, 13, 17, 29, 41, 53, 61, 73, 89, 97). Then there are no dihedral groups in πA(Up)
except D2, the cyclic group of order 2.

Proof. Suppose that K/Q is a Galois extension with group D2n with order 2n,
ramified only at a finite prime p and possibly at ∞. Denote by K0 the fixed field

12



of the cyclic subgroup Z/n < D2n.

K

Z/n

K0

Z/2

Q

By Theorem 1.2.2 in [JY], we know n is not divisible by p. Now apply Theorem
2.1.1. By the assumption the class number of K0 is 1, we know the condition (ii) in
Theorem 2.1.1 fails. By the second remark above we have K/Q is totally ramified,
since p does not divide the order of D2n. So Gal (K/Q) ∼= P o C, where P is a
p-group and C is a cyclic group. We know P has to be trivial, since again p - 2n.
Thus Gal (K/Q) is cyclic; a contradiction.

As a direct consequence of 2.1.1, we have:

Corollary 2.1.3. Let K/Q be a Galois extension ramified only at prime p and
possibly at ∞, where Q(ζpn) is a sub-extension with Galois group Gal (K/Q(ζpn)) =
G. Suppose the class number of Q(ζpn) is 1. Then G/p(G) is cyclic of order dividing
p− 1.

Proof. Take Q(ζpn) to be the intermediate extension K0 and apply Theorem 2.1.1.
Since the class number of K0 is 1, the condition (ii) in Theorem 2.1.1 does not hold.
So condition (i) holds, i.e. G/p(G) is cyclic of order dividing p− 1.

Lemma 2.1.4. Under the hypotheses of Theorem 2.1.1, if K0 is a maximal p-
power subextension of K/Q, then the condition (i) can be replaced by the condition
that either G is a cyclic p-group or N/p(N) is a nontrivial subgroup of Z/(p− 1).

Proof. It suffices to show that if N is a quasi-p group, then G is a cyclic p-group.
So assume G is not a cyclic group. The Galois group Gal (K0/Q) is cyclic since
any finite p-group in πA(Up) is cyclic; so K0 is the unique maximal p-power sub-
extension of K/Q by class field theory. Denote by N the Galois group Gal (K/K0).
Then it is the minimal subgroup of G with index a power of p, since it corresponds
to the unique maximal p-power sub-extension K0; Furthermore it is normal by the
Sylow’s theorem. We know N is nontrivial, since G is not a p-group by assumption.
Now G is a nontrivial solvable group, so G has a normal subgroup N̄ ⊂ N such
that N/N̄ is of the form (Z/q)n for some prime q and some integer n ≥ 1. We
know q 6= p from the minimality of N . So N is not a quasi-p-group since every
p-subgroup of N is contained in the proper subgroup N̄ .

13



The above lemma gives evidence for Conjecture 1.1.1. Now Applying Lemma
2.1.4 to the prime 3 gives the following:

Corollary 2.1.5. If G is a solvable group in πA(U3), then either G is cyclic,
or G/p(G) ∼= Z/2, or G has a cyclic quotient of order 27.

Proof. Let K/Q be a Galois extension ramified only at 3 with Galois group G =
Gal (K/Q). Take K0/Q to be a maximal p-power sub-extension of K/Q. The Galois
group Gal (K0/Q) is cyclic since any finite p-group in πA(Up) is cyclic; so K0 is the
unique maximal p-power sub-extension of K/Q by class field theory. So we know
K0 is the unique maximal p-power sub-extension. If G is not cyclic, then N is not
quasi-p by Lemma 2.1.4. Now suppose G is not cyclic and G/p(G) � Z/2 and apply
Theorem 2.1.1. Since the condition (i) in Theorem does not hold, the condition (ii)
has to hold, thus the class group of K0(ζp) is nontrivial. So |Gal (K0/Q) | ≥ 27, i.e.
G has a cyclic quotient of order 27.

Corollary 2.1.6. Suppose K/Q is a Galois extension with nontrivial Galois
group G, ramified only at 3 and possibly at ∞, with ramification index e. Then 9|e
unless G/p(G) ∼= Z/2 or G ∼= Z/3.

Proof. If G is solvable, by Corollary 2.1.5 we know 27 | e unless G/p(G) ∼= Z/2
or G is cyclic. In the case G is cyclic, we know by class field theory K/Q is
totally ramified, so e = n = |G|. If G is non-solvable, it has order ≥ 60. On one

hand, We know |dK/Q |
1
n≥ 12.23 from the discriminant table (page 400 in [Od]) for

extensions of degree ≤ 60; on the other hand, by applying Theorem 1.2.6 we have
|dK/Q |

1
n≤ 31+v3(e)− 1

e < 31+v3(e). Combining these two inequalities gives

12.23 ≤|dK/Q |
1
n < 31+v3(e),

thus v3(e) ≥ 2 and 9 | e.

Remark. Corollary 2.1.6 applies even in the nonsolvable case.

For the proof of Theorem 2.1.1, we first need a lemma and proposition.

Lemma 2.1.7. Let G = P o Z/(l1l2) be a semidirect product of a p-group P by
a cyclic group Z/l1l2, with p, l2 distinct primes and p - l1. Denote by s the highest
power of l2 which divides l1, i.e. ls2 || l1. Suppose G has a normal subgroup N ∼=
Z/ls+1

2 with the quotient group G/N ∼= Z/(l1l
−s
2 pm). Then G = Z/pm × Z/(l1l2).

Proof. Let θ : Z/(l1l2) −→ Aut(P ) be the homomorphism corresponding to the
semi-direct product G = P o Z/(l1l2), which sends an element a ∈ Z/(l1l2) to an
automorphism θa ∈ Aut(P ). Since the l2-sylow subgroup N is normal in G, it is
the unique l2-sylow subgroup by the Sylow’s theorem. Identify Z/ls+1

2 with the
subset of G = P o Z/(l1l2) ∼= P o (Z/l1l

−s
2 × Z/ls+1

2 ), consisting of all pairs of

14



the form (1, b) with b ∈ Z/ls+1
2 . We claim Z/ls+1

2 acts trivially on P in G. Now
∀(k, a) ∈ P o Z/(l1l2), we have

(k, a)(1, b)(k, a)−1 = (k, ab)((θa−1(k))−1, a−1)
= (kθab((θa−1(k))−1), b)
= (kθba(θa−1(k−1)), b)
= (kθb(k

−1), b)

Since Z/ls+1
2 C G by the assumption, we know (k, a)(1, b)(k, a)−1 is of the form

(1, b). So θb(k
−1) = k−1,∀k ∈ Z/pm, i.e. θb is trivial for all b ∈ Z/ls+1

2 .
Next we will show the isomorphism

P oθ (Z/(l1l
−s
2 )× Z/ls+1

2 ) ∼= (P oθ′ Z/(l1l
−s
2 ))× Z/ls+1

2 (2.1.8)

where the homomorphism θ′ : Z/l1l
−s
2 −→ Aut(P ) is the restriction of θ onto

Z/(l1l
−s
2 ). On the one hand the LHS and RHS of 2.1.8 are the same as underlying

sets, on the other hand we consider the binary operation in each group. Pick any
two elements (a1, b1, c1), (a2, b2, c2) ∈ Z/pm o (Z/(l1l

−s
2 )× Z/ls+1

2 ). We have

(a1, b1, c1)(a2, b2, c2) = (a1, (b1, c1))(a2, (b2, c2))
= (a1θ(b1,c1)(a2), (b1b2, c1c2))
= (a1θ(b1,c1)(a2), b1b2, c1c2).

And if we pick any two elements (a1, b1, c1), (a2, b2, c2) ∈ (Z/pm oZ/l1l
−s
2 )×Z/ls+1

2 ,

(a1, b1, c1)(a2, b2, c2) = ((a1, b1)(a2, b2), c1c2)
= ((a1θ

′
b1

(a2), b1b2), c1c2)
= (a1θ

′
b1

(a2), b1b2, c1c2).

Since Z/ls+1
2 acts trivially on P , we know θ(b1,c1)(a2) = θ′b1(a2). So the LHS and RHS

of 2.1.8 have the same binary operations. We can conclude isomorphism 2.1.8. Now
we consider the quotient group G/(Z/ls+1

2 ). By the assumption it is isomorphic to
Z/(l1l

−s
2 pm). So by isomorphism 2.1.8 we have

Z/(l1l
−s
2 pm) ∼= G/(Z/ls+1

2 ) ∼= P oθ′ Z/l1l
−s
2 .

So G ∼= (P oθ′ Z/(l1l
−s
2 ))×Z/ls+1

2
∼= Z/(l1l

−s
2 pm)×Z/(ls+1

2 ) ∼= Z/pm×Z/(l1l2).

Proposition 2.1.9. Let K be a finite Galois extension of Q ramified only over a
single prime p > 2, with G = Gal (K/Q) solvable, and let M/Q be a proper abelian
subextension of K/Q such that p - |Gal (K/M) |. Denote pm the highest power of p
dividing the order of G. Assume K/M is not totally ramified and that there is no
non-trivial abelian unramified extension over Q(ζm+1

p ) of degree prime to p which is
contained in K(ζp) and is Galois over Q. Then G is abelian.
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Proof. Since Gal (M/Q) is abelian, we know by class field theory Gal (M/Q) is
a subgroup of Z/pm × Z/(p − 1). Denote Gal (M/Q) = Z/(pml1) with l | p −
1. Let N = Gal (K/M). Since N is solvable, being a normal subgroup of the
solvable group G, there is a normal subgroup N0 of N such that N/N0

∼= Z/l2, for
some prime l2 such that (l2, p) = 1. Let M0 be the fixed field of N0 in K/M , so
Gal (M0/M) ∼= Z/l2. Let M1 be the Galois closure of M0 over Q, so Gal (M1/M)
is a minimal normal subgroup of a solvable group Gal (M1/Q). From page 85 of
[Rot], we know that Gal (M1/M) ∼= (Z/l2)

t for some t ≥ 1. So the Galois group
Gal (M1/M0) ∼= (Z/l2)

t−1.

K

M1 = (KN0)Gal

(Z/l2)t−1

M0 = KN0

Z/l2

M

Z/(l1pm)

Q

Pick a prime p of M1 over the prime p of Q, let I0 ⊂ Gal (M1/M) be the inertia
group of p in M1 over M . Since Gal (M1/M) ∼= (Z/l2)

t is abelian, its subgroup I0

is normal and the quotient by I0 is abelian. So the fixed field M1,0 = M I0
1 of I0

in M1/M is unramified over M at the prime p ∩ OM2 , thus M1,0 is an unramified
extension of M contained in M1. Let M̄1,0 be the Galois closure of M1,0 over Q. So
M̄1,0 is contained in M1 and unramified over M , being the composite of unramified
extensions (the conjugates of M1,0) of M . So M̄1,0 is abelian over M since it is
contained in M1. If M̄1,0/M is not trivial, then M̄1,0(ζp) is a non-trivial abelian
unramified extension over M(ζp) = Q(ζpm+1) (since Gal (M/Q) ∼= Z/(l1p

m), we
know M(ζp) is contained in Q(ζpm+1). So [M(ζp) : Q] = pm(p− 1) = [Q(ζpm+1) : Q]
shows M(ζp) = Q(ζpm+1).) of degree prime to p such that M̄1,0(ζp) ⊂ K(ζp) and
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M̄1,0 is Galois over Q, contrary to the assumption.

K

M1

M̄1,0 = MGal
1,0

M1,0 = M I0
1

M

Z/(l1pm)

Q

So actually M̄1,0 = M , and so I0 = Gal (M1/M) ∼= (Z/l2)
t. But the inertia group

I0 is cyclic, because M1 is at most tamely ramified at p over M since the degree of
the extension M1/M is prime to p. So t = 1, and the field M1 is totally ramified
over M at p with Gal (M1/M) ∼= Z/l2. It follows M1 is totally ramified over Q at
the prime p, since M/Q is totally ramified at p. So Gal (M1/Q) is isomorphic to the
inertia group I ∼= P oC of M1 over Q at p, where P is a p-group and C a cyclic group
of order prime to p. So C is a cyclic group of order l1l2, thus I ∼= Z/pm o Z/l1l2
with l1, l2 relatively prime to p. On the other hand, let ls2 be the highest power
of l2 which divides l1, so s ≥ 0. Consider the invariant field MZ/ls2 of Z/ls2 in
M/Q. It is Galois over Q since M/Q is abelian, so Gal

(
M1/M

Z/ls2
)

C Gal (M1/Q).

Since M1/M
Z/ls2 is totally ramified, and tamely ramified, Gal

(
M1/M

Z/ls2
)

is a cyclic

group by the Corollary 4 of page 68 of [Se3]. So Gal
(
M1/M

Z/ls2
) ∼= Z/ls+1

2 . And
the quotient group I/(Z/ls+1

2 ) ∼= Z/(l1l
−s
2 pm). It follows from the Lemma 2.1.7 that
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I ∼= Z/(pm)× Z/l1l2.

K

M1

I0=Z/l2

M

Z/(ls2)

MZ/ls2

Z/(l1l−s
2 pm)

Q

Since M1 strictly contains M , we know K/M1 is not totally ramified, for other-
wise K/M is also totally ramified, contrary to the assumption.

Now if K 6= M1 we can repeat the above procedure with M1 playing the role
of M . There exists a sub-extension M2/M1 with Gal (M2/M1) ∼= (Z/l3) for some
prime l3 6= p, and the Galois group Gal (M2/Q) ∼= Z/(pm)×Z/l1l2l3. Keep doing this
process. It will stop when K equals some Mk with Gal (K/Q) ∼= Z/pm×Z/(l1...lk+1)
since G is a finite group. Equivalently, G is abelian.

Now we can give the proof for Theorem 2.1.1:

Proof. The quasi-p part p(N) of N is normal in G, since it is characteristic in the
normal subgroup N �G. Replacing G and N by G/p(N) and N/p(N) respectively,
we may assume N has degree prime to p. We will show K/K0 is cyclic of order
dividing p− 1, otherwise (ii) follows.

We may assume K0 6= K. First assume that K/K0 is totally ramified. Then
K/Q is totally ramified, since K0/Q is totally ramified at p, so G ∼= P o C with P
a p-group and C a subgroup of Z/(p − 1). Since K0/Q is Galois, N / G. So N is
cyclic of order dividing p− 1.

Otherwise we assume K/K0 is not totally ramified. Then the result follows from
Proposition 2.1.9.

2.1.2 Meta-abelian extensions over Q
To understand solvable extensions, we can decompose them into finite towers of
abelian extensions. The first case is meta-abelian extensions, i.e. G

′′
is trivial.

Theorem 2.1.11 below gives an answer for tamely ramified extensions.

Proposition 2.1.10. The ray class number of K = Q(ζp) mod m = (1 − ζp)
k

(for some integer k) is a product of a power of p and the class number of K.
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Proof. By class field theory, one has an exact sequence for the modulus m = (1−ζp)
k,

1 → O∗
+/Om

+ → (OK/m)∗ → ClmK → Cl1K → 1,

where O∗
+, resp. Om

+, is the group of totally positive units of OK , resp. of totally
positive units ≡ 1 mod m. The ray class number of K modulo m is

|ClmK | =
|Cl1K | · |(OK/m)∗|

|O∗
+/Om

+|
.

By [CDO], Proposition 1.4, we can calculate the order of (OK/m)∗, i.e.

|(OK/m)∗| = (p− 1)pk−1.

The order of the group O∗
+/Om

+ is |O∗/Om|, since Q(ζp) is totally complex and all
units are totally positive. There is a natural surjective homomorphism O∗/Om �
O∗/O(1−ζp), so |O∗/O(1−ζp)| divides |O∗/Om|. Since O∗/O(1−ζp) ↪→ (OK/(1−ζp))

∗ ∼=
F∗p, and there are p− 1 cyclotomic units

(ζ i
p − 1)/(ζp − 1) ≡ i ( mod (ζp − 1)), 1 ≤ i ≤ p− 1,

We have O∗/O(1−ζp) ∼= (OK/(1− ζp))
∗ ∼= F∗p. Thus

|O∗/O(1−ζp)| = |(OK/(1− ζp))
∗| = p− 1,

which divides |O∗/Om|. Thus
|ClmK |
|Cl1K |

= |(OK/m)∗|
|O∗/Om| is a power of p. Since K is totally

complex. Cl1K
∼= ClK . So the Ray Class Number of K is the product of a power of

p and the class number of K.

Remark. Using [PARI2], we can compute the Ray Class groups of some cyclo-
tomic number fields as in Table 2.1. The Ray Class Numbers of the cyclotomic
number fields Q(ζ23), Q(ζ29), Q(ζ31), Q(ζ37), Q(ζ41), Q(ζ43) and Q(ζ47) all have
order equal to the class number of Q(ζp) times a power of p, which is consistent
with the proposition above. In fact, in this table, when p is regular and ℘ = (p) the
Ray Class Number is |ClK | · p(p−3)/2, where |ClK | is the class number of K.

Let K/Q be a Galois extension with Galois group G. Considering the fixed
field K ′ of the commutator subgroup G′, we get the following theorem by applying
Proposition 2.1.10 and class field theory:

Theorem 2.1.11. Suppose G = Gal (K/Q) ∈ πt
A(Up) is a meta-abelian group.

Then K is contained in the Hilbert class field of Q(ζp).
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K p ClK ClpK Clp
2

K

Q(ζ23) 23OK Z/3 Z/(3·23)×(Z/23)9 Z/(3·232)×(Z/232)9×(Z/23)2

Q(ζ29) 29OK (Z/2)3 (Z/2·29)3×(Z/29)10 (Z/2·292)3×(Z/292)10×(Z/29)2

Q(ζ31) 31OK Z/9 (Z/9·31)×(Z/31)13 (Z/9·312)×(Z/312)13×(Z/31)2

Q(ζ37) 37OK Z/37 Z/(372)×(Z/37)17 (Z/373)×(Z/372)16×(Z/37)3

Q(ζ41) 41OK (Z/11)2 (Z/41·11)2×(Z/41)17 (Z/412 ·11)2×(Z/412)17×(Z/41)2

Q(ζ43) 43OK Z/211 (Z/211·43)×(Z/43)19 Z/(211·432)×(Z/432)19×(Z/43)2

Q(ζ47) 47OK Z/(5·139) (Z/5·139·47)×(Z/47)21 Z/(5·139·472)×(Z/472)21×(Z/47)2

Table 2.1: Ray class groups of cyclotomic number fields

Proof. Consider the fixed field K ′ of G′. Since G/G′ is abelian, and K ′ is tamely
ramified and only ramified at p, we know K ′ is contained in Q(ζp).

R

xxxxxxxxx

K

G′

Q(ζp)

xx
xx

xx
xx

K ′

G/G′

Q

Since K/K ′ is abelian and ramified only at p, we know K is contained in a ray class
field R of Q(ζp) for a modulus ℘ = (1−ζp)

k for some k. From Proposition 2.1.10, we
know that |Cl℘Q(ζp)| is a product of a power of p and the class number of Q(ζp). By

class field theory R/Q(ζp) is of degree |Cl℘Q(ζp)|, a product of a power of p and the
class number ClQ(ζp). Therefore R corresponds to a p-extension of the Hilbert class
field H of Q(ζp). Pick any prime ` in R. The inertia degree of ` |I`

R/Q(ζp)| = |I`
R/H |

in R/Q(ζp) divides [R : H] and is a power of p. So |IK/K′| is also a power of p. But
K/Q is tamely ramified. So I`

K/(K′∩H) is trivial, thus K/K ′ is unramified, i.e. K is

contained in the Hilbert class field of Q(ζp).
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2.2 Nonsolvable Extensions over Q
One extreme situation of non-solvable groups is the class of simple groups.

Lemma 2.2.1. Let 2 ≤ p < 23 be a prime, and G ∈ πA(Up) with G non-abelian.
Then p | |G|.

Proof. If p - |G|, then the quasi p-part p(G) of G is trivial since it is generated by
all p-Sylow subgroups of G. By Corollary 1.4.2, we know G = G/p(G) is cyclic of
order dividing p− 1. Contradiction; thus p | |G|.

Lemma 2.2.2. Let K/Q be a Galois extension ramified only at p with G =
Gal (K/Q) a non-abelian simple group. If 2 ≤ p < 23, then G is a quasi p-group.

Proof. We will show for a nontrivial simple group G, a prime p | |G| if and only if
G is a quasi p-group. If p | |G| then p(G) 6= {1}. Since p(G) � G and G is simple,
so p(G) = G, i.e. G is a quasi p-group. Conversely, if G is quasi p-group, then
p(G) = G 6= {1}, so p | |G|. If G ∈ πA(Up) with 2 < p < 23, by Lemma 2.2.1 we
know p | G, thus G is a quasi p-group.

We can use above lemmas together with the Odlyzko discriminant bound to
show various simple groups cannot be in πA(Up):

Examples 2.2.3. For 2 ≤ p < 23, we consider A5, S5, SL(3, 2).

• SL(3, 2) /∈ πA(Up) for 2 ≤ p < 23.

Proof. The group SL(3, 2) is of order 168 = 23 · 3 · 7. When p 6= 2, 3, 7, if we
assume G ∈ πA(Up), by Lemma 2.2.1 we would have p | |G|, contradiction.
In the case p = 2, Harbater showed SL(3, 2) /∈ πA(U2) (Example 2.21(c),
[Ha3]). In the case p = 7, Brueggeman showed SL(3, 2) /∈ πA(U7) in [Br2](see
Theorem 1.5.4). For the case p = 3, we assume G ∈ πA(U3). Let L/Q be
a corresponding Galois extension and let e be the ramification index of the
prime above p. Applying the discriminant upper bound (Theorem 1.2.6), we
get |dL/Q|1/168 ≤ 31+v3(e)−1/e. The largest power of 3 dividing | SL(3, 2)| = 168
is 3, so v3(e) ≤ 1, thus

|dL/Q|1/168 ≤ 31+v3(e)−1/e ≤ 31+1 = 9.

On the other hand, by the Odlyzko discriminant bound (Table 1, [Od]),

|dL/Q|1/168 ≥ 15.12,

when the degree of the extension is at least 160. Contradiction.

• The alternating group A5 /∈ πA(Up) for 2 ≤ p < 23.
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Proof. The group A5 is of order 60 = 22 · 3 · 5. When p 6= 2, 3, 5, by Lemma
2.2.1, we know G ∈ πA(Up) would imply p | |G|, contradiction. For p = 2,
Harbater showed that A5 /∈ πA(Up) (Example 2.21(a), [Ha3]). For p = 5, we
know A5 /∈ πA(U5) from the table [Jo1]. For p = 3, we assume the simple
group A5 lies in πA(U3) and let L/Q be a corresponding Galois extension.
Applying the discriminant upper bound (Theorem 1.2.6), we have |dL/Q|1/60 ≤
31+v3(e)−1/e. Since the largest power of 3 dividing |A5| = 60 is 3, we get
v3(e) ≤ 1, thus

|dL/Q|1/60 ≤ 31+v3(e)−1/e ≤ 31+1 = 9.

On the other hand, by the Odlyzko discriminant bound (Table 1, [Od]),

|dL/Q|1/60 ≥ 12.23,

when the degree of the extension is at least 60. Contradiction.

• The symmetric group S5 /∈ πA(Up) for 2 ≤ p < 23.

Proof. The group S5 is of order 120 = 23 · 3 · 5. When p 6= 2, 3, 5, by Lemma
2.2.1 we know G /∈ πA(Up), for otherwise we would have p | |G|, contradiction.
For p = 2, Harbater showed S5 /∈ πA(Up) (Example 2.21(a), [Ha3]). For p = 5,
we know S5 /∈ πA(Up) from the table [Jo1]. For p = 3, similarly as A5, we
have

|dL/Q|1/120 ≤ 31+v3(e)−1/e ≤ 31+1 = 9.

But by the Odlyzko bound (Theorem 1.2.6), we have

|dL/Q|1/120 ≥ 14.38,

for extensions of degree at least 120, contradiction.

The examples above can be used to show the following proposition, which is a
generalization of a result which handles the case p = 2 in [Ha3].

Proposition 2.2.4. Let 2 ≤ p < 23 be a prime number. If G ∈ πA(Up) and
|G| ≤ 300, then G is solvable.

Proof. Assume there exist non-solvable groups G ∈ πA(Up) with order ≤ 300, and
let G be such a group of smallest order. Pick a nontrivial normal subgroup N of G.
The quotient group G/N is also in πA(Up) but with smaller order, hence solvable.
We know N is also non-solvable, then the order of the group N is at least 60. So
|G/N | ≤ 5, thus G/N is abelian. By Lemma 2.5 in [Ha3] we know G is isomorphic
to either A5, S5 or SL(3, 2). By examples above, these groups do not lie in πA(Up)
for 2 ≤ p < 23. Contradiction.
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2.3 Infinite class field towers

Let K = K(0) be an algebraic number field. For i = 0, 1, 2, ..., define K(i+1) to be
the Hilbert class field of K(i), i.e. the maximal abelian unramified extension of K(i).
In [Haj], Hajir defined the “length of the Hilbert class field tower of K” to be the
smallest non-negative integer i such that K(i) = K(i+1) if such an integer exists,
and ∞ otherwise. This integer is denoted l(K). In the latter case that l(K) = ∞,
we say that K admits an infinite class field tower. I. R. Šafarevič gave an example
of an infinite class tower of a number field ramified at seven primes over Q (see
[Sh]). A natural question is this: Does there exist a number field ramified only at
one prime over Q, which admits an infinite class field tower? The answer to this
question is:

Theorem 2.3.1. There do exist algebraic number fields ramified over Q at only
one prime which admit infinite class towers.

Proof. Let K = Q(ζp), let H be the Hilbert class field of K, and let L = H( p
√

1− ζp).
We can carefully choose p such that:

1. Q(ζp) has a big class number h, i.e. h ≥ 2p2 − 2p + 4.

2. Q(ζp) has class field tower length 1, i.e. the class number of the Hilbert class
field is 1.

Such choices of p exist by Farshid Hajir (see [Haj]). (For example, I believe
p = 61 satisfies both conditions. The class number of Q(ζ61) is 76301 = 41 · 1861,
and strong computational evidence shows the class number of the Hilbert Class
Field of Q(ζ61) is 1.)

Let Ω be the maximal unramified extension of L, and let G = Gal (Ω/L) be
the Galois group. Let G(q) be its maximal q-quotient for a prime number q. The
group G(q) corresponds, by Galois theory, to the maximal unramified q-extension
of L, say L(q). If we show that there exists a prime number q such that L(q)/L is
infinite, then the class tower of L does not stop. And L/Q is only ramified at p.
So we may assume that Ω = L(q) and G = G(q). Suppose the theorem is false, i.e.
for every prime number q, L(q)/L is a finite extension. So G is a finite q-group and
L(q) admits no cyclic unramified extensions of degree q. By Proposition 29 in [Sh]
we know that

h2 − h1 ≤ r1 + r2 = r2 = p(p− 1)h/2, (2.3.2)

Where hi = dim H i(G, Z/qZ), and r1, r2 denote the number of real and complex

23



conjugates of L, and h denotes the class number of K.

H (u1), ..., (uh)

K = Q(ζp) (1− ζp)

Q (p)

On the other hand, the principal prime ideal (1 − ζp) splits completely into

principal ideals (1− ζp) =
∏h

i=1(ui) in the Hilbert class field H.

Ω

...

L( p
√

u1)

VVVVVVVVVVVVVVVVVVVVV L( p
√

u2)

PPPPPPPPPPPP
... L( p

√
uh−1)

mmmmmmmmmmmm
L( p
√

uh)

ggggggggggggggggggggggg

L = H( p
√

1− ζp)

H

K = Q(ζp)

Q

Now we have h distinct unramified extensions L( p
√

ui)) over L, so

h1(G) ≥ h. (2.3.3)

By the Safarevic-Golod Theorem in [Sh], we have

h2 > 1/4h2
1. (2.3.4)

Combining all the inequalities, we have

1/4h2 − h ≤ 1/4h2
1 − h1 < h2 − h1 < p(p− 1)h/2 =⇒ h < 2p2 − 2p + 4.

But from the choice of p, we know that h ≥ 2p2 − 2p + 4, contradiction.
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Remark 2.3.5. The infinite class tower in Theorem 2.3.1 allows wild ramification
and is also ramified at ∞. A natural problem is then to try to remove either
condition and determine if an infinite tower still exists.

2.4 Extensions over quadratic fields

Given any real quadratic number field K = Q(
√

d), we now consider nilpotent
algebraic extensions L of K ramified over only one prime p of K. Say p|p, a rational
prime. If p remains prime in K, then there exist such extensions L of infinite degree
over K (see Theorem 2.4.12). But if p splits and K has class number 1, then [L : K]
must be finite, and can be bounded in terms of d (see Theorem 2.4.6 for the case
p = 2 and Theorem 2.4.7 for the general case).

2.4.1 Split Case

We now assume the rational prime p = p ∩ Z splits in the real quadratic field
K = Q(

√
d) with d a positive prime. We also assume the class number of K is 1.

In the case p = 2, the splitting condition is equivalent to that d = 1 mod 8, thus
2 = p1p2 splits completely in K/Q. Also for the fundamental units, we have:

Lemma 2.4.1. Let d ≡ 1 ( mod 8) be a positive prime integer, then the funda-

mental unit u = a+b
√

d
2

of Q(
√

d) has the property that a and b are both even (i.e.

u ∈ Z[
√

d]), with a
2

and b
2

of different parities.

Proof. Since d ≡ 1 ( mod 8) is a prime, the norm Norm(u) of the fundamental unit
u is −1 (see page 174 of [Ri]), i.e.

a2 − b2d

4
= Norm(u) = −1.

So a2 + 4 = b2d ≡ b2 mod 8. We know a square mod 8 can only be 0, 1, or 4. As
a conclusion, both a and b have to be even; and we have (a

2
)2 + 1 ≡ ( b

2
)2 ( mod 2),

which implies a
2

and b
2

are of different parities.

Remark. Lemma 2.4.1 is consistent with the results in Table 2.2 computed using
[PARI2]. In fact, the conclusion in the Lemma 2.4.1 is still true even when d is not
a prime.

Now we consider any abelian extension L over the real quadratic field K =
Q(
√

d) ramified only at one finite prime of K. It turns out that Gal (L/K) is a
finite cyclic 2-group.
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d u(d) d u(d) d u(d)

17 3 + 2ω 137 1595 + 298ω 241 66436843 + 9148450ω
33 19 + 8ω 145 11 + 2ω 249 8011739 + 1084152ω
41 27 + 10ω 153 2001 + 352ω 257 15 + 2ω
57 131 + 40ω 161 10847 + 1856ω 265 5699 + 746ω
65 7 + 2ω 177 57731 + 9384ω 273 683 + 88ω
73 943 + 250ω 185 63 + 10ω 281 1000087 + 126890ω
89 447 + 106ω 193 1637147 + 253970ω 297 45779 + 5640ω
97 5035 + 1138ω 201 478763 + 72664ω 305 461 + 56ω
105 37 + 8ω 209 43331 + 6440ω 313 119691683 + 14341370ω
113 703 + 146ω 217 3583111 + 521904ω 321 −227 + 24ω
129 15371 + 2968ω 233 21639 + 3034ω 329 2245399 + 262032ω

Table 2.2: Fundamental units u(d) of Q(
√

d), where ω = 1+
√

d
2

.

Proposition 2.4.2. Suppose K = Q(
√

d) has class number 1, where d is a
positive prime such that d ≡ 1 ( mod 8) (so 2 splits as 2 = p1 · p2 in K). If L is
an abelian extension of K that is ramified only at p1, then Gal (L/K) is a finite
2-group.

Proof. Any abelian extension L/K ramified only at p1 is contained in some ray
class field for some modulus pk

1 with k some positive integer. By class field theory,
we have the following exact sequence:

1 → O∗
+/Opk

1
+ → (OK/pk

1)
∗ → Cl

pk
1

K → Cl1K → 1. (2.4.3)

By Proposition 1.4 in [CDO], we can calculate the order

|(OK/pk
1)
∗| = (pf − 1) · pf(k−1) = 2k−1.

Since the norm Norm(u) of the fundamental unit is −1, we have O∗
+ = {u2n}∞n=0.

Picking k = 1, we get |(OK/p1)
∗| = 1. This forces

|O∗
+/Op1

+ | = 1 i.e. u2 ≡ 1 ( mod p1),

thus u2 = (a+b
√

d
2

)2 ≡ 1 mod 2. By Lemma 2.4.1, we can write a = 2a′ and b = 2b′,

where a′ and b′ have different parities. So u = 1+2(a′−1+b′
√

d
2

) ≡ 1 ( mod 2), where
a′−1+b′

√
d

2
∈ OK . Since 2 = p1p2, there exists an integer m ≥ 2 such that the

fundamental unit u2 = 1 ( mod pm
1 ) but not 1 ( mod pm+1

1 ). Since the extension is
Galois, u2 = 1 ( mod 2m) but not 1 ( mod 2m+1).
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Case (k ≤ m). We have Opk
1

+ = {u2n}∞n=0 = O∗
+, i.e. |O∗

+/Opk
1

+ | = 1. So

|Cl
pk
1

K | =
|(OK/pk

1)
∗||Cl1K |

|O∗
+/Opk

1
+ |

= 2k−1, k ≤ m.

Case (k > m). We have u2 = 2m · t + 1 for some t /∈ 2 · OK , so

u4 = 2m+1t(2m−1t + 1) + 1 ≡ 1 ( mod 2m+1),

but u4 6= 1 ( mod 2m+2) since m > 1. Use induction we get u2k−m+1 ≡ 1 ( mod 2k)

and u2k−m+1 6= 1 ( mod 2k+1). Thus |O∗
+/Opk

1
+ | = 2k−m and

|Cl
pk
1

K | =
|(OK/pk

1)
∗||Cl1K |

|O∗
+/Opk

1
+ |

=
2k−1

2k−m
= 2m−1, k ≥ m.

Since L/K is abelian, it is contained in a ray class field R of K for some module

pk
1. Now we know the ray class number |Cl

pk
1

K | is a finite power of 2. So the ray class
field R is a finite 2-extension of K. Thus L is a finite abelian 2-extension of K.

Remark. Given K = Q(
√

d) as in the assumption in 2.4.2. Then any abelian
extension L/K ramified only at p1 has degree

[L : K] ≤ 2m−1,

where m is defined as in the proof of 2.4.2, which depends only on d.

Example 2.4.4. The ray class field of Q(
√

17) mod p2
1 = (5+

√
17

2
)2 is the field

Q(
√

17,
√

4 +
√

17). Here p1 = (5+
√

17
2

) and p2 = (5−
√

17
2

) are the two primes in

Q(
√

17) above 2. The maximal abelian extension of Q(
√

17) ramified only at p1 is
of degree 4.

In the next proposition we will show that any 2-extension over K ramified only
at p1 has to be cyclic.

Proposition 2.4.5. Suppose K = Q(
√

d) has class number 1, where d is a
positive prime such that d ≡ 1 mod 8. If L is a totally real 2-extension of K that is
ramified only at p1, then Gal (L/K) is a cyclic 2-group.

Proof. Let G be the Galois group of a finite 2-extension L/K. Take the fixed
subfield K0 of the commutator subgroup G′; then K0 is the maximal abelian sub-
extension of L/K. If K0 is cyclic over K, by the Burnside Basis Theorem, L/K
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will also be cyclic.

L

G′

K0

G/G′

K

Otherwise G/G′ has a quotient Z/2× Z/2, which corresponds to a subfield K1/K.
K1 is not Galois over Q since it is totally ramified over p1 but unramified over p2.
Take the conjugate extension K2 of K1 over Q, which is totally ramified over p2 over
K and unramified over p1. The compositum K1K2 will be Galois over Q with Galois
group H = ((Z/2)2 × (Z/2)2) o Z/2, since K1/K and K2/K are linearly disjoint,
using the fact K1 is totally ramified over p1 (by class number 1) and unramified
over p2; whereas K2 is totally ramified over p2 and unramified over p1.

K1K2

xxxxxxxx

FFFFFFFF

K1

Z/2×Z/2 GG
GG

GG
GG

G K2

Z/2×Z/2ww
ww

ww
ww

w

K

〈ȳ〉

Q

Suppose x1, x2 are generators of Galois group of K1/K; that x3, x4 are generators of
the Galois group of K2/K; and that ȳ is the generator of the Galois group of K/Q.
In the semidirect product ((Z/2)2 × (Z/2)2) o Z/2, the action of y is to send x1 to
x3, and send x2 to x4. Take the subgroup H0 of H generated by x1x3 and x2x4; so
H0

∼= Z/2×Z/2. The action of y on H0 sends x1x3 to x3x1 = x1x3, and sends x2x4 to
x4x2 = x2x4; so H0 is normal in H. The quotient H/H0 = {x̄1 = x̄3, x̄2 = x̄4, ȳ|x̄2

1 =
1, x̄2

2 = 1, ȳ2 = 1, x̄1x̄2 = x̄2x̄1, x̄1ȳ = ȳx̄1, x̄2ȳ = ȳx̄2} ∼= (Z/2)3. The quotient
of (H/H0) by the normal subgroup generated by ȳ, (H/H0)/{ȳ} ∼= Z/2 × Z/2,
corresponds to a totally real abelian extension over Q ramified only at 2 with Galois
group (Z/2)2, which is impossible.

Using the above, we obtain the following theorem about nilpotent extensions
over K ramified only at p1.
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Theorem 2.4.6. Suppose K = Q(
√

d) has class number 1, where d is a positive
prime such that d ≡ 1 ( mod 8) (so 2 splits as 2 = p1 · p2 in K). Then the maxi-
mal nilpotent quotient (πtr

1 )nilp(UK,p1) of π1(UK,p1) that corresponds to a totally real
extension is a finite cyclic 2-group, whose order can be explicitly bounded in terms
of d. So if L is a totally real nilpotent Galois extension of K that is ramified only
at p1, then Gal (L/K) is a finite cyclic 2-group.

Proof. Suppose L/K is a totally real maximal nilpotent extension. Denote by G
the Galois group Gal (L/K). So G is a nilpotent group. We can decompose G into
a direct product of p-groups for various primes:

G =
s∏

j=1

Pj

For each Gi :=
∏

j 6=i Pj, we denote its fixed subfield of L/K by Li. For the Frattini
subgroup Φ(Pi) of each Pi, we denote its fixed subfield of Li/K by Ki.

L
G1

mmmmmmmmmmmmmmmm

}}
}}

}}
}}

EEEEEEEE
Gs

RRRRRRRRRRRRRRRRRR

L1

Φ(P1)

L2

Φ(P2)

... Ls−1

Φ(Ps−1)

Ls

Φ(Ps)

K1

P1/Φ(P1) QQQQQQQQQQQQQQQQ K2

AA
AA

AA
AA

... Ks−1

yy
yy

yy
yy

Ks

Ps/Φ(Ps)
llllllllllllllllll

K

If 2 | |Pi|, then Li is a totally real 2-extension over K that is ramified only at p1.
By Proposition 2.4.5, Li/K is a cyclic 2-extension, thus abelian. By Proposition
2.4.2, the Galois group Gal (Li/K) is a finite cyclic 2-group of order at most 2m−1,
where m is the integer such that u2 ≡ 1 ( mod pm

1 ) and u2 6= 1 ( mod pm+1
1 ).

If 2 - |Pi|, then Li is a totally real p-extension over K, where p | |Pi| is different
from 2. Here Ki/K is abelian; so by Proposition 2.4.2, Gal (Ki/K) is a finite
2-group, thus trivial. So Pi

∼= Gal (Li/K) is also trivial.
So the Galois group Gal (L/K) is a finite cyclic 2-group of order at most 2m−1.

We can extend Theorem 2.4.6 to the case of an odd rational prime p that splits
into two primes p1p2 in the base field K = Q(

√
d), with the positive integer d

congruent to a square ( mod p ).
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Theorem 2.4.7. Let K = Q(
√

d) be a real quadratic field with class number 1.
Suppose d is a square modulo p, and L/K is a p-extension ramified only at p1, where
p = p1p2 is an odd prime. Then G = Gal (L/K) is finite cyclic, and its order can
be bounded depending on d.

Proof. Consider the fixed subfield K ′ of the commutator subgroup G′ in L/K. If
Gal (K ′/K) is cyclic, then by Burnside Basis Theorem, so is Gal (L/K). Otherwise
we can take an intermediate field K1/K of L/K with Galois group Z/p × Z/p.
Since K1/K is (totally) ramified only at p1, it is not Galois over Q. So we can
take the conjugate field K2 of K1 which is (totally) ramified over K only at p2. Let
H = Gal (K1K2/Q) be the Galois group of the compositum of K1 and K2 over Q.

L
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@@
@@

K1K2
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ww

ww
ww

w
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Here Gal (K1/K) ∼= Gal (K2/K) ∼= Z/p× Z/p, and so H ∼= ((Z/p× Z/p)× (Z/p×
Z/p)) o Z/2. Suppose x̄1, x̄2 are generators of the Galois group of K1/K ∼= Z/p×
Z/p; x̄3, x̄4 are generators of the Galois group of K2/K ∼= Z/p × Z/p; and y is a
generator of the Galois group of K/Q. In the semidirect product ((Z/p × Z/p) ×
(Z/p×Z/p))o Z/2, the action of y is to send x1 to x3, and send x2 to x4. Take the
subgroup H0 of H generated by x1x

−1
3 and x2x

−1
4 ; so H0

∼= Z/p×Z/p. The action of
y on H0 sends x1x

−1
3 to x3x

−1
1 = (x1x

−1
3 )−1, and sends x2x

−1
4 to x4x

−1
2 = (x2x

−1
4 )−1,

so H0 is normal in H. The quotient H/H0 = {x̄1 = x̄3, x̄2 = x̄4, ȳ|x̄p
1 = 1, x̄p

2 =
1, ȳ2 = 1, x̄1x̄2 = x̄2x̄1, x̄1ȳ = ȳx̄1, x̄2ȳ = ȳx̄2} ∼= (Z/p × Z/p) × Z/2. The quotient
of (H/H0) by the normal subgroup generated by ȳ, (H/H0)/{ȳ} ∼= Z/p × Z/p,
corresponds to an abelian extension over Q ramified only at p with Galois group
(Z/p)2; which is impossible. So Gal (L/K) is a cyclic p-group, thus abelian. We
can use similar argument to the one in the case of prime 2 to get that G is bounded
depending on d, by considering the following exact sequence:

1 → O∗
+/Opk

1
+ → (OK/pk

1)
∗ → Cl

pk
1

K → Cl1K → 1. (2.4.8)
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2.4.2 Non-Split Case

On the other hand, in the non-split case, Gal (L/K) can be arbitrarily large. For
example, in the case of the prime 2, the ray class number can be any arbitrary
power of 2:

Proposition 2.4.9. Suppose that the class number of K = Q(
√

d) is 1, where

d ≡ 5 ( mod 8) is a positive prime. Let u = a+b
√

d
2

be the fundamental unit of K,
and assume that a, b are both odd. Then the ray class number of K mod 2k for any
positive integer k is as follows:

|Cl2
k

K | =
{

1 for k = 1,
2k for k ≥ 2.

Proof. Under the above assumption, we know 2 is inert in K with residue degree
f = 2. Again we look at the following exact sequence:

1 → O∗
+/O2k

+ → (OK/2k)∗ → Cl2
k

K → Cl1K → 1.

We know |(OK/2k)∗| = (pf − 1) · pf(k−1) = 3 · 22(k−1) and O∗
+ = {u2n}. For O2k

+ , let

un = an+bn

√
d

2
. Since a, b are odd, by Lemma 4 of page 173 of [Ri], an, bn are even

if and only if 3 divides n. So u3 = a3+b3
√

d
2

with a3, b3 even. Let a3 = 2a′3, b3 = 2b′3.

So −1 = N(u3) = a′23 − b′23d. Working modulo 4, we know a′23 ≡ 0 ( mod 4) and
b′23d ≡ 1 ( mod 4). So we can write a′3 = 2a′′3, b′3 = 2b′′3 + 1 and d = 8k + 5. We get

4a′′23 −4b′′3(b
′′
3 +1) = 8k +4, so a′′3 /∈ 2OK . Now write u3 = 2t+1 with t =

a′3−1+b′3
√

d

2
.

Then N(t) = −a′′3 and N(t + 1) = a′′3, which are both odd. So we have

u6 = 4t(t + 1) + 1 ≡ 1 ( mod 22) and u6 6= 1 ( mod 23).

Using induction we can get

u3·2k−1 ≡ 1 ( mod 2k) and u3·2k−1 6= 1 ( mod 2k+1).

So |O∗
+/O2k

+ | = 3 · 2k−2 and we have the following:

Case (k = 2). We know |O∗
+/O2

+| = 3. So

|Cl2K | =
|(OK/2)∗| · |Cl1K |

|O∗
+/O2

+|
= 1.

Case (k ≥ 2). We know |O∗
+/O2k

+ | = 3 · 2k−2, so

|Cl2
k

K | =
|(OK/2k)∗||Cl1K |

|O∗
+/O2k

+ |
=

3 · 22(k−1)

3 · 2k−2
= 2k

31



Remark 2.4.10. In fact if we remove the condition the class number of K is 1,
following the same proof above we can get

|Cl2
k

K | =
{

cl1K = |Cl1K | for k = 1,
2kcl1K = 2k|Cl1K | for k ≥ 2.

So the ray class field of K mod 2 is just the big Hilbert class field of K.

By Corollary 1.4.2, every group in πA(U2) is a quasi-2 group. We have a similar
statement below for Galois groups over quadratic fields ramified only at one prime.
Define πA(UQ(

√
d), p) to be the set of finite quotients of π1(UQ(

√
d), p), where p is a

prime in Q(
√

d), and UQ(
√

d), p = SpecOQ(
√

d) − {p}. So πA(UQ(
√

d), p) consists of

finite groups that can occur as a Galois group over Q(
√

d) with ramification only
at p.

Proposition 2.4.11. Let d ≡ 1 ( mod 4), let u = a+b
√

d
2

be the fundamental unit

of K = Q(
√

d), and suppose a, b are both odd. Suppose p is the prime in Q(
√

d)
above p = 2. Then every group in πA(UQ(

√
d),p) is a quasi-2 group.

Proof. Take any group G ∈ πA(UQ(
√

d),p); so G/p(G) is of odd order, thus solvable.
If G/p(G) is nontrivial, then there exists a nontrivial abelian odd extension of
Q(
√

d) ramified only at p. This is impossible, since we know by Proposition 2.4.2
and Proposition 2.4.9 that the ray class number of K mod pk for any integer k is
a power of 2 , which cannot be odd. Thus G/p(G) is trivial, i.e. G is a quasi-2
group.

Theorem 2.4.12. Let K = Q(
√

d) be a real quadratic field, and suppose p re-
mains prime in K. Let Rk be the ray class field of K mod pk.

a) Then for k >> 0, Rk+1 = Rk(ζpk+1).

b) Suppose p = 2, and the fundamental unit of K is u = a+b
√

d
2

with a, b both

odd. Let H be the big Hilbert class field of K. Then Rk = H(
√

2u, ζ2k) if k ≥ 2,
and Rk = H if k = 1.

Proof. First we look at the case p = 2. When k = 1, the ray class field is the big
Hilbert class field by Remark 2.4.10. When k ≥ 2, the conductor of K(ζ2k)/K
divides 2k−2, and the conductor of K(

√
2u) over K is 22, so the conductor of

H(
√

2u, ζ2k)/K divides 2k. Also [H(
√

2u, ζ2k) : K] = 2k which equals to the ray class
number, so H(

√
2u, ζ2k) is the ray class field RK of K mod pk, and Rk+1 = Rk(ζpk+1).

Now we consider the case p > 2. Again we look at the following exact sequence:

1 → O∗
+/Opk

+ → (OK/pk)∗ → Clp
k

K → Cl1K → 1.
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We will computer the ratio
|Clp

k+1

K |
|Clp

k

K |
, where

|Clp
k

K | =
|(OK/pk)∗||Cl1K |

|O∗
+/Opk

+ |
=

(p2 − 1) · p2(k−1) · |Cl1K |
|O∗

+/Opk

+ |
.

For |O∗
+/Opk

+ |, we can always pick k big enough such that O∗
+/Opk

+ 6= O∗
+/Opk+1

+ .

Take a generator ū0 in O∗
+/Opk

+ ; and denote by us
0 the smallest power of u0 such

that us
0 ≡ 1 mod pk. So we can write us

0 = tpk + 1, where t ∈ OK and p - t. Then

usp
0 = (tpk + 1)p ≡ 1 mod pk+1, so

|O∗
+/Opk+1

+ |
|O∗

+/Opk

+ |
= p when k >> 0. Now we have

|Clp
k+1

K |
|Clp

k

K |
=

|(OK/pk+1)∗||Cl1K |
|(OK/pk)∗||Cl1K |

|O∗
+/Opk+1

+ |

|O∗
+/Opk+1

+ |

=
p2

p
= p,

so Rk+1/Rk is of degree p. While Q(ζpk+1)/Q(ζp) is of conductor pk, the conductor
of Rk(ζpk+1)/Rk divides pk and is of degree p, so Rk+1 = Rk(ζpk+1) for k >> 0.

2.5 Modular forms

Another tool we can use to construct a Galois extension over Q with given ramifica-
tion is modular forms. By P. Deligne [De], we can attach a semisimple continuous
representation ρf : GQ → GL2(F̄p) to every eigenform, whose image corresponds to
a finite Galois extension over Q with given ramification. If we restrict Galois groups
over Q to semisimple subgroups of GL2(F̄p), we can construct such Galois groups
by using modular forms, assuming Serre’s conjecture in [Se2]:

Conjecture 2.5.1. (Serre) Let p be a prime number and ρ : GQ → GL2(F̄p)
a continuous irreducible odd representation. Then there exists an eigenform f in
M0(N(ρ), k(ρ), ε(ρ))F̄p

such that ρ is isomorphic to ρf .

In the level one case (corresponding to one ramified prime) this was proved
recently by C. Khare in [Kh]. Thus each two-dimensional irreducible odd represen-
tation of Gal

(
Q̄/Q

)
over F̄p that is unramified outside p has a twist coming from an

eigenform on SL(2, Z) of weight at most p+1. For all k < 11 the spaces Sk(SL(2, Z))
are trivial, so there are no such representations ρ : Gal

(
Q̄/Q

)
→ GL2(F̄p) when

p < 11. As a result, if K/Q is a Galois extension over Q ramified only at p, and
G = Gal (K/Q) is a semisimple subgroup of GL2(F̄p), then G is abelian. For the
case k = 12j + r ≥ 11, dim Sk(SL(2, Z)) = j + 2 if r = 1, 4, 6, 8, 10 and j + 1
otherwise. The drawback of this method is that it doesn’t provide any information
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about Galois groups that are not semisimple inside GL2(F̄p). In particular there is
the following example.

Example 2.5.2. The Frobenius group F20
∼= 〈x, y |x4 = y5 = 1, yx = xy2〉 inside

GL2(F5) is not a semi-simple subgroup of GL2(F5), and it corresponds to the Galois
extension of the polynomial x5− 5 or x5 +5x3 +5x− 1, which is only ramified at 5.

Proof. Take x =

(
3 0
0 1

)
and y =

(
1 1
0 1

)
. We have x4 = y5 = 1 and

yx =

(
1 1
0 1

) (
3 0
0 1

)
=

(
3 1
0 1

)
=

(
3 0
0 1

) (
1 2
0 1

)
= xy2.

So F20
∼=

{(
a b
0 1

)
| a ∈ F ∗

5 , b ∈ F5

}
⊂ GL2(F5), which is not a semi-simple

subgroup of GL2(F5). On the other hand, we know F20 is the Galois group of the
splitting fields of the equations x5 − 5 and x5 + 5x3 + 5x− 1 by [PARI2].
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Chapter 3

Function Field Case

In this chapter, we consider extensions of function fields k = Fq(t) ramified only
at one finite prime f, generated over k by an irreducible polynomial f ∈ Fq[t] with
deg(f) = d, where Fq is a finite field of order a power of p. We restrict to geometric
extensions, i.e. there are no constant extensions.

3.1 Tamely ramified covers

In this section, we will denote by k the rational function Fp(t), and denote by f the
ideal generated by an irreducible polynomial f ∈ Fp[t]. Let Uf = A1

k − (f = 0).

Proposition 3.1.1. Let K be the function field of a geometric Galois cover of
the affine line over Fp with Galois group G and ramified only at a finite prime f and
possibly at ∞, with all ramification tame. Then there exist x1, x2, ..., xd, x∞ ∈ G
such that 〈x1, ..., xd, x∞〉 = G and x1...xdx∞ = 1 with xp

1 ∼ x2, ..., x
p
d ∼ x1 and

xp
∞ ∼ x∞ (i.e. conjugate in G). Moreover, the order of each of x1, . . . , xd is equal

to the ramification index over f, and the order of x∞ is the ramification index at
∞. So if K/Fp(t) is unramified at ∞, then x∞ = 1.

Proof. Suppose deg(f) = d. After the base change to Fpd(t), the prime f splits into
d primes f1, ..., fd with degree 1, which correspond to d finite places P1, ..., Pd of
Fpd(t). Since ∞ has degree 1 in Fq(t), there is a unique place P∞ of Fqd(t) above
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∞.
K̄ = K ⊗Fp(t) Fpd(t)

G
QQQQQQQQQQQQQQ

K

GFpd(t)

〈σ〉∼=Z/d PPPPPPPPPPPPPP

Fp(t)

For each place Pi, where 1 ≤ i ≤ d or i = ∞, there are g places Qi,1, Qi,2, ..., Qi,g

of K̄ above Pi, since K̄ is Galois over Fp(t). Each place Qi,j has an inertia group
Ii,j. Since the extension is tamely ramified, each Ii,j is cyclic, say generated by
xi,j, i.e. Ii,j = 〈xi,j〉. Fixing i, the inertia groups Ii,j are all conjugate in G. The
Galois group Gal

(
Fpd(t)/Fp(t)

) ∼= Z/d = 〈σ〉 is generated by the Frobenius map
σ, which cyclicly permutes the places Pi where 1 ≤ i ≤ d; say σ(Pi) = Pi+1.
Also, σ(P∞) = P∞. On the other hand, there is a choice of places Qi above Pi

for 1 ≤ i ≤ d and i = ∞ such that the generators xi of the corresponding inertia
groups generate the Galois group G, i.e. 〈x1, ..., xd, x∞〉 = G, and x1x2...xdx∞ = 1.
(Namely, these Qi’s are specializations of corresponding ramification points of a lift
of this tame cover to characteristic 0, as in [Gro] XIII.) Since all the places Pi with
1 ≤ i ≤ d lie over the same closed point f, there is an additional condition on the
group G. Namely, the Frobenius map σ takes the place Q1 to some Q′

2 over P2; but
the inertia group I2 and I ′2 are conjugate, so xp

1 ∼ x2. Similarly xp
2 ∼ x3, ..., x

p
d ∼ x1.

Since the Frobenius map σ maps the place Q∞ to some place Q′
∞ over P∞, we have

xp
∞ ∼ x∞.

Now we consider Galois covers of the projective line P1
Fp(t) ramified only at a

finite prime f, generated by an irreducible polynomial f in Fp[t], and unramified at
∞. So Uf = P1

Fp(t) − (f = 0).

Corollary 3.1.2. Let n be a positive integer. Suppose the degree d of the prime
f is not divisible by n, and consider the group G ∼= P o Z/(pn − 1), where P is a
p-group of order pn and the semi-direct product G corresponds to the action of F∗pn

on Fpn. Then G /∈ πt
A(Uf) where Uf = P1

Fp(t) − (f = 0).

Proof. Otherwise suppose G ∈ πt
A(Uf), where d = deg(f) is not divisible by n. By

Proposition 3.1.1, we have G = 〈x1, . . . , xd〉 with relations xp
1 ∼ x2, . . . , x

p
d ∼ x1

and x1 · · · xd = 1. From the relation xp
1 ∼ x2, . . . , x

p
d ∼ x1, we have xpd

i ∼ xi for
1 ≤ i ≤ d. Write xi = (ai, bi), where ai ∈ P and bi ∈ Z/(pn − 1). Then xi /∈ P ,
for otherwise all xi’s are in the normal subgroup P and can not generate the group
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G. Also one of bi has to be a generator of Z/(p2 − 1), otherwise the xi’s will not

generate the whole group G. So bpd

i = bi, which implies pd ≡ 1 ( mod pn−1). Since
pd ≡ 1 ( mod pn − 1) if and only if n | d, we have n|d. This is a contradiction.

Example. Let p = 2 and n = 2 in Corollary 3.1.2. We have A4 /∈ πt
A(Uf) for any

prime generated by an irreducible polynomial f ∈ Fp[t] of odd degree.

Remark. In fact, the conclusion in 3.1.2 can also be obtained using cyclotomic
function fields, which we will introduce in the next section, i.e. there are no cyclic
extensions of order pn − 1 over Fp(t) ramified only at one finite prime f (and the
ramification is tame) of degree not divisible by n.

Applying the proposition to dihedral groups D2n = 〈r, s | rn = s2 = 1, rs =
sr−1〉 and symmetric groups Sn, we can get other corollaries:

Corollary 3.1.3. For any integer k ≥ 1, the dihedral group D4k /∈ πt
A(Uf ). For

the case of D4k+2, when the degree of the finite prime d = deg(f) is odd, we also
have D4k+2 /∈ πt

A(Uf ).

Proof. Suppose that K/Fp(t) is a geometric Galois extension with group D2n, ram-
ified only at a finite prime f with deg f = d. Applying Proposition 3.1.1, we know
G = 〈x1, ..., xd〉 with relations x1...xd = 1 and xp

1 ∼ x2, ..., x
p
d ∼ x1. Now we divide

the situation into two cases (n is even and n is odd):

Case (n = 2k). The conjugacy classes in D2n are

{1}, {rk}, {r±1}, {r±2}, ..., {r±(k−1)}, {sr2b | b = 1, ..., k}, {sr2b−1 | b = 1, ..., k}.

If one of x1, ..., xd is a power of r, then all the xi’s have to be a power of r because
of the conjugate relations. This is a contradiction since such xi’s cannot generate
the group D2n. So we have xi = srti , 1 ≤ i ≤ d, for some integers ti. If some
ti is even, then again by the conjugate relations all ti’s have to be even. This is
a contradiction since such xi’s cannot generate the group D2n. So we can write
xi = sr2ki+1, 1 ≤ i ≤ d, which implies

sr2k1+1 · sr2k2+1 · · · sr2kd−1+1 · sr2kd+1 = 1.

This is impossible. Therefore D4k /∈ πt
A(Uf ).

Case (n = 2k + 1). The conjugacy classes in D2n are

{1}, {r±1}, {r±2}, ..., {r±k}, {srb | b = 1, ..., n}.

Similarly we can write xi = srki , 1 ≤ i ≤ d, which gives

srk1 · srk2 · · · srkd−1 · srkd = 1.

This is impossible if 2 - d. Thus D4k+2 /∈ πt
A(Uf ) if the degree of the prime f is odd.
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Corollary 3.1.4. In the case p = 2, any symmetric group Sn /∈ πt
A(Uf ) for

any prime f of Fp(t). If p 6= 2 and f is of odd degree, then any symmetric group
Sn /∈ πt

A(Uf ).

Proof. Suppose that K/Fp(t) is a geometric Galois extension with group Sn, rami-
fied only at a finite prime f with deg f = d. Applying Proposition 3.1.1, we know
there exist x1, ..., xd such that G = 〈x1, ..., xd〉 with relations

x1 · · · xd = 1 and xp
1 ∼ x2, ..., x

p
d ∼ x1.

When p = 2, all xi’s are even permutations since two permutations are conjugate in
Sn if and only if they have the same cycle structure. This is impossible since they
cannot generate Sn. So Sn /∈ πt

A(Uf ) in the case p = 2.
When p 6= 2, all xi’s are of the same parity. Since they generate Sn, they have to

be odd permutations. So if d is odd, the product
∏d

i=1 xi of an odd number of odd
permutations xi’s is still an odd permutation, which cannot be 1, contradiction. So
Sn /∈ πt

A(Uf ) when p 6= 2 and f is of odd degree.

3.2 Cyclotomic function fields

Analogously to cyclotomic number fields, L. Carlitz [Ca1] defined a “cyclotomic
function field” Fq(t)(λf ) for a polynomial f ∈ Fq[t], where λf is a primitive root of
the equation Cf (z) = 0 for the Carlitz module C for Fq[t]. Later D. Hayes [Hay1]
published an exposition of Carlitz’s idea and showed that it provided an explicit
class field theory for rational function fields. Later developments, due independently
to Hayes [Hay2] and V. Drinfeld [Dr], showed that Carlitz’s ideas can be generalized
to provide an explicit class field theory for any global function field.

Consider extensions over function fields Fq(t) where Fq is a finite field of order q,
a power of p. The extension is ramified only at one finite prime (f), generated by an
irreducible polynomial in Fq[t], and possibly at ∞. Similarly to cyclotomic number
fields, Carlitz established a corresponding cyclotomic function field, such that for
any finite abelian extension of Fq(t) in which ∞ is tamely ramified is contained in a
constant field extension of a cyclotomic function field for some polynomial f ∈ Fq[t].

Let k = Fq(t), let A = Fq[t] and let kac be the algebraic closure of k. Carlitz
showed in [Ca1] and [Ca2] that the additive group of kac becomes a right module
over A under the following action: For any u ∈ kac and any polynomial f ∈ A,
define

uf = f(ϕ + µ)(u),

where ϕ : kac → kac is the Frobenius automorphism ϕ(u) = uq and µ : kac → kac

is the multiplication by t, i.e. µ(u) = tu. For example ut = uq + tu. It is easy to
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check that (f, u) → uf gives the additive group of kac an A-module structure. For
any polynomial f ∈ A and f 6= 0, the cyclotomic function field Fq(t)(λf ) is the field
obtained from Fq(t) after adjoining a primitive root of the equation:

uf = 0.

We will list some properties of Carlitz fields below:

1. Let f ∈ Fq[t] be a polynomial and let (f) = (f1)
e1(f2)

e2 · · · (ft)
et be its

prime decomposition. Then the cyclotomic function field Fq(t)(λf ) is the
compositum of the cyclotomic function fields Fq(t)(λf

mi
i

) (see Theorem 12.8

in [Ros]).

2. For an irreducible f ∈ Fq[t] with deg f = d, the extension Fq(t)(λfn)/Fq(t)
has degree Φ(fn) = qdn − qd(n−1), and the Galois group Gn is isomorphic to
the group of units of Fq[t]/(f

n) (see Theorem 2.3 in [Hay1]), i.e.

Gn = Gal (Fq(t)(λfn)/Fq(t)) ∼= (Fq[t]/(f
n))∗.

3. The infinite prime ∞ of Fq(t) splits completely into Φ(fn)
q−1

prime divisors ∞i’s
in the sub-extension

Fq(t)(λf )
+ := Fq(t)(

∏
θ∈F∗q

θλf ) = Fq(t)(λ
q−1
f )

of index q− 1 and then each ∞i is totally ramified in Fq(t)(λf ) (see Theorem
3.10.1 in [Th]). In particular, the infinite prime ∞ of Fq(t) is tamely ramified
in Fq(t)(λf )/Fq(t) with residue degree 1.

4. For any polynomial f ∈ Fq[t], the constant field of Fq(t)(λf ) is Fq (see the
corollary after Theorem 12.14 in [Ros]), i.e. Fq(t)(λf )/Fq(t) is a geometric
extension.

5. Any geometric abelian extension of Fq(t) with tame ramification at ∞ and
trivial residue degree is contained in a cyclotomic function field Fq(t)(λf ) for
some f (see §5 in [Hay1]).

6. The conductor of Fq(t)(λfn)/Fq(t) is fn. Let D be the different of the exten-
sion Fq(t)(λfn)/Fq(t), where f a monic irreducible polynomial in Fq[t] with
deg f = d. Then (see Theorem 4.1 in [Hay1])

D = fs ·
∏
p|∞

pq−2,

where f is the unique prime of Fq(t)(λfn) lying over f and s = n(qnd−q(n−1)d)−
q(n−1)d.
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7. For an irreducible f ∈ Fq[t] with deg f = d, denote by Gn the Galois group
Gal (Fq(t)(λfn)/Fq(t)). Then Gn can be decomposed into a product G′

n×G′′
n,

where G′
n
∼= (Fq[t]/(f))∗ is a cyclic group of order qd − 1 and G′′

n is a product

of cyclic p-groups G
(i,j)
n with orders g

(j)
n (see Proposition 3.2 in [GS]), i.e.

Gn
∼= G′

n ×
r∏

i=1

(G(i,1)
n × ...×G(i,m)

n ),

where g
(1)
n ≥ ... ≥ g

(m)
n . The order of G′′

n is qd(n−1). In particular, when n = 1,
the order of G′′

n is 1. Let pdn be the exact power of p dividing n. For each 0 ≤ i,

write n = uip
i + vi, 0 ≤ vi < pi. Then for any integer k with 1 ≤ k ≤ g

(1)
n ,

the number of G
(i,j)
n with order exactly pk is :
rd(uk−1 − 2uk + uk+1) for k < dn,
rd(uk−1 − 2uk + uk+1 + 1) for k = dn,
rd(uk−1 − 2uk + uk+1 − 1) for k = dn + 1,
rd(uk−1 − 2uk + uk+1) for k > dn + 1,

(3.2.1)

Now we consider the polynomial uf . It is a separable polynomial in u of degree qd,

uf =
d∑

i=0

[fi ]u
qi

,

where d is the degree of f and [fi ] is a polynomial in A of degree (d− i)qi. For the
coefficients, we know that [f0 ] = f , and [fd ] is the leading coefficient of f . But the

formula for [fd ] is really complicated to compute [fd ].

Example. Take the irreducible polynomial f = t2 + t + 1. Then

uf = uq2

+ (tq + t + 1)uq + (t2 + t + 1)u.

The cyclotomic function field for f = t2 + t + 1 is the field obtained by adjoining
the roots of the equation 0 = uf = uq2

+(tq + t+1)uq +(t2 + t+1)u in kac to Fq(t).

It is hard to describe explicitly what cyclotomic function fields are in general.
There is an explicit way to describe the cyclotomic function field over k = Fq(t)
ramified only at one prime f ∈ Fq[t]. Consider a degree d irreducible polynomial

f =
∏d

i=1(t− αi), where αi ∈ Fqd are the d roots of f , for 1 ≤ i ≤ d.

Proposition 3.2.2. For f =
∏d

i=1(t − αi) as above, the cyclotomic function
field Fq(t)(λf )/Fq(t) is the unique maximal cyclic geometric sub-extension K0 of
K = Fqd(t)(y0) over Fq(t) such that the residue degree of the prime f is 1, where
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K is the Kummer extension Fqd(t)(y0)/Fqd(t) of degree qd − 1 over the constant
extension Fqd(t)/Fq(t) and

yqd−1
0 =

d∏
i=1

(x− αi)
qd−i

.

Proof. First we will show that the extension Fqd(t)(y0)/Fq(t) is abelian with Galois
group Z/(qd−1)×Z/d, thus it descends to a cyclic sub-extension of Fq(t) of degree
qd − 1. We consider the tower of extensions

Fqd(t)(y0)

Z/(qd−1)∼=< τ>

Fqd(t)

Z/d∼=< σr>

Fq(t)

The Frobenius automorphism σr generates Gal
(
Fqd(t)/Fq(t)

)
, where

σr : Fqd(t) −→ Fqd(t)

sends αi → (αi)
q = αi+1 for 1 ≤ i ≤ d− 1, αd → (αd)

q = α1, and sends t to t.
Let τ generate Gal

(
Fqd(t)(y0)/Fqd(t)

)
, where

τ : Fqd(t)(y0) −→ Fqd(t)(y0)

fixes t and αi, for all 1 ≤ i ≤ d, and sends y0 to α1y0.
Take a lift σ̄r of σr in Gal

(
Fqd(t)(y0)/Fq(t)

)
. Then

σ̄r : Fqd(t)(y0) → Fqd(t)(y0)

sends αd → α1, t → t, αi → αi+1 for 1 ≤ i ≤ d − 1. To get the image of y0 under

the action of σ̄r, we consider the image of yqd−1
0 =

∏d
i=1(x− αi)

qd−i
,

(x− α1)
qd−1

. . . (x− αd−1)
q1

(x− αd)
q0 7→ (x− α2)

qd−1

. . . (x− αd)
q1

(x− α1)
q0

.

The image of yqd−1
0 is (x− α2)

qd−1
. . . (x− αd)

q1
(x− α1)

q0
= (

yq
0

x− α1

)qd−1. So we can

pick
yq

0

x− α1

to be the image of y0 under the action of σ̄r. We know that τ and σ̄

generate Gal
(
Fqd(t)(y0)/Fq(t)

)
. To check τ and σ̄ commute, we will look at the
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images of αi for 1 ≤ i ≤ d and y0 under the actions of τ σ̄r and σ̄rτ . The action of
τ σ̄r is as follows:

α1
τ−−−→ α1

σ̄r

−−−→ α2,
...

...
...

αd
τ−−−→ αd

σ̄r

−−−→ α1,

y0
τ−−−→ α1y0

σ̄r

−−−→ α2y
q
0

x− α1

;

and the action of σ̄rτ is as follows:

α1
σ̄r

−−−→ α2
τ−−−→ α2,

...
...

...
αd

σ̄r

−−−→ α1
τ−−−→ α1,

y0
σ̄r

−−−→ yq
0

x− α1

τ−−−→ αq
1y

q
0

x− α1

.

Since αq
1 = α2, we know τ σ̄r = σ̄rτ . So there is an isomorphism

Gal (K/Fq(t)) ∼= Z/(qd − 1)× Z/d,

where the residue extension at the prime f corresponds to the summand Z/d,
generated by (0, 1). Denote by N0 the subgroup generated by (0, 1). Let K0 be the
fixed field of N0 in K/Fq(t). Then K0 is a maximal cyclic geometric sub-extension
of K/Fq(t).

Next we will show K0 is the only such sub-extension with residue degree 1 at
the prime f . Consider all possible sub-extensions of degree qd − 1 inside K/Fq(t).
Each such sub-extension corresponds to a quotient group of Z/(qd − 1)× Z/d by a
subgroup of order d.

Fqd(t)(λf )

N

Z/(qd−1)

MMMMMMMMMM

Fqd(t)

Z/dFqd(t)(λf )
N

MMMMMMMMMM

Fq(t)

The element (0, 1) is not in any subgroup N of order d other than N0, for otherwise
(0, i) ∈ N for 1 ≤ i ≤ d, which would imply N0 ⊂ N . But N is a subgroup of order
d, thus N0 ⊂ N . But N is of order d, so N = N0. So N0 is the unique subgroup of
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Z/(qd−1)×Z/d, which is of order d, such that (0, 1) = 0 in the quotient group; i.e.
the fixed field K0 of N0 is the unique sub-extension of degree qd − 1 with residue
degree 1.

Finally we will show K0 is the cyclotomic function field Fq(t)(λf ). We know
K0/Fq(t) is a cyclic extension ramified only at f and ∞ with residue degree 1 at the
prime f . By Property 5 above of Carlitz fields, we know K0 is contained in a cyclo-
tomic function field Fq(t)(λfm) for some m. The Galois group Gal (Fq(t)(λfm)/Fq(t))
has a unique p-Sylow subgroup by Sylow’s theorem. Thus there is only one sub-
extension of degree qd − 1 in Fq(t)(λfm)/Fq(t). Since Fq(t)(λf ) is the sub-extension
of degree qd − 1, we have K0 = Fq(t)(λf ).

Notice that in Proposition 3.2.2, the cyclotomic function field is tamely ramified.
We can generalize Proposition 3.2.2 to the wildly ramified case, i.e. a description of
cyclotomic function fields Fq(t)(λfn)/Fq(t) for any positive integer n. Let ω1, . . . , ωr

be a basis of Fq as vector space over Fp. Again f =
∏d

i=1(t−αi) will denote a degree
d irreducible polynomial in Fq[t], where αi ∈ Fqd are the d roots of f , for 1 ≤ i ≤ d.

Theorem 3.2.3. The cyclotomic function field Fq(t)(λfn)/Fq(t) is given by the
compositum of the Kummer extension K0 and the Witt-Artin-Schreier extensions
K

(i,j)
n for i = 1, ..., r, j = 1, ..., d(n − 1), where q = pr, K0 and K

(i,j)
n ’s are defined

inductively as follows:

1) K0 is defined as in Proposition 3.2.2, i.e. the unique maximal cyclic geometric
sub-extension of Fqd(t)(y0)/Fq(t) such that the residue degree of the prime f
is 1, where

yqd−1
0 =

d∏
i=1

(x− αi)
qd−i

.

2) When p - [ j−1
d

] + 1, then K
(i,j)
n = Fq(t)(yij), with

yp
ij − yij =

ωit
j−[ j−1

d
]−1

f 1+[ j−1
d

]
.

3) When p | [ j−1
d

]+1, then K
(i,j)
n is the unique Z/p geometric extension of K

(i,tj)
n

with residue degree 1, which is cyclic over Fq(t) with ramification occurs only

at f , where tj = j − d(p− 1)(
[ j−1

d
]+1

p
).

Before we prove Theorem 3.2.3, we need two lemmas. Both lemmas are under
the same assumptions as before, i.e. let ω1, . . . , ωr be a basis of Fq as vector space
over Fp; let f be an irreducible polynomial with degree d; and let α1, . . . , αd ∈ Fpd(t)
be the d roots of f .

43



Lemma 3.2.4. Let K ′′
2 be the maximal p-sub-extension of the extension Fq(t)(λf2)

over Fq(t). Then K ′′
2 is the compositum of rd Artin-Scheier extensions K

(i,j)
2 , where

K
(i,j)
2 = Fq(t)(yij) with yp

ij − yij =
ωit

j−1

f
,

for 1 ≤ i ≤ r, 1 ≤ j ≤ d.

Proof. By Property 7 of cyclotomic function fields, we know the Galois group G2 =
Gal (Fq(t)(λf3)/Fq(t)) is a product of a cyclic group G′

2 of order qd−1 and a product

G′′
2 of cyclic p-groups G

(i,j)
n :

G2
∼= G′

2 ×G′′
2
∼= Z/(qd − 1)× (

∏
(i,j)

G
(i,j)
2 ).

So K ′′
2 is the fixed field of G′

2, and the Galois group Gal (K ′′
2 /Fq(t)) ∼= G′′

2. Applying
Proposition 3.2 in [GS] to the cyclotomic function field Fq(t)(λf2), we know G′′

2 is a
product of Z/p’s, and the number of Z/p’s is rd, i.e.

G′′
2
∼=

∏
1≤i≤r,1≤j≤d

G
(i,j)
2

∼= (Z/p)rd.

Denote by K
(i0,j0)
2 the fixed field of G′

2 ×
∏

(i,j) 6=(i0,j0) G
(i,j)
2 in Fq(t)(λf2) over Fq(t).

Then the Galois group Gal
(
K

(i,j)
2 /Fq(t)

)
∼= G

(i,j)
2 . And K ′′

2 is the compositum of

all the K
(i,j)
2 ’s. We know Fq(t)(λf2)/Fq(t) is ramified and totally ramified only at

the prime f, generated by the irreducible polynomial f . So each K
(i,j)
2 /Fq(t) is also

ramified only at the prime f and it is cyclic of degree p.

Fq(t)(λf2)

G′
2

K ′′
2

ssssssssss

KKKKKKKKKKK

K
(1,1)
2

G
(1,1)
2

KKKKKKKKKK
. . . K

(r,m)
2

G
(r,d)
2ssssssssss

Fq(t)

So each K
(i,j)
2 is an Artin-Scheier extension over Fq(t) ramified only at f , which can

be expressed in the following way:

K
(i,j)
2 = Fq(t)(yij), where yp

ij − yij = βij; βi,j ∈ Fq(t).
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Using the partial fraction decomposition of βi,j to adjust the function yij, we can
assume βi,j is in the standard form, i.e.

βij =
qij(t)

fγij
,

where qij(t) is a polynomial relatively prime to f with deg(qij(t)) < deg(fγij) = dγij.
The exponent f in the discriminant d

K
(i,j)
n /Fq(t)

is

(p− 1)(γij + 1).

On the other hand, we know, from Property 6, the exponent of f in the discriminant
dFq(t)(λf2 )/Fq(t) is 2q2d − 3qd. Using these discriminant, we can conclude that γij = 1
for all i, j’s. Otherwise suppose there exists a γij ≥ 2.

Case (p > 2). In this case, we would have the discriminant dFq(t)(λf2 )/Fq(t) given as
follows:

2q2d − 3qd = dFq(t)(λf2 )/Fq(t) ≥ 3(p− 1)
q2d − qd

p
> 2q2d − 3qd;

this is a contradiction.

Case (p = 2). The extension K ′′
2 /Fq(t) is totally ramified, so each intermediate

extension has to be ramified. Thus we have

2q2d − 3qd = dFq(t)(λf2 )/Fq(t) ≥ 3(p− 1)
q2d − qd

p
+ (1 + p + p2 + ... + prd−2)(qd − 1)

= 2q2d − 3qd + 1
> 2q2d − 3qd,

again getting a contradiction.

So the yij’s satisfying

yp
ij − yij =

ωit
j−1

f
for 1 ≤ i ≤ r, 1 ≤ j ≤ d

form a basis for the extension K ′′
n/Fq(t).

The next lemma describes how the Galois group

G′′
n+1 = Gal (Fq(t)(λfn+1)/Fq(t))

is obtained from the Galois group G′′
n = Gal (Fq(t)(λfn)/Fq(t)). For any n ≥ 2, the

group G′′
n is a product

∏
(i,j) G

(i,j)
n of cyclic p-groups G

(i,j)
n . Denote the number of

G
(i,j)
n ’s with order exactly pk by Sn,k.
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Lemma 3.2.5. Let pdn be the exact power of p dividing n. If dn = 0, we have

Sn+1,k =

{
Sn,k + rd if k = 1,
Sn,k otherwise.

If dn ≥ 1, we have

Sn+1,k =


Sn,k − rd if k = dn,
Sn,k + rd if k = dn + 1,
Sn,k otherwise.

Equivalently, when p - n, we have G′′
n+1 = G′′

n × (Z/p)rd; and when p | n, we know
G′′

n+1 has rd more copies of Z/p1+dn and rd less copies of Z/pdn,

Proof. The extension Fq(t)(λfn+1)/Fq(t)(λfn) is of degree qd = prd. For each i ≥ 0,
we can write n = uip

i + vi with 0 ≤ vi < pi. We will divide the situation into three
cases as follows, and apply Result 3.2.1 in Property 7 of cyclotomic function fields.

Case (n 6= 0,−1 ( mod p)). We have dn = 0 and dn+1 = 0. Applying 3.2.1, we

know the number of G
(i,j)
n with order p is rd(n − 2u1 + u2 − 1), while the number

of Gi,j
n+1 with order p is rd(n + 1 − 2u1 + u2 − 1), the difference is exactly rd. So

G′′
n+1 = G′′

n × (Z/p)rd.

Case (n = −1 ( mod p)). Here dn = 0. Let n+1 = u′ip
i+v′i, then n = u′dn+1

pdn+1−1.

• dn+1 = 1. By 3.2.1, the number of G
(i,j)
n with order p is rd(n− 2u1 + u2 − 1),

while the number of G
(i,j)
n+1 with order p is rd(n + 1− 2u′1 + u′2 + 1). We have

n + 1 = u′1p and n = (u′1 − 1)p + (p − 1), so u1 = u′1 − 1 and u′2 = u2, thus
G′′

n+1 = G′′
n × (Z/p)rd.

• dn+1 ≥ 2. By 3.2.1, the number of G
(i,j)
n with order p is rd(n− 2u1 + u2 − 1),

while the number of G
(i,j)
n+1 with order p is rd(n + 1 − 2u′1 + u′2). We have

n + 1 = u′2p
2 and n = (u′2 − 1)p2 + (p2 − 1), so u′1 = u1 + 1 and u′2 = u2 + 1,

thus G′′
n+1 = G′′

n × (Z/p)rd.

Case (n = 0 ( mod p)). Here dn+1 = 0. Let n = uip
i + vi and n + 1 = u′ip

i + v′i.

• dn = 1. We have n = u1p and n + 1 = u1p + 1, so u1 = u′1, u′2 = u2 and

u′3 = u3. By 3.2.1, the number of G
(i,j)
n with order p is rd(n− 2u1 + u2 + 1),

while the number of G
(i,j)
n+1 with order p is rd(n + 1 − 2u′1 + u′2 − 1), so G′′

n+1

has rd copies of Z/p less than G′′
n. Also the number of G

(i,j)
n with order p2 is

rd(u1−2u2+u3−1), while the number of G
(i,j)
n+1 with order p2 is rd(u′1−2u′2+u′3).

So G′′
n+1 has rd copies of Z/p2 more than G′′

n.
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• dn ≥ 2. We know u′i = ui for all i ≥ 1. The number of G
(i,j)
n with order

pdn is rd(udn−1 − 2udn + udn+1 + 1), while the number of G
(i,j)
n+1 with order

pdn is rd(u′dn−1 − 2u′dn
+ u′dn+1). The number of G

(i,j)
n with order pdn+1 is

rd(udn − 2udn+1 + udn+2 − 1), while the number of G
(i,j)
n+1 with order pdn+1 is

rd(u′dn
− 2u′dn+1 + u′dn+2). So G′′

n+1 has rd more copies of Z/pdn+1 and rd less
copies of Z/pdn .

So when p - n, we have G′′
n+1 = G′′

n × (Z/p)rd; and when p | n, we know G′′
n+1 has

rd more copies of Z/p1+dn and rd less copies of Z/pdn , where dn is the exact power
of p that divides n.

Now we can give the proof for Theorem 3.2.3.

Proof. The Galois group Gn = Gal (Fq(t)(λfn)/Fq(t)) can be decomposed as a prod-

uct of a cyclic group G′
n of order qd − 1 and a product G′′

n of cyclic p-groups G
(i,j)
n

with order g
(j)
n by Property 7, i.e.

Gn
∼= G′

n ×G′′
n = G′

n ×
r∏

i=1

(G(i,1)
n × ...×G(i,m)

n ),

where g
(1)
n ≥ ... ≥ g

(m)
n , and the Galois group G′′

n is of order qd(n−1). Let K0

be the fixed field of G′′
n in Fq(t)(λfn)/Fq(t). Let K ′′

n be the fixed field of G′
n

in Fq(t)(λfn)/Fq(t). And let K
(a,b)
n be the fixed field of G′

n ×
∏

(i,j) 6=(a,b) G
(i,j)
n in

Fq(t)(λfn)/Fq(t). So the cyclotomic function field Fq(t)(λfn) is the compositum of

the K0 and K
(i,j)
n ’s. We will give descriptions of the K0 and K

(i,j)
n ’s.

Fq(t)(λfn)

G′′
n

��
��

��
��

��
��

��
��

�

Gn

G′
n

TTTTTTTTTTTTTTTTTT

K ′′
n

yy
yy

yy
yy

FFFFFFFF

K0

G′
n IIIIIIIIII K

(1,1)
n

G
(1,1)
n

ssssssssss
. . .

jjjjjjjjjjjjjjjjjjjjj K
(r,m)
n

G
(r,m)
ngggggggggggggggggggggggggggggg

Fq(t)

First we consider the field K0. Since the Sylow-p subgroup G′′
n is normal in

Gn, it is the unique Sylow-p subgroup by the Sylow’s theorem. So the field K0 is
the unique subfield of order qd − 1 in Fq(t)(λfn)/Fq(t). Thus it is the cyclotomic
function field Fq(t)(λf ), which is the Kummer extension known from Proposition
3.2.2.
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Next we will give descriptions of K
(i,j)
n ’s. Each field K

(i,j)
n is a cyclic p-extension

over Fq(t), so it is a Witt-Artin-Scheier extension. We will use induction on n to

show the field K
(i,j)
n is described as in 2) and 3). The induction starts with n = 2,

since G′′
n is trivial when n = 1. The case n = 2 is dealt in Lemma 3.2.4. Suppose

ok for ≤ n, we consider the case n + 1. We will analyze the situation in two cases
using lemma 3.2.5.

• When p - n, we know G′′
n+1 = G′′

n × (Z/p)rd. But these new Z/p extensions
all have conductor fn+1. So the yij’s for 1 ≤ i ≤ r, d(n − 1) + 1 ≤ j ≤ dn
satisfying

yp
ij − yij =

ωit
j−1−[ j−1

d
]

fn
=

ωit
j−1−[ j−1

d
]

f 1+[ j−1
d

]

form a basis for the extension K ′′
n+1/K

′′
n.

• When p | n, we know G′′
n+1 has rd more copies of Z/p1+dn and rd less copies

of Z/pdn , where dn is the exact power of p that divides n. The sub-extensions

of K ′′
n/Fq(t) corresponding to each copy of Z/qdn are K

(i,tj)
n for 1 ≤ i ≤ r and

d(n− 1) + 1 ≤ j ≤ dn, where tj = j − d(p− 1)(
[ j−1

d
]+1

p
. Since K ′′

n is contained

in K ′′
n+1, so each sub-extension Ki,j

n+1 of K ′′
n+1/Fq(t) corresponding to Z/p1+dn ,

where 1 ≤ i ≤ r and d(n−1)+1 ≤ j ≤ dn, is the unique cyclic Z/p-extension

of K
(i,tj)
n ramified only at the prime above f , such that Ki,j

n+1/Fq(t) is an
Witt-Artin-Schreier extension over Fq(t) with conductor fn+1.

So Fq(t)(λfn) is the compositum of the K0 and K
(i,j)
n as described in the theorem.

Using this explicit description on of cyclotomic function fields, we can easily
calculate the genus, discriminant and class number of abelian extensions over Fq(t)
ramified over only one prime. This helps to understand abelian and solvable exten-
sions over Fq(t) ramified over only one prime.

3.3 Riemann-Hurwitz formula

Let K/Fq(t) be a finite, separable, geometric extension of degree n with Galois
group G, ramified only at one finite place f of degree d and unramified at ∞.
Denote by g the genus of K. Let m be the conductor of the extension K/Fq(t), so
the ith ramification group Gi vanishes for all i ≥ m. Denote the order |Gi| of the
ramification group Gi by ei. We have by the Riemann-Hurwitz formula,

2g − 2 = n(2 · 0− 2) + (e0 + e1 + e2 + ... + em−1 −m)
nd

e0

= −2n + (e0 + e1 + e2 + ... + em−1 −m)
nd

e0
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Case (g = 0).

Proposition 3.3.1. Let K/Fq(t) be a finite, separable, geometric extension with
Galois group G, ramified only at one finite place f of degree d and unramified at
∞. Assume the genus of K is 0. If K/Fq(t) is tamely ramified, then K is contained
in the cyclotomic function field Fq(t)(λf ); if K/Fq(t) is wildly ramified, then G is
a p-group.

Proof. Plugging in g = 0 into the Riemann-Hurwitz formula, we have

−2e0 = −2ne0 + (e0 + e1 + e2 + ... + em−1 −m)dn.

So n|2e0. Suppose n = 2e0, then the inertia group I = G0 is normal in G, since
every subgroup of index 2 is normal.

K

I

KI

Z/2

Fq(t)

In this case, the fixed field KI of I in K/Fq(t) is unramified over Fq(t) of degree
2; a contradiction. But e0|n, so we get n = e0, i.e. K/Fq(t) is totally ramified. By
Corollary 4 of Chapter IV in [Se3], we know G = P o C for some p-group P and
some cyclic group C of order prime to p.

• If m = 1, i.e. K/Fq(t) is tamely ramified. Then G = C is cyclic of order prime
to p, and K is contained in the cyclotomic function field Fq(t)(λf ). Since K
is unramified over Fq(t) at ∞, we have K is actually inside Fq(t)(λf )

+.

• If m ≥ 2, i.e. K/Fq(t) is wildly ramified. The fixed field KP of P will be con-
tained in the cyclotomic function field Fq(t)(λf )

+, since it is abelian over Fq(t),
unramified at ∞ and only ramified at the finite place f . By the Riemann-
Hurwitz formula, we have

d ≤ (1 +
e1

e0

+ ... +
em−1

e0

− m

e0

)d =
2n− 2

n
< 2.

So d = 1.Thus KP is just Fq(t), i.e. G is a p-group.

Case (g = 1). We have 2e0 = (e0 + e1 + ... + em−1 −m)d.
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m d e0 e1

m = 1 4 2 1
3 3 1

Table 3.1: Ramification indexes of K/Fq(t) with g(K) = 1 and m = 1.

• If m = 1, then either d = 4, e0 = 2 or d = 3, e0 = 3.

• If m ≥ 2, we have 2 = (1 + e1

e0
+ ... + em−1

e0
− m

e0
)d ≥ d. If d = 2, then

e1 + ...+em−1 = m. But ei > 1 for i < m, which implies m = e1 + ...+em−1 ≥
2(m− 1). So m = 2 and e1 = 2. If d = 1, then e0 = e1 + ... + em−1 −m.

m d e0 e1 e2 ... em

m ≥ 2 2 * 2 1 ... 1
1 e0 = e1 + · · ·+ em−1 −m

Table 3.2: Ramification indexes of K/Fq(t) with g(K) = 1 and m ≥ 2.

Case (g = 2). We have 2e0 = −2ne0 + (e0 + ... + em−1 −m)dn, so n|2e0. So as in
the case g = 0, we have n = e0. So K/Fp(t) is totally ramified. Thus G = P o C
for some p-group P and some cyclic group C.

• If m = 1, we have 2e0 = −2ne0 +(e0−1)dn. Since K/Fq(t) is totally ramified,
we know n = e0. So 2n+2 = (n−1)d. As a result we have either d = 3, n = 5,
or d = 4, n = 3, or d = 6, n = 2. So K is a Galois extension over Fq(t) of
prime degree, thus cyclic. So K is an abelian extension over Fq(t) contained
in the cyclotomic function field Fq(t)(λf )

+.

m d n e0 e1

m = 1 3 5 5 1
4 3 3 1
6 2 2 1

Table 3.3: Ramification indexes of K/Fq(t) with g(K) = 2 and m = 1.

• If m ≥ 2, we have d ≤ (1 + e1

e0
+ ... + em−1

e0
− m

e0
)d =

2n + 2

n
≤ 3. So d = 1, 2, 3.

If d = 3, we have m = 2, n = e0 = e1 = 2 and G ∼= Z/2. If d = 2, then either
m = 3, e1 = e2 = 2 or m = 2, e1 = 3. If d = 1, then G is a p-group.

Case (g = 1 + 2s with s ≥ 0).
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m e0 e1 e2 e3

d = 3 2 2 2 1 1
d = 2 3 * 2 2 1

2 * 3 1 1
d = 1 G is a p-group

Table 3.4: Ramification indexes of K/Fq(t) with g(K) = 2 and m ≥ 2.

Proposition 3.3.2. Let K/Fq(t) be a finite, separable, geometric extension with
Galois group G, ramified only at one prime f and unramified at ∞. Assume the
genus of K is 1 + 2s for some integer s ≥ 0. Then K/Fq(t) is totally ramified, thus
G is a semi-direct product P o C of a p-group P and a cylclic group C of order
prime to p.

Proof. Plugging in g = 1 + 2s into the Riemann-Hurwitz formula, we have

2s+1e0 = −2ne0 + (e0 + ... + em−1 −m)dn,

so n|2s+1e0. We can write n = 2te0, since e0|n. Suppose t ≥ 1, the inertia group I
is normal in G, since every subgroup of index 2 is normal. In this case, the fixed
field of I in K/Fq(t) is unramified over Fq(t) of degree 2. This is impossible. So
t = 0 and n = e0, and K/Fp(t) is totally ramified. By Corollary 4 of Chapter IV
in [Se3], we know G is a semi-direct product P o C of a p-group P and a cylclic
group C of order prime to p.

3.4 Iwasawa theory

Iwasawa theory is a Galois module theory of ideal class groups, initiated by K.
Iwasawa, as part of the theory of cyclotomic number fields (see [Gr]), which gives a
description of the p-part of the class number of the intermediate subextension of a
Z/p-extension.

Let F be a finite extension of Q. Let p be a prime number. Suppose that F∞ is a
Galois extension of F with Γ = Gal (F∞/F ) ∼= Zp. The nontrivial closed subgroups
of Γ are of the form Γn = pnΓ for n ≥ 0. Denote by Fn the fixed field of Γn in
F∞/F , then we obtain a tower of number fields

F = F0 ⊂ F1 ⊂ ... ⊂ Fn ⊂ ...

such that Fn/F is a cyclic extension of degree pn. The main structure theorem of
Iwasawa theory is as follows:

Theorem 3.4.1 (Iwasawa, [Iw]). For each n, let pen be the p-part of the class
number of the field Fn defined above. Then there exist integers λ, µ, ν such that
en = λpn + µn + ν for all n.
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Unlike the case in number fields, where πp
1(Up) ∼= Zp by class field theory, in

function fields it is a free pro-p-group with infinitely many generators. But if we
restrict the ramification, that will give an upper bound for the generators depending
on the conductor.

Proposition 3.4.2. Let K/Fp(t) be a finite geometric Galois extension whose
Galois group G is a finite p-group. Suppose that K is ramified only at one prime f
of degree d and conductor m. Then G is generated by d(m− 1− [m−1

p
]) elements.

Proof. Let Φ(G) be the Frattini subgroup of the p-group G. The quotient group
G/Φ(G) corresponds to an elementary abelian extension over Fp(t) ramified only at
f , which is contained in the cyclotomic function field Fp(t)(λfm). The Galois group
Gal (Fp(t)(λfm)/Fp(t)) is generated by at most d(m − 1 − [m−1

p
]) elements, where

[n] is the largest integer no more than n. By the Burnside basis theorem, G is also
generated by at most d(m− 1− [m−1

p
]) elements.

Remark. Define the ramification of K/Fp(t) at f to be of depth m, if the ith
ramification group Gi vanishes for all i ≥ m. Then the depth-m ramified part of πp

1

is the free pro-p group with d(m− 1− [m−1
p

]) generators.

Having the explicit description in Proposition 3.2.3 of cyclotomic function fields,
we can construct an analog of Iwasawa theory for Carlitz fields more easily. Fix
a positive integer m and consider any Zm

p extension F∞ over a function field F of
characteristic p ramified only at one prime f . Pick a set of generators γ1, ..., γm of

G = Gal (F∞/F ) ∼= Zm
p . Let Γi = 〈γp[ i+m−1

m ]

1 , ..., γp[ i
m ]

m 〉 for all i ≥ 0 and denote the
fixed field of Γi by Fi.

F∞

Γi

Fi

Γ/Γi

F

Let pen be the highest power of p dividing the class number of Fn. In the case
of m = 1, i.e. geometric cyclotomic Zp-extensions, R. Gold, H. Kisilevsky [GK] and
A. Aiba [Ai] have some results about the Iwasawa modules and Iwasawa invariants.
Much less is known if m > 1. When m = 2, the author believes it is possible to
prove the following conjecture.

Conjecture 3.4.3. Given F∞/F ramified only at one prime f where it is totally
ramified with Gal (F∞/F ) ∼= Z2

p, consider its sub-extensions F2n+k with 0 ≤ k < 2
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as above. Then there exist integers λ, µ1, µ2 and ν depending only on f such that
e2n+k = µ1p

2n + (λn + µ2)p
n + ν for all n.

In the remainder of this section, We give a partial proof of Conjecture 3.4.3.
We pick a set of generators of Gal (F∞/F ) = 〈γ1, γ2〉. For all n ≥ 0, as before

we denote by F2n the fixed field of Γ2n = 〈γpn

1 , γpn

2 〉, F2n+1 the fixed field of Γ2n+1 =

〈γpn+1

1 , γpn

2 〉. Also we denote by F ′
2n+1 the fixed field of 〈γpn

1 , γpn+1

2 〉

{1} F∞

... ...

Γ2n+2 = 〈γpn+1

1 , γpn+1

2 〉 F2n+2

vvvvvvvvvv

HHHHHHHHHH

Γ2n+1 = 〈γpn+1

1 , γpn

2 〉 F2n+1

HHHHHHHHHH
F ′

2n+1

vvvvvvvvvv

Γ2n = 〈γpn

1 , γpn

2 〉 F2n

vvvvvvvvvv

HHHHHHHHHH

Γ2n−1 = 〈γpn

1 , γpn−1

2 〉 F2n−1

HHHHHHHHHH
F ′

2n−1

vvvvvvvvvv

Γ2n−2 = 〈γpn−1

1 , γpn−1

2 〉 F2n−2

... ...

Γ0 = 〈γ1, γ2〉 F0 = F

We consider the tower of function fields

F = F0 ⊂ F1 ⊂ ... ⊂ Fn ⊂ ....

Let Ln be the maximal abelian p-extension of Fn; so [Ln, Fn] equals the p-class
number pen of Fn. Let L∞ =

⋃
n Ln, Gn = Gal (L∞/Fn) and X = Gal (L∞/F∞).

Let L∗
n denote the maximal abelian extension of Fn contained in L∞ and Xn =

Gal (L∗
n/F∞). Then L∗

n = LnF∞ ⊂ L∗
n, since Ln ⊂ L∗

n and F∞ ⊂ L∗
n. On the

other hand, by assumption there is only one prime ramified in L∗
n/Fn; L∗

n is totally
ramified over Ln; but L∗

n is unramified over F∞. So L∗
n ⊂ LnF∞. Thus L∗

n = LnF∞.
We have Gal (Ln/Fn) ∼= Xn, since F∞/Fn and Ln/Fn are linearly disjoint. Since L∗

n
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is defined to be the maximal abelian extension of Fn inside L∞, the Galois group
Gal (L∞/L∗

n) is the commutator group [Gn, Gn] of Gn = Gal (L∞/Fn).

L∞
[Gn,Gn]

rrrrrrrrrr

Gn

��
��

��
��

��
��

��
��

��

L∗
n = F∞Ln

Xn

rrrrrrrrrr

F∞

Γn

Ln

Xn

rrrrrrrrrrrr

Fn

To determine pen , which is the order of Gal (Ln/Fn), we can consider the extension
L∗

n/F∞, which is a quotient of X = Gal (L∞/F∞) by the commutator subgroup of
Gn = Gal (L∞/Fn),

Gal (Ln/Fn) ∼= X/[Gn, Gn].

We have the following exact sequence

0 −→ X −→ Gn −→ Γn −→ 0.

Being a projective limit of finite abelian p-groups, X is a compact Zp-module. For
the commutator subgroup [Gn, Gn], we claim

[Gn, Gn] = XΓn−1 ≡ {γ(x)x−1 | γ ∈ Γn, x ∈ X},

Hence
Gal (Ln/Fn) ∼= X/XΓn−1.

Denoting the power series ring in two variables over Zp by Λ, we know X is a
finitely generated torsion Λ-module. By the structure theorem for torsion modules
over discrete valuation rings, we have

X ∼= Λ/P ri
i

as a pseudo-isomorphism with Pi’s are height 1 primes of Λ. (Here, two modules are
said to be pseudo-isomorphic if they have isomorphic localizations at each height 1
primes of Λ.) It seems possible to show e2n+k = µ1p

2n + (λn + µ2)p
n + ν using a

similar argument from the paper [CM] by Cuoco and Monsky.

Remark 3.4.4. Conjecture 3.4.3 coincides with the result in [CM] in the number
field case.
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