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ABSTRACT

ON TYPE II; Ey-SEMIGROUPS INDUCED BY ¢-PURE MAPS ON M, (C)

Christopher Jankowski

Robert Powers, Advisor

Using a dilation theorem of Bhat, Powers has shown that every non-trivial spatial Ey-semigroup
can be obtained from a C'P-flow acting on B(K ® L?(0,00)), where K is a separable Hilbert
space. In this thesis, we use boundary weight doubles (¢, v) to define natural boundary weight
maps which then induce CP-flows over K for 1 < dim(K) < co. Developing a comparison theory
for the Ey-semigroups arising from certain boundary weight doubles, we obtain examples of type
11y Ep-semigroups and classify them up to cocycle conjugacy. We study the unital g-pure maps
acting on M, (C), classifying all such maps which are invertible or have rank one. We find that
the rank one unital g-pure maps arise from faithful states on M, (C) and, through a boundary
weight construction using particular unbounded weights v on B(L?(0,0)), yield uncountably
many mutually non-cocycle conjugate type Ily Ep-semigroups for each 1 < n € N. We ask
whether every unital g-pure map acting on M, (C) has rank one or is invertible, and show that
this is the case when n = 2. In conclusion, we discuss future problems involving the examination

and generalization of these results.
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Chapter 1

Introduction

1.1 Outline

Let H be a separable Hilbert space. A result of Wigner in [Wi] shows that every weakly con-
tinuous one-parameter group of x-automorphisms {ay}ter of B(H) is implemented by a strongly
continuous unitary group {U; };er in that oy (A) = U, AU for all A € B(H) and ¢ € R. This leads
us to pursue the more general task of classifying all semigroups of *-endomorphisms of B(H). We
will study one such class of semigroups, called Fyp-semigroups, which arise naturally in the study

of quantum mechanics.

Definition 1. We say a family {a,}i>0 of x-endomorphisms of B(H) is an Ey-semigroup if:
1. asgp =agsoaqq forall s,t >0, and ag(A) = A for oll A € B(H).
2. For each f,g € H and A € B(H), the inner product (f,o(A)g) is continuous in t.
3. ar(I) =1 for all t > 0 (in other words, « is unital).

We have two different notions of what it means for two Ey-semigroups to be the same, namely
conjugacy and cocycle conjugacy, the latter of which arises from Alain Connes’ definition of outer

conjugacy.



Definition 2. Let « and 8 be Ey-semigroups on B(H) and B(Hs), respectively. We say that «
and (B are conjugate if there is a x-isomorphism 6 from B(Hy) onto B(Hs) such that 8oa; = 106
for allt > 0. We say that o and 3 are cocycle conjugate if a is conjugate to 3, where 3 is an
Ey-semigroup on B(Hz) satisfying the following condition: For some strongly continuous family of
unitaries U = {U(t) : t > 0} acting on Hs and satisfying U(t + s) = U(t)B:(U(s)) for all s,t >0,
we have B1(A) = U (A)U; for all A € B(Hz) and t > 0. Such a semigroup of unitaries is called

a unitary cocycle for 3, and the semigroup 3 = {f;} is called a cocycle perturbation of j3.

FEy-semigroups are divided into three types based upon the existence, and structure of, their
units. More specifically, let a be an Eyp-semigroup on B(H). A wunit for « is a strongly continuous
semigroup of bounded operators U = {U(t) : t > 0} such that a;(A)U(t) = U(t)A for all A €
B(H). Let U, be the set of all units for a. We say « is spatial if U, # 0, while we say that
« is completely spatial if, for each ¢ > 0, the closed linear span of the set {Uy(t1) - Un(tn)f :
feHt; >0and U; €U, Vi, t; =t} is H. An Ep-semigroup « is said to be of type T if it is
completely spatial, type II if it is spatial but not completely spatial, and type III if it is not spatial.
If « is of type I or II, we may further assign a numerical index n € Z>o U {o0} to «, in which
case we say « is of type I, or II,,. Arveson has shown in [A5] that the type I Ey-semigroups are
entirely classified by their index: the type Iy Eg-semigroups are semigroups of s*-automorphisms,
while for n € NU {oo}, every type I,, Eg-semigroup is cocycle conjugate to the CAR flow of index
n.

However, at the present time, we do not have such a classification for those of type II or III.
The first type II and type III examples were constructed by Powers in [P4] and [P5]. Tsirelson,
who contructed uncountably many mutually non-cocycle conjugate type III Ep-semigroups in
[T1], exhibited uncountably many mutually non-cocycle conjugate Fy-semigroups of types IT [T2]
through Arveson’s theory of product systems. A dilation theorem of Bhat in [Bh] shows that
every CP-flow o can be dilated to an Ep-semigroup, and that there is a minimal dilation o of

a which is unique up to conjugacy. Using Bhat’s result, Powers has recently proved in [P1] that



every spatial Ejp-semigroup can be obtained from the boundary weight map of a C'P-flow over a
separable Hilbert space K. He has also constructed spatial Ey-semigroups using boundary weights
for the case where dim(K) =1 in [P2].

Our goal is to use boundary weight maps to induce C'P-flows over K for 1 < dim(K) < oo
and to classify their minimal dilations to FEgp-semigroups up to cocycle conjugacy. To do so,
we define a natural boundary weight map p — w(p) using a unital completely positive map ¢
and a boundary weight v on B(L?(0,0)). The necessary and sufficient condition that this map
induce a CP-flow « is that ¢ satisfies a generalization of the definition of g-positive from [P1]
(see Definition 6 and Proposition 1), in which case we say that « is the CP-flow induced by the
boundary weight double (¢,v). We develop a comparison theory for boundary weight doubles
(¢,v) and (v, v) in the case that v is a normalized unbounded boundary weight on B(L?(0,c0))
of the form v(B) = (f, Bf), finding that the doubles induce cocycle conjugate Ep-semigroups if
and only if there is a hypermaximal g-corner from ¢ to ¢ (see Definition 10 and Proposition 7).

The problem of determining hypermaximal g-corners from ¢ to i becomes much easier if
we focus on a particular class of ¢-positive maps, called the ¢g-pure maps, which have the least
possible g-subordinates (see Definition 9). Given a g-positive map ¢ acting on M, (C) and a
unitary U € M, (C), we can form a new map ¢y by ¢y (A) = U*G(UAU*)U. We describe the
order isomorphism between the g-subordinates of ¢ and those of ¢y, which in turn leads to the
existence of a hypermaximal g-corner from ¢ to ¢y if ¢ is g-pure (Proposition 3). With this result
in mind, we turn our attention to the task of classifying the g-pure maps. In Proposition 4, we show
that the rank one unital g-pure maps ¢ : M,,(C) — M, (C) are precisely the maps ¢(A) = p(A)I
for faithful states p on M, (C). That these maps give us an enormous class of mutually non
cocycle conjugate Ey-semigroups in one of our main results (Theorem 8). Furthermore, for n > 1,
none of the Ey-semigroups constructed from boundary weight doubles satisfying the conditions
of Theorem 5 are cocycle conjugate to any of the Ep-semigroups obtained from one-dimensional

weights by Powers in [P2] (see Corollary 2).



However, for unital ¢g-pure maps that are invertible rather than rank one, the opposite holds.
These maps are best understood through their (conditionally negative) inverses. In Theorem 9,
we find a necessary and sufficient condition for an invertible unital map ¢ on M, (C) to be ¢g-pure.
However, if v is a normalized unbounded boundary weight of the form v(B) = (f, Bf), then the
Ep-semigroup induced by the boundary weight double (¢,v) is entirely determined by v. This
Ep-semigroup is the one induced by v in the sense of [P2]. In conclusion, we are led to ask if all
unital g-pure maps ¢ : M, (C) — M, (C) either have rank one or are invertible. We find that this

is the case when n = 2. In fact, there are no unital ¢-positive maps ¢ on My(C) with rank three.

1.2 Background

The development of quantum mechanics during the twentieth century brought the study of oper-
ator algebras to prominence. Classical scalar-valued and vector-valued observables became oper-
ators acting on a Hilbert space, and deterministic solutions gave way to probability and expected
values. The Schrodinger and Heisenberg pictures of quantum mechanics, each looking at the
evolution of time through a different lens, were unified in a mathematical setting. Many other
fundamental contributions to the field not only enlightened scientists with regard to the quantum
picture, but also challenged human intuition and brought the philosophy behind the apparent in-
determinism of quantum mechanics to the forefront. While it is not within the author’s expertise
to discuss the fine points of these scientific and philosophical matters, they are the motivation
behind a significant portion of operator theory.

We will briefly discuss this motivation in the vein of the introduction of [BR1], which the
interested reader should consult for a broader and more detailed treatment. In rough terms, a
quantum system is represented by several mathematical constructs. The framework begins with
the Hilbert space L?(R") for some n € N which depends on the number of particles in the system

and the dimension of the encompassing space. We denote the inner product on L?(R™) through



the symbol ( , ) which is conjugate-linear in its first coordinate and linear in its second. The
observables of the system are identified with self-adjoint linear operators, not necessarily bounded,
acting on L?(R™). We represent the initial state of the system through a positive linear functional
p € L*(R™)* of the form p(A) = (f, Af) for some f € L*(R™) with ||f|| = (fz. |f (z)2dz)'/? = 1.
A functional p of this form is called a pure state.!

The evolution of time is implemented by a one-parameter unitary group {U; }+cr in the following
manner: The value of the observable A at time ¢ is equal to (f,U;AU; f). In the Schrodinger
picture, the observables are fixed (as operators) while the function f varies. The functions f; :=
{U{ f} are the solutions to Schrodinger’s equation for the system’s Hamiltonian. In the Heisenberg
picture, f stays fixed while the observables vary with time through the operation A — U AU;".

The two pictures are the same, since
(f, ULAUL f) = (U{ f, AU f).

Stone’s Theorem asserts that, for some self-adjoint B acting on L?(R™), these unitaries satisfy
U; = €'*P for all t (as it turns out, AB is the Hamiltonian of the system), and that the family
{U;}+er is strongly continuous in ¢, meaning that for each g € L?(R") and s € R we have
Uig — Usg as t — s. Furthermore, if B is bounded, then {U;}icr is norm continuous in ¢;
that is, for every s € R we have |[|U; — Ug|| — 0 as ¢ — s. Wigner’s aforementioned result
shows that every weakly-continuous one-parameter family of *-automorphisms {a; }+cr of B(H) is
implemented by a strongly continuous unitary group. If we replace *-automorphism (and group)
with *-endomorphism (and semigroup), we get Eg-semigroups. The study of Ep-semigroups acting
on B(H) began as a problem that Robert Powers thought would take a delightful afternoon to
solve. Needless to say, it has evolved into a complex subject with fruitful examples whose partial
classification, and division into types, have mirrored that of von Neumann algebra factors.

We should first recall our two notions of equivalence for Ey-semigroups. It is obvious that

I This setting is simplified. A general quantum state p has the form p(A) = > (fi, Af;) for mutually orthogonal
vectors {f;} with >, [|f;||> = 1. As far as the results of this paper are concerned, the least pure states of all (the
faithful states) will be the most fruitful.



conjugacy is an equivalence relation, but it is not clear that cocycle conjugacy is an equivalence
relation as well. To this end, symmetry and transitivity are non-trivial. For symmetry, suppose
Ey-semigroups « and ( acting on B(H1) and B(Hs), respectively, are cocycle conjugate. Then for
some onto #-isomorphism 6 : B(H;) — B(H>) and cocycle perturbation 3;(A) = U B:(A)U;" of 3,
we have ay = 071 0 3, 0 for all t > 0. We can check that {§~(U;)}+>0 is a unitary cocycle for
a, and that the cocycle perturbation o’ = {a}}:>¢ of a defined by o} (A) = 071 (U; ) (A)0~ (Uy)
satisfies 3, = 6 o o 0 =1 for all t > 0. Therefore, 3 is cocycle conjugate to «, and symmetry
follows.

For transitivity, suppose that « is cocycle conjugate to 8 and (3 is cocycle conjugate to v, so
o = 9;1 ofBiof and B = 92’1 0 7; o By for some onto *-isomorphisms #; and 6, and cocycle
perturbations 3;(B) = U;B:(B)U; (all t > 0) and v;(A4) = Vi (A)Vy* (all t > 0) of § and 7,
respectively. Let 03 = 65 0 8. A straightforward computation yields that the family of unitaries
{Zy = 051 (V)07 (U) }e>0 is a unitary cocycle for o Defining a cocycle perturbation o/ =
{a}}i>0 by o) = Zyay(A)Z], we find that v, = 030 0] 0 03_1 for all ¢ > 0, so «a is cocycle conjugate

to 7, proving transitivity.

1.2.1 The CAR and CCR flows

The CCR and CAR flows, which arise from second quantization of bosons and fermions, respec-
tively, were the first (non-trivial) examples of Ey-semigroups. We should note that nothing in this
section is original: we are outlining Arveson’s comprehensive treatment of both from [A2], as well
as providing some details from [BR2]. We shamelessly borrow notation from both sources, which
are fully responsible for any and all insight in this section (except for whatever mistakes you can
find, which are, of course, mine).

We start with the Hilbert space H = K ® L?(0, o), where K is a separable Hilbert space. We
identify H with L?((0,00); K), the space of K-valued measurable functions on (0,00) which are

square integrable. We denote by {U;};>o the right shift semigroup on H, so for f € H we have



(Uef)(x) =0if 2 <t and (Upf)(z) = f(x —t) if x > ¢.

For every n € N, let H®" be the n-fold tensor product of H with itself (setting H®? = C), and
let F(H) =@, ,H®". Given z € H, we define an operator C(z) on F(H) by letting C(z)(1) = z
and

CR) (1 ® - Qzp)=vVn+1(2@z21- @ zpn)

for all simple tensors, then extending linearly. Note that C(z) is densely defined and unbounded

if z # 0, and its adjoint satisfies
C) (21® - @2zy) =vVn (2,21) 220 R 2,

for all simple tensors and n € N, along with C(z)*(1) = 0.

1.2.2 The CAR flow

We obtain the antisymmetrization operator P_ on each H®™ (n € N) by defining

1
P(21Q - ®2zp) = — Z (_1)sgn(o)zal ® ® 2y,
foe®,

for all z1,..., 2, € H and extending linearly. Note that P_ merely projects H®" onto the space of
antisymmetric tensors of H®" and the space H"" := P_(H®") is a Hilbert space under the inner
product inherited from H®". We can describe the elements of H" in terms of wedge products.

More specifically, H"" is the closed linear span of elements of the form
AN ANz =Vl P, ® - @ 2,).
We now form the antisymmetric Fock space
oo
F_(H) =@ H"",
n=0

where H? = C. This serves as the state space for quantum systems with dim(K) non-identical

fermions.



Given z € H, let ¢(z) € B(F_(H)) be the (unique) operator that satisfies the following for all

simple tensors and n € N:
c(2)(P_(z1® - ®2,) =P_C(2)P_(z1 ® - ® 2zy).

We call ¢(z) the creation operator corresponding to z, and we say that C*(c¢(H)) is the CAR

algebra over H. Since
P,(Z(-;1 R ® Zan) = (—1)Sgn(0) P,(Zl QR Zn)

for all o € &,,, we actually have ¢(2)(P-(21 ® - ® z,)) = P_C(2)(21 ® - - - ® 2, ). Indeed,

c(2)(P_(z1®-®2zy)) = P.C(R)P_(21Q - z,)
n+1 sgn(o
— ] P (z® ( Z (—1)%9 ( )Zal ® ®ZU"))
ce®,
Vn+1
- n! P Z Z2Q 25 @ ®Zcrn>
ce®,
+1 :
= \/7?( ((_l)égn(a))QP (Z R21Q ® zn))
n!
oed,
n+1
B n! Y P (2020 @z)
oe®,

= Vn+1P (2Q021Q - ®z,)

I
N

((C 2) (1@ ® zn))

In terms of wedge products, we have the formula

c(2) (A Nzy) = c2) (V! P(z1 @ ®2,)

—~

= Vn! c(2)(P_(z1® - ® 2y))

AP e @)

= C

—~

= VilVn+1P (2020 ® 2,)
= M+INP(2021Q @ zp)

= ZAZ1 NNz



We have obtained the rather simple formula for ¢(z):

c(z2) (AN Nzp)=2Nz1 A zp.

(1.2.1)

Similar calculations show that ¢(z)* (the annihilation operator corresponding to z) satisfies

o(2) (A ANzm) = PCR(Wnl P (19 ®z,))

n
= Z(fl)lﬁl(z, 2k) 21 AN AN Zp—1 A Zgp1 A Az,

k=1

(1.2.2)

These operators satisfy the canonical anticommutation relations (CARs) for all z;, 2, € H:

c(z1)e(z2) + c(z2)c(z1) = 0,

c(z1)"e(z2) + c(z2)c(21)* = (21, 22)1.

(1.2.3)

(1.2.4)

To see this, let 21, 29, w1, ..., w, € H be arbitrary. Relation (1.2.3) follows from (1.2.1) since

21Nz NWwy N ANwy = —29 Nz Awp A== AN wy,
while relation (1.2.4) follows from the calculation that the quantity

(c(zl)*c(;;g) + c(zz)c(zl)*) (wi A+ Awy)

is equal to the following, where we write zo = wy41:

n+1

(Z(—l)kﬂﬂfl)n(zh We) Wi A AWg—1 AWkt A AWy
k=1

n
+2z9 A Z(fl)k+1(zl,wk) w1 A AWe—1 AN Wgegr A - o A wn>
k=1

n+1

- (Z(fl)k+1+(71)n (zl,wk) W1 A AWg—1 AN Wgp1 Ao AN Wpg
k=1

n
n—1
+ Z(*l)k+1+(7l) (zl,wk) w1 A ANWg—1 ANWgg1 A - Awy A wn+1)
k=1

= (21, Wny1) W1 A Awy



= (21,22) w1 A+ Awy.

Having established that our creation operators and their adjoints satisfy the canonical anti-
commutation relations, we note that for each ¢ > 0, the map z — ¢(Usz) : H — B(F_(U:H))
defines another presentation (in the sense of [BR2], Theorem 5.2.5) of the canonical anticommu-
tation relations. A well-known result asserts that any two presentations of the infinite canonical
anticommutation relations on H are *-isomorphic, giving us a #-isomorphism from C*(¢(H)) onto
C*(c(U¢H)) which is unique once we specify where to send {c(z;)};en for an orthonormal basis
{#;} of H (see Theorem 5.2.5 of [BR2] or [Al] for a good treatise). Therefore, for each ¢t > 0,

there is a unique *-isomorphism oy : C*(c(H)) — C*(c(U H)) satisfying
ai(c(2)) = c(Ur2)

for all z € H. Since C*(c(U:H)) is a C*-subalgebra of C*(c(H)), we may equivalently view «; as
a s*-endomorphism of C*(c¢(H)). The family of maps o = {ay }1>0 is unital and clearly satisfies the
semigroup property as o ap = a4y for all nonnegative s and ¢, and ag = Ig«(¢(zr))- Furthermore,
from continuity of ¢ and strong continuity of the shift semigroup in ¢, it follows that « is weakly
continuous in ¢t. As it turns out, each a; can be extended to a x-endomorphism of B(F_(H)) while
maintaining these properties (see Proposition 2.1.7 and Lemma 2.1.8 of [A2]). We conclude that

a = {ag}1>0 is an Ey-semigroup, which we call the CAR flow of rank dim(K).

1.2.3 The CCR flow

For the CCR flow of rank dim(K), we start with the space F'(H) (where, as before, H = K ®
L?(0,00)) and symmetrize rather than antisymmetrize. Letting P, be the (unique) operator
defined on F(H) by

1
oce®,
for all n € N and z1,...,2, € H, we define H" := P, (H®") and H° := C. Like in the previous

section, each H™ is a Hilbert space under the inner product inherited from H®".

10



Following Arveson’s notation, we form the symmetric Fock space ef = @20:0 H™. In quantum

H

mechanics, e serves as the state space for a system of dim(K') non-identical bosons interacting

in a one-dimensional space. We define the exponential map exp : H — el by

<1
exp() =Y =g,

Next, for each £ € H we define a linear map W (&) € B(e'?) by setting

W(E) exp(n) = e 2" exp(6 +0)

for all n € H and extending linearly. There is no ambiguity in doing so, since the closed linear
span of the set {exp(§) : € € H} is e, In fact, W (€) is unitary for each & € H. We call C*(W (H))
the CCR algebra over H.

For each ¢ > 0, there is a *-endomorphism a; of B(ef) satisfying

ar(W(§)) = W(Uig)

for every £ € H (see [A2]). This property defines oy uniquely, since the set {W(§) : £ € H} is
irreducible in B(e”). The family o = {oy }4>0 trivially satisfies the semigroup property as o a; =
sy for all nonnegative s and ¢, and ag = Ig(eny. Furthermore, « is weakly continuous in ¢ since
the right shift semigroup is strongly continuous in ¢ and the map £ — W (§) is strongly continuous
on H. We conclude that o = {a;};>0 is an Ep-semigroup on B(efl). We call a the CCR flow of
rank dim(K). What is the relationship between the CAR and CCR flows of rank n € NU {oco}?
They are, in fact, conjugate. Arveson has shown in [A5] that, up to cocycle conjugacy, these flows
gave all type I Ey-semigroups (aside of semigroups of *-automorphisms).

As an aside, we should note that what we are being somewhat dishonest when referring to the
above as “the” CCR and CAR algebras over H = K ® L?(0,00). Our CCR algebra over H is the
CCR algebra obtained from the Fock representation of the canonical commutation relations. The
CAR algebra over H can significantly be realized in the big picture as an irreducible representation

of the UHF algebra of type {27} ;e (the latter of which is often called “the” CAR algebra). A
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UHF (uniformly hyperfinite) algebra is a C*-algebra {4 which can be written as the norm closure
of a union of type I factors {l;}, where {l; is a proper subset of {;; for all j. As each ; is
*-isomorphic to M, (C) for some n; € N, we call U the UHF algebra of type {n;}. Glimm proved
a necessary and sufficient condition for two UHF algebras to be x-isomorphic in [Gl]. While
fruitful in their own right, they have made profound contributions to the theory of von Neumann
algebra factors. For example, Powers used product states on UHF algebras to exhibit uncountably
many mutually non-isomorphic type III factors (see [P6]). The reader looking for a comprehensive

treatment of UHF algebras will find one in chapters 10 and 12 of [KR].

1.2.4 The mighty index

One of the first asked questions in the study of Ey-semigroups was that of equivalence. What is the
best notion of when two Ey-semigroups the same? By now, we have likely spoiled all suspense, as
we have primarily discussed cocycle conjugacy rather than conjugacy. The index of a spatial Fy-
semigroup is, perhaps, the most fundamentally useful cocycle conjugacy invariant in the subject
of Ey-semigroups.

Let « be a spatial Ep-semigroup acting on B(H). We recall our definition of a unit for « as a
strongly continuous one-parameter semigroup of bounded operators V' = {V; };>¢ that intertwines
« in that

Olt(A)‘/t = ‘/tA

for all A € B(H) and t > 0.

We (very briefly) outline Arveson’s approach to the index (for the details, and for a thorough
treatment of product systems, the reader should consult Chapters 2 and 3 of [A2]). The index of
« is the dimension of a particular Hilbert space H (U, ) defined by its units. More specifically, we

start with the covariance function ¢ : U, x U, — C, which associates to any two units U = {U;}
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and V = {V;} the number ¢(U, V') such that
Ut*vt — etc(U’V)I

for all ¢ > 0. If we let Cold,, be the space of functions f : U, — C which vanish at all but finitely
many units and satisfy > ;o f(U) = 0, then we may define a semi-definite inner product ( , )
on Cold,, by

(f9)= > cUV)f(U)g(V).

U,V ey

Letting M = {f € Coldy, : {f, f) = 0}, we finally construct H (U, ) as the completion of Coldy /M.
We define the index of « to be the dimension of H (U, ). In later sections, our primary focus will
be Ep-semigroups of type II and index 0 (that is, type Ilp).

The index satisfies the property
Index(ay ® Bt) = Index(ay) + Index(B:),

as shown in [A6]. In our proof that cocycle conjugacy is a symmetric property, we established
an isomorphism between unitary cocycles for cocycle conjugate Ey-semigroups. A more difficult
proof yields a bijection between units of cocycle conjugate Ey-semigroups, and some more work
shows that the index of an Ey-semigroup is invariant under cocycle conjugacy.

Given two FEjy-semigroups o on B(H) and 8 on B(K), we ask whether they can be joined
together in a suitable way. In essence, can they exist in some larger space on which they together
represent the evolution of time in a quantum system? In mathematical terms, this roughly reduces
to the following question: Is there a one-parameter group of #-automorphisms v = {7:}ter of
B(H ® K) such that v_4(A® Ix) = au(A) ® Ix and v(Ig ® B) = Iy @ B4(B) for all ¢t > 0,
A€ B(H), and B € B(K)? If so, we say that « and 3 are paired.

This question has been answered completely in the case that o and 3 are both type I, as
Arveson has shown that o and (§ are paired if and only if they have the same index. Viewing

a and (8 as the CCR or CAR flows, this fits with our intuition that we should be able to pair
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such Ep-semigroups together if their systems have the same number of (distinguishable) particles.
How do we approach pairing for type II Ey-semigroups? Arveson’s theory of product systems
gives a necessary and sufficient condition for spatial Ey-semigroups to be paired, but the pairing

of explicit type II examples remains mostly unsolved.

1.2.5 Completely positive maps

Among the most significant results in operator algebras is the fact that every C*-algebra can be
represented as a x-subalgebra of B(H) for some Hilbert space H. This fact was first proved using
the Gelfand-Neumark-Segal construction for states: Given any state p acting on a C*-algebra 41,
there exists a x-homomorphism 7 from  into B(H), along with a cyclic unit vector f for 7, such
that for all A € 4 we have
p(A) = (f,m(A)f).

With this result in mind, we might ask ourselves if, in general, a positive linear map ¢ : 4 — B
between C*-algebras dilates in a canonical manner to a representation. The answer is yes if the

map is completely positive.

Definition 3. Let ¢ : 4 — B be a linear map between C*-algebras. For each n € N, define

All Tt Aln ¢(A11) e (rb(Aln)
On - =

Aln o Ann ¢(A1n) e ¢(Arm)
We say that ¢ is completely positive if ¢, is positive for all n € N.

We present Stinespring’s Theorem, which allows us to dilate any completely positive map to a

s-homomorphism (see Theorem 4.1 of [Pa]):

Theorem 1. If {l is a unital C*-algebra and ¢ : 84 — B(H) is a unital completely positive map,

then there is a Hilbert space K, a x-homomorphism m : 4 — B(K), and an isometry V : H — K
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such that

for all A € 4.

Stinespring’s Theorem can be used to show that a linear map ¢ : B(H) — B(H) is completely

positive if and only if for all A;,... A, € B(H), f1,...,fn € H,and n =1,2,..., we have

Y (i 6(A7A))f) = 0.

ij=1

From the work of Choi (see [Ch]) and Arveson (see [A4]), we also know that a normal linear
map ¢ : B(H;) — B(Hz) is completely positive if and only if it can be written in the form
$(A) = S;AS;
i=1

for some maps S; : Hy — Hy which are linearly independent over ¢5(N) in that Z;SFUOO 2iS; =0
for a sequence {z;}i_; € £2(N) implies z; = 0 for all ;. With these hypotheses satisfied, the number

n is unique. We call n the rank of ¢ as a completely positive map and note the difference between

this notion of rank and the regular notion of rank (as in, the dimension of the image of ¢). For

example, the map ¢ on My (C) defined by ¢(A) = A T is a rank one map, but its rank as a
p p Yy P

completely positive map is four, as

er1deir + einAear + earAera + eanAeg
5 .

$(A) =

We will frequently use the three equivalent formulations of complete positivity we have discussed.

All *-homomorphisms are completely positive, as are all positive linear functionals on C*-
algebras. A sx-homomorphism ¢ is positive since spec(¢(A)) C spec(A) for all A € 4L, and complete
positivity now follows since ¢,, is also a x-homomorphism for each n € N. The fact that every
positive linear functional on a C*-algebra il is completely positive follows from the more general
theorem that any positive map from 4l into a commutative C*-algebra 9 is completely positive

(Stinespring showed that this last statement is also true if we exchange 4 with 9; see Proposition
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3.7 and Theorem 3.10 of [Pa]). We will soon meet another class of completely positive maps, the

Schur maps associated with positive matrices.

1.2.6 Conditionally negative maps
Having discussed completely positive maps, we turn our attention to a similar notion:

Definition 4. A self-adjoint linear map ¢ : B(K) — B(K) is said to be conditionally negative

if, whenever Y_" Aif; = 0 for Ay,..., A € B(K), fi,....fm € K, and m € N, we have

it (fi ¥(A7A;) f5) < 0.

Let n = dim(K) < oo. From the literature we know that 1) has the form

P(A) =sA+YAH AY" — 2”: XiS;AST,
i=1
where s € R, t7(Y) = 0, and for all ¢ and j we have \; > 0, tr(5;) = 0 and tr(S}S;) = nd;;, where
p < n* is independent of the maps S;. We call p the rank of L as a conditionally negative map.
We note that this form for L is unique in the sense that if L is written in the form
P
(A) =tA+ ZA+ AZ* =Y wTiAT},
i=1
where t € R, tr(Z) = 0, and for all ¢ and j we have p; > 0, tr(T;) = 0, and tr(T;}T;) = nd;;, then
s=t,Z=Y,and Y b_ NS;AS; =30 | W/ T, AT} for all A € B(K). Indeed, let {v;}7_, be any
orthonormal basis for K, let hy = vg/+/n for each k, let f € K be arbitrary, and for k =1,...,n
define A, € B(K) by Ay = fh}. Using the trace conditions, we find

n n

D (Ap)hy, > (s hi)sf+ > (b, b)Y+ (hie, Y i) Af

k=1 k=1 k=1 k=1

n p
=30 (D Nt ST S
k=1 =1
P n
= sf+Yf+0-) (ZAi(hk’,S;hk)Sif)
=1 k=1

p
= sf+Y[=) NO)Sif=sf+Yf.

i=1
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An analogous computation shows that Y ¥(Ag)hy = tf + Zf. Since f € K was arbitrary,
we conclude (t — s)I =Y — Z. Therefore, tr((t —s)I) =tr(Y —Z) =0,s0t =sand Y = Z.
Consequently, >0, N;S;ASF = Y8 T, AT} for all A € B(K). This uniqueness will come in
handy several times later.

What is the connection between conditional negativity and complete positivity? A result of
Evans and Lewis (see [EL]) tells us that if 1 is conditionally negative, then e~¥ is completely
positive. This fact will play a vital role in allowing us to establish the connection between unital

invertible g-positive maps and conditionally negative maps on M, (C).

1.2.7 Schur maps

The first time each of us saw matrices, we likely thought that the way to multiply n x n matrices

A and B was to proceed in the obvious manner:

a1 Gln bin - bip aiibin - apbip

A1n " Ann bln o bnn alnbln o annbnn

Our teacher then likely told us how wrong we were to multiply matrices in this way. As the years
go by, many of us shudder at the thought of this memory, having long ago failed to consider the
possibility that this dazzlingly simple method of matrix multiplication could be mathematically
meaningful. Until, that is, the day when we learn that the above is called the Schur product of A
with B, and that its impact on mathematics is substantial (for some of us, today is that day).
After all, let us consider the map ¢4 : M,,(C) — M, (C) defined by ¢4(B) = A e B, the Schur
map associated with A. This is clearly a linear map. Moreover, if A is a positive matrix, then
¢4 is completely positive. With this result at hand, we see that Schur maps provide a plethora of
relatively uncomplicated completely positive maps. They actually provide, up to change of basis,

all unital invertible completely positive maps on M, (C) that enjoy the additional property of
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being g-pure (see Definition 9 and Theorem 9).

1.2.8 (' P-semigroups on matrix algebras

A theorem of Bhat in [Bh] allows us to generate Ey-semigroups from strongly continuous com-
pletely positive semigroups of unital maps on B(H), called C' P-semigroups. We state a reformu-

lation of Bhat’s theorem from [P2]:

Theorem 2. Suppose o is a unital CP-semigroup of B(H). Then there is an Egy-semigroup o®

of B(K) and an isometry W : H — K such that
ai(A) = W (W AW )W

and ay(WW™*) > WW* for all t > 0. If the projection E = WW™ is minimal in that the closed
linear span of the vectors
of (BALE)---of (EA,E)Ef

for fe K,A; € B(H) and t; >0 for alli=1,2,...,n andn =1,2,... is H (in which case we

d

say « is minimal), then o is unique up to conjugacy.

Whereas Ejp-semigroups are very complicated (we had to toil through the CAR and CCR
algebras earlier just to find basic type I examples), C'P-semigroups can be incredibly simple.
Take, for example, the semigroup of Schur maps o = {a;}+>0 on M2(C) defined by

—t
ail a2 a11 € "aiz

as1  a92 e tag a22
Positivity of the matrix eq; + e‘t(elg + e21) + ego for all ¢ > 0 implies that the mappings «; are
completely positive, so « is a C' P-semigroup. By Bhat’s dilation theorem, « dilates minimally to
some Eg-semigroup a?. What can we say about a?? The answer is that we can tell everything
about o from the generator 9 of «, which is the map

A = lim M.
t—0 t
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Powers showed in [P3] that a? (where a was any C' P-semigroup acting on an n x n matrix algebra)
is type I,,, where n is the rank of 0 as a conditionally negative map (see Definition 4 and the remark
following it). At almost exactly the same time, Arveson obtained an even stronger result, as he
proved in [A3] that every C' P-semigroup « whose generator is bounded minimally dilates to a type

I Ey-semigroup.

1.2.9 CP-flows

We have now reached the final section of the background, which, coincidentally, is the framework
around which many of our thesis results are built. In perhaps the most herculean effort of his
mathematical career, Powers (in [P1]) used Bhat’s dilation theorem to concoct a method through
which every (non-trivial) spatial Ep-semigroup could be obtained from dilating C'P-flows. As
before, let K be a separable Hilbert space and let H = K ® L?(0,00). We identify H with
L?((0,0); K), the space of K-valued measurable functions on (0, c0) which are square integrable.

Under this identification, the inner product on H is

(f,9) = /Ooo(f(x),g(x))dx.

Let U; be the right shift on H, so for f € H we have (Ui f)(z) = f(x—t) for z > t and (U f)(x) =0

otherwise. Let A : B(K) — B(H) be the map (A(A)f)(z) = e *Af(x).

Definition 5. Assume the notation of the above paragraph. A strongly continuous semigroup
a = {a; : t > 0} of completely positive maps of B(H) into itself is a CP-flow if ax(A)U; = U A

for all A € B(H).

A result of Powers (Theorem 4.0A of [P1]) shows that every spatial Eyp-semigroup acting on
B(H) (for H a separable Hilbert space) is cocycle conjugate to an Fy-semigroup which is a C'P-
flow, and that every C' P-flow over K arises from a boundary weight map. The boundary weight

map p — w(p) of a CP-flow « associates to every p € B(K). a weight w(p) on B(K ® L?(0,00))
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so that the functional ¢(p) on B(K ® L?(0,00)) defined by

€p)(4) = w(p) (T = AD) VAT = A(D))2)

satisfies £(p) € B(K ® L?(0,0))..

If w(p)(I — A(I)) = p(I) for all p € B(K)., then « is unital.

Given any C'P-flow « over K, there is a unique family of completely positive contractions
ot = {ﬂf :t > 0}, called the generalized boundary representation of a. Its relationship to the

boundary weight map is as follows. Defining maps p — wi(p) by

wi(p)(A) = w(p) (U AU ). (1.2.5)

we have 7, = wi(I + /A\wt)*l. The maps {ﬂ';f}bo have a o-strong limit ﬂ'# as b — 0 on

Usso UtB(H)U;, called the normal spine of o. If a is unital, then the index of o as an Fo-
semigroup is equal to the rank of 71'8# as a completely positive map (Theorem 4.49 of [P1]). Powers
has determined when a boundary weight map p — w(p) gives rise to a C'P-flow (see Theorem 3.3

of [P2)):

Theorem 3. If p — w(p) is a completely positive mapping from B(K). into weights on B(H)
satisfying w(p)(I — A(I)) < p(I) for all positive p, and if the maps #t; = wi(I + Aw;)™1 are
completely positive contractions from B(K). into B(H). for all t > 0, then p — w(p) is the

boundary weight map of a CP-flow over K.

The subordinates of a C P-flow are entirely determined by the subordinates of its generalized

boundary representation (Theorem 3.4 of [P2]):

Theorem 4. Let o and 3 be CP-flows over K with generalized boundary representations n# =
{7#) and €# = {€}, respectively. Then (3 is subordinate to o (that is, oy — By is completely
positive for all t > 0, and we write « > ) if and only if 7r;# — f;# 18 completely positive for all

t>0.
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Powers investigated boundary weight maps when dim(K) = 1 in [P2]. In this case, the
boundary weight map is just ¢ € C — w(c) = cw(1). We may therefore simply view our boundary
weight map as a single boundary weight w := w(1) acting on B(L?(0,00)). If w is unbounded,
then it is a non-normal (see page 9 of [MP]) functional defined on the null boundary algebra

U(L?*(0,00)) = /I — A(1)B(L?(0,00))~/I — A(1). Theorem 3.10 of [P2] tells us the following:

Theorem 5. Suppose w is a boundary weight. Then w is of the form

w(A) =Y (gr, (I = A1) T2AI = A1) 2gp)
keJ

Jor A € U,oq Ui B(L?(0,00))Uy, where g, € L*(0,00) for each k € J and the g, are mutually

orthogonal with %, ; ||gk||* < 1.

If w is a boundary weight on B(L?(0,00)), then its associated generalized boundary represen-

tation satisfies

Wt (A)

A = T )

(1.2.6)

for all t > 0. We say w is normalized if w(I — A(1)) = 1. An examination of (1.2.6) yields the
following: If w is bounded, then from Theorems 4.27 and 4.49 of [P1] it induces a type I.qrq(.)
Ey-semigroup, while if w is unbounded, then it induces a type Iy Ep-semigroup. By Theorem 4,
if v and u are boundary weights on B(L?(0,0)) that give rise to CP-flows « and 3, we see from
formula (1.2.6) that o > 3 if and only if

14 _ Lt
L+ (A1) 1+ (A1)

is completely positive for all ¢ > 0 (we write v >, u). We will use Theorem 4 later to obtain a
similar result for finding the subordinates of a C'P-flow induced by a particular kind of boundary
weight double (¢, v) (see Lemma 2).

We will use unbounded boundary weights on B(L?(0, o)), but with slightly different notation.

If v is a normalized unbounded boundary weight on B(L?(0,00)) of the form
v(A) = (g, (I - A(1)"V2A(I - A1)~ V%)
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for A € U(L?*(0,00)), let f = (I —A(1))"2g, so f: (0,00) — C is the function

_ 9@

Now f € L3(t,00) for all ¢ > 0, but unboundedness of v implies that f ¢ L?(0,00). Furthermore,

we have

v(4) = (9.(I - A(1)7V2AU - A(1)"'2g)

= (L -AD)2f (= AQ)TV2AS) = (f,Af).

for all A € U(L?(0,00)). Therefore, v has the form v(A) = (f, Af), and ||(I — A(1))Y2f|| =
v(I — A(1)) = 1. We could also go backwards: Let f be any Lebesgue-measurable defined on
(0,00) which is in L2(t,00) for all t > 0 but satisfies f ¢ L?(0,00), with the further property
that |[(I — A(1))*?f|| = 1. Then we can define a (normalized) unbounded boundary weight v
on U(L?*(0,00)) by v(A) = (f, Af). In the notation of [P2], v is the boundary weight v(A4) =
(g,(I = A(1))"Y2A(I — A(1))~/2g) for the function g := (I — A(1))"/2f € L?(0, c0).

In summary, the normalized unbounded boundary weights on B(L?(0, o)) of the form v(A) =
(g, (I=A(1))"Y2A(I—-A(1))"'/2g) are precisely the boundary weights of the form v(A) = (f, Af)
for Lebesgue-measurable functions f such that f € L%(t,00) for all t > 0, f ¢ L?(0,00), and
fooc(l —e )| f(z)]?dx = 1.

To define boundary weight maps p — w(p) for p € (B(K ® L?(0,0)). and dim(K) > 1, we will
use boundary weight doubles (¢, v), where ¢ : M,,(C) — M, (C) is a unital completely positive map
and v is a normalized unbounded boundary weight on B(L?(0,0)) of the form v(B) = (f, Bf) (see
Proposition 1). We find that there is an additional assumption for ¢ which results in a necessary
and sufficient condition for wy(I + Aw;) ™! to give rise to a C'P-flow, namely that ¢(I 4 t¢)~" be
completely positive for all ¢ > 0 (we say ¢ is g-positive). This condition is far from redundant, as

completely positive maps can have negative eigenvalues. As one example, take the Schur map ¢
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on M5(C) defined by

ail a2 aiil —ai12

a21 Aa22 —aszi a22

It is also a good exercise to show that a completely positive map with nonnegative spectrum need
not be g-positive either (try some more of your favorite Schur maps).

In [P2], Powers defined corners, g-corners, and hypermaximal g-corners between boundary
weights on B(L?(0,00)). These serve as the way to test whether such two boundary weights
induce cocycle conjugate Ep-semigroups. In Definition 10, we make analogous definitions that
allow us to test cocycle conjugacy of Bhat minimal dilations of C'P-flows arising from certain

boundary weight doubles (¢, v) and (¢, 1) (see Definition 10).
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Chapter 2

Our boundary weight map

2.1 (g-positivity and our boundary weight construction

We begin with a definition mentioned in the background:

Definition 6. Let K be a separable Hilbert space. We say a linear map ¢ : B(K) — B(K) is

q—positive if (I + tp)~t is completely positive for all t > 0.

Henceforth, we naturally identify a finite-dimensional Hilbert space K with C" and B(K ®
L?(0,00)) with M, (B(L?*(0,00)). Under these identifications, the right shift ¢ units on K ®
L%(0,00) is the matrix whose ij" entry is 6;;V; for V; the right shift on L?(0,00). The map
Apxn : B(K) — B(K ® L*(0,00)) sends the n x n matrix B = (b;;) to the matrix A, (B) whose
ij*" entry is the operator A; : C — B(L?(0,00)) defined by A;(c)(f)(z) = ce *f(x). Given a
boundary weight v acting on B(L?(0,00)), we write {2, ,xx as the map that sends an n x k matrix
A = (A;j) € Myxi(B(L%*(0,00)) to the matrix €, ,xx(A4) € My, xx(C) whose ijt" entry is v(Aij).

We will suppress the integers n and k& when they are clear, merely writing the above maps as
Q, and A. In the proposition and corollary that follow, we show that one can construct a C'P-

flow using a g—positive map ¢ : M,,(C) — M, (C), a boundary weight v on L?(0,00) such that
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v(I12(0,00) —A(1)) = 1 (we say v is normalized), and the map Q, := Q, nxn : M, (B(L?(0,00))) —

M, (C). The map €, is completely positive since v is positive.

Proposition 1. Let H = C"® L*(0,00). Let ¢ : M, (C) — M,,(C) be a unital completely positive
map, and let v be a normalized unbounded boundary weight on L?(0,00). Define a map w from

M, (C)* into weights on B(H) by

Then the map p — w(p) is completely positive. Furthermore, the maps &y := we(I + /A\wt)*l are

completely positive contractions of M, (C), into B(H), for allt > 0 if and only if ¢ is g—positive.

Proof: The map p — w(p) is completely positive since it is the composition of two completely

positive maps. Before proving either direction, we prove the equality
# _ -1
7 =¢(I +5:¢)” 0y, (2.1.1)

Letting s; = v4(A(1)) and denoting by U; the right shift on H for every ¢ > 0, we claim that

(I 4 Aw;)™t = (I + 5,¢)". Indeed, for arbitrary ¢ > 0, B € M, (C), and p € M,(C)*, we have
Ren(p)(B) = p(6(WOUABIUUY) ) ) = p( 092, (A(B)) = st(6(B)),

hence Awy = s;¢ and (I + Awy) ™! = (I + s,6) L.

For any t > 0 and A € H, we have

P (4) = #p)(A) = wilT + Rwn) 7 (p)(A) = ((T+ Aer) () ) (6( (4)))

((7+5:)7(0) ) (@S2, (A))) = p((1 + 5:0) 7 6(, (4)))

p(6(1 +5,0) 71, (4))),

establishing (2.1.1).
Assume the hypotheses of the backward direction and let ¢ > 0. Then 7TZ¢ is the composition

of completely positive maps by (2.1.1) and is thus completely positive. Furthermore, 71'2# is a
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contraction since

_#*
Il

7 (L)l = 116 + 5:0) ™", (In))|

s ()|

HVt (Iz2(0, oo) H _ vi(IL2(0,00)) <1
1+St 1+Vt(A(1>) -7

where the last inequality follows from the fact that

Vt(IL2(O,oo) — A(].)) S V(IL2(0700) — A(l)) =1.

Now assume the hypotheses of the forward direction. By unboundedness of v, the (mono-
tonically decreasing) values {s:};~o form a set equal to either (0,00) or [0,00). Choose any
t > 0 such that s; > 0. Let T € B(H) be the matrix whose ;" entry is ﬁILZ(O,oo), and let
k¢ : M,,(C) — B(H) be the map that sends B = (b;;) € M, (C) to the matrix x;(B) € B(H) whose

th

i7" entry is ))IL2(07OO). We note that k; is the generalized Schur product B — B - T,

vi(I12(0,00

which is completely positive since T is positive. For all B € M,,(C) we have
S(I + 5:6)"(B) = 7 (ru(B)),

so ¢(I + s¢¢)~! is the composition of completely positive maps and is thus completely positive.

As noted above, the values {s;}4~0 span (0,00), so ¢ is g-positive.

2.1.1 Boundary weight doubles, and type

Corollary 1. The map p — w(p) in Proposition 1 is the boundary weight map of a CP-flow «

over C", and the Bhat minimal dilation o of o is a type IIy Eg-semigroup.

Proof: The first claim of the corollary follows immediately from Theorem 3 and Proposition

1 since



for all p € M,,(C)*. For the second assertion, we note that by Theorem 4.49 of [P1], the index of
a® is equal to the rank of the normal spine w# of a;, where w# is the o-strong limit of the maps

{7 }b0 on U,oo Us B(H)U;. Fix t > 0, and let A € U, B(H)U;". From formula (2.1.1),

7 (A)) = oI + (A1) $) 1, (A)).

For all b < t we have ||, (A)|| = ||, (A)]] < oco. Since vp(A(1)) — 0o as b — 0, we conclude
limy, o [|7{* (A)|| = 0, hence 7ff = 0 and the index of « is zero. However, a? is not completely

spatial since « is not the C'P-flow derived from the zero weight (see Lemma 4.37 and Theorem

4.52 of [P1]), so a? is of type IIo.

Given a g—positive ¢ : M, (C) — M, (C) and a normalized unbounded boundary weight v
acting on B(L?(0,00)), we call (¢,v) a boundary weight double and note that it gives rise to a
unique (up to cocycle conjugacy) type 11y Ep-semigroup. Indeed, the maps ¢, v, and Q,, (the last
of which depends only on ¢ and v) define a boundary weight map w as in Proposition 1 which,
by Corollary 1, gives rise to a CP-flow « that minimally dilates to a unique (up to conjugacy)

Ey-semigroup o

2.2 Comparison theory for dilated C'P-flows

We have a criterion for determining whether two Ey-semigroups induced by C P-flows are cocycle

conjugate (see Lemma 3.8 of [P1]):

Theorem 6. Let o and 8 be Ey-semigroups on B(Hy) and B(Hs), respectively. Then « and [
are cocycle conjugate if and only if there is a collection of linear maps v = {v: : t > 0} from

B(Hs, Hy) into itself such that the family of maps © = {©; : t > 0} defined by

A A at(All) ’Yt(A12)
@t =

Asy Ao 7 (A21)  Be(Az)
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is an Ey-semigroup of B(Hy ® Ha).
The following definition can be found in [P1]:

Definition 7. Let a and 8 be CP-flows over K1 and K. We say that a family of o-weakly
continuous linear maps o = {oy : t > 0} from B(Ha, Hy) into itself is a flow corner from « to (3

if the family of maps © = {©; : t > 0} defined by

A Ao Otf,(An) Ut(A12)
@t =
Asr Ago 07 (A21)  Pr(As2)
is a CP-flow over K1 & K.

If o is a flow corner from « to B3, we consider subordinates ©' of © that are CP-flows of the

form

A A OlQ(An) Ut(Au)
@t =

Aoy Ao of (A1) Bi(A2)

We call v a mazimal flow corner from « to [ if, for every such subordinate ©' of ©, we have
o = a. We say that v is a hyper mazimal flow corner from a to (3 if, for every such subordinate

O of ©, we have a = o and B = '.

Powers has shown (Theorem 4.56 of [P1]) that if C'P-flows « and 3 both dilate to type Iy Ey-
semigroups, then a? and 3¢ are cocycle conjugate if and only if there is a hypermaximal flow corner
o from a to . We will later use this theorem to determine a necessary and sufficient condition for
Ey-semigroups arising from a particular kind of boundary weight double to be cocycle conjugate

(see Definition 10 and Lemma 7). Motivated by [P1], we make the following definition:

Definition 8. Suppose « : B(Hy) — B(K1) and § : B(Hy) — B(Ks3) are completely positive

maps. We say a linear map ~y : B(Hy, H1) — B(K2, K1) is a corner from « to 3 if the matrix

s completely positive.
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The following lemma gives us the form of any corner between completely positive maps of finite
index. We have been informed that this result (or a nearly identical one) may have already been

proved in the literature, in which case we present a proof here for the sake of completeness:

Lemma 1. Let Hy, Ho, K1, and Ky be separable Hilbert spaces. Let o : B(Hy) — B(K1) and
B : B(Hz2) — B(K3) be completely positive contractions of the form

a(An) = ZSAuSZ,ﬂAzz ZTAQQT

i=1
where n,p € N. Then v : B(Hs, H) — B(Ka2, K1) is a corner from « to 8 if and only if for all
Ay € B(Hy, Hy) we have

v(A12) Z cijSiA1T},

ij
where C = (¢;j) € Mpxp(C) is any matriz such that ||C|] < 1.
Proof: For the backward direction, let C' = (¢;;) € M,,x,(C) be any contraction, and define a

linear map 7 : B(Ha, H1) — B(Ka2, K1) by v(A) = 3_, ; ¢;;SiAT;. We need to show that the map

is completely positive. To prove this, we first assume that n > p and note that by Polar De-
composition we may write Crxp = VixpTpxp, Where V;,»), is a partial isometry of rank p and T

is positive. Unitarily diagonalizing 7' we see Crixp = VixpWpyp,DpxpWpxp. We may easily add

columns to Vy,x, Wy, to form a unitary matrix in M, (C); we call this matrix U*. Defining D to

be the matrix obtained from D by adding n — p rows of zeroes, we see U*D = ViuxpWpokp D, s0

Chnxp = U*DWpo and

uc,

XP pxp

In other words,

Opedre ik <p
Z CijUkiWe5 =

i,j 0 ifk>p
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Next, define {S;}*, : Hy — K; and {Tj}?:l : Hy — Ky by

n p
! PR / R
S = E Ui Sk, T = E wjeTy,
k=1 =1

50 S; = Yy ukiSy, and Tj = 77, wy; T for all i and j.

Since the n x n matrix U and the p x p matrix W are unitary, it follows that the maps {S/}* ,
are linearly independent, as are the maps {7} }1;:1. We observe that for any A;; € B(H;) and
A22 S B(HQ),

n n p P
S USAnS; =3 SIAN(S)T and STy Ag T = Y T)Ass(T))".
i=1 =1

Jj=1 Jj=1

Finally, for any A2 € B(Hay, Hy), we find

Z CijSiAT; = Z cijuk,’wing,;A(Té)* = Z (ZCWUMWS;A(TZI)*)
2%

1,5,k,4 k.l i
(k<p),t %] (k>p),L  i.j
P
= Y duSLATL) +0 =" duSp AT,
k<p k=0
where ||D|| = ||C|| since U and W are unitaries in M,(C) and M, (C), respectively. We have
shown that
Y SiAnS; Y epSiAnTy || T SiAn(S)T S, duSiAn(T))”
2 GiTiAnS] 2l TiAxTy Yt AT A ()" 300 Ti An(T7)*
for all
A Ar
A= € B(H, © Hy).
Ao Ax

For each i =1,...,p, define Z; : H| & Hy — K1 ® K5 by



SO

P 4 (1—|dii|*)S; A1 S; 0
T(A) = E Z;AZT + E
i=1 i=1 0 0

The first sum on the previous line is obviously completely positive, and the second sum is com-
pletely positive since ||D|| < 1. We conclude that T is completely positive, hence « is a corner
from « to 8. The proof in the case that n < p is analogous.

For the forward direction, suppose that v is a corner from « to 5. Define Y : B(H; & Hy) —

B(Kl D KQ) by

a v
T= ,
B
. A Aigg o1 SiAnS; v(A12)
Agr  Ago v*(A21) Z?ZlTjAQQT;

is completely positive. Therefore, for some ¢ € NU {oco} and maps Y; : H; & Hy — K @ K for

1 =1,2,..., linearly independent over ¢; (N), we have
~ q ~
T(A)=> YAy
i=1
for all A € B(Hy ® Hy, K1 ® Ks). For i = 1,2, let E; € B(H; ® H») be projection onto H;, and
let F; € B(K; @ K3) be projection onto K;. Since a and 3 are contractions we have T(E;) < F;

and Y(Ey) < Fy, so Y;E;Y,* < F; for each i and j. It follows that each Y;, ¢ = 1,...¢, can be

written in the form

for some S; € B(H;,K;) and T, € B(Hs, K>).
Since a(A11) = Y1, S;AL, S = S SiA11S; for all Ay € B(H;y), we know from the work
of Arveson (see [A4]) that the maps {S},...,S;} and {S1,...,S,} span the same space £, in the

sense that

&x:{zq:xisg:xie(c}z{iuisi:uiec}.

i=1 =1
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Similarly, the maps {Tj}gzl and {Tj}’;:1 each span the same space Eg. Therefore, for each
i=1,...,q we have
Si=> ai;S;, T, = buTy
j=1 k=1
for some coefficients {a;;} and B = {b;;} € Myx,(C). From linear independence of the maps

{Y;}L,, it is clear that ¢ < n+p. Let A = (aij) € Myxn(C) and B = (b;;) € Myx,(C). We

calculate
n q n
=1 =1 =1 j,k=1

Js

(zq: aij@) S; AS;.
i=1

Let M € M,(C) be the matrix with jk'" entry >°¢_, a;;a;5. As in the proof of the backward

1

direction, we may ‘“diagonalize” the map A — Y70 S;AS; = 377, (371, ai;aix)S;ASy as
A — Y SIASH =37 d;S;AS)* for some linearly independent maps {S/}!; and a matrix
D = (d;;) € M,(C) with ||D|| = ||[M]|. Clearly D = I, so ||M|| = 1. But M = AT(AT)*, hence
[|A|]| = 1. The same argument shows that ||B]|| = 1.

Let
A A

e
|

€ B(H, @ Hs)
A21 A22

be arbitrary. Let C = (cj5) € Myx,(C) be the matrix C = (B*A)7, noting that ||C]] < 1. A

straightforward computation of T(A) =37, Y;AY} yields

i=1 i=1 =1 k=1
= (L) anti = X enssdnti.
gk i=1 J-k

hence 7 is of the form claimed.
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2.2.1 ¢-purity

Just as in the general study of various classes of linear operators, it is natural to impose, and
examine, an order structure for g-positive maps. If ¢ and ¢ are g-positive maps acting on M, (C),
we say that ¢ g-dominates of ¢ (and write ¢ >, ¥) if ¢(I +t¢)~1 — (I 4 t1p)~! is completely
positive for all ¢ > 0. We would like to find the ¢-positive maps with the least complicated
structure of ¢g-subordinates. That last statement is not as simple as it seems. We think to define
a g—positive map ¢ to be “g—pure” if ¢ >, ¢ >, 0 implies ¢ = ¢ for some A € [0, 1], but there
exist g—positive maps ¢ such that for every A € (0,1) we have ¢ #, A¢. One such example is the

Schur map ¢ on My(C) given by

ai;p a2 aiy (%)au

¢ =
a21 Q22 (%)am a22

As it turns out, every g-positive map is guaranteed to have a one-parameter family of subordinates

of a particular form:

Proposition 2. Let ¢ >, 0. For each s > 0, define P) = &(I + s¢)~t. Then ) >4 0 for all
s > 0. Furthermore, the set {(ﬁ(s)}szo 18 a monotonically decreasing family of subordinates of ¢,

in the sense that ¢ >, ¢(52) if 5, < s5.

Proof: For all s > 0 and t > 0, we have

PO +16) 7 = oI +50) 7 (T+10(1+59)71)

= o +50) [(T+ G+ 00) T +50) ] =600+ (s 00) 7,

which is completely positive by g-positivity of ¢. Thus ¢(*) >4 0 for all s > 0.

To prove that (;5(51) >4 ¢(52) if s1 < s9, we let t > 0 be arbitrary. Writing ¢; = s; + ¢ and
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to = so + t, we observe

P+t — gl (I +1902) ™t = (I +119) 7" — ¢(I +t2gp) ™"

(1 +t20) ™ (I + t260)6 — (I +116) ) (I + t19)

= (I+ t2¢)—1((t2 — t1)¢2)(1 +t1¢) 7!

(t2 = ) (0(1 +120) ™) (61 +119)7").

The last line is a non-negative multiple of a composition of completely positive maps and is thus

completely positive.

We now have the correct notion of what it means to be g-pure:

Definition 9. Let ¢ : M, (C) — M, (C) be unital and g-positive. We say that ¢ is g-pure if its

set of q—subordinates is precisely {0} U {6} ¢>0.

2.2.2 Hypermaximality and comparison results

Lemma 2. Let v be a normalized unbounded boundary weight on L*(0,00) of the form v(A) =
(f,Af). Let ¢ : M,(C) — M,(C) be g—positive, and let « be the CP-flow derived from the
boundary weight double (¢,v), with boundary representation © = {772#}»0.

Let 3 be any C'P-flow over C™, with boundary representation & = {fg#}bo and boundary weight

map p — n(p). Then a > G if and only if B is derived from the boundary weight double (v, v),

where 1 is a q—positive map satisfying ¢ >4 .

Proof: As before, for each t > 0 we let sy = 14 (A(1)). Assume the hypotheses of the backward
direction. Then 52# = (I + 54)719Q,,, and the direction now follows from Theorem 4 since the

line below is completely positive for all ¢ > O:

mf — € = (I + 500) ™ — (I + s9) ")y,
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Now assume the hypotheses of the forward direction. Recall that by construction of v, the set
{st}+>0 is decreasing. If s; > 0 for all ¢ > 0 we define P = oco. Otherwise, we define P to be
the smallest positive number such that sp = 0. Fix any tg € (0, P). Notationally, write each
g € H in its components as g(x) = (g1(), ..., gn(x)), and write f;, for the function U; Uy f € H,
where Uy, is the right shift ¢ units on H. Under our identifications, Uy, Uy, is the diagonal matrix
in M, (B(L*(0,00))) with ii'" entries V;V;* for V; the right shift ¢ units on L?(0,00). Define
S:H — C" by

Sg = ((fto7gl)7 R (ftovgn))’

noting that ©,, (A) = SAS* for all A € B(H). Since ¢(I + s4,¢)"" is completely positive, we
have ¢(I + s4,¢) 1 (A) = > i~ | R;AR? for some Ry, ..., Ry, € B(H,C"). Therefore
71 (A) = (BT + 5106) ™) (U, (4)) = Y RiSAS" ;.
i=1
The map ffé is a subordinate of Wfﬁ , so from Arveson’s work in metric operator spaces (see [A4])

we know that Efé has the form
fzt(A) = Z CinZ‘SAS*R;,
i,j=1

for some complex numbers {c;;}. Let L be the map L(A) =}, ; ¢;j R; AR}, noting that ff;(A) =

L(SAS*) = L(Q,, (A)) for all A € B(H).

Defining v, by ¢, = (I — £iA)*1L, we find that for arbitrary A € B(H) and Ae M, (C),

Ma(p)(A) = (&I = Ad) ™) (0)(A) = p((T - b 0) 71 (€l (4)))
= (1 =0 L, (A))) = o, (U, 4)) (2.2.1)
and
Roea (0)(A) = 1ta (9) (A(A)) = (10 (s, (A(A))) = 51000, (4)), (2:2:2)

SO Ar]to = Sto’(/JtO.
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Using formulas (2.2.1) and (2.2.2) and the fact that &, = 1, (I + A7) ", we find

P(fi) = éto (p) = Mo (I + Anto)il(p) = ((I + Anto)il(p)> (wtoQVtO)

((I + Stoﬁto)_l(p)) (V1o $20,) = P((I + 3t0¢t0)_1¢t09ut0)

= p<¢t0 I+ StOT/Jto)_lQVto)

for all p € M, (C)*, hence & = oy, (I + s¢t,) 'y, -

We now show that the maps {1 }:~¢ are constant on the interval (0,P). Let ¢t € [to, P)
be arbitrary. For each A = (aij) € Mp(C), let A = (%V}Vt*) € B(H). Let p € M,(C).
Straightforward computations using formula (1.2.5) yield €, (4) = Q:(A) = A and 5, (p)(A) =

N:(p)(A). Combining these equalities gives us

pWi(A) = (g, (4))) = 0, (p)(A)

= () (A) = p(:ih, (A)) = p(e(A)).

Since the above formula holds for every A € M, (C) and p € M,(C)*, we have ¢, = tb,. But
to € (0,P) and ¢ € [to, P) were chosen arbitrarily, so the previous sentence shows that 1, = 1y,
for all t € (0, P).

Letting 1 = 1y, we have
F=vI+sw)7', (2.2.3)

for all t € (0, P). Defining k; as in the proof of Proposition 1, we observe that ¢ (I+s4)) "1 = {Z#Iit
for all ¢ € (0, P), where the right hand side is completely positive by hypothesis. Since every
t € (0,00) can be written as t = s/ for some t' € (0, P), it follows that (I + t))~! is completely
positive for all ¢ > 0. Furthermore, ¥ (I +s¢) ™! — 1 in norm as ¢t — oo, hence ¢ >, 0. Similarly,
we see that since 71';# — ft# is completely positive for all ¢ > 0 by assumption, it follows from our

formula

O+ 5:0) 7 — (I + s) "1 = (nff — €F )ma
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that ¢(I + s1¢0) ™! — (I + s41) ! is completely positive for all ¢ > 0, and so its norm limit (as
t — 00) ¢ — 1 is completely positive. Therefore, ¢ >, 1. Finally, since the CP-flow [ is entirely
determined by its generalized boundary representation £ (which itself is entirely determined by any
sequence {ff’i } with ¢,, tending to 0), it follows from (2.2.3) that g is derived from the boundary

weight double (¢, v).

In a manner analogous to that used by Powers in [P2] and [P1], we define the terms g-corner

and hypermazimal q-corner:

Definition 10. Let ¢ : M,,(C) — M, (C) and ¢ : My(C) — My(C) be g—positive maps. A corner

v Myxk(C) = My« (C) from ¢ to v is said to be a g-corner from ¢ to v if the map

r Anxn  Bnxk ¢(Anxn) 'Y(ank)
Crxn  Dixk Y (Crxn) Y(Drxk)

is q-positive. A q—corner 7y is called hypermazimal if, whenever

) ¢y
T>, 1T = >, 0,
vy
we have T = T1'.
Proposition 3. For any q—positive ¢ : M,,(C) — M, (C) and unitary U € M,,(C), define a map

du by

¢u(A) = U o(UAU™)U.

1. The map ¢y is q-positive, and there is an order isomorphism between q—positive maps (3
such that ¢ >, 8 and g—positive maps By such that ¢y > By. In particular, ¢ is g—pure if

and only if ¢y is g—pure.

2. If ¢ is unital and q-pure, then there is a hypermaximal g—corner from ¢ to ¢y .
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Proof: To prove the first assertion, we define a completely positive map ¢ on M, (C) by
¢(A) = U* AU, noting that ¢! is also completely positive. For every t > 0 and A € M, (C), we

find that (I + téy)~ (A) = U*(I + t¢)~ (UAU*))U and

ol +tov) 1 (A) = U(UUI +1to) (UAU U U

U (I +to) " {(UAU*U

Cod(I+tp) to¢ (A, (2.2.4)

80 ¢y >4 0. Given any g—positive map [ such that ¢ >, 3, define Sy by By (4) = U*B(UAU*)U.

Then fy is ¢-positive by (2.2.4), and for each ¢t > 0 we have

vl +tdp) ™t — Byl +tBy) ™ = Co (oI +1¢) ™  — I +8) ") o ¢,

hence ¢y >, Bu. Of course, since ¢ = (¢y)y~, the argument just used gives an identical corre-
spondence between g—subordinates « of ¢y and g-subordinates ay« of ¢. Our first assertion now
follows.

To prove the second statement, we define v : M, (C) — M,(C) by v(4) = ¢(AU*)U. By

Theorem 1, 7y is a corner from ¢ to ¢y, so the map

o A A ¢(A11)  v(Ar2)
A9 Ag 7" (A21)  ¢u(A22)
is completely positive. We calculate (I + ty)~1(A) = ¢(I + te) " (AU*)U, so for each t > 0 we

have

o +10)! Ay Agp B ST +tp) "1 (Am) O(I + td) " (A1 UNU
Ay Ag U*¢(I+t¢)—1(UA21) ou (I + t¢U)_1(A22)

This shows that (I +ty)~! is a corner from ¢(I +t¢)~! to ¢y(I +téy)~! for all t > 0, so v is a
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g—corner. Finally, if

o A Apg (A1) y(A2)

Asy Az v*(A21) B(A22)

is completely positive and © — ©' is completely positive, then since ¢ and ¢y are g—pure we have
a=¢(I +tp)~! for some t > and 8 = ¢p(I + s¢y)~ ! for some s > 0. Complete positivity of ©’

implies that

I U L7 U
o _ 1+t >0,
* * 1

so s =t =0 and © = O, hence ~ is hypermaximal.

We have arrived at the most significant result of the section, which tells us that, under certain
conditions, the problem of determining whether two Fy-semigroups induced by boundary weight
doubles are cocycle conjugate can be reduced to the much simpler problem of finding hypermaximal

g-corners between g¢-positive maps:

Theorem 7. Let v be a normalized unbounded boundary weight on L?(0,00) of the form v(A) =
(f,Af). Let ¢ and v be unital q—positive maps on M, (C) and My(C), respectively, and induce
CP-flows o and (3 through the boundary weight doubles (¢,v) and (¢,v).

Then a® and 3¢ are cocycle conjugate if and only if there is a hypermazimal g-corner from ¢

to .

Proof: For the forward direction, suppose a® and 3% are cocycle conjugate, so there is a

hypermaximal flow corner

@ =
o* B
from a to 8. Let II = {II¥} be the boundary representation for © and define s, = v;(A(1)), so

for each t > 0 there is some 3; such that
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T 3 (I + 510) ™" 0 Ly nxen 3
Hf - -

3 & 3 O(I+ 5:0) L 0 Dy ke

Since each 3; is a corner from ¢(I + 5:¢) ™ 0 Qy, nxn to Y(I + s:) ™! 0 Qp, gxk, We have 3, =

L¢ o Qy, nxi for some L;. Define a map B; for each ¢t > 0 by

oI + se¢) ™1 Ly
B =
Ly V(I + spp) !
We observe that Hf& = By 0§y, ntk for all ¢ > 0, so an argument analogous to the one given in

the proof of Lemma 2 shows that each 3; has the form 3; = 74 (I + s4y;) ! o Qy, nxk and that v

does not depend on ¢. Therefore, for some 7 : B(K3, K1) — B(K2, K1) we have

3= +s7) " o Qe

for all t > 0. Letting

53
I

we observe for each ¢ that 9(I + s;9)~1 = II; o K(n+k)x (ntk),¢ 18 the composition of completely

positive maps and is thus completely positive, hence ¥ >, 0. Suppose for some map ¢’ we have

/

2l
V>0 = >, 0.
v

Let © be the CP-flow induced by #’, so for some CP-flows o and 3’ we have

e =
o* ﬁl
Since O is a hypermaximal flow corner we have © = ©’; hence ¢ = ¢’ and ¢ = ¢’, and we conclude

that v is a hypermaximal ¢—corner.
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For the backward direction, let N = n + k£ and suppose there is a hypermaximal g—corner

from ¢ to 1, so the map T : My (C) — My (C) defined by

. Ansxn Bnxk _ ¢(Anxn)  V(Bnxk)
Crxn Drxrk Y (Crxn)  ¥(Dixk)
is g—positive. By Proposition 1, the map p — Z(p) from My (C)* into weights on B(CN @
L?(0,00)) defined by

E(p)(A) = p(Y (D, nxn(A)))

is the boundary weight map of a CP-flow v over CV, where for some o we have

a o
V=
ot g
Let
o o
V=
0_* /3/

be any CP-flow such that v > v/. Letting 2, = v(I + s;7) 7! 0 Q, nxk, We see the generalized

boundary representations II = {II, } and II' = {II}} for v and v/ satisfy

T Zy '/Té Zy
II; = > 10 =
2f & Zr g
for all ¢ > 0. Lemma 2 implies that for some ¢’ and ¢’ with ¢ >, ¢' >, 0 and ¢p >, ¢’ >, 0 we have
7, =@ (I+5:90") "1 oQy, nxn and & = ' (I +5,9") 710y, kxk. But the maps Y, =100, NxN
are completely positive, hence v is a g—corner from ¢’ to ¢’. Hypermaximality of v implies ¢ = ¢’

and ¢ = 1)/, thus v = v/. Therefore, ¢ is a hypermaximal flow corner from « to 3, so a® and 3¢

are cocycle conjugate by Theorem 4.56 of [P1].
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Chapter 3

FEp-semigroups obtained from

faithful states

3.1 Classification of Unital Rank One ¢—pure Maps

Any unital linear map ¢ : M, (C) — M, (C) of rank one is of the form ¢(A) = 7(A)I for some
linear functional 7. If ¢ is positive, then 7 is a positive functional and 7(I) = 1, so 7 is a state. On
the other hand, given any state p, the map ¢ defined by ¢(A) = p(A)I is unital and completely
positive. Furthermore, ¢ is g—positive since ¢(I + tp)~! = %H¢ for each t > 0. The unital rank

one g—positive maps are therefore precisely the maps A — p(A)I for states p.

The goal of the rest of the section is to determine when such maps are g—pure, and then to
find when there is a hypermaximal ¢—corner between unital rank one g-pure maps ¢ and . In
the case that v is a normalized unbounded boundary weight of the form v(B) = (f, Bf), this is
equivalent to determining whether (¢,v) and (¢, ) induce cocycle conjugate Egp-semigroups by

Proposition 7.
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We begin with a lemma:

Lemma 3. Let p be a faithful state on M, (C), and define a q-positive map ¢ : M, (C) — M, (C)
by ¢(A) = p(A)I. For any nonzero positive linear functional 7 on M,(C) and nonzero positive
operator C € M, (C), define ¥, c : My (C) — M, (C) by ¢, c(A) =1(A)C.

Then ¢, ¢ is g-positive, and ¢ >4 VY- ¢ if and only if 1, c = Ap for some A € (0,1].

Proof: We begin by noting that for all A € M,,(C) and ¢t > 0 we have (I + t¢, o)1 (A) =

tT(A
A— 1+t5’(é)c’ S0

7(4)

Yro(I+ 1t c) H(A) = m )

(3.1.1)

hence 9, ¢ is g—positive. It follows from (3.1.1) that ¢(I + t¢) "1 (A4) = pl(—_’;‘t)l for all A € M,,(C).

Assume the hypotheses of the forward direction. Since ¢ >, ¥, ¢, we have

pAI _ T(A)C
1+t = 1+tr(0)

(3.1.2)

for all ¢t > 0 and A > 0. Note that this is impossible if 7(C) = 0, so assume 7(C) # 0. Letting

t — oo in (3.1.2) yields
T(A)C

p(A)] > O

(3.1.3)

for all A > 0. Setting A = C in (3.1.3), we see p(C)I — C >0, yet

p(p(C) = C) = p(C) = p(C) =0,

hence C' = p(C)I by faithfulness of p.

Rewriting (3.1.3) as p(A)I > Tgé,gj)p(C)I =T for all A > 0, we see that p — T IS a

(p [l

positive linear functional. Therefore,

o= mall = 0= 70 <1212,
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hence 7 = ||7||p. Setting t =0 and A = I in (3.1.2) gives us ||7]| = 7(]) = ﬁ for some A € (0, 1].
Therefore,

r.0(A) = 7(A)C = [|7][p(A)p(C)] = Ap(A)T = Ap(A)

for all A € M,,(C), proving the forward direction.

The backward direction follows from Proposition 2 since A\¢ = qb(%) for every A € (0, 1].

Let ¢ : M, (C) — M,,(C) be a g—positive contraction such that the map Ey, := t1(I + tp) !
satisfies ||Ey, || < 1 for all t > 0. By compactness of the unit ball of B(M,,(C)), the maps E,;, have
some norm limit as ¢ — co. We claim that the limit is unique. To see this, pick any orthonormal
basis with respect to the trace inner product (A, B) = tr(A*B) of M,(C), and let M; be the

2

n? x n? matrix of By, with respect to this basis. From the cofactor formula for (I + t1)~! we

know that the ij*" entry of M, is a rational function ri;(t). Uniqueness of lim;_,, Ey, now follows

from the fact that each r;;(t) has a unique limit as ¢ — oo. We call this limit Ey;. Note that
tY = By, (I — By,)"" = Ey, + E} +.... We claim that Ey fixes a positive element 7' of norm

one. Indeed, for each k € N and ¢ > 0, we find

¢l (DI < N By, (DI + -+ (B ) DI+ B (B DI

< )Y IE DI
n=1
so for all k£ we have
() (D] = Jim [[(Ey,)* ()] = 1.
Therefore, all elements of the sequence {T}}ren defined by Ty, = (E,)*(I) satisfy T > 0 and
||T%|| = 1. Since Ty, — Ty1 = (Ey)¥(I — T1) > 0 for all k, the sequence {7} }ren is monotonically
decreasing and therefore has a positive norm limit 7" with ||T|| = 1. Finally, E, fixes T since

Ey(T) = limg_,00 EZ+1(I) =T. We can say even more about Ey for unital ¢ (see Lemma 8), but

for now, the information at hand suffices in showing that a large class of maps is g—pure:
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Proposition 4. Let p be a state on M,,(C), and define a g—positive map ¢ on M, (C) by ¢(A) :=

p(A)I. Then ¢ is g—pure if and only if p is faithful.

Proof: For the forward direction, we prove the contrapositive. If p is not faithful, then for
some k < n and mutually orthogonal vectors fi,..., fi with Zle I|£:]]? = 1, we have p(A) =
Zle(fi, Af;) for all A € M, (C). Let P be the projection onto the k-dimensional subspace of C”
spanned by the vectors f;, and define a g-positive map v : M, (C) — M, (C) by ¥(A) = p(A)P.

Then for each ¢ > 0 and A € M, (C), we calculate

(@) = )(A) = —— (d(4) = ¥(4)) = ——p(A)(I — P),

thus ¢ >4 9. Obviously, ¥ # #) for any s > 0, so ¢ is not g-pure.

To prove the backward direction, suppose ¢ >, 9 >, 0 with ¢ # 0, and form Ey, and Ey = ¢. The
map Fy4, —Ey, is completely positive for all ¢, so its limit ¢—Fy, is completely positive. By the above
remarks, we know that Ey, fixes a positive T' with ||T|| = 1. But (¢ — Ey)(T) = p(T)I — T > 0,
so p(T) =1, hence T = I by faithfulness of p.

By complete positivity of ¢ — Ey, we have ||¢p — Ey|| = ||¢(I) — Ey(I)]| = 0, so ¢ = Ey.

Therefore,

o
Il

Jim (6= B (7 +0)) = im (o5 +) = B (5 +0))
= i (F+ o0 =t (G 4)) = jim T ov

oY — 1. (3.1.4)

Letting 7 be the positive linear functional 7 = p o ¢, we conclude from (3.1.4) that (A) =

p(W(ANI = 7(A)I for all A € M,,(C). Lemma 3 implies that ¢ = \¢ = ¢ for some A € (0,1].
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3.2 The Main Theorem

To prove the main result of the section, we need the following:

Lemma 4. Let ¢ : M,,(C) — M, (C) and v : My (C) — My(C) be unital rank one q—pure maps.
If boundary weight doubles (¢,v) and (1, 1) induce cocycle conjugate Eg-semigroups a® and 3%,

then there is a corner ~y from ¢ to v such that ||v|| = 1.

Proof: If a? and 3% are cocycle conjugate, there is a hypermaximal flow corner ¢ from «a to

[ with associated C P-flow

a o
O =
o* p
Write the boundary representation II for © as
1
T A @ 3t
= | TE
* 1
3 T Ay

for some maps {3;:}:>0. Let p — Z(p) be the boundary weight map for ©, so for some map

p12 — £(p12) from M, (C)* to weights on B(Hs, H) we have

P11 P12 W(Pll) f(ﬂm)

(1]
|

P21 P22 € (p21)  n(p22)
For every A = (A;j) € U(H) and bounded family of functionals {p(t) = (pi;(t))}t>0 in

M, 41(C)*, the fact that =¥ = ¢ = 0 implies
lim oy (1 + Aw)) ™ pu (1) (An) = Yim (1 + Ane) 7 (p2a(1))(Asz) =0,
so by complete positivity of the generalized boundary representation, we have
lim €;(1 + M) (p12(1)) (Ar2) = 0. (3.2.1)

We claim that p1o — £(p12) is unbounded. If ¢ is bounded, then for each p15 € M, «x(C)*, the

family p1o(t) := (I + Aly)(p12) is bounded, so by (3.2.1) we have
}% &5([)12)(1412) =0 (3.2.2)
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for each A1z € U5 WiB(Hz, H1) X[, where W; and X; are the right shift ¢ units on H; and
Hs, respectively. However, for any Az € ;o Wi B(H2, H1) X[ we have Ajp = W BX} for some

s> 0 and B € B(Hs, Hy), where for all b < s we have

Up12)(A12) = bo(p12)(A12) = £;(Ws BXT).

Therefore, by equation (3.2.2) we have

U(p12)(A12) = 0. (3.2.3)

Let A € B(Ha, Hy), p12 € My, x1(C)*, and ¢ > 0 be arbitrary. From (3.2.3) we have

li(p12)(A) = L(p12)(VIAXY) = 0,

hence ¢, = 0 for all ¢ > 0. Uniqueness of the generalized boundary representation implies that

p12 — £(p12) is the zero map. The boundary weight map p — ='(p) defined by

| PPz w(p11) 0
P21 P22 0 0
gives rise to the C'P-flow
o — a o
or A,

where (' is the CP-flow f3;(A22) = XA X} Trivially, © # 60’ and © > 0O, contradicting
hypermaximality of . Therefore, ¢ is unbounded.

Since II; is a contraction for every ¢ > 0 (see Theorem 4.27 of [P1]), so is 3;, hence the map
3t0A: B(Ky, Ky) — B(Ks, K;) is a contraction for each ¢ > 0. A compactness argument shows
that 3¢ o A has a norm limit v for some sequence {t¢,} tending to zero, where ||| < 1. From
unboundedness of ¢ and the formula ¢; = gt(l - Agt)_l for all ¢t > 0, it follows that I — v is not

invertible, so ||| > 1, hence ||| = 1. We claim that + is a corner from ¢ to 1. Indeed, for the
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family of completely positive maps {R; }+>0 defined by R; = II; o A, we have

v, (A1) é 3, oA b
e, tn Y
lim Ry = lim | @G0 -
n—oo n—oo « n A «
(3@ o A) 1Ztmi (Al)l)))'(/} Y ’(/}

Theorem 8. Let ¢y and ¢ be unital rank one g—pure maps on M, (C) and My (C), respectively.
Let v be a normalized unbounded boundary weight on L?(0,00) of the form v(B) = (f, Bf).
Then the boundary weight doubles (¢p1,v) and (¢2,v) induce cocycle conjugate Eg-semigroups

if and only if n =k and ¢2 = (¢1)u for some unitary U € M, (C).

Proof: The backward direction follows immediately from Theorem 7 and Proposition 3. As-
sume the hypotheses of the forward direction. Since ¢; and ¢o are unital, rank one, and g—pure,
there exist faithful states p; on M, (C) and ps on My(C) such that ¢1(M) = p1(M)I,xn and
¢p2(B) = p2(B) Iy for all M € M,,(C), B € M (C). By Lemma 4, there is a corner 7 from ¢; to
¢2 such that ||v|| = 1. Therefore, for some Ay € M, xx(C) of norm one and unit vectors fy € C"
and go € C*, we have |(fo,7(A0)go)| = 1. Define w € (M, xx(C))* by w(A) = (fo,7(A)go), noting

that ||w|| = |w(Ag)| = 1. We claim that the map v : M, (C) — My(C) defined by
J A Age p1(A11)  w(A1)
Ay Ag w* (A21) P2 (A22)

is completely positive. To see this, let {Fi}le be arbitrary vectors in C2, writing each F; as

A1i

i

=

A2
for some complex numbers {A1;}¢_; and {A\a;}4_;.

Since the map 9 : M, 1 (C) — M,,+1(C) defined by

y A A pl(All)I ’Y(A12)
Asy Az 7*(A21)  p2(A22)I
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is completely positive by assumption, we know that for any matrices Ay, ..., Ay € M,,++(C) and

the vectors

At fo
F; = eCt i=1,...k,

A2i90

we have

Zi:(z,wA* )zo.

However, for each i and j we find that

(Fvaia)E) Mo (A7 A1) + Midage((A7 A;)12)

Crtk
A2\ 1w ([(AFAj)21]*) + A2ida;p2((A7 Aj)22)
- (Rtian).
Therefore, Zf,j:l (E,J)(A;‘Aj)ﬁ‘j) > 0 for all matrices Aj,..., Ay € M,4+1(C) and vectors
Fi,...,F, in C2, that is, ¥ : M5, (C) — M>(C) is completely positive. Since p; and py are
positive linear functionals (hence completely positive maps), this means that w is a corner from

p1 to pa.

Since p; and py are faithful states, there exist monotonically increasing sequences of strictly pos-
itive numbers {A\;}7; and {u;}F_, with 327" | A7 = Z?Zl p3 = 1, along with orthonormal sets of
vectors {f;}1-, and {g;}5_,, such that py (M) = 1) M2(f;, M f;) and pa(B) = Y5, pi2(g;, Bg;)
for all M € M, (C), B € My(C). Given A € M,»(C), let A be the matrix whose ji entry is
(fi, Agj), observing that ||A]| = ||A]|. Let Dy and D,, be the diagonal matrices whose ii entries
are A; and p;, respectively, for all 4, and let Dy2= and D> be the diagonal matrices whose ii entries

are \? and p?, respectively, observing that D> = (D,)? and D2 = (D,,)?.

By Proposition 1, w has the form

w(A) = Zcij)\iﬂj(fia Agj) = t?‘(CDMAD,\) = t?‘(CDM(D)\A*)*)

%
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for some C = (¢;5) € My, xx(C) such that [|C|| < 1. By Cauchy-Schwartz for the inner product

(B, A) =tr(AB*) on M, x,(C), we have

1 = |w(Ao)* = [tr(CDu(DrAg )*)|* = [(CDy, DAy )|
< (CD,,CD,)(DxAy , DrAy ) = tr(D,C*CD,)tr(DxyAy AgD)) (3.2.4)
< tr(D,2)tr(Dyel,) <11 =1. (3.2.5)

Since equality holds in (3.2.5) and the trace map is faithful, we have C*C = I}, and AO*/IO =1,.
But C € M, «x,(C) and /io* € M;«x(C), so n = k, hence C and Ap are unitary. Furthermore,
since equality holds in (3.2.4), we have mCD,, = DAy for some m € C with |m| = 1.

Writing Dy = mCDHAO = (mCAO)(AO*Du/IO), we observe that uniqueness of the Polar

Decomposition for the invertible matrix D) yields
Dy = A, D, A,.
Since the 7 entries in Dy and D,, are listed in increasing order, it follows that Dy = D,,, hence

p2 is of the form po(M) = D" | A?(g;, Mg;). Defining a unitary U € M,,(C) by letting U f; = g;

for all ¢ and extending linearly, we observe that

p2(M) = N (U* fi, MU f;) = > X (fi, UMU" f;) = p1(UMU”)

i=1 i=1

for all M € M, (C). In other words, ¢2 = (¢1)y.
O
In [P2], Powers constructed Ep-semigroups using boundary weights acting on B(L?(0,00)). It
is routine to check that in our notation, these are the Fy-semigroups arising from the boundary

weight doubles (i:¢,n), where ¢ is the identity map on C and 7 is any boundary weight on

B(L?(0,00)).

Corollary 2. Let n > 1, and let ¢ : M,,(C) — M, (C) be a unital rank one q—pure map. Then
the boundary weight double (¢,v) induces an Ey-semigroup a® which is not cocycle conjugate to

any Ey-semigroup (3% that arises (in the sense of [P2]) from a boundary weight on B(L?(0,00)).
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Proof: By the remarks preceding the corollary, it suffices to show that a? is not cocycle
conjugate to any Fy-semigroup arising from a boundary weight double of the form (ic,n). From
the proof of Proposition 8, we know that every corner 7 from ¢ to uc satisfies ||v|| < 1 since n # 1.

Lemma 4 now implies a® and $¢ are not cocycle conjugate.
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Chapter 4

Invertible unital ¢g—pure maps

4.1 Conditional negativity of their inverses

Now that we have classified the unital ¢g—pure maps on M, (C) of rank one, we explore the unital
g-pure maps ¢ which are invertible. In a stark contrast to the rank one case, we find that for
a given normalized unbounded boundary weight v(A) = (f, Af) on L?(0,00), the doubles (¢,v)
and (1, V) always induce cocycle conjugate Fy-semigroups if ¢ and v are unital invertible ¢—pure

maps on M, (C) and M(C), respectively.

The following proposition gives us a bijective correspondence between invertible unital g—positive

maps ¢ : M,(C) — M, (C) and unital conditionally negative maps 1 : M,,(C) — M, (C):

Proposition 5. A unital invertible linear map ¢ : M, (C) — M, (C) is g-positive if and only if
¢~ is conditionally negative.
Proof: Let 1) = ¢—!. The forward direction follows from the fact that for ¢ > 0 we have

— 2
to(I +tg) ' =t M I+t ) =t +t) T = (I+%> 1 ZI—%-F% -

For the backward direction, we note that if v is conditionally negative, then e is completely
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positive for all s > 0 (see [EL]). Observing that %(76*8@”) = e %% we find that

w( e*Swds) = Ye Vds = lim (—e” ™)) =1,
0 0 t—oo

SO ¢ = fooo e *¥ds, hence ¢ is completely positive. Furthermore, a quick computation shows that

for every t > 0,

AT +tp)~t = (tI +q/;)*1/ e s(tI+Y) gg — / eSte= ds,
0

0

hence ¢ >, 0.

In order to obtain a similar and more specific result for invertible g—pure maps, we must find
how we can (or even if we can) determine the invertible g—subordinates of an invertible g—positive
map through examination of its inverse. The following proposition tells us what to do in the unital

case:

Proposition 6. Let ¢1 : M, (C) — M, (C) be an invertible unital g—positive map, and let 11 =
o7t Suppose 1o : M, (C) — M, (C) is conditionally negative and 15 — 11 is completely positive.

Then o is invertible, and ¢ := (1) " satisfies ¢1 >4 2 >4 0.

Proof: Assume the hypotheses of the proposition, and let s > 0 be arbitrary. Define a function

fon R by f(t) = e t¥1et=Ds%2 The equality below is f(1) — f£(0) = [ f/(t)dt:
1
e~V _ omsY¥2 — / ge Y1 (1/}2 _ 1/)1)€(t71)8¢2dt,
0

The inside of the integral on the right hand side is the composition of completely positive maps,

S0 e7%Y1 — e75¥2 is completely positive. This implies e=*¥1(I) — e=*¥2(I) > 0, so
e = [le=***(D)]| < [le™* (D] = |le=*(D)]| = ¢~*.

It follows that e™*¥2 — 0 as s — oo and that fooo e~ *¥2ds converges. An argument analogous to

the one given in the proof of Proposition 5 now shows that vy is invertible and that ¢ := (13) !
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is g—positive. Furthermore, ¢; >, ¢2 since the quantity

$1(I +tg1) 7" — do(I +1g) " = /OO et em W — e7*V?)ds
0

is completely positive for every ¢ > 0.

Corollary 3. Let ¢1 : M, (C) — M,(C) be an invertible unital q—positive map, and let ¢y :
M, (C) — M, (C) be linear and invertible.
Then ¢1 >4 ¢2 >4 0 if and only if ¢2_1 is conditionally negative and ¢2_1 — (Z)l_l is completely

positive.

Proof: The backward direction follows from Lemma 6. Assume the hypotheses of the forward

direction and let ¥ = ¢1_1 and ¥y = ¢2_1. For t > 0 we have

_ 2
po(I +tpe)~ ' = (1+ %) ' Y2 Y2

and

2 2 3_ .3
BT+ 160 — ol +10) " =y w4 (2T P )

The first equation shows that ¢; ! is conditionally negative, while the second shows that oy 1 QSfl

is completely positive.

Now that we know how to find all invertible g-subordinates of an invertible unital g-positive
map ¢, we ask if there can be any other g-subordinates of ¢. We will find that the answer is
no (see Proposition 7). Proving this will require the use of some machinery (notably Lemma 7),

which we now build.

Definition 11. For every ¢ : M,(C) — M,(C) and € € [0,1], we define a map ¢. by ¢ =

el +(1—¢€)g.
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If ¢ is g—positive, then ¢, is invertible for all € € (0,1]. In the lemmas that follow, we make

frequent use of the fact that for all ¢ > 0 we have
top(I +tp) ™t =T — (I +tp)~ L. (4.1.1)
We present a quick consequence of (4.1.1) for all @ > 0 and b > 0:
a(I +btp)~! = al — abto(I + bte) ™" (4.1.2)

Lemma 5. Let ¢ : M, (C) — M, (C) be completely positive. If ¢, >4 0 for some monotonically

decreasing sequence {€,} of positive real numbers tending to 0, then ¢ >, 0.

Proof: Assume the hypotheses of the lemma. Let k be arbitrary. Since ¢, >4 0, we know

that I — (I +t¢., )~ ! is completely positive for all ¢ > 0. Noting that

R B (RET BT Ry LS IS

and substituting ¢’ = tg:zz), we see

I—(I+tp) =1~ (I+t'¢)~"

Varying ¢ throughout [0,00), we find that the above equation is completely positive for all ¢’ €

[0, %) Of course, for any t' € [0, 1_:’“ ), we have ¢’ € [0,1=%) for all £ > k by monotonicity

€ €p

of the sequence {e,}. Therefore, we may repeat the same argument to conclude that for any

t' € [0, 2=5), the map

€k

I— ;,(I +t'p)t

1+ (1—e;it’eg )t

is completely positive for all £ > k.
Now fix any ¢ > 0, so t’ € (0, %) for some k € N. A straightforward computation shows that

the sequence {c,} defined by ¢, = is a monotonically decreasing sequence converging

€n
l—€n+ten

to 0. From the previous paragraph, we know that the map

1
I——— (I+t¢) !
1+Cgt/( + d))
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is completely positive for all £ > k. Since ¢,, | 0 it follows that

I—(I+t¢)~

is completely positive. In other words, ¢(I +t'¢)~! is completely positive. Since ¢’ > 0 was chosen

arbitrarily and ¢ is completely positive, the lemma follows.

Lemma 6. If ¢ : M,,(C) — M, (C) and ¢ >, 0, then ¢ >, 0 for all e € [0,1).

Proof: Suppose that ¢ >, 0, and let € € [0,1) be arbitrary. For each ¢ > 0, we apply formula

(4.1.2) to a = 14 and b= =9 to find
_ 1 t(l—e) \~1
I—(I+tp)" = I— (I )
(I+16c) e T e @
1 t(1—e) t(l—e¢) N1
= (- (1 )
( 1+te +(1+t6)2¢ * 1+t6¢

where both terms on the last line are completely positive by assumption. Furthermore, ¢. is

completely positive, hence ¢. >4 0.

Corollary 4. Let ¢ : M,,(C) — M, (C) be a completely positive map. Then ¢ >4 0 if and only if

¢e >4 0 for all e € (0,1).

Lemma 7. Let ¢ : M,,(C) — M, (C) and ¢ : M, (C) — M, (C) be g-positive maps. Then ¢ >,

if and only if ¢ >4 Ve for all e € (0,1).

Proof: For any € € (0,1) we have ¢. — 1. = €(¢ — ¢), so ¢ — 1 is completely positive if and

only if ¢ — . is completely positive for all € € (0,1). For all ¢ > 0 we have

(6 +89)7 = v +89)7 ) = (I +19) ™ = (L +9) 7, (4.13)

and for all ¢ > 0 we have
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HooI+t0) " —vlI+ 0™ = (I = (T +t9)7") = (I - (I + ) ™")

1 ((I+t(1—e) t(1—ce)

= -1 _ (7
14 te 1+ te w) ( + 1+ te

@4) (4.1.4)

Assume the hypotheses of the forward direction. Showing that ¢. >, ¢, for all € € (0,1)

is equivalent to proving that (4.1.4) is completely positive for every for every t € (0,00) and

t(l—e)
1+te

e € (0,1). This follows from complete positivity of (4.1.3) since € (0,00) for every € € (0,1)

and t € (0,00). Now assume the hypotheses of the backward direction. Any ¢’ € (0,00) can be

t(ll_;t:) for some € € (0,1) and ¢t € (0,00), so complete positivity of (4.1.4) for all such e

written

and ¢ implies that (4.1.3) is completely positive for all ¢’ > 0, hence ¢ >, .

We are now in position to prove what is perhaps the most striking result of the section:

Proposition 7. Let £ : M, (C) — M, (C) be an invertible unital g-positive map. If ¢ : M, (C) —

M, (C) is g—positive and & >4 ¢, then ¢ is either invertible or identically zero.

Proof: For each ¢ € (0, 1), form &, and ¢, as in Definition 11, and let v, := (¢.) !, noting that
1. is conditionally negative by Corollary 3. We first examine the case when the norms ||1).|| remain
bounded as e — 0. More precisely, suppose that for all e sufficiently small we have ||i)|| < r for
some 7 > 0. By compactness of the closed unit ball of radius r in B(M,(C)), there is a decreasing
sequence {¢eg tren converging to 0 such that {1, }ren has a (bounded) norm limit ¢ as k — oc.

Noting that

¢Ek¢€k - ¢¢ = (¢€k - ¢)(wek - ¢) + ¢(¢€k - ¢) + (¢€k - ¢)¢

and then applying the triangle inequality, we find that

||I*¢/¢)|| - ||¢ekwsk - d)q/}H

A

< lge, = Il e, = DI+ 81l e, = Pl + [le,. — ol |21l
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for all k € N. But ¢ and 9 are bounded maps while 9., — % in norm and ¢., — ¢ in norm, so
the above equation tends to 0 as k — oco. We conclude that ¢y = I. Similarly ¥¢ = I, hence ¢ is
invertible and ¢ = ¢~ 1.

If the first case does not hold, then for some decreasing sequence {¢;} tending to zero, the

norms {||¢Yc, ||}ren form an unbounded sequence. For each k € N, we write
my
(L) H(A) = sk A + YA + AYY =) S, AS],
i=1

and

Ly
Ve (A) = thA+ ZuA+ AZ =Y Ty AT},

i=1
where s, € R, t; € R, tr(Yy) = tr(Z;) = 0, and for all ¢ and j we have tr(Sk,) = tr(Tk,) = 0,

i

while for i # j we have tr(S; Sk,) = tr(T} Tk,;) = 0.

Since £ >, ¢, we know by Lemma 7 that & >, ¢, for all € € (0,1), so ¥, — (&,)~" is com-
pletely positive for all k € N by Corollary 3. Therefore, for each k, there exist pr < n*, numbers

{z, }7%, € C, and maps { Xy, }'*, with tr(Xj,) = 0, such that for all A € M,,(C),

Pk
(Ve = (€e)™(A) = Z(in + ok D AXy, + 1)
i=1 i=1 i=1
+iinAXi&- (4.1.5)
i=1

Simultaneously, for all A € M,,(C) we have

(Vep — (6e,) ™ DN(A) = (tk —sk)A+ (Zi — Yi)A+ A(Z), — Y)*
mg ek
+ ( 3 SkASEL -3 T AT,;,) . (4.1.6)
i=1 1=1
We claim that
Pk mi
H 3 X, AX; || < H 3 S, AS;, (4.1.7)
=1 =1
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for all & € N. To prove this, we follow the remark below Definition 4. Let {v;}?_; be any
orthonormal basis for C*, let h; = v;/+y/n for each i, let f € C™ be arbitrary, and define maps A;
for i =1,...,n by A, = fh}. Using the trace conditions on the maps Yy, Zx, {Tk,}, {Sk,}, and

{ Xk, }, we calculate that

n

> (e = (€)™ ANh: = (b = 5 f + (Ze = Vi) = (D law,
=1

=1

N+ (Smn) s

i=1

Since f was arbitrary, it follows that

Pk
(tk — Sk — E |z,
i=1

Taking the trace of both sides yields

2)1 - (pzk:cka) —(Zr— V3.

Pk Pk
0= t’l“((ZTkiin) —(Zy — Yk)) = t’l"(tk — Sk — Z |l‘ki|2)1,
i=1 =1

S0t — sk = ok |og,|* and Z, — Yy, = >0 7;X;. Formulas (4.1.5) and (4.1.6) now imply that
Py X AXY, = (7% Sk ASE, — S5 Ty, AT, ). Therefore, the map A — Y% Sy, ASf, —

Zfi 1 Ty, AT}, is completely positive, and

i

Pr
S
=1

establishing (4.1.7).

my Ly
= H§ 'S St — T T
=1 =1

mp
[|Sses
=1

We now show that there exists some M € N such that
X, < M (4.1.8)

forallk € Nand i € {1,...,px}. To do this, we first note that since the sequence of invertible maps
{&, }ren converges in norm to the invertible map &, the sequence {(&,) ™! }ren converges in norm
to ¢!, Therefore, the sequence of bounded linear maps Wy, : A — > 7% Sk, AS};, converges to

some bounded map W. In particular, the sequence {||Wx]||}ren is bounded. Choose M € N so that
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M? > n* supyen{||[Wk|[}. Forevery k € Nandi € {1,...,my}, we have || S, ||? < [|[Wk|| < M?/n*.

Combining this fact with (4.1.7), we find that for every k € Nand i € {1,...,px},

Pk mi mp
1Xk P = WXk X5 < 1D X X < DY Sk Sl < D 1Sk P
i=1 i=1 i=1

IN

nt max{||Sg,|[*:i=1,...,ms} < M?,

proving (4.1.8).

Pk

Finally, we claim that limy_cc > 0%, |2k, |> = oo. Indeed, since |[the, || — oo as k — oo while

(€)M — 11(€)7Y| < oo, there is a sequence of maps {A.,} of norm one such that ||(¢, —

(€e.)"H(AL)|] — oo as k — oo. However, we also have

2)A€k + (ith)AEk

i=1

(e = (€)™ NAI = H(im

Pr * Pk
Ao (DT Xk) D XA X,
i=1 i=1

Pk Pk
Z |xk1 2 +2M Z |xki

i=1 i=1

+ pr M.

IN

Since the above quantity must go to infinity as k — oo, and since

Pk 9 Pk ;Dk T 2 Pf T1 2
(ZWM) >y, 2 > Qoim loeD” 5 oz low) (4.1.9)
=1 1=1

Pk n?

for all k, we must have Y 2%, |zy,[* — co and Y 1% | |z, | — o0 as k — oc.

For each k, let A\, = > P |zy,|. Let A € M,(C) be any matrix such that ||A|| = 1, and let

C = supgen ||(&,) Y| < co. Using the reverse triangle inequality and (4.1.9), we find that for

each k € N,
e, (A > ([0, — €)™ = 1(E) " A
> A—E —2MM\, —nt*M? - C. (4.1.10)
n

But limg .o, A, = 00, so the above equation tends to infinity as k — oo. Since ¢, = (¢, )t for
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all k, we know for k£ > 0 that

1 1
. inf{llwek(A)H t A€ M,(C),||A|| = 1} 2 /nt — 2MA, — niM2 — C
Therefore, limg .o [|¢c, || = 0. But the sequence {¢, }72; converges to ¢ in norm, hence ¢ = 0.

a

4.2 Classification of invertible unital g-pure maps

Proposition 8. An invertible unital linear map ¢ : M, (C) — M,(C) is q—pure if and only if
¢~ 1 is of the form

¢ H(A)=A+ YA+ AY"
for some Y = =Y* € M,,(C) such that tr(Y) = 0.

Proof: Let 1) = ¢~!. Assume the hypotheses of the forward direction. Write

k
Y(A) = sA+ YA+ AY* =Y N X;AX],

i=1

where s € R, tr(Y) = 0, and for each ¢ and j we have A\; > 0, tr(X;) = 0, and tr(XX;) = nd;;.

Defining a conditionally negative map ¢’ : M,,(C) — M, (C) by
P(A)=sA+ YA+ AY™,

we note that 1’ is conditionally negative, and ¢’ — v is completely positive since (¢' — ¢)(A4) =
Z§:1 AjX;AX: for all A. By Lemma 6, it follows that ¢/ is invertible and that ¢' := (¢/)~!
satisfies ¢ >, ¢’ >, 0.

Since ¢ is ¢—pure, there is some to > 0 such that ¢/ = ¢(*o) hence

W =@ = (0 Tt ™) T = (I +9) ) =tl +u.

Therefore, for all A € M,,(C) we have

k
W(A) = 0(A) + ) N XGAXT = 9(A) + toA,

j=1
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so the map L: A — A\; X; AX 7 satisfies L = tol. Let f € C" be arbitrary, choose an orthonormal
basis {vi}}_, of C", define hy = v, /y/n for each k, and form {Ax}}_, by Ar = fhj. The trace
conditions for the maps {X;} imply that >, L(A)hy = 0. However, since L = tol, we must
also have Y | L(Ag)hiy = tof. From arbitrariness of f, we conclude to = 0. Therefore, ¢ has
the form (A) = sA+ YA+ AY*. Since ¢(I) =TI =sI+Y +Y* and tr(Y) =0, we have s = 1

and consequently ¥ = —Y*.

Now assume the hypotheses of the backward direction. Note that 1 is conditionally negative
and unital, hence ¢ is g-positive by Proposition 5. Let ® be any nonzero g—positive map such
that ¢ >, @, so by Corollary 3 and Proposition 7, ® is invertible and ¥ := (®)~! is a conditionally

negative map such that W — ¢ is completely positive. Write ¥ in the form

V(A)=sA+ZA+AZ* =Y T AT},
i=1

where s’ € R and for all ¢ and j, u; > 0, tr(T;) = 0, and tr(T;T;) = nd;;. Writing C =Z -Y, we
have

(W —)(4) = (s — )A+ CA+ AC" =Y i TLAT;
i=1

Complete positivity of ¥ — ¢ and the trace conditions for the above maps imply that s’ > s,
C =0, and T; = 0 for all 4. Therefore ¥ =)+ (s’ —s)I,s0 ® = U~ = #5' =) We conclude that

¢ is g—pure.

Theorem 9. An invertible unital linear map ¢ : M, (C) — M, (C) is g—pure if and only if for

some unitary U € M, (C), the map ¢y is the Schur map
o ik I <k
¢U(ajk:€jk) = Ajk€jk ifj=k
%eﬂc Zf] >k
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forallj,k=1,...,n, where A\y,..., \p, € R and A\ +...+ X, =0.

Assume the hypotheses of the forward direction. By the previous proposition, 1 := ¢! has the
form (A) = A+ Y A+ AY* for some Y € M, (C) with Y = —Y* and tr(Y) = 0. Let B = —iY,
so B = B*. Defining Y := 11 + Y = 11 +iB, we find ¥(A) = YA+ AY* for all A € M, (C).
Since B is self-adjoint, there is some unitary U € M,,(C) such that U*BU is a diagonal matrix
D. For each k € {1,...,n} let A\, € R be the kk entry of D. Note that since tr(B) = 0 we have
Y p—1 Ak =0, and that U*YU is the diagonal matrix M whose kk entry is % + iAg. Defining a

map Yy by Yy (A) = U*(UAU*)U for all A € M,,(C), we find that

Yo (A) U*(YUAU* + UAU*Y*)U

(UYU)A+ AUYU)* = MA+ AM*.
A quick calculation shows that this is just the Schur map
(IT4+iN; — Ap))ajrejr ifj <k
bulajrejr) = ajres ifj=k
(L —i(Xj = A))ajrejr if j >k
and so (1r)~! has the form
ek T <k
()~ (ajnesn) = ajL€jk ifj==k
%eﬂC if j >k
It is straightforward to verify that () ~! is the map ¢y (A4) = U*¢(UAU*)U.

Assume the hypotheses of the backward direction. Let T be the diagonal matrix whose kk'"
entry is A, for every k = 1,...,n. We observe that tr(T) = 0 and T = T*. Now let C' = T,
and let T = +1 + C. We routinely verify that C = —C* and tr(C) = 0, and that (¢y) ! satisfies
(pv) " Y(A) = TA+ AT* = A+ CA+ AC* for all A € M, (C). Proposition 8 implies that ¢ is

g-pure, whereby ¢ is g-pure by Proposition 3.
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4.3 They are more or less the same

After going through all of this effort to find the invertible unital g-pure maps ¢ on M, (C), we
find that, the Eyp-semigroup obtained from the boundary weight double (¢, ) (for v normalized,
unbounded and of the form v(B) = (f, Bf)) is entirely independent of ¢ and is cocycle conjugate
to the Fyp-semigroup induced by the one-dimensional boundary weight v. In other words, these

g-pure maps give us nothing new:

Theorem 10. Let ¢ : M, (C) — M, (C) be unital, invertible, and g—pure, and let v be a nor-
malized unbounded boundary weight on B(L?*(0,00)) of the form v(B) = (f, Bf). Then (¢,v) and

(1c, V) induce cocycle conjugate Eqg-semigroups.
Proof: By Proposition 3 and Theorems 7 and 9, we may assume that ¢ is the Schur map
Ak . .
me‘jk lf ¥l < k
¢(ajkejk) = K€k if j =k
#M@jk lf] > k
for some Ar,..., A, € R with >}, A = 0.

By Theorem 7, it suffices to find a hypermaximal g—corner from ¢ to ic. For this, define

v Mnxl((c) - 7L><1(C) by

1
b1 TFix 01
1
ba T+irg ba
’7 =
1

Now define T : M,,11(C) — M,,11(C) by
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T Anxn  Bnxi ¢(An><n) ’Y(anl)

Cixn a '7*(Cl><n) a

Letting A\,+1 = 0, we observe that T is the Schur map on satisfying j,k=1,...,n+ 1 by

ey ek i<k
T(ajrejr) = ajkek if j =k
#f—kk)ejk if j >k
for j,k =1,...,n+1and A = (a;x) € M,(C). Since Y075 A = 3271 A = 0, it follows from

Theorem 9 that Y is ¢g-positive (in fact, g-pure), hence v is a g—corner from ¢ to ic. Now suppose

that T >, T/ >, 0 for some Y’ of the form

T/ Anxn anl (b/(Aan) 'Y(anl)
Cixn @ 7 (Cixn)  7(a)

Since Y is g—pure and Y’ is not the zero map, we know that Y’ = T for some t > 0, and a

quick calculation gives us

Y Apnxn  Bnxi ¢(t)(An><n) 'Y(t)(anl)

C’1><n a (’7*)@) (Clxn) ﬁ(a)
By inspecting the two formulas for Y/ we see v = v(), hence t = 0. Therefore, Y/ = Y, and we

conclude the g—corner v is hypermaximal.
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Chapter 5

Classifying ¢—pure maps on My(C)

5.1 Revisiting I

Having classified both the rank one and invertible unital ¢g—pure maps on M, (C), we approach
the broader question of simply finding all ¢g—pure maps ¢ : M,,(C) — M, (C). In the case n = 2,
we find that not only are there no unital g—pure maps of rank 2, there are not even any unital
g—positive maps of rank 3. We begin this section by revisiting the map Ey = lim; o td(I +t¢) ™

for a unital g—positive ¢:

Lemma 8. Let ¢ : M,(C) — M,(C) be unital and q—positive. Then rank(¢) = rank(Ey),

spec(Ey) C {0,1}, and if $(A) = NA for X # 0, then E4(A) = A. Furthermore, (E4)? = E,.

Proof: For the first assertion, we observe for arbitrary ¢t > 0 that

1
inf{[|(1 + o)1 (A)]] : [|All = 1}

1+t =|T+tg|| =

hence |[t(I +t¢)~1(A)]| > |Al| for all A € M, (C). Therefore, the image of the unit ball D,

L‘
1+t
under (I + t¢)~! contains Dy /(144 Now for all £ > 1 we have t¢(1 + tp)~1(Dy) D #(D1/2), so

range(¢) = range(Ey) and consequently rank(¢) = rank(Ey).
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Next, we note that

, tA
spec(Ey) = {tlggo o A E spec(qb)} c {0,1}.

Now let A be any nonzero eigenvalue for ¢, so for some nonzero A € M, (C) we have ¢p(A) = M\A.
Then E4,(A) = %A, hence E4(A) = limy_.o Ey, (A) = A.

For the final claim, recall that M, (C) is a Hilbert space under the Hilbert-Schmidt inner
product (A4, B) = tr(A*B), so we may write ¢ as an upper-triangular matrix M € M,,2(C) with
respect to some orthonormal basis of M,,(C), where the eigenvalues of ¢ are in order of decreasing
norm along the diagonal of M. Denoting the Euclidean norm of a matrix by || || and the Hilbert
Schmidt norm by || ||gs, we note that ||A]| < ||A|lgs < v/nl|A|| for all A € M,,(C).

The matrix T = lim;_,o tM (I +tM)~! for E4 is upper triangular, where for some m € N, the
first m diagonal entries of T" are 1 and the remaining n* —m diagonal entries are 0. Since ||E£ =1
for all k¥ € N, we have ||E£(A)||HS < /nllA]| < nl|A||lgs for all A € M, (C), so each entry tgf)

(k)

of T satisfies |t§f)| < n. However, we readily calculate that tlg = kt12, which goes to infinity in

norm unless t15 = 0. Now erasing the ¢15 terms in T* we find that tﬁ’? = kt13 and so t13 = 0.
Continuing in this way we see that t14 = -+ = t1,, = 0, that to3 = -+ to,, = t34---t3, = 0, and
so on. That is to say, we find that t;; = ¢;; whenever ¢ and j are both less than or equal to m.
In a similar manner, we can start at the lower right hand corner of M and observe that when
i>m+1and j > m+ 1, the ij entry of tM(I + tM)~! becomes unbounded as t — oo unless

m;; = 0, hence m;; = 0 for all such ¢ and j. This implies that ¢;; = 0 when both ¢ and j are

greater than or equal to m + 1. We conclude that

for some m x (n? —m) matrix B, hence E, fixes m linearly independent matrices and Eg = (E,)?.
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5.2 The rank of a unital ¢g-pure map on M;(C)
Proposition 9. If ¢ : M3(C) — M>(C) is unital and g—positive, then rank(p) # 3.

Proof: Suppose that rank(¢) > 2. By the above remark and Lemma 8, we have Ey(I) = I
and Fy(A;) = Ay for some A; linearly independent from I. Since Ey is completely positive and
thus self-adjoint in the sense that E,(A*) = E4(A)* for all A, we have Ey(Ay + A7) = A1 + A
and E4(i(A1 — A7) = i(A1 — A}). A simple calculation shows that the self-adjoint matrices
Ay 4+ Af and i(A; — A7) cannot both be multiples of I. We conclude from this that for some
L = L* € M,,(C) linearly independent from I we have E4(L) = L.

Letting U be a unitary matrix such that U*LU = D for some diagonal matrix D, we note
that D is linearly independent from I. Defining (E,;)y as in Proposition 3, we observe that (Ey)y
is completely positive, with (Ey)y(I) = I and (Ey)y(D) = U*E,(UDU*)U = U*LU = D. It
follows easily that (Ey)u(e11) = e11 and (Eg)u(ea2) = esa. We claim that (Ey)y(e12) = beys for

some b € C. Indeed, write

a b
(Eg)u(erz) =
c d
Since (Ey)y is 2-positive we have
1 0 a 0
(Eg)ulenn) (Eg)u(erz) 00 cd
0< =
(Eg)u(ear) (Eg)u(esz) a ¢ 00
b d 0 1
Positivity of the above matrix implies a = ¢ = d = 0, hence (Ey)y(e12) = bejz, and so

(Eg)u(ea1) = bera. Therefore (Eg)y is merely the Schur mapping

ailr  a12 a1 baisg

a1 Aa22 bazi  az
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where rank((Eg)y) is 2 if b = 0 and 4 if b # 0. Since rank(¢) = rank(Ey) = rank((Ey)y), the

result follows.

Lemma 9. Let ¢ : My(C) — Ms(C) be a unital g—positive map of rank 2. Then ¢ has two

distinct real nonzero eigenvalues, or the eigenspace for the eigenvalue 1 has dimension 2.

Proof: Let M € M4(C) be an upper-triangular matrix representing ¢ with respect to some

orthonormal basis of Ms(C), writing

1 a b c

0 N d f
M= ,

0 0 )\2 g

0 0 0 X3

where the eigenvalues of ¢ are listed in order of decreasing norm. Note that A; € R for all j.
Indeed, since ¢(A) = \;A if and only if ¢(A*) = N;A*, we will have rank(¢) > 3 if \; ¢ R for
some j. Of course, if A\; = 1 then we must have a = 0 since ||¢*||zs < 2 for all k € N, in which
case the lemma immediately follows. By the previous two sentences, the lemma holds if any of

the \; are nonzero. However, if A\; = 0 for all j, then

1 a b c
0 0 d f
M = ,
0 0 0 g
0 0 0 O

in which case boundedness of the matrix 7' = lim;_, oo tM (I +tM)~! for E, impliesd = f = g = 0,

hence by Lemma 8 rank(T) = rank(¢) = 1.
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Corollary 5. Let ¢ : Ma(C) — My(C) be a unital and q—positive map of rank 2. Then for some

unitary U € Ma(C) and states p1 and py we have, for all A € My(C),

pu(A) = p1(A)err + p2(A)eas.

Proof: By Lemma 9 we have ¢(I) = I and ¢(L) = AL for some A € R and L linearly
independent from I. Arguing as we did in the proof of Proposition 9, we may assume L = L*.
Unitarily diagonalizing L we have U* LU = D for some diagonal matrix D, and we easily calculate
ou(I) =T and

¢u (D) =U"¢(UDU*)U =U*(AL)U = AD.
Since D and I are linearly independent, we conclude that range(¢) = span{ei1,e22}, hence by

continuity and complete positivity of ¢ it follows that for all A € My (C),

ou(A) = p1(A)err + p2(A)eas

for some positive linear functionals p; and ps. We conclude that p; and ps are states since

ou(l)=1.

Proposition 10. Let ¢ : My(C) — Ms(C) be unital and q—pure. Then rank(d) # 2.

Proof: Suppose rank(¢) < 2. By Corollary 5 and Proposition 3, we may assume ¢ is of the
form

#(A) = p1(A)err + p2(A)eaz

for some states p; and ps.

We calculate that td(I + t¢) 1 (A) = p1 +(A) + p2+(A) for all t > 0 and A € Ma(C), where

_ t(1 + tpa(e22))p1(A) — t*pa(A)p1(ea2)
Ml,t(A) =
1+ t(ﬁl(en) + /’2(622)) + 12 (Pl(eu)f)z(em) - 02(611)/’1(622))

and
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t(1 +tpi(enn))p2(A) = *p1(A)pa(enn)

14 t(m(eu) + P2(€22)) +t2 (P1(€11)P2(€22) - /)2(611)[)1(622))
Let D; be the denominator of y; ; and po ¢, observing that D; > 0 for sufficiently small positive

M2,t(A)

t. Letting Q = p1(e11)p2(e22) — pa(e11)p1(e22), we handle the three possible cases.

First, if @ < 0 then for some ¢, we will have Dy, = 0, in which case the numerators of p1 4,
and pg;, must be identically zero, hence p; = kpy for some k € C, where k = 1 since p; and po
are states. Therefore, ¢ is of the form ¢(A) = p1(A4)I, and rank(¢) = 1.

Second, if @ = 0 then for y1 + and po + to remain bounded as ¢ — oo, the terms t?(p; (e11)p2(A4)—
p2(e11)p1(A)) and t2(p2(e22)p1(A) — p1(e22)p2(A)) must be identically zero, in which case p; = kpo
and, as before, we have p; = p2 and rank(¢) = 1.

Third, if @ > 0 then since t¢(I + t¢)~! — E,, the linear functionals pq, and po, have
(positive) limits vy and vy, respectively. We observe that pa(ea2)p1(A) — p1(e22)p2(A) = Quy and

p1(e11)p2(A) — pa(e11)p1(A) = Qus. For simplicity of notation, let

pi(ein) piez)
C -

P2(€11) /)2(622)

The entries of C' are all nonnegative since p; and ps are positive. Furthermore, ¢;; > 0 and co9 > 0

since det(C) = @ > 0. Note that
p1 = p1(ern)vr + p1(ea2)va = c11v1 + ciatn
and

P2 = P2(611)l/1 + P2(622)V2 = C21V1 + Caala.

This gives us

g = (c11 +tQ)v1 + ciavn oy = (coo +1Q)va + ca11
L T t(en 4 e) +12Q°

- 1—|—t(C11 +822)+t2Q7 2,

Define linear functionals 71 and 7 by 71(A) = %Vl and mo(4) = %VQ, and define ® :

M;(C) — M3(C) by

P(A) = 11(A)err + 12(A)eao.
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The map @ is completely positive since 71 and 7 are positive linear functionals. One readily

calculates that for all ¢ > 0 we have
t(I)(I + tq))il(A) = wlyt(A)eu + wz’t(A)QQQ,

where
(2 + 22

(A) = C22 011022)1/1
T TR Q enr + Qfena) + Q% (erreas)

and

2
(32 + 19y,

C11 C11C22

T 1+ tH(Q/c11 + Qfc22) + 12Q?/(cr1c22)

(UQ’t(A)

Since @ > 0, it follows that both w;; and ws; are positive linear functionals for every ¢ > 0. We
conclude that ® >, 0.
However, we find that ¢ >, ®. Indeed, one (painstakingly) computes that
(2 + o

(Cll + tQ)Vl + C12V2 C22 + C11022)1/1
L4+ t(crn 4+ c22) +12Q — 1 +t(Q/c11 + Q/ca2) + 12Q?/(cr1¢22)

= (L1 L))

C22 C11C22

Bl = Wi

+ ci2 (1 +t(Q/ci1 + Q/ca2) + t2Q2/(011022)>V2 > 0.

Looking at the last line, we note that ¢y — L > 0,1-— A > 0, and that the

C22 — C11€22 — C11C€22

coefficient of v, is nonnegative. Therefore 1, > w; 4 for all t > 0. A similar calculation shows
that pi0+ > wo s for all t > 0, hence ¢ >, ®.

We claim that at least one of c12 and cp; must be nonzero. Indeed, if c1o = co; = 0 then
c11 = cop = 1 and ¢(I +tp)~! = %thqb, in which case the map ¥(A) = p1(A)ei; + %pg(A)egg
satisfies ¢ >, 9 >, 0, yet ¥ # ¢(I + t¢)~! for any ¢ > 0, contradicting g-purity of ¢. Therefore,
at least one of cjo and cy; is nonzero. In this case, since ¢ is g—pure we have ® = ¢(I +t¢)~! for
some t > 0. It quickly follows that 14 is a multiple of v5, which implies that p; = kps for some

k € C, and as before we conclude p; = py and rank(¢) = 1.
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The main result of the section now follows immediately from Theorem 8 and Propositions 9

and 10.

Theorem 11. If ¢ : M3(C) — M(C) is unital and g—pure, then ¢ is either invertible or of the

form ¢(A) = p(A)I for some faithful state p.
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Chapter 6

It is what 1t is

6.1 Future endeavors

6.1.1 Comparing (¢,v) and (¢, v) for ¢g-pure v

So far, our boundary weight constructions have distinguished the Ejy-semigroups arising from
specific unbounded boundary weights v(B) = (f, Bf) on B(L?(0,00)) and unital g-pure maps on
M, (C) which either have rank one or are invertible. This leads us to ask how to approach the
problem of comparing boundary weight doubles (¢, v) and (¢, v) when v is any g-pure boundary
weight on B(L?(0,c)). The issue here is that if v takes a more general form than v(B) = (f, Bf),
we are not yet quite able to reduce the problem of determining cocycle conjugacy to the much

simpler problem of finding hypermaximal g-corners between ¢ and .

6.1.2 Focusing on v and u

We can also turn our attention to the unbounded boundary weights v and p to see when they
alone can restrict cocycle conjugacy of the induced Fy-semigroups. We believe that if ¢ and 1 are

unital g-pure maps and v and u are normalized unbounded boundary weights on B(L?(0, o)) such
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that (¢, v) and (¢, u) induce cocycle conjugate Ep-semigroups, then v and p must be connected

in the sense of [P2].

6.1.3 Classification of ¢g-pure maps

How can we classify all unital g-pure maps on M, (C)? As previously mentioned, every unital
g-pure map ¢ : M,,(C) — M, (C) for n < 2 is either invertible or has rank one. This seems to be
the case for all n € N. However, the methods we used for the n < 2 case become unwieldy for
n > 3. It also seems that every non-invertible ¢g-positive map can be decomposed, in some fashion,
into the direct sum of other ¢-positive maps.

Even if we find all the unital g-pure maps, the problem of finding all unital g-positive maps
remains. This class of maps is simply enormous in size and appears unrealistically large to classify.
Regardless, it is still reasonable to compare some simple g-positive maps, such as those of the
form A — p(A)I, where p is any state on M, (C). The problem of determining the existence of a
hypermaximal g-corner between unital ¢-positive maps is much more difficult if the maps are not
g-pure. This is due to the fact that a generic unital g-positive map may have a large class of ¢-
subordinates, whereas the non-trivial g-subordinates of a unital g-pure map are easily identifiable

and must have norm strictly less than one.

6.2 Some conjectures

Conjecture: If ¢ : M,,(C) — M,,(C) is unital and q-pure, then rank(¢) =1 or ¢ is invertible.

Conjecture Let ¢ and ¢ be unital rank one g-pure maps on M, (C) and My (C), respectively.
Let v be a normalized unbounded boundary weight on B(L?(0,00)) of the form v(B) = (f, Bf),
and let a® and B be the minimal Ey-semigroups induced by the boundary weight doubles (¢,v)

and (¢, v), respectively. If a® and B are paired, then n = k.

(6]



Conjecture: Let ¢ and i be unital g-pure maps on M, (C) and My (C), respectively, and let v
and p be normalized unbounded boundary weights on B(L*(0,00)). If the boundary weight doubles
(¢,v) and (1, u) induce cocycle conjugate Eg-semigroups, then there is a hypermaximal g-corner

from v to u in the sense of [P2].

A similar, even stronger conjecture:

Conjecture: Let ¢ and ¢ be unital qg-pure maps on M,(C) and My(C), respectively, and let

v and p be normalized unbounded boundary weights on B(L*(0,00)). Then (¢,v) and (1, p) in-

duce cocycle conjugate Eg-semigroups if and only if there exist hypermazximal q-corners v from ¢

to Y and n from v to pu.
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