ORTHOGONAL EPSILON CONSTANTS FOR TAME ACTIONS OF

FINITE GROUPS ON SURFACES

Darren Glass

A Dissertation in Mathematics

Presented to the Faculties of the University of Pennsylvania in Partial Fulfilment of the
Requirements for the Degree of Doctor of Philosophy

2002

Supervisor of Dissertation

Graduate Group Chairperson



Acknowledgments

It is not at all an exaggeration to say that this thesis could never have been finished without

the following people. | offer my eternal gratitude to...

e Ted Chinburg, for suggesting the problem and helping me see it through.

e David Harbater, Steve Shatz, Steve Sigur, and all of my other teachers at Penn, Rice,

and Paideia, for their constant support, encouragement, and ideas.

e Rachel Pries, Jason Parsley, Chris Burrows, and Nadia Masri, for many chats inside

and outside of the department about mathematics and teaching...and life...and cd'’s.

e My many other friends, especially Aaron, the Forrests, the Fishstones, and all the

afksers, for helping me to procrastinate and keeping me sane over the past five years.

My parents, without whom | wouldn’t be here in the first place.

...and, most importantly, to my lovely wife Kalyani, who has given me love, support, and

inspiration in ways | could never have previously imagined.



ABSTRACT
ORTHOGONAL EPSILON CONSTANTS FOR TAME ACTIONS OF FINITE
GROUPS ON SURFACES
Darren Glass

Ted Chinburg

In this thesis we supposeis a finite group acting tamely on a regular projective curve
X overZ. LetV be an orthogonal representation@fof dimension0 and trivial deter-
minant. Our main result determines the sign of ¢hemnstane(X' /G, V') in terms of data
associated to the archimedean place and to the crossing points of irreducible components
of finite fibers ofX’, subject to certain standard hypotheses about these fibers. In the course
of the proof we associate #6 and the action off on X’ an elemenj(X’, G, V') of order
two in the Brauer group of. Such invariants have been defined by Saito for orthogonal
motives of even weight. By contrast, the relevant motive in this pap@iisx) @ V)¢

which is symplectic of weight.
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Chapter 1

Introduction

This chapter will state the main questions and results of the thesis, specify notation, and
give some background. Let be an arithmetic scheme of dimensidnt 1 which is
flat, regular, and projective ové. We suppose that : X — Spec(Z) is the structure
morphism and that its fibres are all of dimensibnLet G be a finite group which acts
tamely onX in the sense that for each closed pairg¢ X, the order of the inertia group of
x is relatively prime to the residue characteristiaoiVe will discuss tameness in detail in
Chapter 5, as well as give examples. Defihn® be the quotient schenfé/G. We assume
that) is regular, and that for all finite placeshe fiber), = (X,)/G = Y ®7 (Z/p(v))
has normal crossings and smooth irreducible components with multiplicities relatively
prime to the residue characteristiciofFinally, letV be a representation 6f overQ.

Associated to this data, we can definé-function and an_-function, both functions
of a complex variable. The zeta function (s, Y, V) has the formd > | a,,(V))n ™%, with
the a,, (V') being algebraic numbers associated to the actioi of the closed points of
X. In particular:

(9, V)= [] det(1 - Fus|V')™!
ye(y)°

where the product runs over all closed point§ptind in each terny; is an arbitrary point
of X lying overy, I, is the inertia group of in GG, andF, is the Frobenius automorphism
of the pointz. Thatis,F, is the unique element &f, /I, which induces the automorphism
a — o4 of the residue field:(x). The function((s, ), V') does not depend on the choice
of x overy.

The L-function L(s, Y, V') is a product’y (s) - ((s, Y, V') in which the functiory ()
is a product of finitely many functions of the forki{as + b) in which a andb are constants
andI'(s) is the classical'-function. TheL-function is conjectured to have a functional
equation of the form:

L(s,V,V) =€, V)AY, V) °L(d+1—35,Y,V")

in which A(Y, V) is a positive integer called the conduct®r, is the dual representation
of V' and thee-constante(), V) is a nonzero algebraic number. In recent years, many
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authors have studied the problem of determining thesmstants, which may be defined
unconditionally after we choose an auxiliary pridn the next chapter, we will discuss
some known results, as well as he@/, ) can be computed.

This thesis concerns the case wherés an orthogonal representation, meaning that
there is a non-degenerate symmegidénvariant bilinear formi’ x V. — Q C C (where
we fix an embedding d@ into C). In order to get the strongest results, we will furthermore
make the technical hypotheses thais a virtual representation of trivial determinant and
dimension zero. In other word®; will be a linear combination of orthogonal represen-
tations such that the weighted sum of their dimensions is zero and the product of their
determinants is trivial.

| can now state in general terms the main result of this thesis.

Theorem 1.1.1f d = 1 andV is an orthogonal virtual representation of degree zero and
trivial determinant then the sign of the consta(d’, V) € R* can be determined from
the e-constante,, (), V') and from the restriction of thé&/-cover X — ) over the finite
set of closed points of ) where two distinct irreducible components of a fibepobver
Spec(Z) intersect.

The constant.. (), V') which comes up in this formulae is the archimedeaonstant
defined by Deligne i§8 of [D1] using the action of the grou@ and of complex conjuga-
tion on the Hodge cohomology group® (X', C). Chapter Two of this thesis recalls this
and other definitions of-constants, as well as work done by Deligne, Frohilch, Queyrut,
Chinburg, Erez, Pappas, and Taylor in computiagpnstants associated to situations sim-
ilar to those in Theorem 1.1. In Chapter 3, we make a more precise statement of the main
theorem and prove it. The proof uses formulae of Saito, Classfield theory, and several of
the results discussed in Chapter 2.

Chapter Four discusses work of Cassou-Nogues, Erez, and Taylor which extends work
of Serre related to tame coverings. In particular, we define aglassG, V) € H*(Q,Z/27Z)
which is associated to the situation we are working in. We then discuss a connection be-
tween the clasg(X, G, V'), and a class that they define in an analogous situation. Finally,
in Chapter Five we discuss the tameness hypotheses required for my results, and give
examples of computations.



Chapter 2

Background and Motivation

In this chapter, we look at some of the work that others have done in order to compute
e-constants in various situations. We will also describe an application of this research to
the conjecture of Birch and Swinnerton-Dyer.

Frohlich and Queyrut look at computirgconstants in the case wheteand) are of
relative dimensior) overZ andV is an orthogonal representation. In [FQ] they are able
to prove the following result:

Theorem 2.1.1f d = 0 and V' is an orthogonal representation @f, thene(), V) is
positive.

Due to the assumption thdt= 0, this problem can be rephrased in terms of exten-
sions of rings of integers of number fields, and this is the context in whichliehand
Queyrut proved their result, which was originally conjectured by Serre. Their result does
not require the tameness hypothesis which was made in our formulation of the problem.

One can define-constants associated not only to the situation describé&d,ifut
also in the more general situation of motives. We refer the reader to [D3] for the definition
of and basic results on motives. Saito is able to prove the following positivity result on
e-constants associated to motives in [tS2]:

Theorem 2.2. Let M be an orthogonal motive of even weight. Then the global epsilon
factore(M) is positive.

It is conjectured that the globalfactors associated to all orthogonal motives are posi-
tive, though it is not known in general for the case of motives of weight one. We now recall
some elements of Deligne’s theory of local constants, which is essential for our work.

Definition 2.3. Let X and)Y = X' /G be as above. Lét" be any virtual complex repre-
sentation of.

a. Lete,o(Y, V) be the Deligne local constant defined in [CEPTL1]. (see also [D1]). In
particular, the definition of, o(, V') requires that one chooses an auxiliary prime
¢ = v, a nontrivial continuous complex character@f which we denote by, and
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a Haar measurelx, on Q,. In the case wher& has trivial determinant and is of
dimensior), thene, ((), V) is independent of these choices (see Proposition 2.4.1
of [CEPTL1]). This term is well-defined far= oo as well as for finite places.

b. LetX be avariety of dimensiatiwhich is defined over a finite field of characteristic
p. Let? be a prime different from and letj, : Q, — C be an embedding. Finally,
defineV/, to be a virtual representation & overQ, such thatj,(xy,) = xv. Define
e(X,V) = jildet(—F|(H:(F, xr, X,Q) ® V;)¥)), where F' is the geometric

Frobenius automorphism. This number is independent of all choices.

c. For finite places of Q, we lete, (V. V) = €,0(V, V)e(Vy, V), wheree(),, V) is
defined as ar-constant over a finite field. Furthermore,in the case where oo,
we lete(),, V) = 1 so that in particulare,, (Y, V) = e o(V, V).

d. The globak-constant associated 0 is defined by(Y, V) =[], e,(), V) where
the product is over all places of Q.

The e-constants associated to varieties defined over finite fields are studied by Chin-
burg, Erez, Pappas, and Taylor in [CEPT3], where in particular the following theorem is
shown.

Theorem 2.4.Let X be a variety of dimensiothdefined over a finite field. ifis even (re-
spectively, il is odd) and if” is a symplectic (respectively an orthogonal) representation
of G, thene(X, V) is positive.

A symplectic representation is a representatiorwhich is equipped with a non-
degenerate alternating-invariant bilinear form. Papers of Chinburg, Erez, Pappas, and
Taylor such as [CEPT1] and [CEPT2] prove results on computiognstants associated
to arithmetic schemes in the case wherés a symplectic representation. Their results
include the following theorem:

Theorem 2.5.Suppose that = 1, and thatY'/ H is regular for every non-cyclic subgroup
H of order four inG. (In particular, this condition holds whenevét is either a cyclic
group or a generalized quaternion group). Finally, iétbe a symplectic representation of
G. Thene(Y, V) is positive. Furthermore, for each placeof Q, €,(Y, V) > 0.

In order to prove Theorem 2.5, they show that under their hypotheses ko, )
ande(),, V') are determined by an equivariant Euler characteristie £, (F,G), so that
they have the same sign and therefore théd, V) = ¢,0(Y,V)e(),, V) is positive.
They ask if such a theorem holds whenevés odd, although there are counterexamples
whend = 0.

Calculatinge-constants would have several important implications. One of the most
striking relates to the Birch-Swinnerton-Dyer conjecture. In particular, an equivariant
version of this conjecture says thapifis an arithmetic surface and¥f is an irreducible
representation, thesrd,_, L(s, Y, V') is equal to the multiplicity ol in the CG-module
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C® (Pic’(X)(Q)), wherePic’(X) is the group of divisor classes dnwhich have degree
zero on the general fiber of.

More precisely, this implies that If' is a self-dual representation (i.&. = V'*), then
e(¥,V) > 0if and only if VV has even multiplicity in th€G-moduleC ® Pic’(X). Thus,
if e(),V) <0, thenC® (Pic’(X)) must have a non-trividl -isotypic part. This property
can be rephrased in terms of the existence of integer solutions to the systems of equations
defining the Jacobian ot'. In other words, if the Birch-Swinnerton-Dyer conjecture is
true, then the sign of arrconstant will predict whether or not certain equations have in-
teger solutions. Theorem 1.1 makes it significantly easier to compute varamrsstants,
and thus to test further cases of the Birch-Swinnerton-Dyer conjecture.

For this application as well as in other situations it is not the acti@nstant we
are interested in computing but merely the sign of this constant. W&/sgt V) =
sign(e(Y,V)) and call this the root number &f.



Chapter 3

Main Results

3.1 Reduction To Fibral Computations

Let X, G, Y = X /G be as ing1. LetS be the set of all finite placesof Q where either
the fiber), = Y ®z (Z/p(v)) is not smooth or the map : X — Y is ramified. LetD’ be

a horizontal divisor oy such thatD’ + Y = Ky + Y54, whereKy is a canonical divisor
on), Yid is the sum of the reductions of the fibers)fat the places irf, T is a finite
set of finite places of) which is disjoint fromS, and)r is the sum of the (necessarily
reduced) fibers o) over the places ifi’. ThusOy,(D’ + Yr) is isomorphic to the twist
wy 7 (V5ed) of the relative dualizing sheafy 7 by Oy (V5e?). We further wish to choose
D’ so that it intersects the non-smooth fibgtsof ) transversally at smooth points on the
reduction of),. We can choose such/& after a suitable base change due to the moving
lemma proven as Propositidnl .3 in [CEPT1]. The choice of this canonical divisor is not
unique, but our calculation will show that the results are independent of the chaize of

Remark 3.1. As stated above, we can only choose a horizontal divisavith the desired
properties after a suitable base change. Thus, we need to consider how base changes will
affect thee-constants. To be precise about how we make the base change, we will choose
an odd primée which is not in the set of bad primé&sand we denote by, the cyclotomic

Z, extension of). Because we have chosé# S, this base extension &ale overs, and

the pullback of a canonical divisor remains canonical up to a multiple of the fibgi of
over/{. Propositiond.1.3 of [CEPT1] shows that a horizontal divis@’ with the required
properties exists after a base extension to a the ring of integers of a finite extengjon of
inside V.. This base extension, which we now fix, is of degree a poweiSince/ is not

in the setS, the Hasse-Davenport Theorem together with Lerimhd of [CEPT1] shows

that the epsilon constants we will consider for the base change ar itiepower of the
corresponding constants before the base change. So to consider sign information, we are
free to make a base change of the above kind. If we were interested in preserving more
than just the sign of theconstant we can achieve this by placing a more strict congruence
condition on the primé.

Lemma 3.2. For the infinite place¢.. o(D', V) =1
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This lemma is an immediate corollary to Proposition 5.4.2 of [CEPTL1]. In particular,
this proposition says that if is odd then the archimedean epsilon constant associated to
the canonical divisor and to any representafiomf trivial determinant and dimension
zero is equal to onel)’ differs from the canonical divisor only by vertical fibers, and thus
the result applies.

Lemma 3.3. With ), D', andV chosen as above, ((),V) = €,0(D’, V) for all finite
placesv of Q.

Proof: For all placesy € S, this follows directly from [CEPT1]. Their proof involves
comparing Gauss sums with different arguments. In particula€, l&e the set of irre-
ducible components @P’¢?. For eachC; € C, they definex;, a Gauss sum associated
to the restriction of the representatidhto the inertia group of the generic point 6f.
Furthermore, they define to be thel-adic Euler characteristic with compact support of
the open subscheme 6f consisting of points which are nonsingular)itjc?. They then
note that the formulae developed by Saito in [tS] imply that X', V) = [],cc, m:(V)“.

Next they show that for each; we can compute thakge. (Oy (Ky + Vi) = —c;i fi,
where f; is the index of the constant field extensidn : F,]. Changing views, we let
&' be a point whergr? intersects the horizontal divis@’. We can define Gauss sums
ks 1IN a similar way to the above defined, such that, in particulargs = 4’“5)“.
Furthermore, the local epsilon constapg(D’, V') is given by[ ;¢ piyrea ks (S€€ [tS] p.
416). The proof of the lemma in this case now reduces to counting intersection numbers
and verifying thats; occurs as a factor the same number of times in b, V) and
evo(D', V).

For the finite places which are not inS the argument is similar. It is only the inter-
section multiplicities ofD’ with certain vertical divisors that matters, and these numbers
do not change in the event that we add new vertical fibers into the divisors. For this reason,
the appearance @f; in the equalityD’ + Yr = Ky + Vi makes no difference in the
argumentl

With these lemmas in hand, we can make the following series of calculations:

«Y,V) = ] V)

= 6:0(;))7‘/) H ev,O(yav)e(ymV)

v finite
= V) [] €o@ V), V)

v finite
= eoo(y,V)e;O(D’,V) [ eo@ V)e(D,, V)e(D}, V) eV, V)

v finite
= (D' V)ewo V. V) [[ D), V) eV, V) (3.1)
v finite

In these calculationd)! = D’ ®; Z/p(v) is the finite collection of closed points of
D’ lying above the finite place of Q.



Lemma 3.4.¢(D’, V) is positive.

Proof: D’ is a one-dimensional object, and the restrictionVoto D’ will still be an
orthogonal representation. By applying the theorem ohkch-Queyrut to the normal-
ization of D’ (which we denote by D’)#), we get that((D’)#,V) is positive. Now,
because the definition of local constants involves only the Galois action on general fibers,
€o0((D)#,V) = €,0(D’, V). Thus, we are only concerned with the difference between
the terms((D")#, V') ande(D.,, V), all of which come about from the singular pointsf
D’. The action of7 is étale at these points, and thus we can compute the local constants at
these points ag(y, V) = det(—F|(H"(y, Q) ® V)% = det(V)(myrea, ), Which is equal
to one due to our hypotheses thahas trivial determinan®

Thus, we have reduced the calculation of the siga(df, 1), which is an inherently
two-dimensional calculation, to a collection of fibral computatie(®’, V)~ 'e(Y,, V)
for each finite place, and a calculation for the archimedean compomngn#(), V).

3.2 The One-Component Case

Theorem 3.5.Let X, ), D’ be as above and lét be an orthogonal virtual representation
of dimensiord and trivial determinant. Furthermore, assumeés a finite place ofQ such
that Yre? is irreducible. Ther(D., V)" te()),, V) = 1.

Proof: Assume thafy ¢ consists of a single component. Thgf¢ is smooth by
hypothesis. Let be an irreducible component &f, with generic poinf... LetG,,, be the
Galois group acting on the generic point@fand/,_ be the inertia group at the generic
point of c. Then we have that,. C G,. € G. We denotel,,, by /. We know from our
tameness hypotheses that the ordef frelatively prime tav, and we further know that
I is a cyclic group. The specific structure bis discussed in detail in the Appendix to
[CEPT1]. .

We begin by computingY,, V) = [, det(—F|(H(Z/vZ Rz 1z Yo, Qo) RV )F) DT,
where F' is the Frobenius element as described above. We know by our hypotheses that
the covert’<¢ — Yred is a tameG,,, /I-cover of smooth curves ové&/pZ. Furthermore,
the action ofG' /I on X7°? is étale becausé = I,,. = Iy, the inertia group of the point
z, for all pointsz € Xr°d. This implies that(),,V) = ¢(Yred, V7). I acts trivially on
the cohomology group*(X7°? Q, ), so Saito’s formulae in [tS] imply tha{)),, V) can
be calculated adet(V")(Kyy.a), whereKy,.. is the canonical divisor op**. The terms
Kyr. are well defined, as we have assumed that for all finttee irreducible components
of Yr<d are themselves smooth.

Next we look at the terma(D., V). Let D be the preimage ab’ in X, and let/ be a
prime different fromw. Let I , be the cyclic inertia group of a pointlying above the
pointsin), N D’ (note that this is independent of which pointve choose). Becaude),
is zero dimensional, we know thetD;,, V') =[], ., €(y, V) where

e(y,V) = det(—=F|(H(z ()", Q) @ V)%)
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if we view 7 as the coveD,, — D.. We know thatr—*(y)"* = (y x p, D,)™** = z x¢, G.
In particular, this implies that

H(x ()", Q) @ V = (Indg, H(z,Qu)) @ V
Becausd,, = Iy, for all pointsz, we can see that

IndG, H(2,Q0) = Infig,,, Ind’/ e H (7, Q)

Recall that/ = Iy, acts trivially onH°(z,Q,). This allows us to compute that

e(y,V) = det(=F|(H (" (y)"" Q) @ V)%)
= det(—F|(Infig, Indg ) H(,Q) @ V)%)
= det(=F|(IndgL) H(z, Q) & V)9/T)
= ey, V")
wheree(y, V1) is the local constant associated to tHgl coverx<d — Yred,

This lasttermis in turn equal et (V') (myrea , ), Whereny,.a , is the local uniformizer
from classfield theory sinc& ? — )¢ is an unramified~ /I cover. Finally, we can put
these terms together to get th@b!, V) = det(V!)(D'NYre?), whereD’'Nn Y < is viewed
as a divisor o<,

Lemma 3.6. Under the above hypothesd’,n V< is a canonical divisor o)/<?.

If we are able to prove this lemma, we will have shown #fat,, V) = det(V')(K) =
(), V), soin particulag(D,,, V)~ 'e(),, V) = 1, and Theorem 3.5 will be proven.

In order to prove Lemma 3.6, recall that we chégeo thatOy,(D'+Yr) = wy 7 (V).
We note that if we look at the two exact sequences:

0 — Oy(=Vi) = Oy — Oyrea — 0

0 — Oy(D' = Y;*) — Oyp(D') — Oy(D')|ygea — 0
we get that for all primes, Oy (D’)|yr. is the same ay,.«(D' N V). Furthermore,
for those primes which are inS (and in particular are not iff'), we further get that
Oy(D’)|yrea = Op(D' + Vr)|yra. We now are able to make the following computation
for all v € S such thaf)r*? is irreducible:
Oypea(D'N YY) = Op(D')|yped
— Oy(D/ + yT)‘yged
= Wy (V5 lypes

= Wy/Z(yged) |y58d
w:))ged



In other words, for such, D’ N Y7¢ is a canonical divisor op"*? under these assump-
tions.
It remains to show that Lemma 3.6 holds for primesutside of the se$. We know
that for suchw, the fibres),, are reduced and smooth and that the local equations have a
n|ce form. This implies in particular thaf"** = )),, is a principal divisor and thus that
Oy(Yred) is isomorphic ta0y,.
Recall that by definition we have th&X + Y, = Ky + yged. This tells us that

D'+ YVr = V5 + Vit = Ky + Vi
and therefore that
Oy(D' + Vr = V& + Vi yrea = wysz(Vir®)|yrea

The right hand side is equal &g,,.« by the adjunction formula. To calculate the left hand
side, we observe that is notinS by hypotheses, although it may bélin Thus there is an
integerm which depends on the multiplicity af in 7",such that the following calculations
hold:

Oy(D/ + yT . yred y:;ed)‘y;ed — Oy + myred)‘yred

= Oy(D)lygea ® Op((Viy )™ yyea
= 0
= 0Oy ,)|y5fd

(D'
(D
y(D')|ypea ® Oy
(D
(D'

NV

Oy
which proves Lemma 3.6 and therefore Theorem 5.

Remark 3.7. Note that we can identifdet(V!) with a character of order 1 or 2 of
Picweu (V7). Thus,e(Yred, det(V1)) = 1, as it's the ratio of epsilon constants asso-
ciated to zeta functions. In particular we can show that bqth,, V') ande(D’, V') are
trivial, which would give us another way of proving Theorem 3.5. However, for what fol-
lows it is more illuminating to instead consider what their ratio is, and in particular how
close each is to being of the fornt(V7)(K).

Remark 3.8. One should note, however, that our hypothesesthe of trivial determi-
nant does not imply that’ is of trivial determinant, as one might speculate. A simple
example where one can see this is if we al@w- Z /2Z & Z /27.. Representation theory
tells us that there are three nontrivial irreducible representations on this gxqug», and
X1X2 in addition to the trivial representatior,. All four of these representations are of
dimension one. Let be the virtual representatioR; + x2 + x1Xx2 — 3xo, Which is of
trivial determinant and dimension zero. Now, fet_ G be the second copy @f/27Z, in
which casé/’! = x; — 3xo, Which does not have trivial determinant (or degree zero, for
that matter).
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3.3 Partial Trivializations and the Canonical Cycles

In this section we will describe in detail the relative canonical cycle associated to line
bundles with partial trivializations, as defined by Takeshi Saito in [tS], as well as other
machinery which we will need in order to compute the teefis), V)~ 'e(),, V) in the

case wher@ ¢ consists of more than one component.

Definition 3.9. LetD be a divisor on a schemg and let{D; };-; be the set of irreducible
components oD. A locally free sheaf on X is said to be partially trivialized orD if
there exists a family = (p;) of Op,-morphismg; : £|p, — Op, such that for all subsets
J C I, themap, = @P,., pi : E|lp, — O, is surjective.

Given a partial trivialization of the she&fof rankn on X, Saito defines the relative
top chern class, (€, p) € H*(X mod D, Z,(n)) based on an idea of Anderson in [A].
In particular, Saito notes that there is a canonical isomorphism

® : H*"(XmodD, Z,(n)) — H*"(VmodA, Z,(n))

whereV is the covariant vector bundle associated to the dudl.dfVe also have a nat-

ural map fromH°(X,Z,) — H**(V mod A,Z,(n)). Let[0] be the image of the class

1 € H°(X,Z,) under this map, and then Saito defines the relative top chern class to be the
inverse image ofo] under the canonical isomorphishabove. Relative top chern classes
satisfy nice functorial properties, and the relative top chern class is mapped to the normal
top chern class under the canonical nfafy (X mod D, Z,(n)) — H**(X,Z,(n)). Fur-
thermore, the following corollary of Propositidnin [tS] gives us a way to compare the
relative top chern classes associated to two different partial trivializations.

Corollary 3.10. Let X be aF,-scheme, and &€, p) be a partially trivialized locally free
sheaf onX. Leto;, = ;' p; : E|p, — Op, Where f; comes fron¥;, so thato = (o)

is another partial trivialization of€. Finally, let&; = Ker(p;) so thatp|p, is a partial
trivialization of £;. Then we can compute the difference between the relative top chern
classes as

Cn(ga P) - Cn(g? U) = Z{fz} U Cnfl(gia P Di)

In section 2 of [tS], Saito uses the construction of relative top chern classes to define
the relative canonical cycle.

Definition 3.11. Let D be a divisor with simple normal crossings on a variétyof di-
mensionn defined over a perfect field of characteristicp, and letU = X — D. Let
Q% r(log D) be the locally freeDx-module of rank: of differential 1-forms onX with
logarithmic poles alon@. Then the cycle

cxu = (—1)”cn(Q§(/F(logD), res)

is called the relative canonical cycle. It lies inside the cohomology with compact support
H?(Xmod D,Z'(n)), whereZ' = ][, Z, The relative canonical cycle has degree

equal tox (Uz) = X(—1)%dimH!(Uz, Q,). Note that this definition differs from that of S.
Saito in [sS], but only up to a change in sign.
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Saito observes that one can also define a relative top chern class (and hence a relative
canonical cycle) sitting inside di" (X mod D, G,,), the divisor class group with modulus
D, and in particular we can defing ;; as an element of{"(X mod D, G,,) in the case
whenn = 1. For our work we will want to consider the case whe¥eis one of the
components op’“?, and therefore is of dimension one. We will look at the relative top
chern clasgy ;7 lying inside the generalized class group

HY(XmodD, Gy,) = [(Bu¢pZ) & (repK* /UL /K

where K is the fraction field ofX andU! = 1 + m,. In particular, the classx ;; can

be computed in the following way (see the examplginof [tS]). Letw be a nontriv-

ial rational section of2 (log D) such that for all pointss € D, ord,(w) = —1 and
res,(w) = 1 then the relative canonical cycle represented by the class of the zero cycle
which is supported off oD given by

cxu = — Z ord,(w) - [z]

zeU

Proposition 3.12. Let J’*¢ consist of two componentg andG’. Let D’ be a horizontal
divisor chosen as in the previous sections.

(1) Thereis a canonical isomorphispt Op (D' N F') — we (F' N G") up to multipli-
cation by a global unit.

(2) The globalsectiom € I'(Or(D'NF’)) maps undep to an elemeny € I'(wp (F'N
G")) such thatord,(y) = 1ifx € F'N D', ord,(y) = —1ifz € F'nG’, and
ord,(v) = 0 otherwise.

(3) Seta, = res,(y) forall z € F' N G". Thencg y,, is such that-cg ,, is the class
in [(@IG(FLG’)Z) s> (@xEF’ﬂG’K*/U;)]/K* = Hl(F/ mod (F/ N G/), K) of the
element

¢ = (Brepnrl €L)® (Brer—p -0 € Z) B (Brerng az)

The proof of par{1) follows from carrying through a series of calculations analagous
to those in the proof of Lemma 3.6. In particular,

Op(D'NFE) = Oy(D)|p

Oy(D' + YVr)| 5

wy (V) |
wy(Vy) |

= [wy(F") @ Oy(G)]|e
wy(F')|rr @ Oy(G") [
wp @ O (F'N G
we (F' NG

I
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To prove part$2) and(3) of the proposition, we sef = F" andD = F'NG’. Proving
these statements is then just a matter of calculating the various orders and resiglues of
given that we know them for the elementc I'(Or (D' N F')). Explicitly, they can be
computed by following the residue map on elements of the sheaves through the equalities
and congruences in the calculations above. Note that all of the isomorphisms are unique
with the exception oDy (D’ + Vr) = wy(Yie?). This map, while not unique, is well-
defined up to multiplication by a global unit, and therefore when we look at classes mod
K* the discrepancy will not matter.

This proposition gives us an explicit way to construct the relative canonical class in our
situation. In particular, the, terms come about because of the difference in natural partial
trivializations on the sheave8y (D' N F’) andwg (F' N G') associated to the restriction
mapOp (D'NF') — Op/(D' N F")|png = Opng and the residue mapss,.

For the computations in the next section, we will need the following definitions.

Definition 3.13. Define the following classes which lie in the generalized class group
HY(F'"mod (FFNG), K).

a. Define an elememX € (©,e(r—c)Z) ® (Drerne K*/UL) which has components
equaltol € Z atall pointsx € D'NF’, equal to) € Z at all pointsz in F'—D'—G’
and equal to the identity itk * /U for all pointsz € F’ N G'. We then look at the
class[\ € H'(F' mod (F' N G'), K), which is the first relative chern class of
the line bundleDr (D’ N F’) with partial trivializations. One can defing|s in a
similar way.

b. Letd be the class ifff' (F’ mod (F' N G'), K) which corresponds to the element
§ = (B0)® (Day) € (Brer—aZ) D (Berne K*/UL). In other words, this element
is trivial at all places corresponding te ¢ F’ N G’ and for those places which
correspond to points: € F' N G’ consists of the terms, coming about as the
difference between the partial trivializations 6f,(D’ + Yr) and wy(Y5?), as
found in the above characterization f ;. Note thatdr, can be thought of as
the quotient oty , and[A] . One can definé. in a similar way.

3.4 The General Case

We have shown that in the situation wheyg consists of a single componeft then
the fibral contribution to the root number is positive. Now we will consider the next
case, wheré)r? consists of two irreducible components, séyandG’. Note that in
particular this implies that € S. Recall that from Equatiof.1 above we are interested
in comparinge(D., V) ande(),, V). By our initial assumptionsD’ intersects)7 in
smooth points o§7¢¢, so in particular we get thatthe sBt N F' N G’ = ()

Definel; = I, andl, = I,q), whereF andG are components ok lying
above” and G’ respectively. Thenlet(V11) is a character of the Galois group of the
coverF' — F’, which will be tame with respect to the divisé¥ N G’. Classfield theory
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says that we can therefore vieiwt(V 1) as a character of the ray class groupitfwith
conductorF” N G’. We wish to define the termet (V1) (7, ) for pointsy € F’. In order
to do so, we viewlet(V ') as a character of the idelgs of F. In other words, it is
an idele class character modulo the conductor, which will be supportéd orG’. We
then definelet(V ') (7p ) to be the value ofet (V1) onthe idelg1, ..., 1,mp,, 1, .. )
which is trivial away fromy. This is well defined as the conductor@ft(V"*) does not
involve y and the difference between two local uniformizers is a unit.

If we definedet(V"*)(D' N F’) to be equal to the produ¢d, .,z det(V") (o),
then this term will be independent of the choices of uniformizers as all components are
unramified, and we are able to make the following calculation:

E(D;,V) = H e(y,V)

yeD/my;;ed
= I ew.v) II ewVv)
yeD/NE’ yeD'NG’
= H det( 7TD/ H det 7TD/)
yeD/'NEF’ yeD'NG’
= det(VI)(D'NF')-det(V2)(D'NnG") (3.2)

Recall that in the case whep&“? consisted of a single componefit, we were able
to show thate(D!, V) = det(V!)(D' N F'). In that case Lemma 3.6 showed that our
hypothesis oD’ implied thatD’n F’ was a canonical divisor of’. The preceding section
showed that in this more complicated case, whileh F” is not a canonical divisor oR”,
it is close to being one. To make this precise requires the results of the previous section.
In particular, when viewed as an idele class charadte(/*) breaks into components
det(V1), which are unramified for alt ¢ F' N G’, and therefore we get

det(V")(D'nF)= ] det(V")y(mp,) = det(V")([N]p)
yeD'NF’

Therefore Equation.2 says that in the case wheveis an orthogonal virtual repre-
sentation of dimensiot and trivial determinanfy”? consists of two components’ and
G' and D' is chosen as above, then we have that

(D, V) = det(V")([Alp)det(V?)([Ne) (3.3)

Switching gears, we now want to take a look at the te(i,, V). For the moment, we
will assume thaf” N G’ consists of a single point We begin by looking at the two exact
sequences:

0—=U=Yr—z =Yt — 20

0 U—Yred = F'ILG — {zp, 20} — 0
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wherezy (respectively:) is the pointz thought of as sitting just oR” (respectivelyG’).
Epsilon factors are multiplicative within exact sequences as well as in disjoint unions, so
these sequences imply that

eVred VY = (U, V)e(z,V)

e(F',V)e(G', V)
G(ZF/, V)G(ZG/, V)

€(z,V) (3.4)

To continue, we must consider thg”, V') term. In order to compute this term we use
the following result proven by Saito in [tS]

Lemma 3.14.Let X, U be as in Definition 3.11, and let the action Gfbe étale onU.
Then] [, . e,/(X, V) =det(V)(cxv)

yeU

Applying this lemma to our situation, we are able to make the following computation:
e(F,V) = €(F,Vh)
= H e, (F, V)

ye(F")0

= (P, V) [[(e(F, V)
y#2
= &(F,VM)det(V")(cpp,,)

= e (F . V"e(zp, V) det (V) (cpp,,) (3.5)

Plugging Equatior8.5 (and the analogous formula fe(G’, V")) into Equation3.4
gives that

eV V) = e (F Ve (G VR)det (V) (cpu,,) det(V) (cor v, )e(z, V)
which we we can combine with Equatiars to get that

G(yv, V) _ det(VIl)(chUF,) det(VIQ)(Cg/7UG,)
(D, V) det(VI)([Alpr)det(VE2)([Aer)

Note that

EO,z(Flu Vh)EO,z(Glu VIQ)E(Zv V)

det(VIl)(cFryUF,)
det(VIl ) ( [)\]F’)
whered is the class defined in Definition 3.13.
Considering a slightly more general case, in which we still only have two components,

but whereF’ N G’ consists of more than one point, it is clear that all of the calculations
will follow through and we will get that

= det(V)(6p)

(Yo, V)

m=det(V“)(éF/)det(V”)(6(;/) [T co-(F . V™Meo (G V)e(2,V)

zeF'NG’
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If we have more than two componentsJiic then the bookkeeping becomes more
complicated but the mathematics does not. We first set up the necessary notatioh. Let
be the components 9f**. Furthermore, le€; ; = C;NC;, Z = U,,;C; ; be the collection
of all intersection points and léf-, be the open set consisting©f — Z. Finally, let/; be
the inertia group associated ¢4 as above. We are still interested in computi®,, V')
ande(D,, V). Let A\, andd, ¢, be the classes ando defined above for a particular class
v and a particluar component. In particular, recall that, -, can be calculated purely
from looking at points: € Z

For the latter, the computation works just as it did before, as we know that if the
C;,; are disjoint from each other as well as frdm. We obtain that

D, V) = []det(V)(CinD

= H det(V')([\oc,)

To compute:(),, V') we need to use the following exact sequences:
0—-U=Y“—7Z Yy 70

0— U%)@ :HZCZ — Hi;ﬁjCM — 0

wherell,;C; ; can be thought of as the set consisting of two copies,afith each point
considered as sitting once on each of the tWavhich it comes from originally. We can
now use these sequences as well as the above calculatie(is; df ) to get that

YV V) = (UV)Z,V)
) | €(z,V)
= H (Cza V) H (Zcil , V)G(ZC~ ’ V)

z€Z4

= Hdet CC U, ) H €o z(Czla V )60 Z(Clza VIZQ)

z€Z

where we think ot € Z as lying onC;, N C;,. If we put all of these calculations together
we get the following result.

Theorem 3.15.Under all of the above hypotheses and notation, we get that far, all

y”’ Hd tV) (6ue,) [ ] €0.2(Cins VI )eo o (Cry, VE2)e(2, V)

z€Z

where both of these products are equal to one if theZsistempty.

Combining Equation (3.1), Lemma 3.4 and Theorem 3.15 gives a precise form of
Theorem 1.1. Note that other than the tetg(), V'), the other terms depend only on the
crossing points of the components of fib@is<.
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Chapter 4

Connections to Other Work

In this chapter we define an element of the Brauer gréi#pQ, Z /27) related to the
results of the previous section and prove a connection between it and the Galois theoretic
invariantw,(7) defined by Cassou-Nogues, Erez, and Taylor.

4.1 Definition of u(X,G,V)

In order to define the invariant(X',G,V) € H*(Q,Z/2Z) we must first impose an
additional condition on our horizontal divis@Y. In particular, we must assume thatis
chosen so that when we calculate theterms by the residue maps as in Definition 3.13,
they are all equal td. We will call such a choice ob’ a nice divisor.

Given any horizontal divisoD’ as in Chapter 3, it is possible to find a nice divisor
which is close to it due to the following moving lemma, which is proven in section 4.3.
In particular, this shows that nice divisof$ always exist and therefore that our class
w(X, G, V) will be well-defined.

Lemma 4.1. There exists a meromorphic functiénon Y ¢ such that the divisor of.
intersects the special fibepge? transversally at smooth points away fraj, and such
that h takes on prescribed values at the singular point9/gfe. In particular, given a
horizontal divisorD’ as in the previous section, the divisbf + div(h) will have residue
maps equal to one at the crossing points of componernyéf

It is clear that for all nice divisord)’, the classes, ¢, defined in Definition 3.13 are
the same and in particular that the terdas(1V'/') (4, ¢,) are independent of the choice of
a nice divisor. This allows us to prove the following.

Proposition 4.2. In the case wher&’ is an orthogonal representation of dimension equal
to zero and trivial determinant and whef# is a nice divisor, the local constaat(D’, V)

is independent of the choice &f. In particular, the element (X, G, V) in the global
Brauer groupH?(Q, Z/27Z) whose local invariant at the placeis given by the sign of
e,(D', V) is well-defined.
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Proof: If V is of dimension) and trivial determinant, the proposition follows from the
statement of Theorem 3.15. For any fixed placé Q, it is clear that the right hand side of
the equation in Theorem 3.15 is independent of our choice of a nice canonical d¥jsor
as thelet (Vi) (4, ¢,) terms are. Furthermore, itis clear thay,, V) is independent of our
choice ofD’. Thus, it follows from the theorem that(D’, V') is independent of the choice
of D'. Next, we note that lemma 3.3 tells us tlagg(D’, V') must also be independent of
our choice ofD’. Therefore it must be the case thatD', V) = €,0(D’',V)e(D.,V) is
independent of the choice @¥'. The product of all of the,(D’, V) is equal toe(D’, V),
which must be equal to one from thedftich-Queyrut theorem. This tells us that we can
define an element(X, G, V) in H*(Q, Z/27Z) by setting the local component at the prime
v to be equal to the sign ef, (D', V). &

4.2 The connection tows(m)

In this section, we will consider the relationship between the gl@ss G, V) lying in
H?(Q,Z/27) which we defined in proposition 4.2 and the Stiefel-Whitney clags) €
H?(Y,.,7/27) associated to the cover: X — ) which is considered by Cassou-Nogues,
Erez, and Taylor in [CNET]. To begin this comparison, we describe their construction.
Letm : X — Y be a tamely ramified cover of degreewhereX’ and)’ are regular
schemes an@ is connected. Furthermore, we must make the technical assumption that
the ramification indices are all odd. Cassou-Nogues, Erez, and Taylor use Grothendeick’s
equivariant cohomology theory to define an invariantt' /Y) = wy(r) € H*(Ver, Z/27)
associated to this situation. Their definition generalizes to define clasgeswhich lie
in H' (Y., Z/27) for all positive integers, but in this thesis we will only be interested
in wy. These terms are generalized Stiefel-Whitney classes, and are obtained by pulling
back the universal Hasse-Witt classes defined by Jardine using classifying maps related to
a quadratic form¥. The precise definition o' uses the existence of a locally free sheaf

D;(%f whose square is the inverse different of the covedin@’. In the case of unramified

coveringsD,, /) = Ox.
In [CNET] they prove the following equality i’*().;, Z/2Z), which is an analog of

a theorem of Serre:
wz(m(D;%f , Trxyy)) = wa(m) + (2) U (dxyy) + p(X/Y)

wherep(X'/)) is defined by the ramification ot /Y, dy is the function field discrim-

inant, and the left hand side of the equation is the Hasse-Witt invariant associated to the
square-root of the inverse different bundle. Note that if we look at the one-dimensional
version of this formula the middle term on the right hand side becomes trivial. Therefore,
in the case oétale covers of curves the formula reduces to

wa(7) = wa(m (D 5, Trayy)) = ws(E)
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wherew,(F) is the second Hasse-Witt invariant associated to the square root of the inverse
different, as described in detail in [CNET].

Let D’ be a choice of a canonical divisor @hin the sense of the previous chapters,
and leti : D" — ) be the natural inclusion. Aatale covering of) naturally restricts to
give anétale covering ofD’. We now have the following natural maps

i*: H* (Yo, Z.)22) — H*(D.,,7./27)
res : H*(Dy,, 2/22) — HZ(Q(D'), Z/2Z) = Hy, (Q/Q(D'"), Z/22)

cor : H2,(Q/QD'), 2,/2Z) — H(Q. Z,/2)

where the latter two maps are restriction and corestriction in the sense of Serre (for details
see Chapter VIl of [Se]). Composing these maps gives a natural map

H* (Y., 7./27) — H*(Q,Z/27)

We denote the image of the class(w) € H?(Y., Z/2Z) under this map byi, () €
H?(Q,Z/27). Atfirst glance it appears as though this element may depend on our choice
of canonical divisoD’. However, we want to show that it does not depend on this choice
and furthermore that the elemeat(7) is connected in a natural way to the element
w(X, G, V). Recall thatu(X, G, V) is defined by letting the local invariant at the place
be given by the sign of( D/, V') but also turns out to be independent of our choice of a
canonical divisoD'.

Of course, the clasg(X, G, V) depends on the choice of a representatioof G.

The natural representation to consideRisthe regular representation of the graupIn
particular, the nicest possible theorem would say th&tuere the regular representation
of G, u(X, G, V) would equal tau, (7). However,we have only shown thatt', G, V) is

a well-defined class in the case whéfas of dimension zero and of trivial determinant,
neither of which holds foRR. So instead of settinf = R, we consider the representation
V = R — det(R) — T"!, wheredet(R), the determinant of the regular representation,
is a character whose order is either one or tWas the trivial representation andis the
degree of the covet’/). This choice ofl is an orthogonal representation, and it has
trivial determinant and dimensidh In this case, we can prove the following theorem:

Theorem 4.3. Assume that we are in the above situation, and in particular that

R — det(R) — T"'. Let ),/ be either the trivial cover or the subcover af/) of
degree 2, depending on whethé&tt(R) is of order1 or 2 respectively. Then as classes in
H?*(Q,7Z/2Z), we have the equality

w(X, G, V) =wy(X/Y) — W (D1 /YY) — (n — D)wa(Y/Y)

The proof of this theorem relies on the interpretation of each side of the equation
as a Stiefel-Whitney class. In particular, Cassou-Nogues, Erez, and Taylor show that
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the elementu,(7) is the Hasse-Witt invariant associated to the full covering of surfaces.
Thus, when we restrict the class to the one-dimensional divisare see that the element
i*(wo(m)) € H*(D.,,7Z/27) is equal to the Stiefel-Whitney class associated to the form
E' = (Dg}/g,, T'rp,pr) on the canonical divisab’ of ). This follows as a generalization
to étale cohomology of results of ¢hilich in [F], which allow us to associate the class
i*(we (7)) to G-extensions of the ring of integers of the residue field of the generic point
of D'.

Next we make use of the results of Deligne which allow us to interpret local Stiefel-
Whitney classes in terms of local root numbers. In particular, the following lemma is
shown in [D2]:

Lemma 4.4. Letd = 1, so that the fiberst, and)), are all one dimensional schemes.
Furthermore, letl” be an orthogonal virtual representation of dimension zero and trivial
determinant. Under these hypotheses, the local root nuib@r,) = sign(e,(),V))

is equal toexp(2micl(sw,)), wheresw, is the local Stiefel-Whitney class, anldsw,) €

0,1/2} C Q/Z.

In other words, in characteristic not equal to two, the sign ottbenstants, (D', 1)
of the representation on the one dimensional horizontal divi¥oare determined by
whether or not the classes () are trivial in the Brauer group, and(D’, V) is auto-
matically positive when = 2. One can see that these are exactly the terms which come
up in the computation of the class of Cassou-Nogues, Erez, and Taylor.

In particular,e, (D', V) = €,(D’, R)e, (D', det(R)) is the same as the local Hasse-
Witt invariants. However, we are working witttdle covers of curves and so from the
results of [CNET] discussed above, these Hasse-Witt invariants are simply the images of
the appropriate classes (7). This proves Theorem 4.8

4.3 Proof of Lemma4.1

The proof of Lemma 4.1 involves a generalized version of Bertini’'s Theorem. For now,
let us assume that is a smooth curve defined over an infinite fiéldnd let us choose
a finite set of pointg;, ..., p,, on X. We define the divisop = ). p;,. Furthermore, let
us choose constantswhich lie in the residue field(p;) of the pointsp;. Finally, let us
choose\ to be an effective very ample divisor of of large degree which is supported off
of p. We look at the group of global sectiofif’ (X, Ox(A)) and letfy, ..., f; be a basis
of this group. This basis defines a projective embedding fidimto P, whose projective
coordinates we will write as,, . . ., z;.

We wish to prove that there exist linear forfgsand(; in the variables:; such that the
following properties hold:

(1) Forj = 0,1, let H; be the hyperplane defined by= 0in P;. ThenH;NX is afinite

set of closed points which is regular and disjoint frém, . . ., p,,}. Furthermore,
we wish to choose thg so thatf; N H, N X to be empty.
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(2) Itfollows from (1) that the functiody /Iy |x is in Ox ,, for eachi. We wish to impose
the additional conditions that the imagelofi, in eachk(p;) are the prescribed
constants;.

The classical version of Bertini's Theorem (Theorer8.1I8 of [H]) tells us that there
exist linear formd,, so thatH, satisfies condition (1). We now fix one choice of such an
lo, and we will attempt to construct dn so that the pair satisfies properties (1) and (2).
We begin by looking at the séf consisting of all linear forms such théi, [, } satisfy
condition (2). In other words,

V={l=aywo+...+am |V, %\X(pj) =c; € k(p))}

This V' will be an affine space ovér. Furthermore, because we chose the divistw
have high degree it follows from a Riemann-Roch argumentithat of codimensionn
inside of (X, Ox(A)).

For each point: € X, we now define a sét, C V" which consists of all linear forms
[ € V so that the hyperplane defined by 0 has contact order strictly bigger thamt .

In other words)V/, will consist of those linear forms who do not intersécticely at the
pointz. We can again use the Riemann-Roch theorem to show that for almost all choices
of z, we get that the dimension &f, is equal tadim V' — 2.

LetU = X — {p1,...,pn} SO thatU is an affine curve, and defirle C U x V to be
the set of all pairgz, () such thatr € U andl € V,. We have seen that the projection
map~ : T — U is surjective and for almost all € U (in particular for those points such
thatk(z) = k), we see that the fiber~!(z) is an affine space whose dimension is equal
to dim V — 2. In particular, this shows tha&t is irreducible and that the dimensionBf
is equal tadim V — 1. But this shows us that the natural projection magl” — V' must
not be surjective.

In particular, we can choose some elemigre V' which is not in the image of. This
statement says that the hyperplddelefined by{l; = 0} is such thatd N U is regular
and, sincd; € V, we know that); /lo(p;) = ¢ € k(p;), and thus that, and/, satisfy
conditions (1) and (2) above.

The above argument has used the hypothesisXh@ta smooth curve. However, as
long asX is a reduced curve with smooth irreducible components which have normal
crossings, then the same argument will hold as long as we include these crossing points
in the set of{p;}. Instead of using the normal Riemann-Roch theorem we must use the
version for singular curves described on p.298 of [H], and the rest of the argument will
hold.

In order to prove lemma 4.1 we will use this generalized version of Bertini's theorem
applied toX = Yred. Specifically, we choose the set of poifts, . .., p,,} to include
the crossing points of components)3f«? as well as the points i’ N V7!, The above
argument then allows us to find a meromorphic functiavhere we can specify the values
of the functionh = [, /1, at the crossing points @’°? so that the residues that come up
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when we consideD” = D’ + div(h) are all equal to one anB” intersects)’“? in the
prescribed manner.
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Chapter 5

Tameness and Examples

Throughout this thesis, we have assumed that we have a finite group acting tamely on
an arithmetic surface. In this chapter we will discuss in detail the idea of tameness and
construct some concrete examples.

The concept of tameness first shows up in number theory, where we define an extension
of local fields to be tamely ramified if the ramification index is relatively prime to the
characteristic of the field. This definition generalizes to the case of covering maps of
varieties. In particular, let us consider a finite morphism of varidties> U and a point
u of codimension one i which is normal, so that the local rin@y,, is a discrete
valuation ring. We then say that — U is tamely ramified ovew if for each point
v € V lying aboveu, the extensior©Oy, /Oy, of DVR’s is tame, in the usual sense of
having a separable residue field extension and ramification of order prime to the residue
characteristic of..

Throughout this thesis, we have been working in the setting first developed by Grothen-
deick and Murre in [GM]. For this definition of tameness, we defint be a regular and
connected noetherian scheme dnd- X to be a divisor with normal crossings, and let
U= X - D. DefineD,,..., D, to be the irreducible components bfands, ..., n, to
be the generic points of the; respectively. Lel/’ — U be a finite€tale morphism, and
let X’ be the normalization df’’. We say that the covering’ — U is tame if theD, are
all regular and if the extensions of discrete valuation rings associated to the local rings on
X of the generic pointg; are tamely ramified in the sense of number theory.

This definition of tameness has many nice properties, but in practice it can be difficult
to test. There is a related concept known as numerical tameness, which was defined by
Chinburg and Erez in [CE].

Definition 5.1. Let f : X — ) be aG-cover of normal schemes. The coyeis said to
be numerically tame if for each poipte ) there exists a schen) and a)’-scheme&Z
such that:

a. There exists a flat morphispii — ) whose image contains
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b. The structure morphis#d — )’ is an H-covering, wheref is a finite group with
order relatively prime to the residue characteristic)of

c. There exists &-equivariant isomorphismt’ xy )’ ~ (Z xy» Gy.)/H induced by
a homomorphisnil — G.

In [CE], the authors show that a cover that is tamely ramified in codimension one
with respect to a divisor with normal crossings in the sense of Grothedeick and Murre is
numerically tame. Numerical tameness has the advantage of being a local condition which
can be detected bstale base change. FurthermoreYiis a regular model of a curvg,
then a groug= acts in a numerically tame way oti if and only if it does on the minimal
model X™", In an unpublished paper of Seon-In Kwon [K], she proves the following
theorem:

Theorem 5.2. Let X be an elliptic curve ovek and letX be the minimal model ok
overOk. Consider the action of a groui = Z /nZ x Z/mZ C X (K) of torsion points
on X. Then the action off on X is numerically tame if and only if for each placeof
Ok whose residue characteristjcdivides the order of~, the following conditions are
satisfied:
(i) The minimal model’ has good or multiplicative reduction at
(if) The Zariski closure int’ of thep-Sylow subgrour, of G is smooth ovebpecOk.

In particular, these conditions imply thatd(n, m) = 1.

This theorem provides us with a set of concrete criteria for checking when a finite
group acts tamely on the integral model of an elliptic curve. In particular, the second
condition asks us to compute thdorsion points of the minimal model over and check
that they do not coalesce when we reduce mod

We will now show an example of a computation of the orthogeradnstants associ-
ated to the tame action of a finite group on a surface. In order to do so, we will need to
calculate terms(z, V'), wherez € ) is a closed point defined over a finite field. Section
2.5 of [CEPT1] gives us the following way of making this computation.

Lemma 5.3. Let x be a point ofX over a pointy € ) which has finite residue field.
Furthermore, letF, be the arithmetic Frobenius element lyingdh Thene(y,V) =
det(V1=)(—F,), wherel, C G is the inertia group of the point.

Example 5.4.Let X be the elliptic curve given by the equatigh+ zy + y = 2. This
equation is minimal over every primec Spec(Z), and thus it defineg’, the minimal
model overZ. The torsion subgroup oX is isomorphic tdZ/3Z, and the torsion points

of order three arg(0,0) and (0, —1). We wish to check to see whether or not the action
of G = Z/3Z is numerically tame by the criteria in Theorem 5.2. In order to do this, we
first note that the discriminant ot is —26 = —1 - 2 - 13, and thusY has good reduction

at 3. Furthermore, using the algorithm of Tate as explained in [T] we see thdias
multiplicative reduction a2 and at13 (and in particular the fibers have Kodaira typgé).
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Next we check condition (iif7s = G = {(0,0), (0, —1),0}, and these points clearly
do not coalesce mogfor any primeg (and in particular forq = 3). Thus, this action of
G on X does satisfy the appropriate conditions.

Therefore the action aofr is in fact numerically tame o&’. Furthermore, it follows
from formulae of Velu in [V] thaty = X'/G is an integral model of the elliptic curve
defined by the equatioyt + zy + vy = 23 — 5z — 8. The fibers of) are also nonsingular
with the exceptions of the fibersat= 2, 12 which are both of Kodaira typé3. However,

Y is not regular, and thus the results of Chapter 3 do not apply and in fact-tmastants
are not well-defined. However, due to Theorgmof Kwon's dissertation [K2], we know
that after a finite number of blow-ups on the singular fibers we can blow up a way
such that the action of the grou@ extends to a tame action ¢f on the blow-upX},
and the quotiendy; = X, /G is in fact regular. This theorem applies because all of the
local decomposition groups must be subgroup& (Z and in particular must be cyclic
of degreen < 3.

Next we need to define a representatiomnf Z/3Z satisfying certain properties. We
know from representation theory that there are two distinct nontrivial one-dimensional
characters ofZ /37 of order three. Let us defirig to be the sum of these characters and
V5 to be2y,, whereyy is the trivial character. We then definéto bel; — V5. The sum of
two characters which are complex conjugate is an orthogonal representatiofswsib
be orthogonal. It also is not hard to see thahas dimension zero and trivial determinant.

In general, computing();, V') might be difficult, but in light of Theorem 1.1, the com-
putation simplifies greatly. In particular, we only need to computg(V:, V), det(V1i)(8,.¢,)
for v = 2,13, and the terms

6072(01'1 ) Vlil )6072(01'2 ) VIiQ )6(27 V)

at the singular points above the primgs= 2 andp = 13. For the above choice of the
representatior’, we can see thatet(V1) is trivial for all possible inertia groupg. More
precisely,det(ij) will be trivial for j = 1,2. If I acts trivially onV; this is obvious, as
thedet(V;) are both in fact trivial. On the other hand, ifacts nontrivially onV;, thenV/
will be trivial as the kernels of both characters which makel{iare the same, and thus
det(V}") will be trivial as well.

Let us first look at the part of the calculation €f/;, V') coming from the fiber o3,
above the prime&. Denote the three components)f by Fi, Fs, andF3. Let I; be the
inertia group associated t&;. In particular, det(V'?) is trivial in each of these cases for
the reasons described above. Thus,db&V%)(d, ¢, ) terms are equal to one. Many of
theeo .(C;, Vi) terms will also immediately be equal to one as many oftheerms are
themselves trivial. To compute the others, we use the formulae of Saito in [tS]. Because
we are looking at cases whedet (V) is trivial, these formulae reduce the computation
of e..(C;, V) to the computation of a Gauss sum (V' /7). We now use the fact that our
representatiori/ is the sum of a representation and its complex conjugate. A formula of
Lang ([L] p.92) tells us that the Gauss sum associated to the representationiV’ has
the same sign as the representatidhevaluated at-1. Applying this to our situation we
find thatrc, (V1?) is positive.
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The above paragraph holds for the points abpve 13 as well, so we can ignore those
terms. We can now use Lemma 5.3 in order to compute(thé”) terms. In particular,
the fact that all of thelet(V/7) terms are trivial tells us that these terms are also positive.
To summarize, we have thdd);, V) = e o(J1, V).

In Theorem 4.0.1 of [CPT] they show that the Euler characteristics and the character
functions(s associated to the action of a finite group on a minimal model @& ef an
elliptic curve overQ satisfying certain properties (which our example does satisfy) are
trivial. This is because the group must act trivially on the varidiis? pieces of the
Hodge structure. But this in turn shows that ()4, V) is trivial, and thuse(), V) is
positive.

We note that many of the computations in the last example will hold whenever we are
in the case of one of Kwon’s examples. In particular, it will often be the case that we can
show thatdet (V1) is trivial. Combining this with the results in [CPT] shows th&y, V)
is trivial for a large number of examples wheyds a blowup of the minimal model of an
elliptic curve withG acting tamely as in [K].
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