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ABSTRACT
The classification of simply connected biquotients of dimension at most 7 and 3

new examples of almost positively curved manifolds

Jason DeVito

Wolfgang Ziller, Advisor

We classify all compact 1-connected manifolds M™ for 2 < n < 7 which are
diffeomorphic to biquotients. Further, given that M is diffeomorphic to a biquotient,
we classify the biquotients it is diffeomorphic to. Finally, we show the homogeneous
space Sp(3)/Sp(1) x Sp(1) and two of its quotients Sp(3)/Sp(1) x Sp(1) x S and

ASMN\Sp(3)/Sp(1) x Sp(1) admit metrics of almost positive curvature.
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Chapter 1

Introduction

Geometrically, a biquotient is the quotient of a Riemannian homogeneous space
by a free isometric group action. Taking the free isometric group action to be the
trivial action by the trivial group, we see that biquotients encompass the whole
class of homogeneous spaces. Equivalently, if U C G x G is a subgroup, then U
naturally acts on G by (u,up) * g = uigu;'. When the action is (effectively)
free, the orbit space G /U naturally has the structure of a smooth manifold with
canonical submersion G — G JU. If G is given a biinvariant metric, then U acts by
isometries so G /U inherits a metric from G which is, by the O’Neill formulas [22],
nonnegatively curved. When U = H x K C G x G, the orbit space is sometimes
denoted H\G/K.

Biquotients were introduced by Gromoll and Meyer [14] in 1974 when they

showed that an exotic 7-dimensional sphere X7 is diffeomorphic to a biquotient



Sp(2)/Sp(1). In fact, in this example, the biinvariant metric on Sp(2) induces a
metric on X7 with quasi-positive curvature - nonnegative sectional curvature and
a point p € X7 for which all sectional curvatures are positive. This was the first
example of metric on an exotic sphere of nonnegative sectional curvature and the
first nontrivial example of a metric with quasi positive curvature. Recently, it was
shown by Petersen and Wilhelm [24] that this sphere in fact has a metric of positive
sectional curvature. However, it was also shown by Totaro [29] as well as Kapovitch
and Ziller [18], that the Gromoll-Meyer sphere is the unique exotic sphere of any
dimension which is diffeomorphic to a biquotient.

Biquotients have also been very fruitful in the search for new examples of posi-
tively curved manifolds. In fact, every known example of a positively curved mani-
fold, with the exception of one, is diffeomorphic to a biquotient. The one exception,
due to Grove, Verdiani, and Ziller [15] and independently Dearricott [7] is known to
be homeomorphic but not diffeomorphic to a biquotient. Further, every known ex-
amples of an almost positively curved manifold, a manifold which has an open dense
set of points of positive curvature, and every known example of a quasipositively
curved manifold is diffeomorphic to a biquotient.

Further, it turns out that biquotients share two of the key properties which
make homogeneous spaces so useful: their topology is computable and often their
geometry is as well. Also, as mentioned above, the O’Neill formulas [22] imply

every biquotient has a metric of nonnegative sectional curvature. This makes them



ideal for study as a means of creating and testing conjectures about the relationship
between the topology and geometry of manifolds, especially for nonnegatively and
positively curved manifolds.

Because of all of this, it seems useful to have a classification of the low dimen-
sional simply connected biquotients. Further, since each description of a manifold as
a biquotient gives rise to a new Riemannian metric on it, it is also worth classifying
all the ways a given manifold can be written as a biquotient. Unfortunately, given
a biquotient G U the biquotient AG\(G x G)/U is canonically diffeomorphic to
G /U via the map sending (g1, g2) to g; *go. By iterating this, we see that, unlike in
the homogeneous case, there are always infinitely many biquotients diffeomorphic
to a given one and the dimension of groups involved go to infinity.

However, according to Totaro [29] every simply connected biquotient is diffeo-
morphic to one of the form G /U where G is simply connected, U is connected, and
no simple factor of U acts transitively on any simple factor of G. It turns out that
when restricted to this setting, only finitely many pairs of groups (G, U) can lead to
the same diffeomorphism type of biquotient, though infinitely many different em-
beddings of U into G x G may still give the same diffeomorphism type. When we
refer to classifying biquotients, we will mean in this seemingly stricter sense, where
we further insist that no simple factor of U acts trivially.

We now summarize our results. There are no simply connected compact 1 di-

mensional manifolds. In dimension 2, there is a unique simply connected compact



manifold, S? which is diffeomorphic only to the biquotient S3/S!. In dimension 3,
there is again a unique simply connected compact manifold, S, which is diffeomor-
phic only to the biquotient S3/{e}.

In dimension 4, we have

Theorem 1.0.1. The simply connected compact 4-dimensional biquotient are pre-
cisely S*, CP?, S? x S?, or CP?*f £ CP?. The manifolds S* x S? and CP?*f — CP?
are diffeomorphic to infinitely many biquotients, while the other 3 manifolds are

diffeomorphic to only finitely many biquotients.

Of course, the homogeneous spaces S, CP?, and S? x S? are classically known.
Totaro [29] showed that the other two manifolds CP%+CP? are each diffeomorphic
to a biquotient. We show that this list is complete and classify all actions giving
rise to these quotients.

In dimension 5, Pavlov [23] has already completed the classification of diffeo-

morphism types:

Theorem 1.0.2. (Pavlov) The simply connected compact 5-dimensional biquotients
are precisely S°, the Wu manifold SU(3)/SO(3), S? x S3, and S*xS?, the unique

nontrivial S* bundle over S?* with structure group SO(4).

We show that both S% x S? and S®%S? are diffeomorphic to infinitely many
different biquotients while the other 2 manifolds are diffeomorphic to only finitely
many.

Before stating the results for dimension 6 and 7, we need the following definition.

4



Definition 1.0.3. We say a biquotient G /U is naturally the total space of a fiber
bundle if G = G7 x Gy with both GG; and G5 nontrivial, U = U; x U,, U; acts

trivially on {e} x G5 and U, acts freely on {e} x Ga.

When GJU is naturally the total space of a fiber bundle the projection map
T G X Gy — Gy — Gy JU; gives G /U the structure of a fiber bundle over G /U,
with fiber Gy JU;.

For example, suppose G = G x S and U = S! which acts arbitrarily on the
first factor and as the Hopf action on the S® factor. Then G /U naturally is the
total space of a fiber bundle over S? with fiber G;.

More generally, if one has two biquotient G J/U; and G/ Us, then one can form a
G1//Uy bundle over Gy J/Us by considering (G JU;) Xy, G2 where U, acts diagonally
with an arbitrary action on G //U; and the given effectively free action on Gj.

With this definition in hand, we can state

Theorem 1.0.4. Suppose M is a simply connected 6 dimensional biquotient. Then
one of the following holds:

a) M is homogeneous or Eschenburg’s inhomogeneous flag manifold.

b) M is naturally the total space of a fiber bundle.

c) M is diffeomorphic to CP34CP3, S x 12 83, or S? x S3 x S3)/T3.

The manifolds in b) include both S* bundles over 52, all 3 CP? bundles over
S? and many fiber bundles S? — G /U — B* with B* a 4 dimensional biquotient.
When B* # S*, we show that every such bundle with structure group a circle is

5



a biquotient. There are only 4 free isometric T2 actions on S° x S% which do not

naturally give G /U the structure of a fiber bundle. There are only 12 free isometric

T? actions on (S 3)3 which do not naturally give G /U the structure of a fiber bundle.
We also classify which actions give rise to which quotients.

Finally, in dimension 7, we have

Theorem 1.0.5. Suppose M is a simply connected 7 dimensional biquotient. Then
one of the following holds:

a) M is homogeneous or an Eschenburg Space.

b) M is either the Gromoll-Meyer sphere or M is naturally the total space of
fiber bundle with fiber S* and base either S* or CP2.

c) M is diffeomorphic to S® xg1 S or (SU(3)/SO(3)) xs1 S3.

d) M is diffeomorphic to a biquotient of the form S3 x S x S3 ) T?.

Unlike in dimension 6, there are infinitely many examples in ¢) and d) which

are not naturally the total space of a fiber bundle.

One of the goals of this thesis was to find new examples of almost positively
or quasipositively curved manifolds. While this particular hope did not come to

fruition, studying these examples led to

Theorem 1.0.6. The manifold Sp(3)/Sp(1) x Sp(1) has a metric with almost pos-
itiwe curvature. In this metric, there are precisely 4 free isometric actions by non-

trivial connected compact Lie groups, 2 by S® and the other 2 coming from the circle



subgroups in each S3. Hence, the 4 quotient manifolds also inherit metrics of almost

positive curvature.

The manifold Sp(3)/Sp(1) x Sp(1) was shown by Tapp [27] to have a met-
ric of quasipositive curvature. The manifold Sp(3)/Sp(1)? was shown by Wallach
[1] to have a homogeneous metric of positive curvature. Wilking [32] has shown
ASp(1)\Sp(3)/Sp(1) x Sp(1) has a metric of almost positive curvature. It is not
known whether the metric we endow ASp(1)\Sp(3)/Sp(1) x Sp(1) is isometric to

his, nor whether or not this metric has any 0 curvature planes.

This paper is organized as follows. The Chapter 2 will cover preliminaries on
biquotients, including the computation of their cohomology rings and characteristic
classes. Chapter 3 will cover the rational homotopy theory which will lead to a
short list of the possible structures of 7,(M) ® Q when M is a low dimensional
simply connected biquotient. By making repeated use of a theorem of Totaro’s,
chapter 4 will translate the list of possible rational homotopy groups into a list of
pairs of groups (G, U) so that any low dimensional simply connected biquotient is
diffeomorphic to G /U for some (G,U) on the list. We will also rule out many of
the potential cases by elementary representation theory. Chapter 5 will, dimension
by dimension, carry out the classification of all embeddings of U into G x G in-
ducing effectively free actions and will characterize the diffeomorphism type of the
quotients. Chapter 6 will talk about the three new examples of almost positively

curved manifolds.



Chapter 2

Preliminaries

2.1 Basics of biquotient actions

The basics of biquotients are covered in detail in Eschenburg’s Habilitation [10] (in

German). We recall some of it here.

Definition 2.1.1. We say the action of a group G on a set X is effectively free if

for all g € G, if there is an x € X so that gr = z, then for all y € X, gy = v.

If we let G' = {g € G|gx = x Vx € X}, then G’ is a normal subgroup of G and

G /G’ acts freely on X.

Proposition 2.1.2. A biquotient action defined by U C G x G is effectively free iff

for all (uy,uz) € U C G x G, if uy is conjugate to uy in G, then uy = ug € Z(G).

We have an immediate corollary:



Corollary 2.1.3. A biquotient action is free iff the action is free when restricted

to the maximal torus of U.
We also have

Proposition 2.1.4. Consider the inner automorphism C' = Cy, i, : GXG = GXG,
conjugation by (ki, k). Suppose U C G x G. Then U acts effectively freely on G iff

C(U) acts effectively freely on G and the quotients are canonically diffeomorphic.

Proof. Suppose initially that U acts effectively freely on G. Suppose kju k' is
conjugate to kyusk, ' in G, so there is a g € G with gkyuk;'g™! = kouoky !,
Rearranging gives uy = (k; 'gki)ui(ky 'gk1)™! so that u; and wuy are conjugate.
Hence, we conclude u; = uy € Z(G) so kuk; ' = u; € Z(G). Thus, the action of
C(U) is also effectively free.

The map sending gU to kigk, 'C(U) is easily seen to be well defined diffeomor-

phism between the quotients. O

In particular, for any biquotient, we may assume without loss of generality that
Ty C Taxa, where Tk denotes the maximal torus of the compact Lie group K.

Note that as a simple corollary, we have that if GJU is a biquotient, then
rk(U) < rk(G). For, if U acts freely on G, then so does Tyy. But the action of Ty
preserves a maximal torus T of G which must be free. But then 0 < dim(T¢ ) 1Ty) =
dim(Tg) — dim(Ty) = rk(G) — rk(U).

The profit of these facts is that, for a given pair (G,U), we can reduce the
classification of all biquotients G /U to a representation theory problem.

9



That is, a homomorphism f : G — SU(n) is the same as a complex representa-
tion, a homomorphism G — SO(n) is a real representation, and a homomorphism
G — Sp(n) is a symplectic representation. Further, if two embeddings are conju-
gate, then the representations they define are equivalent, and the converse is almost
true.

More specifically, we have

Theorem 2.1.5. (Mal’cev [21]) If two complex representations are equivalent, then
the corresponding images in SU(n) are conjugate. If two odd dimensional real rep-
resentations are equivalent, then the corresponding images in SO(2n+1) are conju-
gate. Likewise, if two symplectic representations are equivalent, then the correspond-
ing images in Sp(n) are conjugate. If two even dimensional real representations are
equivalent, then they are conjugate in O(2n), but not necessarily in SO(2n). In
fact, they will be conjugate in SO(2n) unless every irreducible subrepresentation is

even dimensional.

2.2 Topology of Biquotients

In this section, we explain a method due to Eschenburg [11] for computing the coho-
mology rings of biquotients and one due to Singhoff [25] for computing characteristic
classes. We will compute the cohomology rings of biquotients from a spectral se-
quence associated to a fibration given as the pullback of a canonical fibration. This
will allow us to compute differentials in the spectral sequence.

10



Theorem 2.2.1. (Eschenburg) Assume U C G x G defines a free biquotient action.

Then there is a map ¢¢ : G /U — B(AG) and commutative diagram of fibrations

G)U —<5— BAG

bu

Bf
BU —— BG x BG

where the map from G JU to BU is the classifying map of the U principal bundle

U— G — GJJU, the map from BAG to BG x BG is induced from the inclusion

AG — G x G, and the map from BU to BG x BG is induces from the inclusion of

UinGxG.

Remark 2.2.2. Eschenburg’s theorem unfortunately doesn’t directly apply when the
action of U on G is merely effectively free. In these cases, we’ll have to use a trick

to apply this.

Thus, if we can understand both the differential in the Serre spectral sequence
for the fibration G — BG — BG x BG, and if we can understand the map Bf on
cohomology, we can compute the differentials in the Serre spectral sequence for the
fibration G — GJU — BU. To carry this out, we must make a further assumption:
we fix a coefficient ring R so that H*(G; R) is a free exterior algebra in generators
T, ..., T, of degree |zy| = 2r;, — 1. For example, R = Q.

11



The next two propositions show how to compute the differential in the Serre

spectral sequence for G — BG — BG x BG.

Proposition 2.2.3. Suppose H*(G; R) = Ag[x1,...xx| with |zx| = 2ry — 1. Then
cohomology ring H*(BG; R) is isomorphic to R[Ty, ..., Ty with |T;| = |z;| + 1. The
generators T; can be chosen so that dx; = T; in the spectral sequence of the fibration

G = EG — BG.

Theorem 2.2.4. (Eschenburg) Consider the fibration G — Bac — Bg X Bg
where the second map is induced from the inclusion of AG into G x G. Then
in the spectral sequence for this fibration the elements x; are totally transgressive

and dx; =7T; ® 1 — 1 ® T; with notation as in the previous lemma.

We now try to understand the pullback f* on cohomology. First note that for
a torus T = T, we have H(T; R) = Hom(m(T), R). Letting t denote the Lie
algebra to T, we set I' = exp~'(e), where exp : t — T is the group exponential.
Because every loop in T is homotopic to one of the form t — exp(t(ay,..,an))
uniquely, we have I' & (7). Hence, we may think of H'(T) = Hom(T', R). By
using the transgressions of elements of H'(T'; R) as generators for H*(BT; R), we
can think of every root and weight of T" as an element of H*(BT).

The next lemma is useful for actually computing the pullback f*:

Lemma 2.2.5. Suppose Tz C G is the maximal torus and let i : T — G be the
inclusion map. Then the map i* : H*(BG;R) — H*(BT;R) is 1-1 with image
precisely H*(BT; R)W, the Weyl group invariant elements.

12



Specializing this to the classical groups we have

Corollary 2.2.6. Suppose T™ C G where

G e {U(n),SU(n+1),Sp(n),SO(2n), SO(2n + 1)}.

Let xq, ..., z, be the generators of HY(T™; R) and T; be the corresponding generators
of H*(BT™; R). Then
if G =U(n),

H*(BG; R) = R[o1(T3), ..., 00(T7)]-

IfG=SU(n+1),

H*(BG; R) = R[02(T3), -, 0ns1 (77)].

If G = Sp(n),

If G = SO(2n),

H*(BG: R) = R|01(T2), ..., 001 (T2), 0 (T7)].

And if G = SO(2n + 1),

H*(BG;R) = Rloy(T2), .., 00 (T7)]-

Here, 0;(7;) denotes the ith elementary symmetric polynomial in the variables

13



Remark 2.2.7. Note that the final generator of the cohomology ring of BSO(2n) is

not in terms of the square of the z;s.

There is a similar statement for computing the Z/2Z cohomology of a biquotient.
Here, one replaces the maximal torus with the maximal 2-group. The details can
be found in [4].

Because of this and the fact that we can assume that for U C G x G that
Ty C T x Tg, it follows that we can simply compute f*: H*(B(Tg x Tg); R) —
H*(BTy; R) and restrict it to H*(B(G x G); R) — H*(BU; R).

Finally, note that we can easily compute the map f* : H*(BTgxg;R) —
H*(BTy; R) in terms of the induced map f*H*(Tgxq; R) — H*(Ty; R) by using

naturality of

Ty

Texa

ETy

ETexa

Bf
BTy —— Blgxa

In fact, we find that using x; to denote the generators of H'(Tgxq; R) and v;

for the generators of H'(Ty; R), if f*(x;) = . a;ys, then Bf*T; = > a;; where ;

are the transgressions of the z; in the Serre spectral sequence for T — ET' — BT"

and likewise for the ;.

14



Now, to compute characteristic classes, we turn to the work of Singhoff.

Theorem 2.2.8. (Singhoff)
For U C G x G defining a free biquotient action, the total Pontryagin class of

(the tangent bundle to) G JU is

p(G//U) - ¢G (HAEAG(l + /\2))¢U (HuEAU<1 + M2))_1

where AK denotes the set of positive roots of K, and where ¢ and ¢g are the maps
in the fibration at the beginning of this section. Likewise, the total Stiefel-Whitney

class is given as

w(GJU) = ¢ (Menza(1 + N)) dv (Ienzy (1 + ﬂ))_l
where A?G denotes the 2-roots of G.

The roots of the classical groups and G5 are well known and are catalogued, for
example, in [13]. The 2-roots are less well known, but can be found, for example,
in [5].

In practice, the map ¢y on cohomology is computable as it’s the edge homo-
morphism in the Serre spectral sequence for G — G /U — BU. On the other hand,
directly computing ¢¢ is difficult, but it’s easy to see that, if j : G — G x G is the
diagonal map, then Bj* : H*(B(G x G); R) — H*(BG; R) is surjective, and the
commutativity in the initial diagram shows ¢5Bj* = ¢};Bf*, so we can compute

Bj* using this.

15



Both Eschenburg’s and Singhoft’s results require the action be free, while we are
allowing effectively free actions. As an example of where this discrepancy arises,
consider the S action on 5% x 5% induced by the map z — ((z,2?%),(z,1)) €
(S? x S3)2. This map is clearly injective. However, the map induces the action
2% (p,q) = (2pz, 22q) where p,q € S3. If 2 ¢ {£1}, then 2%q # ¢ so these z act
freely. If z = £1, we see that z fixes every point of S3 x S®. Hence the S! action on
S3 x S3 is effectively free, but not free, despite the fact that the embedding defining
the action is injective.

The solution is to find a new action defined by S' — (U(2) x U(2))? which pre-
serves SU(2) x SU(2) and has the same orbits through SU(2) x SU(2) as the original
action. In this case, we map z to (diag(z, 1),diag(z,z)), (diag(z, 1), diag(1,1)).

For the remainder of this section, let G = SU(ky) X ... x SU(k,) and G’ =
U(ky) x ... x U(ky),

By investigating the commutative diagram

G €4 €4
GU G U BAG
By —— . Bu L e« Be

and using naturality, it is easy to see that the differentials for the left most

16



spectral sequence can be computed just as above, in terms of the induced map from
H*(BTglxgl; R) to H*<BTU, R)

As far as characteristic classes are concerned, we have

Proposition 2.2.9. The normal bundle of G JU in G’ JU is trivial.

Proof. First note that every 1 (real) dimensional representation of a compact Lie
group is trivial. We know the normal bundle of G in G’ is trivial - take a basis of
normal vectors at T,G C T.G" and use the group operation in G to translate this
around. By the slice theorem, the normal bundle of GJ/U in G'JU is G xy R™.
We claim that the U action on R is trivial, so that the normal bundle of GJU
is trivial in G’ JU. More precisely, R" breaks into a sum of trivial one dimensional

representations of U. This is because we have a chain of codimension one subgroups

G C S(U(ki) x U(ks)) % ... x SU(k,)
-
C S(U(ky) % ... x U(ky))
c ¢

and each one is preserved by the U action, and hence, each (1 -dimensional)

normal bundle is preserved. O

As a simple corollary, i*(T'G’ J/U) is stably isomorphic to TG JU and hence they

have the same characteristic classes. Further, Singhoff’s work guarantees we can

17



compute the characteristic classes for G’ JU, and hence we can compute them for

GJU.

18



Chapter 3

Possibilities for P, m.(G/U)q

In this section, we tabulate a list of all possible rational homotopy groups for all
biquotients G /U of dimension smaller than or equal to 7 using rational homotopy

theory.

Definition 3.0.10. A topological space X is called rationally elliptic if
dim(H,.(X) ® Q) < oo

and

dim(m(X) ® Q) < o0

We'll use the notation Ag to denote A ® Q for a Z module A.

Proposition 3.0.11. FEvery biquotient is rationally elliptic.
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Proof. Since biquotients are compact, dim(H.(GJU)) < oco.

Next, given a biquotient G /U, we know that U acts on G effectively freely. If we
let U' = {u € U|luxg =g Vg € G}, the ineffective kernel of the action, then U’ is a
(discrete) normal subgroup of U and U/U’ acts freely on G. Hence, we get a U/U’
principal fiber bundle G — G /U. The long exact sequence of rational homotopy
groups, together with the well known fact that all Lie groups are rationally elliptic
implies the rational homotopy groups 7 (G JU)qg of GJU are 0 for sufficiently large

k. ]

Our chief tool for tabulating the possible rational homotopy groups of biquo-
tients is the following which can be found in Félix, Halperin, and Thomas’ book

[12]:

Theorem 3.0.12. Let X be a rationally elliptic topological space. Let n be the
greatest integer so that H"(X)g # 0 (If X is a simply connected manifold, n is
simply its dimension). Let x; be a basis of Teaa(X)g and y; a basis of Tepen(X)q-
Then

(1) > deg(x;) <2n—1

(2) Do deg(y;) <n

(3) m(X)g =0 fori>2n

(4) dim(m(X))g <n

(5) n =2 deg (x;) — >_(deg (y;) — 1)

(6) dim(moaa(X))q — dim(Teven(X))g = 0
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(7) x(X) = >2(=1)'dim(H;(X))g = 0
(8) We have equality in (6) iff we do not have equality in (7)
Here, the dim refers to the dimension thought of as a Q wvector space and the

degree of x; € m(X)g is k.

We will also find the rational Hurewicz theorem useful. The proof can be found,

for example, in [20].

Theorem 3.0.13. Let X be a simply connected topological space with m;(X)g = 0
for 0 < i <r. Then the Hurewicz map induces an isomorphism m;(X)o = H;(X)g

for1 <1< 2r—1 and is a surjection for 1 = 2r — 1.

We now handle each dimension one at a time.

31 n=2,3,49and 5

Proposition 3.1.1. If M is a rationally elliptic 1-connected 2-manifold, then M

has the same rational homotopy groups as the 2-sphere.

Proof. By the Hurewicz theorem, mo(M)g = Q. Now, since x(M) = 2 > 0, we have
by (8), that there is precisely one odd degree element x. Then, using (5), we see
that 2 = deg (z) — 1 so that deg (z) = 3

]

Proposition 3.1.2. If M s a rationally elliptic 1-connected 3-manifold, then M
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has the same rational homotopy groups as the 3-sphere. In fact, M is a homotopy

3-sphere.

Proof. By Poincare duality and the Hurewicz theorem, M is a simply connected
homology sphere, which implies M is a homotopy sphere by Whitehead’s theorem.

]

Proposition 3.1.3. If M is a rationally elliptic 1-connected 4-manifold, them M

has the same rational homotopy groups as either S*, CP?, or S% x S2.

Proof. We separate the proof into cases depending on dim(ma(M)g) = k. First
notice that by (2), 0 < k < 2. Also, since every simply connected 4-manifold has
positive Euler characteristic, by (8), dim(meaa(M)q) = dim(Tepen (M )g).

If £ = 0, then M is a rational homotopy sphere, so by the rational Hurewicz
theorem, my(M)g = Hy(M)g = Q. By (2), there are no more nonzero even rational
homotopy groups and then, by (8), dim(meaa(M)g = 1) with basis, say, z. Using
(5), we can solve for the degree of z, to find that deg (z) =4+3 = 7. Thus, M has
the same rational homotopy groups as S*.

If £ =1, we have by (2) that there are no other nonzero even homotopy groups.
Further, since x(M) > 0, we again have that the dimension of the odd rational
homotopy groups is 1, generated by x again. Then, using (5) we can solve for
the degree of x to find that deg(z) = 4+ 1 = 5. Thus M has the same rational
homotopy groups as CP?.

If £ = 2, we have by (2) that there are no other nonzero even homotopy groups.
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Further, since x(M) > 0, we again have that the dimension of the odd rational
homotopy groups is 2, generated by, say, 1 and xs. Then, using (5), we see that
deg(z1) + deg(zy) = 4+ 2 = 6. Since deg(x;) > 3, it follows that deg(z,) =

deg(xy) = 3. Thus, M has the same rational homotopy groups as S? x S2. O

Proposition 3.1.4. Let M be a rationally elliptic 1-connected 5-manifold. Then

M has the same rational homotopy groups as either S° or S? x S3

Proof. We again break it down into cases depending on k = dim(m2(M)qg). By (2),
0 < k < 2. Also, notice that since M is a 5-manifold, its euler characteristic is
0. So, by (8), the dimension of the odd rational homotopy groups is strictly larger
than the dimension of the even rational homotopy groups.

If £k = 0, then by Poincare duality and the rational Hurewicz theorem, we have
m3(M)g = ma(M)g = 0. Then by (2), there can be no other nonzero even rational
homotopy groups. But then, if z; is a basis for the odd rational homotopy groups,
(5) says that 5 = > deg(z;). Since deg(z;) > 3, it follows that i« = 1 and the
deg(x;) = 5. Thus, M has the same rational homotopy groups as S°.

If & = 1, then by (2), there can be no other nonzero even rational homotopy
groups. But then, if x; is a basis for the odd rational homotopy groups, (5) says
that 6 = ) deg(z;). Again, since deg(x;) > 3, it follows that ¢ = 2 and deg(z;) =
deg(zy) = 3. Thus, we see that M has the same rational homotopy groups as
S? x S8,

If £ = 2, then by (8), dim(meaa(M)g) > 3 with basis z1, xq, x3. But then by (1),
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we need deg(zq)+ deg(za)+ deg(zs) < 9. Since deg(x;) > 3, this forces deg(x;) =3

for each i. But then, (5) tells us that 5 =9 — 2, giving a contradiction,

3.2 n=6

Proposition 3.2.1. Let M be a rationally elliptic 1-connected 6-manifold. Then
the dimension of the rational homotopy groups of M are given by the following

chart, where a blank indicates the dimension is 0.

213[4(5/6|7|8[9[10|11| Example
1 1 S6
2 S3 x §3
2 1)1 M
111 1 5% x §4
1 1|2 M
1 1 CP3
211 1 S? x CP?
313 5?2 x 8% x §?

Table 3.1: Possible dimensions of the rationally homotopy groups of a rationally

elliptic 6-manifold

To our knowledge, the manifolds MY and M$ do not have more common de-
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scriptions.

We will later show that no biquotient has the same rational homotopy groups

as M and M.

Proof. Again, we break it down into cases depending on k = dim(my(M)g). Before
doing that, notice that x(M) = 2 4 2dim(H2(M )g) — dim(Hs(M)g) = 2 + 2k —
dim(H3(M)g) by Poincare duality and Hurewicz. Also, by (2), k < 3.

If £ = 0, then by Hurewicz, H3(M)g = m3(M)q so that they have the same
dimension, say [. Then (7) implies that [ < 2. We further break into subcases
depending on (.

If k=0 and [ = 0, then we have H3(M)p = 0. Then, by Poincare duality
and Hurewicz, we find that m;(M)g = 0 for 1 < i < 5. But then Hg(M)gp = Q =
76(M)g. By (2), there can be no other nonzero even rational homotopy groups. But
now x(M) > 0 so (8) tells us the dimension of the odd rational homotopy groups
is 1. Using (5), one can solve for the degree of this homotopy group to find it’s 11.
This gives the first entry in the table.

If k=0 and ! = 1, then we have x(M) > 0, so that by (8), the even and odd
rational homotopy groups have the same dimension, which is at least 1 since [ = 1.
Since the smallest nontrivial even degree is 4, and since by (2) we have the sum of
the even degrees is less than or equal to 6, it follows that the dimension of the evens
is less than or equal to 1, so that the dimension of the evens and odds is 1. Then

we can solve for the degree of the even piece using (5) to find that it’s -2, given us
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a contradiction. Thus, this case can’t happen.

If k=0 and [ = 2, then x(M) = 0, so we have more odds than evens. Now,
by (1), there can be at most other one other nonzero odd rational homotopy group
- w5 If m5(M)g = 0, then by using (5), we have 6 = 6 + > _(y; — 1), so that there
are no even degree nonzero rational homotopy groups. Thus, in this case we’'d
find that m5(M)g = Q + Q while all others are 0. This fills in the second table
entry. If m5(M)g = Q, then by (5) we’ll have 6 = 11 — ) (deg(y;) — 1), so that
> (deg(y;) — 1) = 5. Since each term deg(y;) — 1 is odd and the sum is odd, it
follows that there must be an odd number of summands. Since we know the number
is less than 3, there must be precisely one. Thus, we can solve for the degree and
find that it’s 6. This fills in the third entry.

We now move on to the k£ = 1 case. By (2), the only other possible even degree
nonzero rational homotopy group is 4. If m4(M)g, then by (6), we have at least 2
odds. By (5) we can solve for the sum of the degrees to find ) deg(z;) = 6+1+3 =
10. But for a sum of odd terms to be even, there must be an even number of them.
If there are 4 or more, we'll have ) deg(z;) > 4 %3 = 12 > 11, contradiction (1).
Thus, there are precisely two odd degree pieces. Then, it’s clear that they must
have degrees 3 and 7, or 5 and 5, filling in the 4th and 5th rows in the table.

Again with k& = 1, if m4(M)g = 0, then again using (5) we find that > deg(z;) =
7, but this can only happen if there is a single summand with deg(z) = 7. This fills

in the 6th row of the table, and finishes up the k = 1 case.
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If k = 2, then by (2), there are no other even degree pieces. Using (5) to solve for
the degrees of the x; (and noting there’s at least 2 by (6)), we find ) deg(x;) = 8,
so they must have degree 3 and 5, filling in the second to last row of the table.

Finally, if £ = 3, then by (5), we have > deg(z;) = 9. Since there must be at
least 3 odd degrees, we find that we have exactly 3, all of dimension 3, filling in the

last row.

3.3 n=7

Proposition 3.3.1. Let M be a rationally elliptic 1-connected 7-manifold. Then
the rational homotopy groups of M are given in the table at the top of the next page.
As in the previous case, the manifolds N are not commonly known by other

names.

Asin the n = 6 case, we’ll see that no biquotient has the same rational homotopy

groups as any of the N.

Proof. Once again, we break it into cases depending on k = dim(ma(M)g). Since
M is odd dimensional, x(M) = 0, so we know we always have more odd degree
pieces then even degree pieces. We'll start with the £ = 0 piece, and once again let
[ = dim(m3(M)g) in order to further break into subcases. By (1), [ < 4.

If £t =0 and [ = 0, then by Poincare duality and Hurewicz, the first nonzero
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213 9 Example
g7

1 S3 x 51

1 1 N7

2 NJ

4 NJ
112 NY
11 S? x S5 or CP?% x S3
213 S?% x 52 x §3

Table 3.2: Possible dimensions of the rational homotopy groups of a rationally

elliptic 7-manifold

rational homotopy group is m7(M)g = Q. By (1), there can be no other odd degree
pieces. Thus, there are no even degree pieces, filling in the first row.

If Kk =0and [ =1, then by (1) we can either have no other odd nonzero rational
homotopy groups, or m5(M)g = Q , m(M)g = Q, or m9(M)g = Q. If both are 0,
then we have no even degree nonzero rational homotopy groups. But then by (5),
7 =3+ 0 an obvious contradiction. Thus, precisely one of m5(M)q and 77(M)g is
nonzero. If m5(M)g = Q, then by (5), we have that > (deg(y;) — 1) = 1 with the

sum having either zero or one term. If 0, we have 0 = 1, giving us a contradiction.

If 1 term, we find deg(y) = 2, contradiction k = 0.
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If 77(M)g = Q then by (5), we find m4(M)g = Q and all the rest are 0. If
mo(M)g = Q, then we see that mg(M)g = Q with all others 0. These fill in the
second two entries in the table, completing the k =0, [ = 1 case.

If k=0and ! =2, by (1), we find that either there are no other odd nonzero
rational homotopy groups, or m5(M)g = Q or m7(M)g = Q. If both are 0, then by
(5), we have ) (deg(y;) — 1) = —1, which can’t happen. If m5(M)g = Q, then we
have ) (deg(y;) — 1) = 4. But this sum has at most 2 summands by (8) and since
the sum is even, we must have exactly two summands. But then the only choices
are clearly deg(y;) = 2 and deg(y2) = 4. But k = 0, so this is a contradiction.

If k=0,1l=2, and m7(M)g = Q, then (5) gives us > _(deg(y;) — 1) = 6, again
with precisely two summands. Thus we find the degrees are both 4, giving the 4th
entry in the table.

If K =0 and | = 3, we have by (1) that there can be no other odd degree terms.
Then (5) gives 2 = > (deg(y;) — 1), with at most two summands. The only way
this can happen is if deg(y;) =deg(y2) = 2, but k = 0, giving us a contradiction.

If ¥ =0 and ! = 4, we have by (1) that there are no other odd terms and by
(5) > (deg(y;) — 1) = 5, where we sum at most 3 terms. Since the sum is odd, we
must have an odd number of summands, so we have 1 or 3 summands. But since
they each have degree at least 4, 3 summands is too many. Thus, there is a single
summand of degree 6, filling in the 5th entry in the table and concluding the £ = 0

case.
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If £ = 1, then there at least 2 odd degree nonzero rational homotopy groups.
Further, by (2), either m4(M)gp = Q or all other even degree rational homotopy
groups are 0. If my(M)g = Q, then by (5), > deg(z;) = 11, and there are at least 3
summands by (8). From here, it’s clear that they summands must have degree 3,
3, and 5, giving the 6th entry.

If k=1 and my(M)g = 0, then we have by (5) that > deg(z;) = 8, with at least
2 summands. Thus we find the summands have degree 3 and 5, filling in the 7th
row of the table. This also completes the £ = 1 case.

If £ = 2, then by (2), there are no other even degree nonzero rational homotopy
groups and thus there are at least 3 odd degree nonzero rational homotopy groups.
Then (5) gives Y deg(z;) = 9, from which it follows that there are precisely 3
summands each of degree 3, filling in the final entry in the table.

It remains to show that & = 3 cannot occur. If k = 3, then again by (2), there
can be no other nonzero even degree rational homotopy groups. But then by (8)
there must be at least 4 nonzero odd degree rational homotopy groups. By (1), the
sum of the degrees must be less than 14, so that clearly there are exactly 4 nonzero
odd degree rational homotopy groups, each of degree 3. But then (5) says that

7 =12 — 3, which is obviously false. Thus k& = 3 cannot occur.
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Chapter 4

All possible pairs of groups

In this section, we present the classification of possible pairs of groups (G, U) for
which there could possibly be a biquotient G /U of dimension less than or equal to
7. The results will only depend on the rational homotopy types of G and U.

Since Sp(n) and Spin(2n+ 1) have the same rational homotopy type this means
that the existence of a pair (G, U) involving Spin(2n+ 1) automatically implies the
existence of a pair involving Sp(n). Since Spin(3) = Sp(1) and Spin(5) = Sp(2),
this new pair is actually the same as the old pair. However, Sp(n) and Spin(2n+1)
for n > 3 are distinct compact Lie groups. Note that in many cases where Spin(7)
occurs, it’s a simple factor of G and Go or Spin(6) = SU(4) is a simple factor of U
where the Gy or SU(4) can only act on Spin(7). Since there are no Gy C Sp(3) nor
SU(4) C Sp(3), this extra case doesn’t really arise. Likewise, Spin(7) also often

occurs as a simple factor of U with Spin(8) the only simple factor of G on which
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Spin(7) can act. Since there are no Sp(3) C Spin(8), this extra case doesn’t really
arise either.

Because of this, when classifying the pairs (G, U), we will leave off some pairs if
they cannot be biquotients for the above reason.

Our main tools for the classification of pairs are the following two theorems due
to Totaro [29]. Note that in the classification, the group U is only given up to finite

cover.

Theorem 4.0.2. Let M be compact and simply connected and assume M = G JU.
Then there is a 1-connected compact group G', and a connected group U’ such that

U’ doesn’t act transitively on any simple factor of G, such that M = G'JJU’.

Definition 4.0.3. Given M = GJU, let G; be a simple factor of G. We say G;
contributes degree k to M if the homomorphism 7o, _1(U) — mar_1(G;) in the long

exact sequence of rational homotopy groups is not surjective.

The possible degrees every simple G; could contribute have been previously
tabulated. See, for example, [29]. We will later see that the exceptional groups
Fy, Eg, E; and Eg will not come up in the classification, so we’ll ignore them in our

table.

Proposition 4.0.4. SU(n) has degrees 2,3,4,...,n,
SO(2n + 1) and Sp(n) have degrees 2,4,6,...,2n,
SO(2n) has degrees 2,4,...,2n-2, n, and
G has degrees 2,6.
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Theorem 4.0.5. Let M be compact and simply connected and assume M = G JU
with G 1 connected, U connected and such that U doesn’t act transitively on any
simple factor of G. Let G; be any simple factor of G. Then at least one of the
following 4 occurs.

(1) G; contributes its mazimal degree.

(2) G; contributes its second highest degree and there is a simple factor U; of U
such that U; acts on one side of G; and G;/U; is isomorphic to either SU(2n)/Sp(n)
forn > 2, or Spin(7)/G2 = S7, Spin(8)/Ga2 = S™ x S7, or Eg/Fy. In each of the
four cases, the second highest degree is 2n — 1, 4, 4, or 9 respectively.

(8) G1 = Spin(2n) with n > 4, contributing degree n and there is a simple factor
Uy of U such that Uy = Spin(2n — 1) acts on Gy on one side in the usual way so
that G, /U, = S*1,

(4) Gi = SU(2n + 1) and there is a simple factor Uy of U such that Uy =
SU(2n+1) and Uy acts on Gy via h(g) = hgh'. In this case, Gy contributes degrees

2,4,6, ...,2n to M.
From this, an easy corollary is:

Corollary 4.0.6. Let M = G JU with G 1-connected, U connected, and U not act-
ing transitively on any simple factor of G. Then each simple factor of G' contributes

at least one odd degree. In particular, the number of simple factors of G is bounded

by dim(ﬂadd(M@) .

From here on, when we write M = G /U, we will always assume G is 1-connected,

33



U is connected, and U doesn’t act transitively on any simple factor of G.
At this stage, we are ready to complete the biquotient classification in dimension

2 and 3.

Theorem 4.0.7. Let M be a simply connected two or three dimensional biquotient,
M = GJJU. Then M 1is diffeomorphic to S* or S, G = SU(2), U = S* or {e},

and if U = S, the action is the Hopf action.

Proof. Since we’ve already showed M has exactly one odd homotopy group in degree
3, it follows that G = (1 is simple. It is easy to see that the only case of Totaro’s
theorem which can apply is (1), so G contributes its highest degree of 1. But this
implies G = SU(2). Tt follows that U is 0 or 1 dimensional, so U = {e} or U = S*.

Now, note that the only linear free action of S on S?"~! is, up to equivalence, the
Hopf action. For, if we think of §?"~! C C" with complex coordinates (py, ..., pn),
then any linear action, up to conjugacy, looks like z(py,...,pn) = (2¥1py, ..., 2" py)
where we may assume without loss of generality that ged(ky, ..., k,) = 1. Now, if 2
is a k;th root of 1, then z fixes (0, ..., 1, ...,0) where the 1 is in the ¢th coordinate and
there are Os elsewhere. Since the action is free, we must have k; = +1. But then,
switching coordinates p; — p; whenever k; = —1 shows this action is equivalent to
the Hopf action.

O

Remark 4.0.8. Since, by Synge’s theorem, S! cannot act freely and linearly on an
even dimensional sphere, we get, as an immediate corollary to the proof, that the
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only free linear action of S* on a sphere (up to reparamaterization) is the Hopf
action on S*~!. This follows because given any linear action of S* on a sphere,
the action must restrict to the Hopf action of the circle subgroup. Hence, all the
weights of the representation are £1, so the representation of S? is the direct sum
of copies of the standard representation, i.e., the S® action is the Hopf action on

C?k,

4.1 (G,U) for dim(G)U) =4

Proposition 4.1.1. Suppose M* is simply connected and has the same rational
homotopy groups as S* and suppose further that M = G /U is a biquotient. Then

G and U are one of the pairs in the following table.

G U

SU) | SU2) x SU(3)
Sp(2) | SU2) x SU(2)

Spin(T) | Gy x SU(2)

Spin(8) | Gy x Sp(2)

Spin(8) | Spin(7) x SU(2)

Table 4.1: Potential pairs (G, U) with the same rational homotopy groups as S*

Proof. Since dim(moqa(M)g) = 1, it follows from Totaro’s theorem that G is sim-
ple. Then, since M is 3-connected and my(M)g = Q, it follows from the long
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exact sequence of rational homotopy groups that U = U; x Us is simply connected,
consisting of precisely two simple factors.

Now, assume initially that G' contributes it’s maximum degree of 4 to M. Then
G =SU(4) or G = Sp(2). It G = SU(4), then by the long exact sequence in rational
homotopy groups, we have m7(U)g = 0, 75(U)g = Q, and m3(M)g = Q+ Q, so that
U = SU(3)xSU(2). If instead, G = Sp(2), then we find that 7m;(U)q = 75(U)g = 0,
so that U = SU(2) x SU(2). This completes the first two entries in the table.

Now, assume that G doesn’t contribute its highest degree (so we're in case 2 or
3 of Totaro’s theorem). Then G = SU(5), Spin(7), Sp(3), or Spin(8) (but the case
of Sp(3) can’t happen). Further, we know that one simple factor, say U; acts on
G on one side and G/U = S” or S” x S7. First notice that unless G = Spin(8),
G /U # 87 x S™ by looking at the long exact sequence of rational homotopy groups
at degree 4.

If G = SU(5), then if G/U; = S7, we find from the long exact sequence of
rational homotopy groups that m9(U;)g = Q while 77(Uy)g, but this is impossible,
so G # SU(5).

If G = Spin(7), we find that U; = G, the exceptional lie group of dimension 14.
Then since dim(G) — dim(Uy) — dim(Us) = 4, it follows that Uy = SU(2). Thus,
G = Spin(7) and U = Gy x SU(2) works. This fills the next entry in the table

Finally, let G = Spin(8). If G/U; = ST x S7, then it follows that U; = Gs.

Then, again from dimension count, we have that dim(Us) = 10 so that Uy = Sp(2).
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If G/U, = S7, it follows that U; = Spin(7). Then again from dimension count,
Uy = SU(2), filling in the last entry in the table.

]

Proposition 4.1.2. Let M* be simply connected with the same rational homotopy
groups as CP?. Suppose M = G /U is a biquotient. Then either G = SU(3) and U

is SU(2) x S, or G = SU(4) and U is Sp(2) x S*.

Proof. Since dim(moqa(M)g) = 1, it follows that G is simple. Since m(M)g = Q,
it follows that U = S' x U’, where U’ is a product of simple factors. Further, since
m3(M)g = ma(M)g = 0, it follows that U’ is simple.

Now, suppose G contributes is maximum degree of 3, so that G = SU(3). Then
from the long exact sequence of rational homotopy groups we see that m(U)g = 0
for k > 3, so that U' = SU(2). Thus, if G = SU(3), U = S' x SU(2).

If G does not contribute its highest degree, then we must be in case 2. Thus,

G = SU(4) so the simple factor U’ is a group acting on one side of G such that

G/U = SU(4)/Sp(2), i.e., U = Sp(2). O

Proposition 4.1.3. Let M* be simply connected with the same rational homotopy

groups as S? x S%. Suppose M = GJU. Then G = SU(2)x SU(2) and U = S*' x S*.

Proof. Since dim(moaa(M)g = 2, it follows that G has at most two simple factors.
Since m3(M)g = Q + Q, it follows that G has at least two simple factors. Thus

G = G7 X G5. Then it again follows from the long exact sequence of rational
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homotopy groups that m3(U)g = 0, so that U is a product of circles. In particular,
U has no simple factors so only case 1) of Totaro’s theorem can occur. Thus, Gy
and Gy contribute their maximum degree of 3, so that G; = G5 = SU(2). From

dimension count, we see that U = S x S*. O

4.2 (G,U) for dim(GJU) =5

Proposition 4.2.1. Let M® be simply connected with the same rational homotopy
groups as S°. Assume M = G JU is a biquotient. Then we have either G = SU(3)

and U = SU(2) or G = SU(4) and U = Sp(2).

Proof. Since dim(moqa(M)g) = 1, G is simple. Since m3(M ) = 0, it follows that U
has precisely one simple factor. Further since M is 4-connected, U is simple. Now,
first assume G contributes is max degree of 3, so that G = SU(3). Then, from
dimension count, it follows that U = SU(2). If G does not contribute its highest
degree , then we're in the first part of the second case of Totaro’s theorem. Thus, U
acts on one side of G = SU(4) and by the long exact sequence of rational homotopy

groups, U = Sp(2). O

Proposition 4.2.2. Let M be simply connected with the same rational homotopy
groups as S* x S3. Suppose M = G /U is a biquotient. Then G = SU(2) x SU(2)

and U = S*.

Proof. Since dim(moqa(M)g = 2, it follows that G has at most two simple factors.
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Since dim(m3(M)g = 2, it follows that G has at least two simple factors so that
G = G; X Gg. Then, since my(M)g = 0, it follows that U has no simple factors.
Thus, we can only be in case (1) of Totaro’s theorem. Thus, Gy = Gy = SU(2).

Then, by dimension count, U = S*. O

4.3 (G,U) for dim(GJU) =6

In this subsection, we again catalogue which G and U are possible strictly from

rational homotopy and dimension concerns.

Proposition 4.3.1. Let M be simply connected with the same rational homotopy
groups as S°. Suppose M = G /U is a biquotient. Then either G = Gy with

U=.5U(3) or G = Spin(7) with U = Spin(6).

Proof. Since dim(moaa(M)g) = 1, G is simple. Since mo(M)g = m3(M)g = 0, U is
simple.

Now, assume G contributes its highest degree of 6. Then G = G5, SU(6), Spin(7)
or Spin(8) (the case G = Sp(3) can’t happen). If G = G, then from the long exact
sequence in rational homotopy groups we have m5(U)g = m3(U)gp = @, so that
U=SU(3).

If G = SU(6), we find that mo(U)g = Q while 77(U)g = 0, but this is impossible,
so that G # SU(6).

If G = Spin(7) (or Sp(3)), we find that m7(U)g = m5(U)g = Q so that U =
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SU(4) = Spin(6).

Finally, if G = Spin(8), we find 77(U)g = Q + Q while 75(U)g = Q. But this is
impossible. This handles the case of G contributing its maximal degree.

Note however, G’ cannot contribute a nonmaximal degree of 6 - if G contributes
as in (2) of Totaro’s theorem, then its second highest degree is of the form 2n — 1
or is 4, so this can’t happen. If G contributes as in (3) of Totaro’s theorem, then
G = Spin(6) and G/U = S'1, giving an obvious contradiction. Further G can’t
contribute as in 4) since there is only a single simple factor. Thus, all examples

come from case 1). O

Proposition 4.3.2. Let M be simply connected with the same rational homotopy
groups of S x S®. Suppose that M = G JU. Then G = SU(2) x SU(2) and U is

trivial.

Proof. Since dim(moq4(M)g) = 2, G has at most 2 simple factors. Since m3(M)g =
Q + Q, G must have at least 2 simple factors. Thus G = GG; x G5. Further, since
(M) = 0 it follows that U is simply connected with no simple factors. Thus
U = {e} as claimed. But cases (2),(3), and (4) of Totaro’s theorem require U to
contain a simple factor, so we see that both GG; and G4 contribute their maximum

degree of 2. Thus G| = Gy = SU(2). O

Proposition 4.3.3. Let M be simply connected with the same rational homotopy
groups as the M?P. That is, m3(M)g = Q+ Q, 75(M)g = 76(M)g = Q with all
other rational homotopy groups trivial. Further, assume M = G JU 1is a biquotient.
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Then G = SU(3) x SU(2) x SU(2) and U = SU(3).

Proof. Since dim(moqa(M)g) = 3, we have that G has at most 3 simple factors.
Since dim(m3(M)g) = 2, we have that G has at least 2 simple factors. Further, if
G has 2 simple factors, U has none, while if G has 3 simple factors, U has precisely
1. Also, since M is rationally 2-connected, U is simply connected.

So, initially assume that G = G x G, that is, G has 2 simple factors. Since
in this case U has no simple factors, but since m(M)p = Q, we must have that
dim(m5(U)g) > 1, so that U contains at least one simple factor. This gives us a
contradiction so this case cannot occur.

Now, assume G = G; x G x G5 and thus that U is simple. Now, since 7s(M)g =
Q, it follows that dim(m5(U)g) > 1, so that U = SU(n) for some n > 3. Now,
assume without loss of generality that GG; contributes degree 3 to M, so we must
be in case (1) or (2) of Totaro’s theorem. Then, G contributes either its maximum
degree or second highest, so that G; = SU(3) or SU(4). If G = SU(4) contributes
it’s second highest degree of 5, then we're in the first part of the second case of
Totaro’s theorem. Thus, U = Sp(2), contradicting the fact that U = SU(n) for
some n. Thus, G = SU(3).

Now, GGy contributes a degree 2 and this is either the highest or second highest
degree of GG. If second highest, (G5 is coming from case 4 of Totaro’s theorem, so
that Gy = U = SU(3). But then dim(M) = dim(SU(3))+dim(SU(3))+dim(G3) —

dim(SU(3)) > 8, giving a contradiction. This similarly applies to G3. Thus we find
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that Go = G3 = SU(2). Then, from dimension count, we find that U = SU(3). O
We have as an easy corollary
Corollary 4.3.4. M{ cannot be diffeomorphic to a biquotient.

Proof. It M = GJU were a biquotient, we have G = SU(3) x SU(2) x SU(2) and
U = SU(3). But SU(3) cannot act on SU(2) x SU(2) and the only free action on

itself is transitive.

]

Proposition 4.3.5. Let M = G /U be a simply connected biquotient with the same

rational homotopy groups as S*>xS*. Then G and U are on the table on the following

page:

Proof. Since dim(moqq(M)g) = 2, G has at most 2 simple factors. First assume that
G is simple (so we can’t be in case 4 of Totaro’s theorem). By looking at the long ex-
act sequence in rational homotopy groups, we see that U must contain precisely one
simple factor U’. Now, if G contributes its max degree of 4 to M, then G = SU(4)
or G = Sp(2). Then, from the long exact sequence in rational homotopy groups, we
find that in the first case, U = SU(3) x S and in the second that U = SU(2) x S*. If
G doesn’t contribute its highest degree, then G = SU(5), Spin(7), Sp(3), or Spin(8)
from case (2) and (3) of Totaro’s theorem which implies G/U" = ST or S7 x S7,
ruling out Sp(3). However, in either case, since there are no more simple factors in

U, we'll find that, for example, m4(M)g = m(G/U")g = 0, giving a contradiction.
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G U
SU(4) SU(3) x S
Sp(2) SU(2) x S

SU(4) x SU(2)
Sp(2) x SU(2)
Spin(7) x SU(2)
Spin(8) x SU(2)
Spin(8) x SU(2)
SU(4) x SU(3)
Sp(2) x SU(3)
Spin(7) x SU(3)

Spin(8) x SU(3)

SU(3) x SU(2) x S?
SU(2) x SU(2) x St
Gy x SU(2) x St
Spin(7) x SU(2) x S
Gy x Sp(2) x St
SU(3) x SU(3) x S?
SU(3) x SU(2) x S
Gy x SU(3) x St

Spin(7) x SU(3) x S1

Table 4.2: Potential pairs (G, U) with the same rational homotopy groups as S?x S4

Next, assume G = G; X G, and assume without loss of generality that G
contributes the degree 4 piece while GGy contributes the degree 2 piece. From the
long exact sequence in rational homotopy groups, we see that U = U; x Uy x S1,
that is U contains precisely two simple factors. If both G; and G4 contribute their
maximal degrees, then Gy = SU(2) while Gy = SU(4) or Sp(2). If G; = SU(4),
then we see that 5(U)g = Q and 73(U)g = Q+Q, so that U = SU(3) x SU(2) x S*.

We also see that if G; = Sp(2), then U is SU(2) x SU(2) x S*.
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Now, assume that G; does not contribute its maximal degree while Gy = SU(2)
contributes its maximal degree of 2. Then recalling we've already ruled out G; =
SU(4), we see G; = Spin(7), Sp(3), or Spin(8), though, as usual, the Sp(3) case
can’t happen. Further, Totaro’s theorem tells us G;/U; = S7 or S7 x S7. Thus,
if Gy = Spin(7), we see that U; = Gy, the exception Lie group. Then, from
dimension count, we have that dim(U,) = 3 so that Uy = SU(2). Thus, we have
G = Spin(7) x SU(2) while U = Gy x SU(2) x S*.

If Gy = Spin(8), then U; = Spin(7)(if G; /Uy = S7) or G, (if G1/U; = S™ x S7.
If Uy = Spin(7), then again by dimension count, we have dim(U;) = 3 so that
Uy = SU(2). If instead, U; = Go, then we have that dim(Us) = 10 so that
Uy = Sp(2).

If G7 does not contribute from case (1) or (2) of Totaro’s theorem, it must
contribute by case (3) and then we’ll have Gy = Spin(8) with U; = Spin(7), and
this has already been handled.

Now, if G5 doesn’t contribute its maximal degree, then (G, must come from case
4 of Totaro’s theorem. Thus, Gy = SU(3) and U; = SU(3). We now figure out
what G can be. If G; contributes its highest degree of 4, then G; = SU(4) or
Sp(2). Thus we find that Uy = SU(3) or SU(2) respectively.

If G, does not contribute its maximal degree, then we see that G is either
SU(5), Spin(7), or Spin(8). Further, if G; comes from case 2 of Totaro’s theorem,

we have that there is a simple factor U’ such that G; /U’ = S7 or ST x S7. Notice
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that if G;/U" = S7 x S7, then dim(m;(M)g) = 2, giving a contradiction. We've
also already seen that if Gy = SU(5), then there is no U’ such that G, /U’ = S7. If
G1 = Spin(7), then we must have U’ = Gs, the exceptional Lie group. In particular,
in this case we have U = SU(3) x Gy x S'. Finally, if G; = Spin(8), then we have
U' = Spin(7), so that U = SU(3) x Spin(7) x S*.

Next, assume G comes from case 3 of Totaro’s theorem. Then we see that
G = Spin(8), and we've already handled this case. Since G doesn’t contribute
degree 3, GGy can’t come from case 4 of Totaro’s theorem and so we're done.

O

Proposition 4.3.6. Let M be simply connected with the same rational homotopy
groups as M$ - that is mo(M)g = m(M)g = Q, m5(M)g = Q + Q, and all other
rational homotopy groups are trivial. Suppose M = G /U is a biquotient. Then
either G = SU(3) x SU(3) with U = SU(2) x SU(2) x SU(2) x S* or G = SU(4) x

SU(3) with U = Sp(2) x SU(2) x SU(2) x S.

Proof. Since dim(moqa(M)g) = 2 while dim(m3(M)g) = 0, we conclude that either
G is simple or G = G x Gy. However, if G is simple, then we have dim(m5(G)g) > 5,
which is impossible for simple G. Thus, we have G = G; x G5 is a product of 2
simple factors. We also conclude from the long exact sequence in rational homotopy
groups that U contains precisely 3 simple factors and so U = U; x Uy x Us x S*.
Now, if both G; and G5 contribute their maximum degrees of 3, then we conclude

that G; = G, = SU(3). Then from dimension count, we have dim/(U;) + dim(Us) +
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dim(Us) = 9, so that Uy = Uy = Uy = SU(2).

If one, say G doesn’t contribute its maximal degree, then we have G = SU(4)
and G = SU(3). Further, in order to contribute a nonmaximal degree of 5, this case
must be the first part of case 2 of Totaro’s theorem. Thus, we know a simple factor,
say Uy = Sp(2). Then we find dim(Us) + dim(Us) = 6, so that U; = Uy = SU(2).

If both G; and G5 fail to contribute their maximal degree, then we know that
G1 = Gy = SU(4). Further, we’d again be in the first part of case 2) of Totaro’s
theorem, so that U; = Sp(2). But then we find that m5(U; x Usz)g = Q + Q while
mk(Uy x Uy)g = 0 for all higher k so that Uy = U3 = SU(3). But then comput-
ing dimension gives 6 = dim(M) = 2dim(SU(5)) — dim(Sp(2)) — 2dim(SU(3)) —

dim(S') = 3, so we have a contradiction. O

Corollary 4.3.7. M cannot be a biquotient.

Proof. By the previous proposition, if M = G /U, then G = SU(3) x SU(3) and
U=SU(2)3xS"or G=SU(4) x SU(2) and U = Sp(2) x SU(2)* x S*. We will
show none of these gives rise to free actions, even forgetting the S* factor of U.
Assume initially that G = SU(3) x SU(3) and U = SU(2)3. There are precisely
2 nontrivial embeddings of SU(2) into SU(3), the block embedding and the map
SU(2) — SO(3) C SU(3). It follows that 2 of the SU(2)s in U must act only on
one SU(3) each. If they act on the same one, then we either must have a free action
of SU(2) or SO(3) on SU(2)\SU(3) = S®, but we’ve seen that this can’t happen.

Hence, we may assume the first two SU(2)s in U act on the left of SU(3) x SU(3)
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and the other SU(2) in U acts diagonally on the right. But this can’t happen either
just by checking cases.

Next, assume that G = SU(4) x SU(2) and U = Sp(2) x SU(2)?. We already
know that Sp(2) can only act on one side of SU(4) and can’t act on SU(2), so the
biquotient must look like S® X g7(2)xsv(2) SU(2). At most one SU(2) can act on the
SU(2) factor of G by conjugation (because it can’t act transitively by convention),
so the other SU(2) factor of U must act freely on S°. But we've already seen this
is impossible.

O

Proposition 4.3.8. Let M be simply connected with the same rational homotopy
groups as CP3. Assume M = G /U is written according to our conventions. Then

G and U are given, up to finite cover, in the following table:

G U

SU4) | SU3) x S
Sp(2) | SU2) x S

Spin(7) | Go x S

Spin(8) | Spin(7) x S*

Table 4.3: Potential pairs (G, U) with the same rational homotopy groups as CP?

Proof. Since dim(m,q4(M)g) = 1, G is simple. Then from the long exact sequence
of rational homotopy groups we conclude U has exactly one simple factor.

47



If G contributes its maximum degree of 4, then G = SU(4) or Sp(2) and the
long exact sequence of rational homotopy groups shows that U is SU(3) or SU(2)
respectively.

If G does contribute its maximal degree, then G = SU(5), Spin(7) or Spin(8)
and the simple factor U’ of U acts only on one side of G with G/U = ST or
S7 x S7. Since there are no other simple factors, we can’t have G/U = S7 x S7,
since otherwise m7(M)g = Q+Q, giving a contradiction. We have now handled this
problem several times, so we know that G = Spin(7) with U = G, or G = Spin(8)
with U = Spin(7). Case 3) of Totaro’s theorem is subsumed in the previous case,

and case 4) can’t happen as there is no degree 3 term.

]

Proposition 4.3.9. Let M be simply connected with the same rational homotopy
groups as S? x CP%. Assume M = G /U written according to our conventions.

Then G and U are given in the following table:

Proof. Since dim(moaa(M)g) = 2, either G is simple or G = G; x G3. We also
see from the long exact sequence of rational homotopy groups that U has one less
simple factor than G. If G is simple, then U is a product of two circles. But then
75(G)o = Q and 7 (G)g = 0 for larger k, so that G = SU(3). G cannot contribute
via case 2), 3), or 4) of Totaro’s theorem since in this case U has no simple factors.
Thus, we're done with the case of G being simple.

So, assume G = (G; X G9 with G contributing degree 3 and G5 contributing
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G U

SU(3) St x 1
SU(3) x SU(2) | SU(2) x St x St
SU(4) x SU(2) | Sp(2) x St x S?

SU(3) x SU(3) | SU(3) x St x S?

Table 4.4: Potential pairs (G, U) with the same rational homotopy groups as S? x

CP2.

degree 2. If they both contribute their maximal degrees, then G; = SU(3) and
G5 = SU(2). Then by dimension count (since U has precisely 1 simple factor) we
have U = SU(2) x S, up to cover.

If G, doesn’t contribute its maximal degree, then G = SU(4) and we're in the
first part of case 2) of Totaro’s theorem. Thus, the simple factor U’ of U is equal
to Sp(2). Then, we have dim(Gs) = 6 — dim(G1) +dim(U) =6 — 15+ 12 = 3, so
that Gy = SU(2).

If G5 does not contribute its maximal degree, then Gy = SU(3) and the simple
factor U’ of U is equal to SU(3) also. Notice that if G; doesn’t contribute its
highest degree, we have U’ = Sp(2) so that G; must contribute it’s highest degree

of 5. Then G; = SU(3) O

Proposition 4.3.10. Let M be simply connected with the same rational homotopy

groups as S? x S* x S?. Assume M = G /U is a biquotient. Then G = SU(2) X
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SU(2) x SU(2) and U = S x S' x SL.,

Proof. Since dim(moga(M)g) = dim(ms(M)g) = 3, we have that G = G; x G2 x G
contains precisely three simple factors. Further, U must contain none. Thus, case
2), 3), and 4) of Totaro’s theorem can’t happen, so that each G; contributes its
maximum degree. Thus, G; = SU(2) for each i, and so by dimension count, or by

dim(ma(M)g), we have that U = S x S x S*. O

4.4 (G,U) for dim(GJU) =717

Proposition 4.4.1. Let M be simply connected with the same rational homotopy
groups as ST. Assume M = GJU is a biquotient. Then G and U appear on the

following table:

G U

SU4) | SU(3)
Sp(2) | SUQ2)

Spin(8) | Spin(7)

Table 4.5: Potential pairs (G, U) with the same rational homotopy groups as S’

Proof. Since dim(moqa(M)g) = 1, G is simple. Further, from the long exact se-

quence of rational homotopy groups we see that U is simple and simply connected.
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If G contributes its max degree Of 4, then we have G = SU(4) or G = Sp(2).
Correspondingly, we see that U = SU(3) or U = SU(2).

If instead, G does not contribute its maximal degree, then we know that G/U =
ST and G = SU(5), Spin(7), or Spin(8). We done this several times now, giving

the above result. O

Proposition 4.4.2. Let M be simply connected with the same rational homotopy
groups as S x S*. Assume M = G /U is a biquotient. Then G and U are given in

the following table:

G U
SU(4) SU(3)
Sp(2) SU(2)

SU(4) x SU(2)
Sp(2) x SU(2)
Spin(T) x SU(2)
Spin(8) x SU(2)
Spin(7) x SU(3)
Spin(8) x SU(3)

Spin(8) x SU(2)

SU(3) x SU(2)
SU(2) x SU(2)
Gy x SU(2)
Spin(T) x SU(2)
Gy x SU(3)
Spin(T) x SU(3)

G2 X Sp(2)

Table 4.6: Potential pairs (G, U) with the same rational homotopy groups as S x 54

Proof. Since dim(moqq(M)g) = 2, we have that either G is simple or G = G x Ga.
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Notice that U has the same number of simple factors as G.

If G is simple, assume first that G contributes its maximum degree of 4. Then
G = SU(4) or Sp(2). From the long exact sequence of rational homotopy groups,
we'll have that U = SU(3) or SU(2), respectively (with Dynkin index 0). Case
2) and 3) can’t happen, because then we’d have G/U = S7 or S7 x S7, so that
M would have the same rational homotopy groups as S7, giving a contradiction.
Finally, case 4) can’t happen because G is simple.

Now, assume G = G X Gy and U = U; x U,., with G| contributing degree
4 and G, contributing degree 2. If both G; and Gy contribute their maximum
degrees, we have that G4 = SU(4) or Sp(2) and Gy = SU(2). Then we see that
U = SU(@3) x SU(2) or U = SU(2) x SU(2) respectively. If instead, G2 does
not contribute its maximal degree, then we find that Go = SU(3) (only case 4
of Totaro’s theorem allows a degree 2 contribution). In this case, U must contain
SU(3) as a simple factor as well as an S'. By dimension count, the remaining factor
must be either SU(3) or SU(2) for G; = SU(4) or Sp(2), respectively.

Next assume that G'; does not contribute its maximal degree. We’ve seen several
times then that G; = Spin(7) with U; = G5, the exceptional Lie group or G; =
Spin(8) with U; = Spin(7) or G3. In every case except Spin(8)/Gy = S™ x S7,
we have that dim(Gy) = dim(Us). If Gy contributes its highest degree, then Gy =
SU(2) = U,. If instead, G5 does not contribute its maximal degree, then by case

4) of Totaro’s theorem, Gy = SU(3) = Uy. In the Spin(8)/Gy = S™ x ST case, we
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must have 77(Us)gp = Q, so that we rule out case 4) for G5. Thus, Gy = SU(2).

Then by dimension considerations, we see that Uy = Sp(2). ]

Proposition 4.4.3. Let M be simply connected with the same rational homotopy
groups as N, that is, with m3(M)q = 76(M)g = 7e(M)g = Q with all other rational

homotopy groups trivial. Then M cannot be diffeomorphic to a biquotient.

Proof. Assume for a contradiction that M = G JU. Since dim(moqa(M )g) = 2 while
dim(ms3(M)g) = 1, we have that G is either simple or G = G} X G, and U is simply
connected with one less simple factor than G. Thus, if G is simple, then U is trivial.
But then we’ll have 7g(M)g = 0, giving a contradiction. Thus, G = G; x G5 and
U is simple. Assume without loss of generality that G contributes degree 5 while
G5 contributes degree 2.

If G contribute its maximal degree, then G; = SU(6). But then we’ll have
75(G)g = Q so that we'll need 75(U)g = Q + Q, but this is impossible since U is
simple. Thus G; must contribute a nonmaximal degree of 5 so that Gy = SU(6).
In order to contribute degree 5, we must be in the first part of case 2 of Totaro’s
theorem, so that U has the same rational homotopy groups as Sp(3), so U = Sp(3)
or Spin(7). Then by dimension count, we have dim(Gs) =7 — 35+ 21 < 0, giving

a contradiction. O

Proposition 4.4.4. Let M = G)JU be simply connected with the same rational
homotopy groups as Ny - that is m3(M)g = m4(M)g = Q + Q, m7;(M)g = Q, and
all others are trivial. Then G and U are given, up to finite cover, in the following
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table:
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G

U

SU(4) x SU(2)
Sp(2) x SU(2)
SU(4) x SU(3)
Sp(2) x SU(3)
Spin(7) x SU(2)
Spin(8) x SU(2)
Spin(T) x SU(3)
Spin(8) x SU(3)

Spin(8) x SU(2)

SU(3) x SU(2)
SU(2) x SU(2)
SU(3) x SU(3)
SU(2) x SU(3)
Gy x SU(2)
Spin(7) x SU(2)
Gy x SU(3)
Spin(7) x SU(3)

G2 X Sp(2)

Table 4.7: Potential pairs (G, U) with the same rational homotopy groups as Ny

Proof. Again, from dim(meqa(M)g) and dim(ms(M)g), we conclude that G is a
product of either 2 or 3 simple groups. So, assume initially that G = G| x G5. It
follows that U = U; x U, is 1- connected. Assume without loss of generality that
G, contributes degree 4 while G5 contributes degree 2.

Now, assume initially that (G; contributes its maximal degree of 4 so that G; =
SU(4) or Sp(2). If Gy contributes its maximal degree, then G5 = SU(2). Then we
find 77 (U)g = 0 (for either choice of Gy), and 75(M)gp = Q or 0 for G; = SU(4)
or Sp(2) respectively. Thus we find that U = SU(3) x SU(2) or SU(2) x SU(2)

respectively. If G5 doesn’t contribute its maximal degree, then we’re in case 4 of
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Totaro’ theorem so Go = SU(3) and U; = SU(3). Then we find dim(Us) = 8 so
that Uy = SU(3) or dim(Usy) = 3, so that Uy = SU(2).

If instead G; does not contribute its maximal degree, then (as we’ve seen several
times now), G; = Spin(7) or Spin(8) and there is a simple factor U; of U such that
G1/Uy = S" or 8™ x S7. Thus, if G; = Spin(7), then U; = Gy, the exceptional
Lie group. If G; = Spin(8), then U; = Spin(7) or G3. So, assume initially that
G,/U, = S7. Tt follows from this that dim(Gs) = dim(U;). Since Gy contributes
degree 2, we must have Gy = Uy = SU(2) or SU(3).

If G1/U; = S™ x S7, then we have G; = Spin(8) and U; = Gy, the exceptional
Lie group. If G5 does not contribute its maximal degree, then we’ll have Uy =
SU(3) = Gaq, so that dim(M) = 14, a contradiction. Thus Gy = SU(2). Then,

from dimension count, we see that Uy = Sp(2).

Corollary 4.4.5. The manifold NJ is not a biquotient.

Proof. Because in each of the possibilities above, G and U both consist of 2 simple
factors, the only way to have m3(M)g = Q = Q is if the map m3(U)g — m3(G)g is
the 0 map, but this map is given as the differences in the Dynkin indices of the left
and right embeddings. Since, in every case it is easy to see that there is a simple
factor of U which acts only one side of one factor of GG, it follows that the difference

in the Dynkin indices cannot be 0. [

Proposition 4.4.6. Let M be simply connected with the same rational homotopy
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groups as NI - m3(M)g = Q*, m6(M)g = Q with all others trivial. Then M is not

diffeomorphic to a biquotient.

Proof. Assume that M = G JJU. Since dim(moqa(M )q) = dim(ms(M)g) = 4, we see
that G = G x Gy x G3 x G4, with each G; simple. Further, from the long exact
sequence in rational homotopy groups, it follows that U contains no simple factors.

Thus, 76(M ) # Q, a contradiction. ]

Proposition 4.4.7. Let M be simply connected with the same rational homotopy
groups as N - mo(M)g = m4(M)g = m5(M)g = Q and m3(M)g = Q + Q, with all

others trivial. Assume M = G JJU. Then G and U appear in the following table:

G U
SU(3) x SU(2) SU(2) x S
SU(4) x SU(2) Sp(2) x S
SU(3) x SU(3) SU(3) x S

SU(3) x SU(2) x SU(2) | SU(2) x SU(2) x '
SU4) x SU(2) x SU(2) | Sp(2) x SU(2) x S*
SU(3) x SU(3) x SU(2) | SU(3) x SU(2) x 8!
SU(3) x SU(3) x SU(3) | SU(3) x SU(3) x '

SU(4) x SU(3) x SU(2) | Sp(2) x SU(3) x S*

Table 4.8: Potential pairs (G, U) with the same rational homotopy groups as N/
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Proof. We have that G = G; X Gy or G = G; x Gy X (3 with each G; simple.
Further, U has one less simple factor than G.

So, assume initially that G = G; x G5 so that U = U; x S! up to finite cover.
Assume without loss of generality that G; contributes degree 5 and G5 contributes
degree 3. Then if both contribute their top degree, we have G; = SU(3) and
Go = SU(2). Then it follows from dimension count that U; = SU(2). If instead
(GG contributes it’s second highest degree, then we are in the first part of case 2
of Totaro’s theorem so that G; = SU(4) and U; = Sp(2). Notice in this case, G2
must contribute its top degree (or else Uy = SU(3) coming from case 4 of Totaro’s
theorem, a contradiction). Conversely, assume Go contributes its second highest
degree (and thus, G contributes its highest) so we're in case 4 of Totaro’s theorem.
Thus, Go = U; = SU(3). This concludes the case where G = G; x G5 is a product
of 2 simple factors.

So, now assume that G = G; X Gy x G3, with G contributing only degree 5
and G5 and G5 contributing only degree 3. Write U = U; x U, x S*. If all three
contribute their maximum degree, then we have G; = SU(3), Gy = G3 = SU(2).
Then we find dim(U,) + dim(Usy) = 6, so that Uy = Uy = SU(2). If G, contributes
its second highest degree, then we have G; = SU(4) and U; = Sp(2). If G5 and
G5 contribute their max, then Gy = G5 = SU(2) and by dimension count, we find
Uy = SU(2).

If G5 contributes its second highest degree, then we find that Gy = U; = SU(3).
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If Gy contributes its highest, G; = SU(3). But then we have that dim(Gs) =
dim(Us,). Thus we find that G3 = U, and these are equal to either SU(2) or SU(3).
If G5 contributes its second highest degree while Gy contributes its highest, we find

that U = Sp(2) x SU(3) x S', so by dimension count Gz = SU(2). O
Corollary 4.4.8. The manifold N cannot be a biquotient.

Proof. Since m3(N])g = Q+ Q, if G has precisely two simple factors, then the map
m3(U)g — 73(G)g must be the 0 map. But just as in the case of NJ, this can’t
happen.

Now we handle the case where GG has three simple factors. For the first two
entries, there is always a simple factor of U isomorphic to SU(2) which must act
freely on SU(3)/SU(2) or SU(3)/SO(3), but it’s easy to see there are no such free
action of SU(2) on these spaces. For the remaining three entries, there is always a
simple factor SU(3) which either has to act freely on SU(3) or SU(4)/Sp(2) = S5,
but in the first case the only such free actions are transitive and in the second, there

are no free actions by dimension counting. O]

Proposition 4.4.9. Let M be simply connected with the same rational homotopy
groups as S* x S® (or S3 x CP?%). Assume M = GJU. Then G and U are in the

table on the following page:

Proof. Since dim(moqq(M)g) = 2 while dim(m3(M)g) = 1, we have that G is simple

or G = G; X G9. Further U has one less simple factor than G.
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Manifold Model: S® x CP? or S? x S°
G U

SU(3) g1
SU3) x SU(2) | SU(2) x S*
SU(3) x SU(3) | SU(3) x St

SU(4) x SU(2) | Sp(2) x S1

Table 4.9: Potential pairs (G, U) with the same rational homotopy groups as S? x S°

or % x CP?

If G is simple, then U = S! has no simple factors and hence we must be in case
1 of Totaro’s theorem. Then G contributes its maximal degree of 3 so G = SU(3).

If instead G = G x Gy, then U = U; x S'. Assume without loss of generality
that G contributes degree 3 while (G5 contributes degree 2. Notice that if G,
does not contribute its maximal degree, then U; = Sp(2) and likewise, if G5 doesn’t
contribute its maximal degree, then U; = SU(3). Thus, at least one must contribute
its maximal degree.

So assume initially that G contributes its max degree of 3 so that G; = SU(3).
It follows then that dim(U;) = dim(G3). Then Gy = U; = SU(2) or SU(3)
depending on whether or not Gy contributes its maximal degree.

If G; does not contribute its maximum degree, then it falls under the first part
of case 2 of Totaro’s theorem so that G; = SU(4) and U; = Sp(2). Then G5 must

contribute its maximal degree so Gy = SU(2). O
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Proposition 4.4.10. Suppose M is simply connected with the same rational ho-
motopy groups as S? x S% x S3. Assume that M = G/U is a biquotient. Then

G =SU(2) x SU(2) x SU(2) and U = S* x S*.

Proof. Since dim(moqq(M))g = dim(ms3(M)g) = Q, G = G1 x G2 X G3 is a product
of 3 simple groups. From the long exact sequence in rational homotopy groups it
follows that U has no simple factors. Thus each G; contributes its maximal degree

of 2, so each G; = SU(2). Then, counting dimensions give U = S x S'.
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Chapter 5

Classitying Free Actions and

Quotient Diffeomorphism Type

5.1 4 dimensional biquotients

In this section, we’ll handle the different G and U in the S* chart.

Proposition 5.1.1. If G = SU(4) and U = SU(2)xSU(3), then the only biquotient
is of the form SU(2)\SU(4)/SU(3) = S3\S™ = S*. The embedding of SU(3) into
SU(4) is the block embedding and the embedding of SU(2) into SU(4) is the diagonal

block embedding.

Proof. There is no almost faithful f : SU(2) x SU(3) — SU(4) since the smallest
almost faithful representation of SU(2) x SU(3) has dimension 5.

Thus, the biquotient will be of the form SU(2)\SU(4)/SU(3).
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Now, SU(3) has precisely 2 nontrivial 4-dimensional representations, up to
equivalence - the standard plus one trivial, and the conjugate of the standard plus
one trivial. Regardless of which representation we use, the quotient is the homoge-
neous space SU(4)/SU(3) = S7. Choosing a particular left invariant right SU(3)
invariant metric on SU(4), we may assume S7 is round. Then SU(2) (or SO(3))
will act isometrically and must act freely on a round S7. This implies the action is
that of SU(2) and is the Hopf action. In particular, there is a unique free SU(2)
action. To express this as a biquotient, it is easy to see the action of SU(2) x SU(3)
on SU(4) given by (A, B) x C' = diag(A, A)Cdiag(B,1)~! is easily seen to be free

]

Proposition 5.1.2. If G = Sp(2) and U = Sp(1) x Sp(1), then there are pre-
cisely two biquotients given by the two maps f : Sp(1) x Sp(1) — Sp(2) x Sp(2)
with f(a,b) = (diag(a,b),I) and g : Sp(1) x Sp(1) — Sp(2) x Sp(2) with g(a,b) =
(diag(a,a), diag(b,1)). In the first case, we get the homogenous space Sp(2)/Sp(1) x
Sp(1) = S* and in the second we get a biquotient ASp(1)\Sp(2)/Sp(1) also diffeo-

morphic to S*.

Proof. We first check for homogeneous spaces. This is the same as asking which 4
dim representations of Sp(1) x Sp(1) = SU(2) x SU(2) are symplectic. There are
only 2 4 dimensional almost faithful representations of SU(2) x SU(2) - the standard
block embedding and SU(2) x SU(2) — SO(4) — SU(4). The second is an outer

tensor product of irreducible representations and hence is irreducible. Since it is
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clearly orthogonal, it cannot be symplectic. The standard block embedding, on the
other hand, is a sum of 2 symplectic representations and is thus symplectic. It is
well known that Sp(2)/Sp(1) x Sp(1) = S*.

We now look for biquotients. To do this, we must first list all the symplectic
representations f : Sp(1) — Sp(2). It’s easy to see that the only choices are

1) The unique 4 dimensional representation of SU(2).

2) The map sending a € Sp(1) to diag(a,a) in Sp(2).

3) The map sending a € Sp(1) to diag(a, 1) in Sp(2).

Thus, we need to figure out for which pairs of 1),2), 3) we get a free biquotient
action. The freeness condition in this case is equivalent to asking that no noncentral
element in the image of one map be conjugate to any noncentral element in the
image of the second map. Notice that two elements in Sp(2) are conjugate iff after
conjugating them separately to the standard maximal tori, the eigenvalues agree
up to order and complex conjugation.

Thus, it’s clear we may restrict to choosing two different maps. Further, to check
this condition, it’s enough to check where the maximal tori of the images intersect.
Eigenvalues on the maximal tori are respectively given by:

1) A3\

2) p,p

3)n,1

It easily follows that 1) and 2) together do not give a biquotient action. To see
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this, let A = 4. Then the eigenvalues we get for 1) are —i,i. If we let p = 4, then
we get 7,1 for the eigenvalues. But these two elements of 7% C Sp(2) are conjugate
and noncentral.

Likewise, 1) and 3) do not give a biquotient action, which can be seen by choosing
A = u = (3, a primitive 3rd root of unity. Hence the eigenvalue lists are both 1, A,
giving a noncentral conjugacy.

However, for 2) and 3), do give a biquotient action. This is because if the list
1, i is the same as the list 7, 1 up to order and complex conjugacy, then we clearly
have ¢ = 1 which implies n = 1. But the only element of 7% C Sp(2) with both
eigenvalues 1 is the identity element.

Finally, we note that ASp(1)\Sp(2)/Sp(1) is diffeomorphic to S*. In fact, by
viewing this as ASp(1)[Sp(2)/Sp(1)], we see that this is an S* action on S7. By
choosing the metric on Sp(2) appropriately, the induced metric on Sp(2)/Sp(1) is
round, so the S? action is linear. We've already seen this must be the Hopf action
and the quotient is HP! = S

]

Proposition 5.1.3. If G = Spin(7) and U = Gy x SU(2) up to finite cover, then
the only biquotient is given as G\Spin(7)/SU(2) where Gy embeds into Spin(7)
in the standard way and SU(2) is embedded into Spin(7) via the lift of the map
SU(2) — SO(3) — SO(7) mapping an element B of SO(3) to diag(B,1,1,1,1)).

The biquotient is also diffeomorphic to S*.
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Proof. First note that there is precisely one G5 in SO(7) since G5 has a unique
nontrivial 7 dimensional representation. It follows that there are no homogeneous
spaces of the form Spin(7)/(G2 x SU(2)). Thus, any biquotients must be of the
form G5\ Spin(7)/SU(2).

The unique embedding of Gy into Spin(7) gives the space Go\Spin(7) = ST
with a round metric if the metric on Spin(7) is biinvariant. This implies the SU(2)
action must be the Hopf action and the quotient diffeomorphic to S*. In particular
the SU(2) action must be unique.

So, despite the fact that there are 6 nontrivial immersions of SU(2) into SO(7),
there is a unique one giving a free action. To see that it’s the map SU(2) —
SO(3) — SO(7), the second map being the usual block embedding, we consider
the eigenvalues of the maximal torus of the image. For G5 the eigenvalues of the
maximal torus are \, A, p1, i, Ait, Mfi, 1 while for SU(2) the eigenvalues of the maximal
torus are n%,72,1,1,1,1,1. Two entries in SO(7) are conjugate iff they have the
same eigenvalues up to order. Equating the two lists of eigenvalues, we see that
since 5 of the eigenvalues of the SU(2) list are 1, we must have without loss of
generality that A = 1. This implies that either 4 = 1 or Ay = 1 which implies
i = 1. This then implies that n? = 41, so that both elements are the identity.

]

Proposition 5.1.4. There are no biquotients with G = Spin(8) and U = Gy X

Sp(2).

66



Proof. First note there are no homogeneous spaces of the form Spin(8)/Gy x Sp(2)
because the minimal representation of G x Sp(2) has dimension 11.

Now, G5 only embeds in Spin(8) one way, coming from 7dim + 1dim. Hence,
the eigenvalues of the maximal torus of Gy in Spin(8) are A, pu, A\, A, i, Mt 1, 1.

On the other hand Sp(2) immerses in Spin(8) in precisely two ways: first via
Sp(2) — SO(5) — SO(8), where the first map is the double cover and the second is
the block embedding, and second the embedding induced from the map H? — C* —
R®. The first has eigenvalues 0%, v2,n%,12,1,1,1,1 and the second has eigenvalues
n,Mnnv,v,U, V.

In the first case, choosing = A and = v = p, we see the eigenvalues lists
agree up to order, and hence we get a noncentral conjugacy, and hence do not get
a biquotient action. Likewise, in the second case, setting A =g =n and v = 1, we

get a noncentral conjugacy so do not get a biquotient. O]

Proposition 5.1.5. If G = Spin(8) and U = Spin(7) x SU(2), then the only
biquotient is of the form Spin(7)\Spin(8)/SU(2) = S7/SU(2) = S* with the
Spin(7) in Spin(8) coming from the standard block embedding of SO(7) into SO(8)
and the SU(2) embedded via SU(2) — SU(4) — SO(8), the first map send-

ing A — diag(A, A) and the second the standard inclusion induced from the map

C* —» R8.

Proof. There are no homogeneous actions since the smallest representation of U is

9 dimensional. Hence, all biquotients must be of the form Spin(7)\Spin(8)/SU(2).

67



Now, Spin(7) embeds into Spin(8) in the 3 different ways. The first is the
lift of the usual embedding of SO(7) into SO(8) and the other two are given by
the 2 spin representations. However, Spin(8) is unique in that is has extra outer
automorphisms (via triality) so that the three Spin(7) are actually brought into each
other via these outer automorphisms. Hence, Spin(7)\Spin(8) = S7 regardless of
the embedding of Spin(7) in Spin(8). Thus, as usual, we need a free isometric
SU(2) action on a round S7, so it must be the Hopf action with quotient S*. Tt
remains to determine which embedding of SU(2) into Spin(8) induces the Hopf
action.

We may assume without loss of generality that Spin(7) is embedded into Spin(8)
via the lift of the standard block embedding. Hence, the list of eigenvalues of the
image maximal torus are \,v,n, \,7,7, 1, 1. For the proposed embedding of SU(2)
into Spin(8), the eigenvalues are p, i, i, 1 and their complex conjugates. If these
two lists are equal up to order, then clearly u = 1, so the only conjugacy is at the

identity element. Hence, this action gives the free action.

Putting this altogether gives the following theorem:

Theorem 5.1.6. Suppose M = G /U has the same rational homotopy groups as
St Then M is diffeomorphic to S* and we either have U simple with G JU = G /U

homogeneous or U = U’ x SU(2) with U\G = S” homogeneous.
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We now handle the case of biquotients with the same rational homotopy groups

as CP2.

Proposition 5.1.7. Suppose M = GJU with G = SU(3) and U = SU(2) x
St. There is a unique homogeneous action with SU(3)/U(2) = CP? and a unique

nonhomogeneous action
(A, 2) * B = diag(zA, Z*)Bdiag(2*, 2*, 278) 7",

The quotient in the nonhomogeneous case is diffeomorphic to CP? just as in the

homogeneous case.

Proof. First, we check for homogenous spaces. SU(2) has a 2 nontrivial 3 dimen-
sional representations, the first given as the block embedding SU(2) C SU(3) and
the second given by SU(2) — SO(3) C SU(3). It is easy to see that since the
second case determines an irreducible 3 dimensional representation, that there is
no almost faithful extension of this map to a map S' x SU(2) — SU(3). Hence,
in the homogeneous case, we must use the block embedding. From here, it’s clear
that the only extension of SU(2) C SU(3) to S x SU(2) — SU(3) is given by
U(2) C SU(3).

Now we check for biquotients. If we use the map SU(2) — SO(3) C SU(3),
then the eigenvalues of the maximal torus of the image are )\2,X2, 1. The circle S*

must act on the other side via a map z — diag(z?, 2%, 2¢) with a + b+ ¢ = 0 and

without loss of generality ged(a, b, ¢) = 1. Note that we cannot have |a| = [b| = |¢|
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by the condition on greatest common divisors. Suppose without loss of generality
that |c| is the largest. Letting z be a primitive cth root of 1, we see that the image
of z is diag(2®, 2, 1) where 2° neql and the determinant condition implies z* = 2¢.
Setting A\? = 2%, we get a noncentral conjugacy.

Hence, we must use the block embedding of SU(2) in SU(3). Since we know
SU(2)\SU(3) = S° and that by choosing the metric on SU(3) appropriately S® is
round, it follows that the circle must act as the Hopf action. So, consider the action
of St x SU(2) on SU(3) given by (z, A) * B = diag(2®A,z%*) Bdiag(z®, 2¢, 2%)~! with
ged(a, b, c,d) = 1. We can identify SU(2)\SU(3) with S® by taking the last row of
SU(3). Using this, the induced circle action is

2% (P, pa, p3) = (2727 Opy, 2720 py, 272 py).

Since we already know this must be, up to change of coordinates, the Hopf action,
this implies that either 2a +b =2a+c=2a+d or 2a +b = 2a+ ¢ = —2a — d
(up to reordering b, ¢, and d.) The first case implies b = ¢ = d = 0, so recovers
the homogeneous action. For the second case, it is easy to see that (a,b,c,d) =
(1,4,4,—8) generates all the solutions over Z. The fact that ged(a,b,c,d) = 1

implies this is the only solution. ]
Proposition 5.1.8. If M = GJU and G = SU(4) and U = Sp(2) x S!, then
G U = Sp(2)\SU(4)/S* is diffeomorphic to CP2.

Proof. First note that Sp(2) only has one nontrivial representation of dim < 4,

given by the usual embedding of Sp(2) in SU(4) induced from the forgetful map
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f:H — C2. It follows that there can be no homogeneous actions for there is no
extension of this map to an almost faithful map f : Sp(2) x S* — SU(4). It is
well known that Sp(2)\SU(4) = Spin(5)\Spin(6) = SO(5)\SO(6) = S° which is
round. Hence, the circle must act as the Hopf map, so the quotient is diffeomorphic
to CP2.

To see what this S' looks like in SU(4), notice first that the maximal torus
of Sp(2) in SU(4) has eigenvalues A\, \,n,7. If the circle embeds into SU(4) as
diag(z, z, z,2%), then we'll get a free action. For setting the two lists equal, up to
order, we see that, possibly renaming A and 7, that A = z = X so that z = 41. This
implies z°> = &1 as well, which implies A = z = n = £1. The choice of —1 gives to
elements which are both in the center, so we merely get an effectively free action,

not a free action.

Summarizing these results, we see

Theorem 5.1.9. If M = G /U with M having the same rational homotopy groups
as CP?, then M s diffeomorphic to CP%. Further, up to ineffective kernel, every
nonhomogeneous biquotient is of the form U = U’ x St with U\G = S° an the S!

acting as the Hopf action.

We now handle the case of biquotients with the same rational homotopy groups

as S? x S2.
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Proposition 5.1.10. If M = G /U with G = SU(2) x SU(2) and U = S' x S1,
then the embedding of S* x S* — SU(2)* is, up to outer equivalence, given by either
(z,w) — (diag(2', 2Y), diag(2?, 22), diag(w, @), Id) with | > 0 an arbitrary odd
mteger or
(z,w) = (diag(2, 2), diag(z, Z), diag(w, W), Id) with | an arbitrary integer or
(z,w) = (diag(z,%), diag(zw, Zw), diag(w, W), diag(zw,zZw)). In the first case,
all quotients are diffeomorphic to CP?*# — CP?, the (unique) nontrivial S* bundle
over S%. In the second case, all quotients are diffeomorphic to S? x S?. In the last

case, the quotient is diffeomorphic to CP?*#CP?2.

Remark 5.1.11. For the first two actions, by taking the quotient with respect to the
w coordinate first, we see these look like S* actions on S? x S2. Geometrically, in
the first case, the S* acts on S? as the Hopf action while rotating the S? 1 times.

In the second case, the S! acts on S® as the Hopf action while rotation S? 21 times.
Proof. A general linear action of 72 on S3 x 83 looks like

(z,w) * ((p17p2>7 (q1, CIQ)) = ((Zawbph chdPQ)a (Zewf(h, Zgth2))-
a b

Notice that if det = 0, then there are infinitely many solutions to the

e f

simultaneous equations

au+bv = 0 (5.1.1)
eu+ fv = 0 (5.1.2)
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If, say, (u,v) = (ny,ny) is a nontrivial integral solution, then

(2", 2") % ((1,0),(1,0)) = ((1,0),(1,0))

for all z. Thus, we cannot have an effectively free action in this case.
Hence, we must assume the above determinant is nonzero. It follows by making
the action ineffective that we may change coordinates to (v/,v") = (u%® u?). In

these coordinates, the action now looks like

(Ula 7/) * ((pbpz); <QI7 Q2)) = ((U/aph U’bvlcm)’ (U/th UleU,fCD))

for some new a, b, c,d, e, and f. We will abuse notation and reuse (u,v) for (u/,v).
We may assume without loss of generality that ged(a, b, e) = ged(c, d, f) = 1.

Freeness implies a = £d = +1, for if u = (, is an ath root of 1, then (u, 1) fixes
((1,0), (1,0)). By swapping p; with p; and likewise for ¢;, we may assume that
a =d = 1. Now, we also see that b = £f +1 for any bth root of unity u, (u, 1) fixes
((0, 1), (1, O)) Again, by replacing p, with Py and likewise for ¢y, we may assume
that b= f =1.

Finally, we claim that such an action is free iff 1 — ec = £1. This is neces-
sary because this is precisely the condition which guarantees that no (u,v) fixes
((0, 1), (0, 1)) Conversely, if (u,v) fixes any point, then it must fix one of the 4
pairs of points we’ve already checked.

By possibly swapping u and v (and thus, e and ¢), we see the only possible

solutions to 1 — ec = £1 are when ¢ = 0 and e is arbitrary or e = 1, ¢ = 2 or
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e =—1, c = —2. By sending v to —v, ¢; to g1, and ¢ to gz, we may assume c is
nonnegative, so our solutions are c=0,e > 0ore=1,c = 2.

Totaro [29] has already shown that the sporadic example is diffeomorphic to
CP*CP2.

We now focus on the ¢ = 0 case. Note that when e = 0, GJU is naturally the
total space of a fiber bundle coming from projection onto the first factor SU(2) x
SU(2) — SU(2) — SU(2)/S' = 52, so that G /U has the structure of an S? bundle
over S2. Since the fiber S? is round, the structure group of this bundle is SO(3) and
a simple clutching function argument shows there are precisely two such bundles.
These bundles may be identified with S? x S? and CP?*f — CP?. Note that their
cohomology rings distinguish them.

We will compute these cohomology rings using the techniques of chapter 2,
but first we must convert these actions into effective biquotient actions. To that
end, consider the map T? — (SU(2) x SU(2)) x (SU(2) x SU(2)) sending (u,v)
to ((diag(u?,u?), diag(u=v,u=*v)), (Id, diag(u=¢,u°)). This action has the same
orbits but has ineffective kernel because -1 is in the kernel of the map if [ is even
and -1 is in the kernel of the action if [ is odd.

To convert this to an effective biquotient action, multiply the first and third
matrices by the element diag(u? u?) € Z(U(2)) and the second and fourth by

diag(u=¢,u~¢) and then replacing u? by u everywhere. One obtains the new map
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sending (u,v) to
(diag(uz, 1), diag(u‘ev,ﬁ)), (diag(u, u), diag(u™¢, 1))

We claim this new map now induces a free action. Since we already know its
effectively free, we need only show that the only element which fixes every point is
(e,e). So, assume (u,v) fixes every point. Then, it fixes a point of the form (Id, A)
which implies that diag(u?,1)diag(u,u)™) = Id which, of course, implies v = 1.
Fixing a point of the form (A, Id) now easily implies v = 1.

With the description, we are in a position to apply the formalism from chapter
2. Let u and v denote the coordinates of 72 and let x1, x2, y1, y» be the coordinates
on T* C U(2) x U(2). Since H*(U(2);Z) = Az[ri,r3] we can compute with Z

coefficients. Here we see that
H*(B(U(2) xU(2));Z) € H(BTy@)xuv(2); L) = Z[T1, T2, U1, U2)
can be identified with the subalgebra
Z[T1 + T2, U1 + Y2, TaTa, Yiv2).

Hence, we see that H*(B(SU(2)xSU(2)); Z) can be identified with Z[Z173, 7173).

Letting f = (f1,f2) : T* — (U(2) x U(2))? be the two maps defining the
biquotient action, we see that fiz; = 2u, fifze =0, fifys = —eu+ v, f{ys = —v
and that f5z1 =u, fixe =u, f3y1 = —eu, and f3y, = 0.

It follows that B f*(T172®1-10T17;2) = —u®, Bf* (717201 -10717) = cuv—v>.
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Now, if e is even, one can change basis to {u,v —e/2u}. Then one immediately
sees that (v —e/2u)? = v? — euv = 0 so in this basis, we see the cohomology ring is
that of S? x S2.

If, instead, e is odd, then use the basis {[1+ (e —1)/2lu —v,v —[(e—1)/2]u}. A
computation shows the product of the two basis elements is 0 and that the square of
one is minus the square of the other, i.e., this is the cohomology ring of CP?*f = CP?.

]

5.2 5 dimensional biquotients

Proposition 5.2.1. Assume a I-connected biquotient M = G /U, has the same
rational homotopy groups as S°. Then M = SU(4)/Sp(2), SU(3)/SU(2), or the Wu
manifold SU(3)/SO(3). All cases are homogeneous. The first two are diffeomorphic

to S5 while the Wu manifold is not homotopy equivalent to S°.

Proof. We've already seen that either G = SU(3) and U is given, up to finite cover,
as SU(2) or G = SU(4) and U = Sp(2) given by a homogenous action. In the second
case, notice simply that SU(4)/Sp(2) = Spin(6)/Spin(5) = SO(6)/SO(5) = S° as
there is a unique embedding of Sp(2) into SU(4).

Now, assume G = SU(3) and U is SU(2). A biquotient action is given by
a map SU(2) — SU(3) x SU(3). However, there are, up to conjugacy, only 2
nontrivial homomorphisms SU(2) — SU(3) given by 1) the block embedding and
2) SU(2) — SO(3) — SU(3). A nonhomogeneous biquotient action can only occur
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by using 1) for the left action and 2) for the right action. However, this won’t work
because the eigenvalues of the image torus are A, A, and 1 for the block embedding
and )\Q,Xz,l for the SO(3) embedding. Choosing A = (3, a 3rd root of unity gives
a noncentral conjugacy.

Thus, the only options are homogeneous, giving SU(3)/SU(2) = S® and the
Wu manifold SU(3)/SO(3). The long exact sequence of homotopy groups shows
mo(SU(3)/SO(3)) = Z /27, showing this example is distinct up to homotopy from
S5,

O

Proposition 5.2.2. Suppose M 1is a 1-connected biquotient and that M has the
same rational homotopy groups as S® x S* so G = SU(2) x SU(2) and U = S*.

The action s, up to equivalence, given by
2z — (diag(2®, 27%), diag(2, 27°), diag(2¢, 2~°), diag(2?, 2~%))

where we may assume without loss of generality that ged(a,b,c,d) = 1. The action
is free iff ged(a® — 0% — d?) = 1 or 4. The quotient G JJU is diffeomorphic to
S? x S when this ged is 1 and is diffeomorphic to the unique nontrivial S® bundle

over S? when the ged is 4.

Proof. We first check for effective freeness. So, assume diag(z%, z%) is conjugate
to diag(z¢,z°) and that diag(z” z°) is conjugate to diag(z9,z%). Then this implies

2% = z¥¢ and z® = 2™, For now, assume we use the + sign, the other cases being
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similar. Sice 2% = z¢ and z® = 2¢, then it follows that 2¢7¢ = zb=% = 1, so that z

must be a ged(a — ¢, b — d)th root of unity. Conversely, any ged(a — ¢, b — d)th root
of unity satisfies both equations. Note that if ged(a — ¢,b — d) = 0, then U fixes
the usual maximal torus of SU(2) x SU(2) so does not act freely. Hence, in order
to get an effectively free action, we need 0 < ged(a — ¢,b — d) and that for every
ged(a — ¢, b — d)th root of 1, ¢, that (* = (¢ = +1 € Z(SU(2)) and likewise for b
and d. But this implies that ged(a— ¢, b—d)| ged(2a, 2b, 2¢, 2d) so ged(a—c, b—d)|2.
Doing this for the other choices of plus and minus clearly gives the necessary and
sufficient condition for freeness that ged(a +¢,b+d) =1 or 2.

Note that the parity of a — ¢ is the same as that of a 4+ ¢. This implies that all 4
of these gcds are equal. Finally, it is easy to see that if the ged of all of them is 1,
then so is ged(a? — 2, b? — d?) and if all the geds are 2, then ged(a® — 2, 0* — d?) = 4.

Pavlov [23] has already shown that all of these quotients are diffeomorphic to
either S% x S® or S%x.S?, the unique nontrivial S® bundle over S2. The idea is that
mo(GJJU) = Z by the long exact sequence of homotopy groups and so Hy(GJU) = Z
by Hurewicz. Poincare duality then shows the ring structure of H*(G/U) is that of
S% x S3. One then appeals to the work of Smale [26] and Barden [3] which shows
that compact simply connected 5-manifolds are classified up to diffeomorphism by
their cohomology rings and second Stiefel-Whitney classes. Hence, our goal is to
compute wy of all of these biquotients.

We now break into 2 cases depending on whether or not S! acts effectively on
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SU(2) x SU(2): the action is effective iff ged(a® — ¢?,b* — d?) = 1. If the action is
effective, then we can actually apply Singhoff’s formula for computing the Stiefel-
Whitney classes immediately. Since neither SU(2) nor S! have any 2-roots, all the
products in the formula are the empty products, giving total Stiefel-Whitney class
of 1. Hence, in these cases the biquotient is diffeomorphic to S? x S3.

So, we may now assume we're in the case where ged(a® — ¢?,b% — d?) = 4, i.e.,
when ged(a £ ¢,b & d) = 2 independent of the choice of signs. Notice that this
implies a and b have different parities, for we know a = ¢ (2) and b = d (2), so if
a = b (2), it’s easy to see that for some choice of signs ged(a + ¢, b+ d) = 4, giving
a contradiction. We will thus assume without loss of generality that a is odd and b
is even.

We modify the biquotient action to an effective one in the usual way, getting

the embedding

b+d b—d

z — diag(z%, 1), diag(2", 1), diag(zaTﬂ, 227, diag(z 7,2 2)

which is easily seen to be effective having the same orbits as the original action.
For computing Stiefel-Whitney classes, we use the slightly modified 2-group ver-
sion of the techniques in chapter 2. The maximal 2-group of U(2) xU(2) is generated
by (diag(—1,1),Id), (diag(1,—1),Id), (Id,diag(—1,1)), and (Id,diag(1,—1). Let
{ry,m2, 51, $2} denote the dual basis to these 4 elements. Then, since the maximal

2-group of U(2) is contained in the maximal torus of U(2), we see that we can
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identify H*(B(U(2) x U(2));Z/27Z) with the subalgebra
Z)2Z]o1(r}), 02(r]), 01(57), 02(s7) © Z/2Z[r1,72, 51, 52]

, the cohomology ring of the classifying space of the maximal 2-group. By forgetting
the oy terms, we get the subalgebra isomorphic to H*(BSU(2);Z/27Z). Likewise,
we can identify H*(BU;Z/27) = 7./27[z*] where z* is the dual to —1 € S*. Note
that we already know H?(GJU;Z/2Z) = Z/2Z. Tt is easy to see that in the spec-
tral sequence, z? is the only element of degree 2. It follows that z? generates
H*(G)U;Z/2Z).

Now, recalling that a = b+1 = 0 (2), we see that B f;(r1) = z while Bf;(z) =0
for any other basis element x. Recall that the 2-roots of U(2) are r + ro with
multiplicity 2.

It follows that

1

w(GIU) = ¢c(Meara(l+A))ou(Hueazu (1 +p))
= (L +ri+3)(1+ st +53))
= ¢pBf (1+r@l+rel)(l+si®l+s1))
= ¢p(1+27)
= 142

Thus, we see the second Stiefel-Whitney class is nontrivial, so all these biquo-

tients are diffeomorphic to S®xS2.
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Remark 5.2.3. Pavlov [23] previously showed that the nontrivial S bundle over S?
arises. The action he describes in words corresponds to the above choosing a = 2,
c=0,b=d=1. A much quicker proof of his result using our result in dimension 4
is this: Notice that this action preserves the equatorial S? x S3. By restricting the
action there, we find that S? x 1 S C M. However, using our analysis in dimension
4 we see that S? x g1 S? is diffeomorphic to CP?# — CP?. Then, using Pavlov’s
trick, it follows that wq(M) # 0 since wo(CP*# — CP?) # 0.

Finally, the action Pavlov writes down in terms of matrices doesn’t actually give

the desired biquotient as it rotates the S? fiber around too many times.

5.3 6 dimensional biquotients

Proposition 5.3.1. Suppose M is 1-connected and diffeomorphic to a biquotient
G U and suppose M and has the same rational homotopy groups at SS. Then,
G/U is homogeneous with either G = Gy and U = SU(3) or G = Spin(7) and
U = Spin(6). In each case, the embedding of U into G is unique up to outer

automorphism.

Proof. From the classification of pairs in chapter 4, we have that G = G or Spin(7)
and U is given respectively as SU(3) or Spin(6).

Now, there is, up to outer automorphism, only a single almost faithful image of
SU(3) in G5. This is because such a map of SU(3) must land in SO(7), but the
only map from SU(3) into SO(7) is given by I'1 o + I'g1 + Lo, where I'; ; denotes

81



the unique irreducible representation of SU(3) labeled by integers over the root
diagram. Hence, there is, at most, one SU(3) inside of Go. The fact that there
is at least one follows from the description of G5 as the automorphism group of
the Cayley numbers. It is well established that Gy acts transitively on S® =unit
imaginary Cayley numbers, with stabilizer SU(3). Hence, since there is only one
map from SU(3) into Gq, the only possible biquotient action is homogeneous and
G)U = Go/SU(3) = S°.

Likewise, there is a unique nontrivial map from Spin(6) = SU(4) into Spin(7).
This follows because every map from SU(4) to Spin(7) gives a map from SU(4)
to SO(7). However, the smallest orthogonal irreducible representations of SU(4)
are I'y o1 which has dimension 8 and I'g; o which has dimension 6. The smallest
reducible orthogonal representation of SU(4) is given by I'1 g + 901 which also
has dimension 8.

Thus, the only way of mapping SU(4) to SO(6) comes from I'g; 0, but this
is the usual identification of SU(4) with Spin(6). Hence, the only embedding of
SU(4) into Spin(7) is the usual embedding of Spin(6) into Spin(7) induced from the
usual embedding of SO(6) into SO(7). In particular, the only biquotient actions are
actually homogeneous actions and G /U = Spin(7)/Spin(6) = SO(7)/SO(6) = SS.

]

Proposition 5.3.2. If M = G JU with G = SU(4) and U = SU(3) x S*, then there

are precisely two only non-homogeneous biquotients: one of the form SU(4)/JU(3)
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and the other in the form SU(4)/S' x SU(3). The action of the first is A* B =
diag(A, det A~1)B(det(A)™!, det(A)~t, det(A)~!, det(A)®)~! and the action of the
second is (z,A) x B = diag(A,1)B(z7 1,27 2,2)7t. In all cases (including the

homogeneous cases), the quotient is diffeomorphic to CP3.

Proof. First notice that the only nontrivial map from SU(3) into SU(4) is given by
either the block embedding or by first precomposing by complex conjugation and
then embedding via the block embedding. In either case, the quotient SU(3)\SU (4)
is diffeomorphic to S7, and by choosing the appropriate metric on SU(4), we may
assume S7 is round. It follows that the circle must act via the Hopf action, so the
quotient will always be diffeomorphic to CP3. Just as in the case of G = SU(3)
and U = SU(2) x S*, we need only find which actions actually look like the Hopf
action on the last row of a matrix in SU(4), up to complex conjugation on some of
the coordinates. That is, if the last row of a matrix in SU(4) is [v1, ve, v3, V4], then
we're looking for actions which look like

2z % [y, Vg, U3, Vy] = [zklvl, 2Ry, 2R3, zk4v4]

where each k; is £1. We may assume without loss of generality that the number of
k; = —1 is at most 2.

It is easy to verify that when the number of k; = —1 is 0, then the action
can only come from the usual homogeneous action. The case where precisely one

k; = —1 comes from the action of SU(3) x S' on SU(4) given as

(A, 2) * B = diag(zA,7%) Bdiag(2®, 2*, 23, 2) 7.
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Finally, when precisely two k; are —1, the action comes from

(A, 2) * B = diag(A, 1)Bdiag(z, z,%,2) ..

]

Proposition 5.3.3. If M = G /U is nonhomogeneous with G = Sp(2) and U is S*x
SU(2), then there is a unique free action given by (z,q) € S* x Sp(1) —diag(q,1),

diag(z,z). Further GJU = CP3.

Proof. We begin by classifying maps from S x Sp(1) into Sp(2). The first thing to
notice is that there are precisely 4 maps of SU(2) into Sp(2). The only ones which
admit extensions to S' are given as the inclusion U(2) C Sp(2) and Sp(1) x S* C
Sp(2) as the block embedding. It follows that all of the nontrivial symplectic 4-
dimensional representations of S' x SU(2) are

1)(g) (the unique irreducible 4-d representation of SU(2) is symplectic)

2)diag (22, 2°)

3)diag(z*A) thought of as U(2) C Sp(2) and

4)diag(q, 2%)

This will give us several cases to check. But first note that in all of the representa-
tions above, the maximal torus is actually embedded in U(2) C Sp(2). Conjugacy
in Sp(2) of elements in U(2) C Sp(2) is simple: two elements are conjugate (in
Sp(2)) iff the eigenvalues of each element are correspondingly the same, up to both

order and complex conjugation.
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For now, we want to rule out 1) paired with anything. To this end, notice that
when restricted to maximal tori, we find that the eigenvalues of 1) are A\ and \3. If
we pair with 2), then notice we can assume (a,b)=1. Further, if b = 3a, it’s clear
we don’t get a free action. Now, let z be a primitive b — 3ath root of unity and set

A = z% Then it’s easy to see that this solves

To maintain a free action, we need 2% = 2 = £1. This forces b — 3ala and
b — 3alb so we have b — 3a|ged(a, b), that is, |b — 3a|] = 1. Repeating the same
argument using z a primitive 3a 4 bth root of unity we see |b 4+ 3a| = 1. Of course,
it follows that a = 0 and so, without loss of generality, b = 1. Finally, set A = (3 a

third root of unity to get another noncentral conjugacy.
Choosing 1) and 3), simply set z = 1 and let A = 4. Then this clearly solves

A=A

A= N

Hence, we get a conjugacy. But diag(i, —i) ¢ Z(Sp(2)) so we won't get a free
action.

Finally, choosing 1) and 4). Set z = 0 and A = (3 a 3rd root of unity. This
clearly also gives a conjugacy which isn’t in the center of Sp(2), hence we don’t get
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a free action.

Hence, we only have 3 cases left: 2) and 3), 2) and 4), and 3) and 4). We start
with 3) and 4). We may assume ged(a,b) = 1. Further, we can assume a # 0, for
if @ =0, then b # 0 and setting 2° = X gives infinitely many of conjugacies.

On the maximal torus, elements look like diag(z?\, z%)), diag(), 2%). So, let z

be an ath root of unity and set A = z~°. This clearly solves

In order to have the action be free, we must have 2° = £1, i.e., a|2b. But since
(a,b) = 1 this actually forces a|2. Further, by precomposing with z — —z, we may
assume that a =1 or a = 2.

Assume initially that @ = 1. Now, setting » a 2b— 3th root of unity and \ = 2°~!

solves

ZA = A

A = 2P

Thus, to maintain a free action, we must have +1 = X\ = 2!, so we conclude
that 2b — 3|2(b — 1). But 2b — 3 is odd, and hence this forces 2b — 3|b — 1, so in
particular, we must have |2b — 3| < |b — 1|. This clearly forces |b] < 2. For [b] < 2,
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checking whether or not |20 — 3| < |b — 1| shows that we must have b = 1 or b=2.
Hence, when a = 1, we must have b =1 or b = 2.

Next, assume a = 2. Running through a similar computation as above, we
conclude that 6 — 2b|2 — b. Thus, we immediately conclude that |b] < 4. For each
|b| < 4, computing whether or not 6 — 2b|2 — b shows that b = 2,3, or 4. However,
a = 2 and we have (a,b) = 1, so we may assume b = 3.

Hence, we’ve narrowed it down the checking 3 cases: a =landb=1or2,a =2
and b = 3.

For the @ = b = 1 case, set z a primitive 5th root of unity and set A = z2. Then

this clearly solves

>

ZA =

ZA =

|

But then A is also a primitive 5th root of unity, and hence diag(\, *) ¢ Z(Sp(2)).
Next, we rule out @ = 1 and b = 2. To this end, let z be a primitive 7th root of
unity and set A = 23. As above, this element won’t be in the center of Sp(2). Now,

it’s easy to see that this solves

w
>
I

>



Hence we don’t get a free action in this case.

Finally, we rule out @ = 2 and b = 3. For any z at all, set A = Z. Then the
two matrices look like diag(z, 2®) and diag(z, 23) which are clearly conjugate. Thus,
there is no choice of a and b which give a free action. This completes the 3) and 4)
case.

To handle the remaining cases ( 2) and 3), as well as 2) and 4) ), we again
turn to Eschenburg’s Habilitation [10] where he classifies all possible maximal tori
actions on Sp(n). The key observation, as in the SU(n) case is that a single S acts
on the right. In fact, again according to Eschenburg, the action on the right, up
to conjugacy, is given as diag(1, z) or diag(z, z). Hence, when studying conjugacy
of diag(z?, 2%), diag(z°\, 2°A) (with (a,b,c) = 1) we may assume that either a = 0
or a = b =# 0, simplifying things greatly. Note that if we assume a = 0, we may
assume b # 0, since otherwise we get the homogenous action Sp(2)/U(2).

Now, assume a = 0. Let z be any 2¢—bth root of unity. Set A = 2¢ (if 2c—b = 0,
this will give infinitely many conjugacies, contradicting freeness). Then this clearly

solves

zZA =1

2\ = 2

To maintain a free action, we must then have z° = 1 and 2?® = 1. Together, this
implies 2¢ — b|(b, 2¢) so that 2¢ — b|2.
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If we instead set z = a (2¢ + b)th root of unity and set A = z2¢, this solves

Hence, by the same reasoning, we’ll conclude that 2¢ + b|2. But then we have

|2¢ + b| < 2 which clearly forces b= 0 (so we’re in the homogenous case).

Next, assume that a = b # 0. Setting A = 1, conjugacy implies that z with

@ = »*¢ gives a conjugacy. In order to maintain a free action, we must therefore

z
have (a + ¢)|2(a,¢) = 2. This immediately implies that |a| < 2 and we can assume
a = lor2 by precomposing with z — —z. If a = 2, we must clearly have ¢ = 0, but
this contradicts (a,c) = 1. Hence, we may assume a = 1. Clearly this implies that
b= —1,0,or 1. If b = %1, then again by setting A = 1, we see that any z gives a
conjugacy, and hence does not give a free action.

So, assume b = 0. Then by setting A = 2%, we see that for any z we get a

conjugacy, so this isn’t free either. This concludes the case of choosing 2) and 3).

We only have the case of 2) and 4) left. So, consider elements of the form
diag(2%, 2°) and diag(), z¢) where (a,b,c) = 1. Again, as can be found in Eschen-
burg’s Habilitation, we may assume either a = 0, or a = b # 0. Assume initially
that a = 0.

Set A = 2% and 2 = 1. This gives a conjugacy. In order to keep a free action, we
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must have 2% = 1, so that c|a. But (a,c) = 1 so this implies that « = +1 (and we
can assume a = 1) and ¢ = £1 or 0. If ¢ = £1, the setting A = 1 gives a conjugacy
for all z, and hence won’t give a free action. If ¢ = 0, setting A = z* for any z also
gives a conjugacy. Hence, when a = 0, there are no free actions.

Finally, assume a = b # 0 and (a,c) = 1. As above, setting z any (a + ¢)th

@ we'll get a conjugacy. freeness then requires

root of unity and letting A\ = z
that a + ¢|[(2a,2c¢) = 2. Hence, we conclude that a = 2 and ¢ = 0 (contradicting
(a,c)=1)ora=1and ¢ = =£1 or 0.

For ¢ = #+1, setting A = z gives a conjugacy for all z, so we won't get a free
action in this case. Hence, the only possible free action is given by a = 1 and ¢ = 0.
I claim that this does, in fact, give a free action and the quotient is CP3.

To see this, notice we're comparing diag(z, z) with (A, 1). Conjugacy implies
that z = 1 and hence both matrices are equal to the identity. Thus, we actually get
a free action (as opposed to free).

To understand the quotient, simply map B € Sp(2) to the class of it’s last row.
Here, if the last row (ba1,bs2) is expanded as (221 + wa 17, 222 + wa2j), then we
declare it to be equivalent to (221Z+w2 127, 222Z+ws22j). This is clearly equivalent
to the Hopf action, and hence the quotient is diffeomorphic to CP3.

]

Proposition 5.3.4. Suppose M = G /U with G = SU(4) x SU(2) and U = S* x

SU(3)x SU(2). Then there are infinitely many actions of the form G}/ S* x SU(3) x
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SU(2), GJU(3) x SU(2), GJSU(3) x U(2) or GJS(U(3) x U(2)). In all cases the
quotient is either diffeomorphic to S* x S? or to the unique nontrivial S* bundle

over S2.

Proof. Notice first that there are precisely 2 embeddings of SU(3) into SU(4) x
SU(2) x St given by A — (diag(4,1),Id,1) and A — (diag(4, 1), Id, I).

There are several embeddings of SU(2) into SU(4) given by I's, I's & T'0, I'; &
210, 21", and 4I'g. The eigenvalues of the embedded maximal torus are given,
respectively as, A, N3, A3 AT A2 A2 L AL L A and 1,1, 1 1.

An embedding of SU(2) into SU(4) x SU(2) is given by I' ® I'y or I' ® 2I'y
where I' is any entry on the previous list. The fact that no simple factor of U acts
transitively on G implies that if fi, fo : U — G define the biquotient action, then
when restricted to SU(2), we must have the same representation into the SU(2)
factor.

We start by ignoring the S! factor and classify possible which of the reps of SU(2)
are compatible with the SU(3) reps. The first thing to note is that there is no almost
effective map from SU(2) x SU(3) — SU(4) since the smallest almost effective rep
of SU(2) x SU(3) is 'y ® T'g0 ® 'y ® I'1 o which has dimension 5. Further, if both
filspe and fa)g,, arve non trivial, then the element (A, B) = (diag(i, —i,1), Id)
gives a noncentral conjugacy, so we don’t get a free action in this case.

Thus, all maps we must consider are of the form

(A, B) — ((diag(A),1), B°,T, BY)

91



where 6 = 0 or 1. For any choice of B, we clearly have B° and B° conjugate, so
checking for conjugacy here amounts to checking in the SU(4) piece.

To this end, I claim that the only way to have a free action is if I' = 2I';. Now,
the eigenvalues of an element in SU(3) look like (p,n,v) with pnv = 1. For if
I' =15, set let \> =1 and set p = A\, 7 = \,v = 1. Then this gives a noncentral
conjugacy.

T =Ty ®TI0, then B C SU(3) C SU(4), so there are infinitely many conju-
gacies. Likewise, if I' = I'y @ 2T, then B C SU(3) C SU(4), so there are infinitely
many conjugacies.

If I' = 4Ty, then in order to have an effective embedding of SU(2) which doesn’t
act transitively on the SU(2) in G, we must have 6 = 1 in both cases. But then
(Id, B) gives a conjugacy for all B.

Finally, consider I" = 2I';. Conjugacy implies that A or A = 1, so either way we
conclude that A = 1. This implies B = Id and hence that A = Id. Thus, we do get

a free action in this case.

We now try to add the S* action. The first point to make is that by setting if
we find a free action of S' x SU(3) x SU(2), then by setting z = 1, we obtain a free
action of SU(3) x SU(2) on SU(4), but we just classified those above. Then thing
to note is that if § = 1, then we cannot fit S* into SU(2) along side SU(2). More
precisely, there are no maps S' x SU(2) — SU(2) which, when restricted to SU(2)

are the identity and which are almost effective on the S! factor.
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But we have rk(U) > rkSU(4), so there are no biquotient actions of U on SU(4).
Hence, we are forced to take 6 = 0. The most general map satisfying all of this is

given by f: S' x SU(3) x SU(2) — SU(4) x SU(2) x SU(4) x SU(2) with
f(z, A, B) = (diag(2"A, z%), diag(z°, 2°), diag(z" B, 2~ *B), diag(z*, 2%))

Now, since the S! action and the SU(3) x SU(2) action commute, then assume
we have a free action, we can write the quotient as (G //(SU(3) x SU(2)))/S* where
the S! acts freely and isometrically.

However, if G is given a round x round metric, then G/SU(3) x SU(2) =
HP! x 83 = §* x S? with a round x round metric. To see this up to diffeomor-
phism, first notice that SU(3) x SU(2) acts trivially on the SU(2) factor in G, and
hence G/SU(3) x SU(2) = (SU<4) JSU(3) x SU(2)> x SU(2). Further, in the 4-
dimension, we found an explicit diffecomorphism between SU(4)/SU(3) x SU(2)
and HP' = S* - send a matrix C' € SU(4) the class of it’s last row, where
[wy, we] = [wy B, ws B for any B € SU(2). Further, by first dividing by the SU(3)
factor, we get the usual Hopf fibration S — S” — S The metric on S7 in-
duced from a biinvariant metric on SU(4) is not round, but rather a Berger metric.
However, SU(2) still acts by isometries in the usual way and the quotient is still
a round S*. The easiest way to see this is simply to notice that with a Berger
metric looks like the normal round sphere metric in the directions orthogonal to the
(1-dimensional) Hopf fibration. Since the S Hopf fibration is naturally included in
the S? fibration we get here, the metric looks the same as the round metric normal
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to the orbits, and hence, round in the base.

When we make these identifications, how does S! act on S* x $3? On S? it acts
just as it did above on SU(2): 2(21, 25) = (221279, 2°292%) = (267921, 2¢T42).

The action on S* is takes some work to describe. By writing the last row of
an element of SU(4) as a pair of 1x2 complex vectors w; and ws, we see that as
elements of HP!, the 2%° terms act by complex multiplication. Thus, if wy = [21, 2]
and we think of this as z; +2,7, then w;2° = [zlzb, zzzb] and this becomes 21 2%+ 2,2%5
on the quaternionic level.

Now, since zx [1: 0] = [z73%2° 0] = [1: 0] and 2% [0: 1] = [0: 27327%] = [0 : 1],
we find that the circle fixes these two points (which we’ll take to be the north and
south poles of S%). The action is thus determined by it’s action on the equatorial
S3  which can be identified with points in HP! of the form [q : 1] with ¢ = u + v}
a unit quaternion (with u,v € C and |u|? + |v|* = 1). Then the S! action is given
as z g+ 1] = [273%uzb + z73%02b) ¢ 273070 = [(273%uzb + z73002by) 20 1 1] =
[2%u + 2705 : 1]

Thus, we see the action on S* is the suspension of the action of S® given by

z % (21,29) = (z%zl, z7%42,).

Hence, using (t, 21, 29) for coordinates on S* = 5% and using wy,wy as co-
ordinates on SU(2) (the other factor of G), we see that the S action is z *
(t, 21, 20, wi, wo) = (t, 2221, 27%2, 2Twy, 27%w,) with (a,b,c,d) = 1. We still

need to find necessary and sufficient conditions so that the action of S' on §% x S3
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is free.

To begin with, consider the action on points of the form (1,0, 0, w;, ws). The S*
action clearly preserves these. To have a free action on S* x S3, it must restrict to
a free action on these points, but that means the action of S* on the S = SU(2)
factor must be free. Hence, we conclude that the action must be some multiple of
the Hopf action, so that either d = 0 or ¢ = 0. Without loss of generality, we may
assume d = 0.

Thus, our action must be of the form
o % (t > ) o (t 2b —6a c c )
yZ1, %2, W1, W2) = (1,2 21,2 22,2 W1,2 W2).

Now, suppose z is a primitive cth root of unity. Then zx*(1,0,0,1,0) = (1,0,0, 1,0).
Thus, in order for the action to be free, z must fix all points. Thus, we conclude
that, for example, (0,1,0,1,0) = z* (0,1,0,1,0) = (0,2?,0,1,0), so that 2% = 1.
Since z is a primitive cth root of unity, we conclude that ¢|2b. Likewise, since
(0,0,1,1,0) = 2% (0,0,1,1,0), we conclude that c|6a.

Hence ¢|(2b,6a) so that c|2(b,3a). I claim that this condition is also suffi-
cient to guarantee a free action. For suppose ¢|2(b,3a) and (¢, z1, 20, w1, we) =

~0azy, 2wy, 2°w9). Since (wi,wy) € S3, we cannot

2 (t, 21, 29, Wi, wo) = (t, 27021, 2
have both w; and wy equal to 0. Hence, assume without loss of generality that
wy # 0. Then, since w; = 2°w; and w; # 0, we conclude that 2¢ = 1.

2 — »=6@ — 1, and hence that z acts trivially on §* x S3.

Thus this implies 2¢ = 2
Thus, the action is free.
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From here, there are 2 goals: first, for each action, we want to classify what the
ineffective kernel of the action is. Second, for each allowable action, we want to
classify the quotient, up to diffeomorphism.

Towards the first goal, notice first that we may assume without loss of generality
that ¢ > 0 (if ¢ = 0, then we have free action of S* x SU(3) x SU(2) on SU(4),
which is impossible by rank reasons). Further, since (b,3a) < 3(b,a) = 3, we have
c|2(b, 3a) so that ¢ < 6.

Further, notice that ¢ = 4 and ¢ = 5 cannot occur. For if ¢ = 4, then ¢|2b
implies that 2|b. Likewise, ¢|6a implies that 2|a. But then 2|(a, b, ¢), contradicting
(a,b,c) = 1. Likewise, if ¢ = 5, then 5|20 implies 5|b and 5|6a implies 5|a, and hence
5|(a, b, c) so 5|1, a contradiction.

Thus, we simply go through the cases ¢ =1, 2, 3, or 6.

If ¢ = 1, then the action is effective for S* acts effectively on SU(2). Thus, in
this case U is isomorphic to S* x SU(3) x SU(2).

If ¢ = 2, then, going back to the G = SU(4) x SU(2) action we see that if b
is odd, then (—1,1d,—1Id) € S* x SU(3) x SU(2) acts ineffectively. If b is even,
then only (—1, Id, Id) acts ineffectively. Hence, if b is even, then U is isomorphic to
St x SU(3) x SU(2) while if b is odd, then U is isomorphic to SU(3) x U(2).

If ¢ = 3, then since 3 doesn’t divide 2, we must have 3(b, 3a). Since (a,b,c) = 1,
3 cannot divide a. Looking at the action of U on SU(4), and using the fact that

for any 3rd root of unity z, we must have z¥ = 273* = 1, it follows that the
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ineffective kernel of the action is generated by (z,zId, Id). Hence, in this case,
U=U@3) xSU(2).

Finally, if ¢ = 6, then we have 6|2(b, 3a) so that 3|(b, 3a) and again we conclude
that 3 cannot divide a. From here we break into cases depending on the parity of
a and b (which cannot both be even since this would violate (a, b, ¢) = 1).

If @ and b are both odd, then we find that if 2 = (5 is a primitive 6th root of
unity, z¢ is also a primitive 6th root of unity, and hence —z® is a 3rd root of unity.
So, setting A = —2%Id € SU(3) and B = —Id € SU(2), we find (z, A, B) acts
ineffectively. Further, it’s clear that this is the only choice. Hence, the kernel of the
action is generated by this. It is easy to see that S x SU(3) x SU(2) divided by
this kernel is S(U(3) x U(2)), for example, by consider the map sending (z, A, B)
to (224, 273B). Hence, in this case, U = S(U(3) x U(2)).

If a is odd and b is even, then the ineffective kernel is generated by ((s, —(sId, Id),
so again U = U(3) x SU(2).

Finally, if a is even and b is odd (and divisible by 3), then similar reasoning

shows that U = SU(3) x U(2).

All we have left is determining the diffeomorphism type. The first thing to
notice is that we essentially have an ineffective Hopf action on the SU(2) factor of
G. Nonetheless, the projection onto the second factor gives GJU the structure of
an S* bundle over S2. There are precisely 2 S* bundles over S? corresponding to
the choice of clutching function in m1(SO(5)) = Z/27Z. Further, these two manifolds
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are distinguished by their second Stiefel-Whitney class, as in the S3 bundle over S?
case. However, in this case, computing the Stiefel-Whitney class in terms of a, b,
and ¢ will be significantly easier than it was in the 5-dimensional case.

The key observation can be found in Pavlov’s paper [23]: the S! action on
S* preserves the equatorial S®, and hence we see that the S action on S* x S3
preserves an S x S3 C S* x §3. This will give us a codimension 1 submanifold
N = 83xg xS C M = 8*xg S The computation of wy(N) is accomplished via
the section on 5-dimensional biquotients. Then, we’ll argue that wa(N) = wq(M).

We'll actually start by arguing that we(M) = wy(N). To be more precise, we’ll
see that H?(N,Z/27) = 727 = H*(M,Z/27Z) and that wy(N) # 0 iff wy(M) # 0.
The first part of the argument is almost entirely general and due to Pavlov [23] - if
N and M are both orientable, and if wy(N) # 0 then wy (M) # 0. Notice that our
N and M are both orientable because they're simply connected.

For the converse, we’ll have to do a little more work and actually use the
structure of the manifolds a bit. In particular, it’s not generally true that if
a codimension 1 submanifold has ws = 0, then the whole manifold must also
have wo = 0. A quick counterexample is provided by the inclusion RP! C RP2.
RP! = S' has trivial tangent bundle hence wy, = 0, but RP? has w, = a? where
H*(RP?,Z)27) = 7./]27[a] | a®.

So, Consider the inclusion of i : N — M and assume wy(N) # 0. The inclusion

gives the following: i*(T'M) = T'N @ v where v is a trivial one dimensional bundle
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(it’s trivial because both N and M are orientable). The Whitney sum formula
then gives wy(i*(TM)) = wo(TN) U wy(v) + wi(TN) Uwy(v) + we(TN) Uwy(v).
However, wy(v) = 0 since v has rank 1 and w;(r) = 0 since v is a trivial bundle.
Hence, we conclude i*(wq(M)) = wo(i*(T'M)) = wo(N). It’s immediate now that if
w,(N) # 0, then we must have i*(we(M)) # 0, so that we(M) # 0.

For the converse, we must work harder. First notice that the induced S* action
on 5% x 5% is effectively Hopf on the right S* and hence pis[gs, s is the map
defining the bundle structure of the S® bundle over S?. In other words, if we call =
the map from S x g1 S — S? defining the bundle structure, then we have moi = ;.
Thus, we’ll show i* is an isomorphism on H?*(M) — H?*(N) by showing m and
are. From here, if i*(wg) = 0, of course we must conclude wy = 0. T'll only work
out the proof for 7 is an isomorphism since the proof that m, is almost exactly the
same.

Using the Gysin sequence associated to S? — S x g1 S® — S?, one sees that
H'™3(S?) — H*(S?*) — H*(N) — H*73(5?)

where the map H?(S?) — H?(N) is m*. However, clearly the terms on the end are
0, so 7 is an isomorphism as claimed.

Thus, we have shown that M is diffeomorphic to the nontrivial S* bundle over
S? iff N is diffeomorphic to the nontrivial S? bundle over S?, and likewise M is
diffeomorphic to S* x S? iff N is diffeomorphic to S% x S2.

In order to compute the diffeomorphism type of N, we’ll go back to our classi-
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fication in dimension 5. We must write the action as
_ ([ Jkitke k1—k2 ni+nsg ni—mna
2% (21, 29, Wy, wo) = (2 21,2 29,2 wy, 2 wWa).

Solving this system of equations gives k; = b — 3a, ks = b+ 3a, n; = ¢ and ny = 0.
Since ny = 0 = 0 mod 4, we see that N is diffeomorphic iff n; = 2 mod 4 and k;
and ko are both odd. It is clear that &y is odd iff k5 is, so we’ll just check one.

Thus, for ¢ = 1 or 3, we have N is diffeomorphic to S® x S? and hence M is
diffeomorphic to S* x S2.

If c =2 or ¢ = 6, then if a and b are both odd, we have M is diffeomorphic to
the nontrivial S* bundle over S2. If precisely one is odd, then M is diffeomorphic
to S%. Both can’t be even, since this would contradict (a,b,c) = 1.

]

Proposition 5.3.5. There are 2 families of actions of U = SU(2) x SU(2) x S*
on G = Sp(2) x SU(2) (where neither SU(2) in U acts transitively on the SU(2) in
G). The first action, under the identification of SU(2) x SU(2) with Sp(1) x Sp(1)
is given by f(p,q,2) = (diag(p, q), diag(2?,z%), diag(z®, 2°), Id) where p,q € Sp(1)
and z € S*. In this case, we have (a,b,c) = 1 and a|(b+ ¢). The second action
is f(p,q,2) = ((R(ab))diag(p, p), diag(2", 2°), diag(q, 2°), Id) with (a,b,c) = 1 and
bl(a,2c).

In the first case, the conditions imply that a = 1 or a = 2. Ifa = 1, all
quotients are diffeomorphic to S* x S?. If a = 2, then ¢ and d must both be odd and

the quotient is diffeomorphic to the unique nontrivial S* bundle over S?.
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In the second case, we must have b =1 or b = 2. No matter what, the quotient

is diffeomorphic to S* x S2.

Proof. The first thing to realize is that both SU(2) x e and e x SU(2) must act
almost effectively on Sp(2). For if, say SU(2) x e doesn’t act almost effectively on
Sp(2), then it must act on SU(2) by conjugation (point 4 of Totaro’s theorem).
But then the action, when restricted to SU(2) x e, won’t be free. But if the action
is free, the restriction of the action to any subgroup of U must also be free.
Biquotients of the form Sp(2)/Sp(1) x Sp(1) were classified in the 4-dimensional

case. There are precisely two: the homogeneous action and

(p,q) — (diag(p, p), diag(q, 1)).

In either case, the quotient is S*. Hence, as in the previous case, we must have
G U = 8% x g1 S3. We'll classify exactly which S actions arise from this construc-
tion in each case, and then use the previous case to determine the diffeomorphism

type of the quotient.

Assume we're in the homogeneous case. Since Sp(1) x Sp(1) is maximal, the S*
can only be mapped into e x SU(2) x Sp(2) x SU(2). Thus, the general map is of

the form
(p, q.2) — (diag(p, q), diag(2",z%), diag(2", 2), diag(z¢, 2%)).
As before, the action of S! on the SU(2) factor of G will have to be effectively
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Hopf, so we need d = 0. We now identify Sp(2)/Sp(1) x Sp(1) with S* and see
exactly how the S' action looks.

To map Sp(2)/Sp(1) x Sp(1) to S, send B € Sp(2) to the class o the last
row under left multiplication by S®. Then, we see that S! acts on the first column
of B by right multiplication with 2= and it acts on the second column by right
multiplication with z7¢.

Hence, for [q; : qo] € HP!, we have 2z x [q1 : ¢2] = [127° : q227¢]. Then this
action clearly fixes [1 : 0] and [0 : 1], which we identify with the north and south
poles of S*. Then the equatorial S® in S* is, in HP?!, given by points of the form
(1 : 1] with |g1| = 1. Then the S! action on such points is z * [q; : 1] = [q127° :
27 = [2°q27% : 1]. Writing ¢; = u+vj with u,v € C, we see the action is given by
2% (u,v) = (2¢7%u, 2°Tv). Putting this all together, we conclude that the S* action
on S* x 83 is given by z* (¢, 21, 20, w1, wy) = (t, 2702y, 27025, 2%y, 2%ws). Freeness,
as in the previous case, is equivalent to a|(b—c, b+c). Note that if a|b—c and a|b+-c,
then a|2b and a|2c¢, so that a|(2b, 2¢) = 2(b, ¢), so that a|2. We may assume without
loss of generality that a > 0 by precomposing with the automorphism z — —z.
Hence, a = 1 or a = 2. If a = 1, we recognize, following the argument in the
previous case, that the quotient is S* x S%. If @ = 2, then since 2|c — b we must
have b and ¢ of the same parity. If they’re both even, we contradict (a,b,c) = 1,

so they’re both odd. As in the previous case, we conclude that these quotients are

diffeomorphic to the unique nontrivial S* bundle over S2.
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We now handle the other map f(p,q) — diag(p, p), diag(q,1). We now try to
fit in an S* action (which will be significantly messier in this case). An S! fits on
both sides, but on the left, it must fit in as R(a#). Hence, a general action is given
by (p,q,2) — ((R(af))diag(p, p), diag(z’, z°), diag(q, z°), diag(z%, overlinez%)) with
2z = €. As above, in order to have a free action, we must have d = 0.

Now, we again identify Sp(2)/Sp(1) x Sp(1) with S*. This time, it occurs by
sending an element B € Sp(2) to the class of its 2nd column under left quaternionic

multiplication. The S! action on [q1, ¢2] then looks like

2 % [q1, q2] = [cos(ab)q1Z° + sin(af)qe2° : — sin(ah)q:1Z° + cos(ab)qz°]

Identifying this with S* and understanding the action will take some work. First

note that [+i : 1] is fixed by this action:

zx[i:1] = [cos(aB)iz™¢ + sin(af)z"¢ : — cos(ah)iz™ ¢ + sin(ab)z "]
= [cos(af)i + sin(af) : — sin(afd) + cos(ab)]
= [(cos(ad) + isin(af))(cos(ab)i + sin(ah)) : 1]
— i)
Under this identification, it’s natural to identify the equatorial S* with [n; +
noj + nsk : ny] for n? +nZ +n2 = 1. We claim that the S action preserves this set.

In fact, by linearity, it’s enough to show that the S* action preserves points of the
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form [1: ny] (or ([0:1]) and [ngj + ngk : 1] with n3 +n3 = 1.

For the first, we compute:

zx[1:ng] = [cos(al)z"¢ + sin(ab)nyz" : —sin(af)z"° + cos(al)nyz™°|

= [1: (cos(af) + sin(af)ny)(— sin(afh) + cos(ad)ny)]

which is clearly of the right form.

For the second, we compute again:

z % [ngj +mgk: 1] = [cos(al)ngjz" + cos(al)ngkz"° + sin(af)z™¢
: —sin(af)nqjz=¢ — sin(al)ngkz=¢ + cos(ab)z "
= [cos(ab)nyj + cos(ad)nsk + sin(af)z >
. —sin(af)nyj — sin(ab)nsk + cos(ad)z~*]

= [2*(ngj + nszk) : 1]

2¢25). Hence

Hence, we conclude that the action on S* is 2 (¢, 21, 20) = (¢, 2%21, 2
the St action on S*x S3is 2% (t, 21, 2o, w1, wy) = (t, 2%21, 2% 2y, 2wy, 2Pws). Freeness,
as we showed earlier, is equivalent to b|(a, 2¢). Since (a, b, c) = 1, this implies b = 1
or b= 2. If b =1, the quotient is S* x S? and if b = 2, then we must have a even,

and hence, a &+ 2¢ is even, and hence, by the above classification, the quotient is

diffeomorphic to S* x S2. O

Proposition 5.3.6. There is a unique family of biquotient actions of U = Gy X

SU(2) x S* on G = Spin(7) x SU(2), which we can study by using G = SO(T) x
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SU(2) and U = Gy x SO(3) x S1. The Gy and SO(3) in U only act on the SO(7),
so that the biquotient is diffeomorphic to S* xg1 S3. The S' acts on S® by the
Hopf action. The S* action on S* is determined from a map S* — SO(7) and is
parameterized by 2 integers. The quotient S*x g1 .S? is diffeomorphic to S* x S? when
the 2 parameters have the same parity and is diffeomorphic to the unique nontrivial

S* bundle over S? when the two parameters have opposite parity.

Proof. We first show that every biquotient with G = Spin(7) x SU(2) descends to
a biquotient with G = SO(7). The converse follows from Totaro’s proof that we
can write a biquotient according to the conventions.

Let 7 : Spin(7) — SO(7) be the canonical projection. Then 7 clearly induces a
covering map pi : (Spin(7) x SU(2)) JU — (SO(7) x SU(2)) J=(U). Since 7 is two
sheeted, 7 is at most two sheeted. We claim that, in fact, 7 is single sheeted, i.e.,
a diffeomorphism. To see this, we will argue that ker(7) is contained in one orbit.

The SU(2) in U cannot act on the SU(2) in G without acting transitively.
This is because the only nontransitive nontrivial action of SU(2) on itself is via
conjugation. Further, there is no almost effective action of S x SU(2) on SU(2)
extending this action. It follows that if U acts on G freely, then U must act freely
on Spin(7), but this is impossible by rank reasons. Likewise, the G5 factor of U
cannot act on SU(2). It follows that Gy x SU(2) acts freely on Spin(7).

Since G5\ Spin(7) = S and since the SU(2) must act freely on this, it follows

that the SU(2) factor (which is, a priori, only defined up to cover), must actually
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be isomorphic to SU(2). Finally, since 7(G2) = G5, G being centerless, we see the
induced quotient is G5\SO(7) = RP7 and since 7(SU(2)) must act freely on this,
m(SU(2)) = SO(3). It follows that ker(m) C SU(2) * e for e € Spin(7) the identity
element.

Since the SU(2) has a unique free action on S7, if we find one free action of Gy x
SO(3) on SO(7), we've found the only one. The eigenvalues of the maximal torus of
Gy in SO(7) are A\, \, v, 7, \v, v, and 1, and the eigenvalues of the standard block
embedding of SO(3) into SO(7) are p2, ;i2,1,1,1,1, and 1, we can easily compare
eigenvalues. For (g, it is easy to see that it cannot have exactly 5 eigenvalues equal
to 1, since if A # 1 and v = 1, the Av # 1. Thus, a conjugacy can only occur when
A =v = pu? =1, so this action is effectively free.

All of this together implies that any biquotient of the form Spin(7)xSU(2) J/Gax
SU(2) x St is diffeomorphic to S* x g1 S? for some action of S on S%. Since every
circle action on S§* has a fixed point, the S* must act (effectively) freely on S, i.e.,
it must be (effectively) the Hopf action.

Going back to our previous description, we see that the map SO(3) x S' —
SO(7)is (A,0) — diag(A, R(pf), R(g#)) where R denotes the standard 2x2 rotation
matrix.

Unfortunately, it seems difficult to determine how p and ¢ relate to the weights of
the representation of S! into SO(5) defined by a general linear action on S*. Thus,

we must actually compute the diffeomorphism type from the biquotient description
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itself.

To this end, we notice that every manifold of the form S* x g S? is naturally
an S* bundle over S?, and that there are two such bundles, distinguished by their
second Stiefel-Whitney classes. Thus, we really only need to determine w, for each
of our biquotients.

To this end, we note that the previously developed machinery for computing
Pontryagin classes can be applied, but instead of using root systems, one must use

2-roots.

For definiteness, we use the map f; : Go x SO(3) x St — SO(7) x SU(2) with
fi(A,B,z) = (A,I) where A C SO(7) is the standard embedding. We also use
the map fy : Go x SO(3) x S* with fy2(A, B,0) = (diag(B, R(pf), R(¢0), z), where
z=e".

According to Borel and Hirzebruch [5], the maximal 2-group of Gy is Z/2Z3 C G

generated by (s, s, s3) where, letting e; be the standard basis of R”, we have

€ j=1t1+1,i45 ori+6
si(e;) =

—e; otherwise

The maximal 2-group of SO(n) is a Z/2Z"~! consisting of all diagonal matrices
with 4+1 on the diagonal, subject to the determinant being 1.

We let y; for i = 1..7 denote generators of the maximal 2-group of SO(7)
corresponding to the diagonal matrix with a -1 in the ith position and 1s elsewhere.

They satisfy the relation that y; -y; = 1. We'll let ¢ be the generator for the unique
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Z/27 in SU(2), generated by —Id. Finally, define p; for i = 1,2, 3 analogously for
SO(3) and let z denote the generator of the 2-group of S*.

In this notation, we see that f{(y1) = s1, fi(y2) = s, f1* (y3) = $1 + $3,
fi(ya) = s1+ 52, fi(ys) = s1+ 52+ s3, [ (ys) = 52+ 3, [ (y7) = s3 and f{(¢) = 0.

Likewise, we see that f5(v1) = p1, fo(y2) = pa, f3(y3) = ps, fo(ys) = f5(ys) =
pz, f3(ye) = f5(y7) = qz and f5(t) = z.

Now, we can identify H*((BSO(7) x BSU(2)) x (BSO(7) x BSU(2)); Z/2Z) C
H*(BZ/27'*,7./27) = 7/ 2Z[y;®1, 1®y;] where i ranges from 1 to 7. It’s isomorphic
to Z/2Z[oj(y; ® 1), 0;(1 ® y;)] where j ranges from 2 to 7.

Likewise, we can identify
H*(B(G2%x 50(3) % 51)§ L[2Z) < H*(BZ/2Z7§ Z)2Z) = L[2Z][s\, 2, 53,1, P2 P3; 2

as the subalgebra generated by the elements

[02(8:) + 01(8:)%]? + 01(85)T3(8:),

[o5(5:) + o1 (si)oa(s:)]* + [o2(s3) + 01(s:)?] o1 (s1)o3(s0),

o1(si)os(si)[os(si) + o1(si)oa(s:)],

oa(pi),

o3(pi), and

22

Now, just as with Z coefficients, this information tells us the differentials in
the spectral sequence G — G /U — BU. If z; is the generator of H'(G;Z/27Z),

the we know that do(z1) = f*(02(y;) ® 1 + 1 ® 02(y;)). The first piece is easy to
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evaluate since f*(o2(y;) ® 1) C H*(BG9;Z/27) = 0. For the second, following a
computation, we see that do(z;) = oo(p;) + (p + q) 2%

Thus, ds is injective and we see that
H*(GUZ/2Z) = (02(pi), 2°) [ o2(pi) + (p + ¢)2".

Now, to compute the characteristic classes, we first list the nonzero 2-roots of
each of the participating groups. The 2-roots of G are sy, sg, S3, S1 + Sa2, S1 + S3,
So + S3, and $1 + Sg + s3, all with multiplicity 2. The 2-roots of SO(3) are p; + pa,
p2 + ps, and py + p3, and for SO(7) there are all y; +y; with 1 < i < j < 7, all
with multiplicity 1. The other participating groups, SU(2) and S', have no nonzero
2-roots.

Following Singhoff [25], the Stiefel-Whitney classes of GJU is the pullback of the
class Iy, a 2.ro0t of g(1+ ;) in BG times the pullback of the class (HM a 2root of U (14

,ul-))fl in BU. We can write this element as
5 (T + 1@ AT+ 1@ 1))

Now, ¢} is trivial on elements coming from Gy in H?, and since we only care
about the degree 2 piece of this product, we can ignore the 2-roots of G.

Computing the product is made simpler because f3(1+y; +ya)(1 +y; +ys5) =
(1+ foyi +p2)(1+ fyy; + pz) = (1+ f5y? + pz?) we see that and similarly replacing
ys and ys by yg and y; (and if i = 4, then the sum cancels out). So, all the factors

have degree 2, so the degree 2 piece is the sum of elements, which is (p + ¢)z°.
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Finally, recalling that H*(GJU; Z/2Z) = Z/2Z[o(p;), %] /o2(pi) + (p+ q) Z* we
see that if (p + ¢) is even, then wy(GJU) = 0, while if p + ¢ is odd, then wo(GJH)
is the unique nontrivial element of H?(GJU;Z/2Z).

In short, if p and ¢ have the same parity, the biquotient is diffeomorphic to
S* % S?% while if p and ¢ have different parities, then the biquotient is diffeomorphic

to the unique nontrivial S* bundle over S2. O

Proposition 5.3.7. There are infinitely man biquotients with G = Spin(8) x SU(2)
and U = Spin(7) x SU(2) x S*, which are all diffeomorphic to S* x g1 S* for some

linear S' action on S*.

Proof. The point is that the SU(2) factor in U can only act on the Spin(7) part.
For it either acts transitively on SU(2) or by conjugation. The first case is ruled
out by convention while in the second, there is no room for an S* action on SU(2).
Since the SU(2) must also act on Spin(8) to keep a free action, it follows that
U must act freely on Spin(8), but this is impossible by rank reasons. Hence, the
SU(2) acts only on Spin(8). Since we know Spin(7) only acts only on one side
of Spin(8) and all embeddings of Spin(7) into Spin(8) are outer conjugate to the
lift of the usual embedding of SO(7) into SO(8). Hence, the biquotient looks
like ((Spin(7)\Spin(8))/SU(2)) x5 SU(2) = (S7/SU(2)) xs1 SU((2) = St xs

SU(2). O

Proposition 5.3.8. There are no biquotients with G = Spin(8) x SU(2) and U =
G2 X Sp(2) x St
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Proof. As there are no G nor Sp(2) C Spin(8), the action of Gy x Sp(2) x 1 on
Spin(8) must be free, but this is impossible by a previous theorem in the classifi-

cation when G /U has the same rational homotopy groups as S*. O

Proposition 5.3.9. There are no biquotients of the form

(SU(4) x SU(3))/SU(3)* x S*,

(Sp(2) x SU(3))J(SU(3) x SU(2) x S1),
(Spin(7) x SU(3))J(Gy x SU(3) x SY), nor

(Spin(8) x SU(3))//(Spin(7) x SU(3) x S*).

Proof. In each case, let U’ x S = U. Then in every case we must have U’ acting
freely on the first factor of GG, but this can’t happen due to elementary representation

theory. ]

Proposition 5.3.10. (Eschenburg) If G = SU(3) and U = T?, there are precisely
two biquotients. The first is the homogenous space while the second is a biquotient
SU(3)/T? which is not even homotopy equivalent to SU(3)/T?. Interestingly, both

of these spaces admit metrics with positive sectional curvature.

Proposition 5.3.11. Suppose G = SU(3) x SU(2) and U = SU(2) x T?. Then the
SU(2) in U must act solely on the SU(3) in G, so that the biquotient is diffeomor-
phic to S®x 7253 for some free T? action on S®x S®. Likewise, if G = SU(4)x SU(2)

and U = Sp(2) xT?, then all free actions are equivalent to free T? actions on S°x S3.
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Proof. There are, up to conjugacy, there are only 2 maps f : SU(2) — SU(2) given
by f(A) = A and f(A) = Id. We must show that f(A) = A cannot be used to
define the biquotient action. The point is that if f(A) = A describes the left side
of the action of SU(2) on SU(2), then in order to stay within our conventions, we
must also have f(A) = A describe the right side of the action. However, these two
maps have maximal images in the SU(2) in G, and so the T? in U must act solely
on the SU(3) in G. Further, in order to have the SU(2) in U acting freely, it must
act freely on SU(3). Hence, assuming f(A) = A, we must have U acting freely on
SU(3), but this is impossible by rank reasons.

Thus, we know that the SU(2) in U must act freely on SU(3). We've al-
ready classified these actions: there are 2 and both are homogeneous. One gives
SU(3)/SU(2) = S® while the other gives SU(3)/SO(3), the Wu manifold. Now we
show the Wu manifold can not occur.

The reason the Wu manifold can not occur is that SO(3) is maximal in SU(3),
so the T? must act on the SU(2) and on the Wu manifold simultaneously. So,
parameterizing the torus 72 by z and w, we may assume without loss of generality
that the z factor acts nontrivially on the Wu manifold, for if not, then we must
have a free T2 action on S3, which is impossible. Set w = 1 so as to focus on z.
The embedding of z into SU(3) is given as diag(z?, 2%, 2¢) with a + b+ ¢ = 0. From
this equation, it follows that we cannot have |a| = |[b] = |¢|, so, assume |a| < |b].

Let z be an ath root of unity. Then the matrix looks like diag(1, 2, 2¢) with both
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2t #£ 1 and 2¢ # 1. Such a matrix is conjugate to one in SO(3), which shows that
this element fixes a point, but not all points. Thus, there are no free actions of T2
on [SU(3)/SO(3)] x SU(2).

Thus, the only possible action we're left with is an action of T2 on S° x S3.
Explicitly, consider the map SU(2) x T? — G x G sending (A, z,w) to

(diag(z°w®A), Z°w™), diag(z‘w?, zw?), diag(z°w’, 29w", z'w?), diag(zFw', Z*w")

(with e + g +4 = f + h+j = 0) then the induced T? action on S® x S? is given by

(z,w) * (P1,p2,P3,q1,G2) =

2a7gw2b7h 2a—1i,,,2b—j c—k, d—I ct+k,, d+l1

(Z2afew2bffp17 > D2, 2 w D3, 2 w" g1, % w Q2)

Here, we're treating S° = {(p1,p2,p3) € C¥| |p1|> + |p2|* + |p3|* = 1} and
S ={(q1, %) € C*| |q1* + |ga|* = 1}.
It is clear from this description that, possibly by adding ineffective kernel, any

linear action of 72 on S° x S? can be obtained as a biquotient action.

The case where G = SU(4) x SU(2) and U = Sp(2) x T? is even easier, as we
know we must have SU(4)/Sp(2) = S°. The Sp(2) in SU(4) is maximal, so any
map from U to G must send (A, z,w) to

(diag(A), diag(z*w®, 2°w), diag(z‘w?, 2w’ | 290", z'w?), diag(2*w', Z"w"))

withc+e+g+i=d+ f+h+j=0. The induced T? action on S°® x S? is

(Z,/LU) * (plap?ap37Q17q2> =

c+ewd+f c+gwd+h e+gwf+h a—kzwb—l a-i-k,wb—i-l

z D1, % D2, % P3, 2 ¢, 2 q2)-
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Again, it’s clear that, possibly by adding ineffective kernel, we may achieve any

linear action at all. O
We now classify which T2 actions on S° x S? are free and analyze the quotients.

Proposition 5.3.12. Suppose T? acts on S° x S® linearly and freely. Then the
action is equivalent to (z,w) * (p1,p2,P3,q1,q2) = (2p1, 2w P2, 2WP3, W1, 29WGs)
with the p; complex coordinates in C3 and the q¢; are complex coordinates in C2.

Further, we have that either g =0, c = e =0, or we have

(g,c,e) € {(1,1,2),(2,2,1),(0,2,1),(0,1,2)}.

In the case that ¢ = e = 0, the projection onto the first factor gives G)JU the
structure of an S* bundle over CP?. In the case that g = 0, the projection onto the

second factor gives G JJU the structure of aCP? bundle over S*.

Proof. As above, we’ll use (p1,p2, p3) as complex coordinates on S® (with |py|* +

Ip2|? + |p3|? = 1) and likewise, we’ll use (g1, ¢2) as complex coordinates on S3.
I first claim that any effective linear action of 72 on S° x S3, up to reparama-

terization, must look like

(27 w) * (pb P2,D3,4q1, Q2) = (Zapla wacp27 Zdwep?)? wfq17 Zgwhq2)

with a # 0 and f # 0. For, if not, then all circle actions must be dependent, which
would contradict effectiveness. Further, we can obviously assume without loss of

generality that (a,b,d, g) = (c,e, f,h) = 1.
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From here, notice that if (z, w) fixes some point, then it fixes a point of the form
(1,0,0,1,0), with a 1 in one of the first the slots and a 1 in the last 2 slots and all
else 0. This is because if (z, w) fixes (p1, p2, P3, q1, @2), then at least one of the p; # 0
and at least one ¢; # 0. Assume without loss of generality that it’s p; and ¢; which
are nonzero. Then (z,w) will also fix (1,0,0,1,0). Thus, in order to check that the
action is (effectively) free, it’s enough to show that any point (z,w) either moves
all points (1,0,0,1,0), etc. or fixes all points. It will turn out that when written
like this, an effectively free action is automatically free.

First, I claim that a = f = 1. For, let z be an ath root of 1 and consider
the point (z,1). This will fix (1,0,0,1,0). To have an effectively free action, we
must have (z,1) fixing all points in S5 x S. In particular, it must fix the point
(0,1,0,1,0) which implies a|b. Likewise, arguing with the point (0,0, 1,1,0), one
learns that a|d. Finally, the point (1,0,0,0, 1) shows that a|g. Thus, we have that
al(a,b,d,g) = 1 so a = £1. By using the automorphism z — —z, one can assume
a = 1. Carrying out the analogous argument with (1,w) for w an fth root of 1
shows that f = 1.

Now that we have pinned down a and f, I claim that b = d = h = 1. Let’s
focus on b, the other arguments being identical. If b = 0, then every point of the
form (z,1) fixes (0,1,0,1,0). Having an effectively free action then requires that
every point of the form (z,1) fix every point. But this contradicts having finite

ineffective kernel. Hence b # 0. Now, let z be a bth root of 1 and consider the point
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(z,1). This fixes (0,1,0,1,0) an so must fix every point. But it will not fix the
point (1,0,0,1,0) unless b = +1. Now, by sending p, — Pz, we may assume b = 1.

At this point, our action must look like

('27 w) * <p17p27p37 q1, QZ> = (Zpla chp27 Zwep?n wqs, ZgU)C]Q)-

This is necessary an sufficient to guarantee that every nontrivial (z,w) moves
(1,0,0,1,0), (1,0,0,0,1), (0,1,0,1,0) and (0,0,1,1,0). Thus, in order to verify
freeness, we must only find conditions guaranteeing every nontrivial (z,w) moves
both (0,1,0,0,1) and (0,0,1,0,1). If (2,w) fixes (0,1,0,0,1), then the coordinates
z and w must satisfy

2w’ = 29w = 1.

If we can find a nontrivial (z,w) satisfying this, it will fix (1,0,0,1,0) giving a
contradiction to freeness. Hence, we seek conditions on ¢ and g which guarantee
that the only solution is (z,w) = (1,1). Clearly the only way to guarantee that
(z,w) = (1,1) isif |1 — gc| = 1.

Carrying out this same argument on (0,0, 1,0,1) shows that |1 — ge| = 1. Tt
is clear that these conditions are also sufficient. Finally, we analyze what possibil-
ities exist from ¢, e, and c. First note that by simultaneously applying complex
conjugation to z, w, all p; and ¢;, we may assume that g > 0.

If1—gc=1—-ge =1, then gc = ge = 0. Hence, either ¢ = 0 with ¢ and e

arbitrary or both ¢ = e = 0 with g arbitrary. In the first case, the action looks like

(z,w) * (p1, D2, P3, q1, q2) = (21, 2W 2P 2p3, W1, WG2).
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Notice that the z coordinate only acts on the S° and it acts via the Hopf map.
Hence, this action is equivalent to an S! action on CP? x S®. Since w is acting
as the Hopf action on S3, the projection map CP? x S® — 83 — S? gives the
biquotient the structure of a CP? bundle over S? associated the Hopf bundle.
Likewise, focusing on the case with ¢ = e = 0 and g arbitrary, one can show the
projection S° x S% — S® — CP? gives the biquotient the structure of an S? bundle

over CP?, associated to the Hopf bundle over CP2.

Next, assume 1 — gc = 1 but 1 — ge = —1. In this case, we have gc = 0 and
ge = 2. Thus, g # 0 so ¢ = 0, and g and e have the same sign, one being, up to
sign, 1 and the other being, up to the same sign, 2. Reversing the roles of 1 — gc
and 1 — ge, we find that e = 0 with g and ¢ having the previous relationship/

Finally, assume 1 — gc = 1 — ge = —1. Then ¢ = e and again, g and ¢ have
the same sign with one of them being, up to sign, 1 and the other being, up to the

same sign, 2. O

The action can be described as a biquotient action by the embedding SU(2) x

T? — (SU(3) x SU(2)) x (SU(3) x SU(2)) by sending (A, z,w) to
diag(z(w)“Te A, 2?), diag(z9w?, 292, diag(1, W, W*), diag(z?, 7%).

If we introduce the new variable 2/ = 2w®" and simplify, thinking of /A € U(2)

then mapping U(2) x S* into (SU(3) x SU(2)) x (SU(3) x SU(2)) by sending (A, w)
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to
dlag(A detch+e) dlag(detA w g(c+e) ) diag(l,wc,w ) dlag(detA 9—g(c+e) 1)

gives an action with the same orbits.

It is easy to see that this new embedding is 1-1. The induced action is clearly
effective since the right hand matrices can only intersect the center in the identity.
Hence, we’ve found an equivalent description of this action as a free action.

When (c,e,g) = (1,1, 2), the spectral sequence is hard to compute. As a fix, we

can instead use the action defined by U(2) x S* — (SU(3) x SU(Q))2 with
(A, w) — diag(wA, detA), diag(det Aw, det Aw), diag(1,w, W), diag(det A, det A).
Similarly, when (c, e, g) = (2,2, 1), we instead use
(A, w) — diag(@W*A, detA), diag(det Aw, W), diag(1, @w?, w?), diag(det A, 1).

Using this description and the usual spectral sequence arguments, we now ana-

lyze the cohomology rings and characteristic classes of these examples.

Proposition 5.3.13. Let o1 and w be two degree 2 elements. Then, for any allow-
able (c,e,g), H*(G)JU) is isomorphic to a quotient of Z[oa, w| by two relations and
has first Pontryagin class and total Stiefel-Whitney class as given in the table.

The rings together with characteristic classes in the first family only depend on
(a+b) mod 3. These 3 rings are mutually nonisomorphic and not isomorphic to
any of the other rings in this list (except for the case ¢ = 0 in the second family).
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(c,e,q) | w?= o3 2} w—1
(c,e,0) 0| —2(c+e)o?w | 302 + 4(c+ e)oyw o1+ o}
0,0,9) | coyw 0 (9> +3)o1 | (g+ 1)1+ (9 + 1)o7}
(0,2,1) | —won 0 402 0
(0,1,2) | —2woy 0 7o} o1+ o}
(2,2,1) | =ow 402w 4o + 28w? 0
(1,1,2) | 2woy 0 81w + 7o} o1+ 0}

Table 5.1: The topology of (S® x S3)//T?

The rings in the second family only depend on |c| and are mutually nonisomorphic
otherwise.

There are characteristic class preserving ring isomorphisms between (0,2, 1) and
(0,0,1) and between (0,1,2) and (0,0,2). There is an isomorphism between (1,1,2)
and (0,0, 2) which preserves the Stiefel-Whitney class, but not one which preserves
the first Pontryagin class. There is no isomorphism between (2,2,1) and anything

else on the list.

Proof. First, it easy to show that in all rings except in the first family (other than
the ¢ = 0 case in the second family), the only element which squares to 0 is 0. This
implies the first family is distinct from all the rest of the rings.

In the first family, it is easy to see that the only elements which square to 0 are

multiples of w. This implies that any isomorphism between two such rings must take
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w to £w = w’. This implies the isomorphism must take o; to o] = (—1)%; + cw.
Now one checks if there is an integer k such that —2ko?w’ = o7. Computation
shows there is such an integer k iff ¢ = 2] is even. Then k = +(e + g) + 3l.

This implies that the rings in family one are isomorphic to each other iff 2(e 4
g) =2(¢' + ¢’) mod 3, which is iff e + g = € + ¢’ as claimed.

Now one simply checks that the above isomorphism takes characteristic classes

as claimed.

Next we analyze the second family. The map sending w to —w maps the ring
with w? = cwo; to the ring with w? = —cwo; and it takes characteristic classes to
characteristic classes. This shows the ring only depends on |¢|. The see that for
le| # ||, these rings are not isomorphic, one first shows that only multiples of o
cube to 0. For if 0 = (bw + aoy)?, then one concludes b(a? — ac + b*c*) = 0, i.e., if
b # 0, then ¢ = %m, i.e., that ¢ is NOT real.

This implies that any ring isomorphism must send oy to +0;,. Writing down the
general map as in the previous case, and using that H*(GJ/U) is freely generated
by 02 and oyw, we see that for w’ = +w + boy, and o] = 40, that w? = doyw iff
] = |el.

Now one simply checks that this isomorphism takes characteristic classes to
characteristic classes.

The proof that only multiples of o, cube to 0 clearly goes through for the rings

(0,2,1), (0,1,2), and (1, 1, 2). However, we'll see that no nonzero element of (2,2, 1)
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cubes to 0, showing it is distinct from everything on the list.

To see this, consider 0 = (ao; + bw)® = (4a® + 3a®b + 3ab?® + b3)o?w with
gcd(a,b) = 1. Now, by reduction mod 2, we see that a and b cannot both be odd. If
a is even, then reduction mod 2 shows b? is even, contradicting gcd(a,b) = 1. Thus,
we assume a is odd and b is even. Reduction mod 4 shows 3a?b = 0 mod 4 so b is
divisible by 4. Now, consider 4a® + 3a®b + 3ab* + b* as a polynomial in b. By the
rational roots theorem, any rational solution must be integral and divide 4a®. So,
if b is the solution, then b|4a®. Since we assume that gcd(a,b) = 1, this implies b|4.
Since we already know 4|b, we conclude that b = +4. Finally, one just checks that
4a3 4 12a? + 48a & 64 has no integral roots, say, using the rational roots theorem.

For (0,2,1) the map sending w to —w clearly matches (0,2, 1)up with (0,0, 1).
Similarly, the map sending w to —w matches (0, 1,2) with (0,0, 2).

Finally, looking at (1,1,2) we see that the ring itself is clearly isomorphic to
(0,0,2). However, since o7 must be taken to 4oy, it’s easy to see that, up to sign,
the only possible isomorphism taking p; to p; sends o to o and sends w to —w+20,
(the other isomorphisms are simply flipping the sign on one or both of 7 and w),

but this isomorphism doesn’t map p; to p;. O

Due to the classification of torsion free 6 manifolds [17] [31] [34], it follows
that these cohomology rings uniquely determine the diffeomorphism type of the
biquotient, with possibly the exception of (2,0,0) and (1,1,2). We do not know if

these two examples are homotopy equivalent or not, but they are not homeomorphic.
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As a remark, Totaro has shown that (0, 1,2) is diffeomorphic to CP3#CP?. The
fact that this is diffeomorphic to (0,0,1) comes from the fact that CP3CP? is
diffeomorphic to CP3f — CP3 and CP34 — CP? is an S? bundle over CP2.

As a corollary we have

Theorem 5.3.14. All 8 bundles of the form CP*> — M — S? with finite dimen-
sional structure group and all bundles of the form S* — M — CP? where the

structure group reduces to a circle are diffeomorphic to biquotients.

Proof. For the first statement, there are 3 bundles since the identity component of
Iso(CP?) is isomorphic to SU(3)/Z/3Z which has fundamental group Z/3Z. So,
there are 3 such bundles. Since we found 3, we found them all.

For the second statement, we use a standard trick. If = : GJU — CP? is
the projection giving G /U the structure of an S? bundle over CP?, and if R?® —
X — CP? is the real vector for which G /U is the sphere bundle, then we have
T(GJU)®1=7(X — CP?) @ n*(TCP* — CP?).

Using this fact, we can read off the characteristic classes of the bundle S? —
G/JU — CP? in terms of the characteristic classes of the tangent bundles to G JU
and CP%. From this, it follows that p;(S? — GJU — CP?) = ¢* and w(S? —
G)U — CP?) =1+ coy + coi.

Now, Dold and Whitney [8] proved that for oriented sphere bundles over a 4-
manifold with finite dimensional structure group, their characteristic classes classify

them. Further, they show that the structure group reduces to a circle precisely when
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p1 is a square. Hence, we get all bundles S? — G /U — CP? where the structure

group reduces to a circle.

5.3.1 Manifolds diffeomorphic to (5°)3 T3

In this section, we analyze biquotients of the form (5®)3/T3. These manifolds are

all distinct from the previous examples because they’ll have second Betti number
3.

Totaro [30] has already shown the following.

a; az as

Proposition 5.3.15. Consider the matriz |p, b, by | corresponding to the ac-

1 C2 C3

tion

(u,v,w) * ((pl,p2)> (01, G2), (7"177”2)) -

b

((upl, uv?wpy), (vq1, uPv wb3qQ)7 (wry, uCIUCQwC3r2)).

Then this is a free action iff ai, by, and c3 are £1, and the 2 x 2 minors around
the diagonal entries have determinant 1, and the matriz itself has determinant

+1.
We now show that Totaro’s result is completely general.

Proposition 5.3.16. Suppose T3 acts linearly and freely on (S3)3. Then, up to
reparamaterization, the action is as above.
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Proof. The most general linear action of T on (5%)3 is described by

(u,v,w) * ((pr,p2), (@1, @), (11,72)) =

((um Uazwtmpl’ u™ Uazwa:spz)’ (uﬁl ,Uﬁl wﬁl . ub? sz wb3 QQ), (’Lﬂl VM, ut U62w037a2)>.
We seek conditions on all of exponents which guarantee the action is free. So,

suppose (u,v,w)((1,0),(1,0),(1,0)) = ((1,0),(1,0),(1,0)). This is equivalent to

solving the system of equations

u*?w*® = 1
WPl = 1
P = 1

This is equivalent to asking that

au + v + azw = 27Tk’1
fru+ Bov + Baw = 27k
Yu+ v +ysw = 2wk

have all solutions (u,v,w) = (0,0,0) mod 27 in each factor independently.

Now, assume for a contradiction that

Q1 Qg O3

det | B, By Bs| =0

T Y2 73
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Setting k; = ky = k3, we find that since there is one solution (u, v, w) = (0,0, 0),
there must be infinitely many solutions (u, v, w) = (n1k, nok, ngk) for some integers
ni,no,ng and all real numbers k.

But then this implies that the circle (2™, 22, 2™ simultaneously solves the first

system of equations. This contradicts the freeness of the action. It follows that

a1 Qo QA3

d=det | g B, B3| #0.

T Y2 V3

By first making the T action ineffective by replacing (u,v,w) with (u¢, v w?),

we can use the coordinate substitution
(u’, v, w') — (Ualphmvazwas, uProP? w63, ut U’YZU},YB).
Then, in these new coordinates, the action will look like

(W', v, w') = ((p1,p2), (1, @), (11,72)) =

lalpha lay , las ,,  las by, 1ba  Ib3

((U P, u v W p2)7<UﬁQ17u VW qy), (wiry, u

Icq UICQw/63 7,2>)

and we may assume without loss of generality that
ged(a, ar, by, c1) = ged(B, ag, by, c2) = ged(v, as, bs, c3) = 1.

Here, we have abused notation by relabeling the new integers as aq, as, etc.
Finally, we again check freeness at t = ((1, 0),(1,0), (1, 0)) If (u/, 0, w)*xt =t,
then we must conclude (u/,v,w') = (1,1,1) But we see, for example, that any
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(Ca, 1,1) fixes t (where (, is a primitive ath root of 1). Freeness implies we must
have a = 1. Analogously, we see = v = 1, so we've reduced the action to the
form Totaro has already handled.

O

Remark 5.3.17. Totaro’s proof boils down to simply checking freeness at each point

(p, q,7) where each of p,q, and r is (1,0) or (0, 1).

We've now reduced tabulating all free linear 7° action on (53)3 to a combina-

torial question - we need to find all matrices

11 Q12 413
Q21 Q22 A23

a3; aszz2 33

which satisfy the property that all of the diagonal minors have determinant equal
to 1.

Note that by, say, conjugating the first S factor by j and mapping v’ — —u/, this
sends a;; — —aq1. Hence, we can (and do) assume aj; = ags = azz = 1. Further,

by swapping, say, v and w' and swapping the p coordinates with the ¢ coordinates
1 o as 1 a3 Qas

we see that the matrix |p, 1 py| and the matrix | 1 ¢, | correspond to

cp ¢ 1 by by 1

the same action. Likewise, by doing the appropriate swapping, we can move as to

any nondiagonal entry, but the rest of the entries are then determined. Finally,
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by sending, say, p; — p; and making similar changes elsewhere, we may assume

CLQZO.

Proposition 5.3.18. Assume A = (a);; is a 3 x 3 matriz with all diagonal entries 1
and all diagonal minors having determinant £1. Then, up to the above equivalences,

there are three infinite families

1 1 0|:]1 1 bg|-and|p, 1 0

01C21 0 0 1 61021

and 12 other sporadic examples:

1 2 2 1 20 1 20 1 20

1 1 1|1 1 0fs]1 1 0]|-and|1 1 0

1 01 011 0 21 0 -1 1

Proof. The 2 x 2 determinant conditions are
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1—aph, = =1 (5.3.1)
1—aze, = =1 (5.3.2)

1-02()3 = =1 (533)

and the 3 x 3 determinant condition is

1-— Cgb3 — a2(61 — Clb3> + CL3<b1C2 — Cl) = 41.

The 2 x 2 equations imply that asb; = 0 or 2, and likewise for asc; and cobs.
Assume for now that each of these are 2. We may assume without loss of generality
that a; = 2 and thus b; = 1. Reducing the 3 x 3 determinant condition mod 2,
we see that either az is even or ¢, and c; have the same parity. We may assume
without loss of generality that az > 0.

Assume for now that as is even, so a3 = 2 and ¢; = 1. Then, again using the
3 x 3 determinant condition, we see that (c2,b3) = (2,1) or (1,2). But these two
actions are equivalent by swapping v and w.

Next, assume az is odd, to a3 = 1 and ¢; = 2. Since ¢y has the same parity as c;,
we must have ¢y = £2, which forces b3 = £1, with the same sign as c;. Choosing
minus signs for both doesn’t give the right 3 x 3 determinant, so we must choose
positive signs for both, but this action is also equivalent to the first action.

We next assume precisely one of the 2 x 2 determinant equations is 1, while the
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other two are —1. We will continue to assume that ao = 2 and b; = 0, but that
either azcy or cobs is 0, but not both.

First, assume azc; = 0 while cobs = 2. The first equation says either ag is 0 or
c1 is zero, so we begin by assuming a3 = 0. The 3 x 3 determinant condition, if set
equal to —1, together with the fact we can assume b3 > 0, gives b3 = ¢; = 1 with
co = 2. The case where the 3 x 3 determinant is 1 gives either (b3, c1,¢2) = (2,1,1)
or (1,2,2).

Next, assume ag is nonzero, so that ¢; = 0. We can assume a3z > 0 and then
we see that from the 3 x 3 determinant condition that ascy is 2 or 4. Since we
must have cob3 = 2, we get the following solutions: (ag,bs, o) = (4,1,2), (2,1,2),
(2,2,1), or (1,1,2). The action corresponding to (2, 1,2) is equivalent to the action
in the previous paragraph with (b3, c1,c2) = (1,2,2) and the action corresponding
to (1,1,2) is the same as in the previous paragraph when the 3 x 3 determinant is
-1. This completes the case where azc; = 0.

So, we now assume azc; = 2 and cab3 = 0. Assume further the ¢ = 0. Then the
3 x 3 determinant, if -1, gives (ag, b3, ¢1) = (2,1,1). If the 3 x 3 determinant if 1,
then we get (as, bs,c1) = (2,2,1) or (1, 1,2), but this last action is equivalent to the
action with (ag, as, by, b3, c1,c2) = (2,0,1,2,1,1) we say previously. This completes
the case when ¢y = 0.

We now assume ¢y # 0, so that b3 = 0. As above, we get (as,c1,c2) = (2,1,1)

or (1,2,2) (if the 3 x 3 determinant is —1) and we get (2,1,2) or (1,2,1) if the 3 x
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3 determinant is 1, but these are all equivalent to previous actions on our list. This
completes the case where precisely one of the 2 x 2 determinants is 1.

We now assume that precisely two of the 2 x 2 determinants are 1. We are
still assuming without loss of generality that as = 2 and by = 1. Thus, we have
agcy = coby = 0. We break into 4 cases depending on which of the variables are 0.

If as = ¢o = 0, then the 3 x 3 determinant condition shows ¢1b3 = 0 or ¢;b3 = 1.
If c1b3 = 0, then we see that ¢; = 0 and b3 is free or vice versa. These two infinite
family will fit into larger infinitely families later. The case c;b3 = 1 gives a new
action.

If a3 = b3 = 0, then the 3 x 3 determinant is —1 automatically. This gives our
first family, with ¢; and ¢y free.

If ¢; = ¢5 = 0, then the determinant is —1 automatically. This gives our second
family, with az and b3 free.

If ¢y = b3 = 0, then the 3 x 3 determinant condition forces azco = 0 or 2. If it’s
0, we're back in one of the 2 previous cases, so we may as well assume it’s 2. This
gives (as, c2) = (1,2) or (2,1). This concludes the case that precisely 2 of the 2 x 2
determinants are 1.

Finally, assume all 3 2 x 2 determinants are 1. We may assume without loss of
generality that as = 0. We also have azc; = cob3 = 0. Further, assume the 3 x 3
determinant is 1. This implies either as = 0 or byco = ¢;. Assuming that az = 0, we

see that b3 = 0 or ¢o = 0, with everything else free. It turns out that either choice
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gives an equivalent action, our third family.

Assume now that ag # 0, so ¢; = 0. So, bjce = 0 (and we still have cobs = 0), so
either co = 0 with b; and b3 are free or both b; = b3 = 0 with ¢, free. In any case,
this is subsumed under the third family.

Finally, we assume the 3 x 3 determinant it —1. This automatically implies
az # 0 so ¢; = 0 and that azbjco = —2, which implies ¢ # 0 so b3 = 0. Since
we can assume without loss of generality that ag > 0, this leaves only (a3, by, c2) =
(2,1,-1), (2,-1,1), (1,2,-1), (1,-2,1), (1,1,-2), or (1,—1,2), but these are all
equivalent to (as, as, by, b3, c1,¢2) = (0,2,1,0,0,—1).

]

For computing cohomology, we must write down a corresponding biquotient

action giving any of these matrices. The correct action is defined by a map
T3 — (8% x S x 9%) x (8% x S* x $%)
and is given by sending (u,v,w) to
((ul—i—al Uagwa37 ubl’l}1+b2wb3, uct U02w1+03)7 (ual_lva2w“3, ubl ,sz—lwbgg’ uty©? wcg—l)) )

While this embedding will be 1-1, the induced action may not be effective, so we’ll
use the usual trick of finding a new action with the same orbits which is effective.
Following the usual techniques for computing cohomology rings and character-

istic classes in this setting, we see
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Proposition 5.3.19. For the action corresponding to |1 1 0|, the quotient,

C1 C2 1
G/JU naturally has the structure of an S* bundle over (Cjﬂjj(CPQ. The cohomology

ring is H*(G)JU) = Zu,v,w]/u? = —2uv,v® = —vu,w? = —cjuw — cyvw with

u| = [v| = |w| = 2 and the characteristic classes are p; = (2cico — 6 — 2¢? — c2)uv,
16

wy = (1+ c)u? + cov?, and wy = cyuv?.

12&3

For the action corresponding to |1 1 b, |, the quotient G /U naturally has the

0 0 1
structure of an CP24CP? bundle over S%. The cohomology ring is H*(G)U) =

Zlu,v,w|/u* = —2uv — aguw,v? = —vu — byvw, w* = 0 with |u| = |v| = |w| = 2.
The characteristic classes are py = —6uv + (4dag — 4bs)vw + (2bs — az)uw, wy =

(az + b3)w? + u? and wy = as.

For the action corresponding to |, 1 0|, the quotient G /U naturally has

C1 621

two bundle structures: it is an S? bundle over either S x S? or CP2 — CP?,
depending on the parity of by and it is a bundle over S* with fiber either S* x S? or
CP?t — CP?, depending on the parity of ca. The cohomology ring is H*(GJU) =
Zlu,v,w]/u?> = 0,0v? = —byvu,w? = —ciuw — cpuw with |u| = |v| = |Jw| = 2.
The characteristic classes are py = co(2¢1 — coby)uv, wy = (by + c1)u? + cov?, and
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Wy = bycouv?.

The rest of the actions give the following cohomology rings and characteristic

classes. All cohomology rings are isomorphic to Zlu,v,w]/relations where |u| =

o] = [w]

(ag, as, by, bz, c1, o) u? = v? = w?=
(2,2,1,2,1,1) uw 2uv vw
(2,0,1,1,1,2) —2uw —vu —vw | —wu — 20w
(2,0,1,2,1,1) —2uv | —ovu— 20w | —wu —wv
(2,0,1,1,2,2) —2uw | —2vu — 2vw wu + wv
(2,4,1,2,0,1) —uw | —4vu — 20w | —2uw — vw
(2,2,1,2,0,1) | —2uv — 2uw | —vu — 20w —wv
(2,2,1,1,1,0) | —2uv — 2uw —vu — VW —wu
(2,2,1,2,1,0) | —2uv — 2uw | —2vw —vu —wu
(2,0,1,1,1,0) —uw —vu — VW —2vw
(2,2,1,0,0,1) —uw | —2vu — 20w —wv
(2,1,1,0,0,2) —2uw | —v(2w + u) —wv

(0,2,1,0,0,—1) —2uw —ou vw

Table 5.2: The relations in the cohomology rings of the sporadic (S? x S®

x S3) T3

We first handle the sporadic rings, then the families to figure out when two are

isomorphic.
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(a27a37blab3a61702) P1 w1 W2

(2,2,1,2,1,1) duw + 2uv +vw | V2 +w? | viw?
—3uv — 10vw + vw w* | uw

(2,0,1,1,1,2) 8 10 2 2w?
(2,0,1,2,1,1) —Tuv — l4ow | v* +w? | v*w?
(2,0,1,1,2,2) 10wu + 10wv | u? +v? | u?0?
(2,4,1,2,0,1) —lduw — Tow | v? +w? | v*w?
uw — (uv — 10vw | v*+wv u“v

(2,2,1,2,0, 1) 2 7 10 2 2 22
—3uv + dvw — (wu w u“w

(2,2,1,1,1,0) 8 4 7 2 2w?
(2, 2,1,2,1, 0) —8wu — 8uv 0 0
—8vw — 4uv + vw u® | wu

(2,0,1,1,1,0) 8 4 2 2y
uw — 2uv — vw | v+ w VW

(2,2,1,0,0,1) | 4 2 7 2 L w? | v?w?
—10vw 4+ 2uvw —uv | v+ v u“v

(2,1,1,0,0, 2) 10 2 2 2 22
— rw — 20w —vu | U+ u“v
(0,2,1,0,0, 1) 4 2 2 2 202
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Table 5.3: The characteristic classes of the sporadic (S x S x S3) /T3

Proposition 5.3.20. The sporadic rings break into Stiefel-Whitney class preserv-
ing isomorphism classes as follows: (2,2,1,2,1,1), (2,0,1,1,1,2), (2,2,1,2,0,1),
(2,2,1,1,1,0), (2,0,1,1,1,0), (2,2,1,0,0,1), (2,1,1,0,0,2), and (0,2,1,0,0,—1)
are mutually isomorphic and likewise the rings corresponding to (2,0,1,2,1,1) and
(2,4,1,2,0,1) are isomorphic. These two types of rings together with the 2 remain-

ing rings are all mutually distinct, and hence the 12 sporadic biquotients break into




at least 4 homotopy types. All of these isomorphisms can be chosen to preserve
the Pontryagin classes, so, by Jupp [17], Zubr [34], and Wall [31], the 12 sporadic

examples actually separate into precisely 4 diffeomorphism types.

Proof. For definiteness, for (2,2,1,2,1,1), we use the cohomology ring
H*(GJU) = Zlu, v, w]/u* = wv,v* = vw,w? = 2uw

with p = 1 4+ 4uv + 2uw + vw and w = 1 + (v + w) + vw with |u| = |v| = |w| = 2.
This is the same as the first entry in the previous table, except we have swapped v
and w.

Now, the cohomology ring corresponding to (2,0,1,1,1,2) is
H*(GJU) = Z]u, v, w]/u* = —2uv,v* = —vu — vw, w* = —wu — 20w

with p =1 — 8vu — 10vw + uw and w = 1 + w + ww. Swapping v and w gives the
new cohomology ring H* = Z[u, v, w]/u* = —uw — 2vu, v* = —vu —vw, w? = —2wv

with p =1 — 8vw — 10vu + vw and w = 1 + u + uw.

We now set w’ = w + 2v v/ = u+ w' and use as a basis for H? {u/,v,w'}. (This

1 00

is possible since the transition matrix from {u,v,w} to {v/,v,w'} is |92 1 9

1 01
which has determinant 1. Then we have H*(GJU) = Z[u,v, w']/u? = v/'w/,v? =

v, w? = 2w'v with p = 1+ 4u'v + 20w’ + u'w’ and w = 1+ (v +w') + v'w’, which

is clearly isomorphic to the ring for (2,2,1,2,1,1).
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For (2,2,1,2,0,1), the argument is analogous - first swap u and w, then set

v =wu-+vand w = 2u +w. For (2,2,1,1,1,0), swap u and w, set v’ = u + w,

v' = u' + v, and then swap v and v'. For (2,0,1,1,1,0, send w to —w then set
v’ = w — u and finally swap v’ and v. For (2,2,1,0,0,1), swap v and w, send v to
—v and set v’ =v—wu. For (2,1,1,0,0,2), swap v and w, set w’ = 2u+w, and then
send v to —v. Finally, for (0,2,1,0,0,—1), swap v and w and send w to —w.

To see (2,0,1,2,1,1) and (2,4,1,2,0,1) are isomorphic, we find nice forms for
both. For (2,0,1,2,1,1), swap u and w, set w' = w + 2u and then set v/ =

v+ w.

Once these changes are made we get the cohomology ring H*(GJU) =
Zlu, v, w')Ju? = w',v? = v'w,w? = 2w'v with p; = Tw'v' and w = 1+ v + w? +
v?w™. For (2,4,1,2,0,1), swap v and w, set w’ = 2u + w, and change v to —v to
get the same cohomology ring and characteristic classes.

Finally, we’ll show these four classes are different. First, the biquotient corre-
sponding to (2,0, 1,1, 2,2) must be different from the others because reduction mod
2 of the ring those the (linear) squaring map H?(B)/U;Z/2Z) — H*(B)U;Z/27Z)
has 2 dimensional kernel, while for the other examples it’s one dimensional. Second,
the example corresponding to (2,2,1,2,1,0) has a trivial Stiefel-Whitney class, so
it’s different from the other examples.

This leaves only distinguishing the first type, corresponding to (2,2,1,2,1,1)
and (2,0,1,2,1,1). Notice that in the second example, there are generators v and

w of H? so that v? = 2w? 1 claim there are no pair of generators in the first
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example with this property.

So, in the first ring, consider the two elements = au + bv 4+ cw and y =
du + ev + ew. Such that z2 = 2y?. I claim that this implies @ = b = ¢ mod 2,
so that z is not a generator. To see this, notice that equating the uv, vw and vw

terms in the equation x? = 2y? gives

2ab +a® = 4de + 2d* (5.3.4)
2ac + 2% = 4df + 4f? (5.3.5)
2bc +b* = def + 2¢ (5.3.6)

The first and third equations, mod 2, imply a and b are both even. Reduction

mod 4 of the second equation implies ¢ is even. O

We now attempt to understand the families of biquotients.

To that end, let R(cy,cy) denote the cohomology ring of the biquotient corre-

1 20 1 2 as

spondingto | 1 1 . Let S(as,b3) denote the ring corresponding to {1 1 p,

cp ¢y 1 0 0 1

and let T'(by, c1, ¢z) correspond to [, 1 0f-

C1 021

Proposition 5.3.21. Then none of the T' rings are isomorphic to any of the R or
S rings. An R ring is isomorphic to an S ring only in the case of R(0,0) = 5(0,0).
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Proof. We count the number of lines of elements in H? which square to 0. In
R(cy,¢3), we see that 0 = (au+bv+cw)? implies 0 = 2ab—2a* —b? = —a® — (a—b)?,
so that clearly a = b = 0. But then (cw)? = 0 iff ¢; = ¢y = 0, so, generically, there
are no nonzero elements in H? which square to 0 for R(cy, ¢3).

Likewise, for S(as,b3), we find that 0 = (au + bv + cw)? implies a = b = 0, but
in this case (cw)? = 0, so we have precisely one line’s worth.

Finally, for the ring T'(by, 1, ¢3), we have that v? = 0 and (bju + 2v)? = 0, so

the line through (b;,2) gives another set of solutions.

We’ll now focus on each family one at a time.

Proposition 5.3.22. Two rings R(cy,cz) and R(dy,ds) are isomorphic iff ¢3 +c3 =
d? + d3 and ¢, = dy mod 2. In this case, an isomorphism can be chosen taking

characteristic classes to characteristic classes.

Proof. We begin by substituting «’ = u + v. In this basis, we see that u”> = v? and
w'v = 0, just as in the cohomology ring for CP24CP?. In this basis, we see that
pr=06+c+ (1 —c)*)v>and w=1+ (1 +c)u' + (1 + (c; — c2))v + cov®. From
here on we abuse notation and write u for u’.

Next, note that if f : R(dy,d2) — R(c1,c2) is an isomorphism, then we can
define f solely in terms of the image of u, v, and w. Hence, we’ll think about the
isomorphism problem as finding a new basis of H*(G J/U) satisfying the same kind
of relations.
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I claim that in any basis {a, 8,7} of the degree 2 portion of R(cy,cs) such that
a? = 32 and af = 1 must be, up to changing the sign of the elements, of the form
u, v, ku + v + w.

To see this, we first write &« = au + bv + cw and f = du + ev + fw. Looking
at the v? component of a? = 32, we see that a? + b* = d? + €. Looking at the v?
component of aff = 0, we see that ad + be = 0.

We claim that these two facts together imply that |a| = |e| and |b] = |d| and
that, without loss of generality, that a,b > 0 and de < 0. First note that if e = 0,
then we see that ad = 0 and a? + b? = d?. If a = 0, then b? = d? as claimed, and if
d=0,then a®> 4+ 0> =0soa=0b=0.

Next, assuming e # 0, so b = —ad/e. Plugging this into a® + b* = d? + €?
and rearranging gives a® — e? = d*(1 — a?/e?). Multiplying both sides by e? gives
e?(a? — €?) = d*(e? — a?). Since there is an a® — e* on one side but a e? — a? on the
other, this shows that both sides must be 0, so that a®> = €2, which, together with
ad + be = 0 shows b* = d?.

Now, it follows from ad + be = 0 that a and e have the same sign iff b and
d don’t. Hence, by swapping « and  and replacing o with —«, we may assume
a,b >0 and de < 0.

We now show the coefficients ¢ and f must both be 0. As a first step, notice
that by inspecting the uw and vw parts of aff = 0, we see that ¢ =0 iff f = 0.

Now assume for a contradiction that f # 0 (and therefore that ¢ # 0. Let p

139



be any prime and suppose p*|f. Looking at the uw and vw components of a3 = 0
mod p* shows p¥|(cd, ce) so p¥le(d, ). Now, if p|(d, e), then p|(d, e, f) contradicting
the fact that 3 is a basis element, so p*|c. Doing this for all primes shows f|c.
Repeating the argument the other way shows c|f so ¢ = £+ f.

Assuming ¢ = f and, say, d < 0, we look at the uw part of o = 3? and see
that a = d. But since a > 0 > d we conclude a = d = b = e = 0. But this says «
and 8 are both multiples of w, so they can’t both be elements of a basis. Likewise,
if c = —f and, say, d > 0, we use the same uw part. This contradiction implies
f=c=0.

Now, a necessary condition for & = au + bv and § = (du + ev) to be part of a
basis is that ae — db = 1. Notice that since de < 0 and both a,b > 0, we see that
both ae and —db have the same sign. But the only way to integers with the same
sign can add up to +1 is if one is 0 and the other is +1. This implies that up to
reordering and multiplying by —1, that a = u and § = v.

As this point, we must have v = ku + lv + w. We wish to know when 7? =
Y(—=dyu + (dy — da)v).

This in turn gives us three equations:

B+ = k(=d)+1(d —do) (5.3.7)
20 + (Cl — Cg) = dl — dg (538)
2k — i = = —dl (539)
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We first note that the third equation shows that ¢; and d; must have the same
parity. Further, assuming we have a solution, by squaring the second and third
equations and adding the together and using the first equation, we see that ¢? +
(c1 — ¢2)? = d? + (dy — dy)?, showing that this is necessary.

To see its sufficient, suppose ¢+ (c; —co)? = d3+(d; —d)?* and ¢; and d; have the
same parity. Define k = (¢; —d;)/2, an integer and define [ = [(dy —d3) — (c1—¢2)]/2.
So, by definition, the second and third equations are satisfies. It is easy to verify
that this also solves the first equation.

It’s also easy to see that the map defined by this basis takes characteristic classes

to characteristic classes. O

Proposition 5.3.23. The ring S(as,bs) is isomorphic to S(a%,by) iff we have
(a3, 05) € {(—as, —bs), (az — 2b3, —b3), (—as, b3 — as), (a3 — 2bz, a3 — b3)}. In any
case, the isomorphism can be chosen to take characteristic classes to characteristic

classes.

Proof. As in the previous case, we study the isomorphism problem as a problem
in finding a new basis. We have already proved that w is uniquely characterized
(up to multiple) by the fact that w? = 0. Hence, any basis must be of the form
{a, B,w}. We seek conditions on o = au + bv 4+ cw and = du + ev + fw so that
a? = —2af — dyaw and B = —aff — bypw.

To that end, consider the map f : H*(GJU) — Z where we send z to z’w.

Note that if * = au + bv + cw, then z?w = [2*],,w = (2ab — 2b* — a*)uvw =
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—(b*+(b—a)?)uvw. The relations we are asking o and 3 to satisfy imply f(a) = f(u)
and f(B) = f(v). But f(v) = —1, so we must have f(3) = —1. If § = du+ev+ fw,
then we must have d* + (d — e)? = 1, i.e, either d = 0 and d — e = +1 or d = e and
d = +1. Likewise, —2 = f(u) = f(«) implies that b*> = £1 and (b — a)? = +1.

All this together implies that, up to changing signs, the change of basis matrix

must look like one of the 4 following matrices

01 fl-]01 f|-|1 1 fl.and|1 1 ¥

We'll analyze each of the 4 individually to find further restrictions on a and d.

1 0 ¢

First, consider the case where the change of basis is given as [ 1 fl-

0 0 1

We claim that in this case, in order to o and 3 to satisfy the right relations we

must have ¢ = f = 0.
For, if o® = a(—28 — ajw), then inspecting the vw component gives 0 = —2c,
so ¢ = 0. A similar argument shows f = 0.

In particular, this change of basis matrix must be the identity.

We now focus on the second change of basis matrix (which only gives the new

1 2 ¢

basis elements up to sign), (g 1 fl- Ifa=u+2v+cwand g =v+ fw, then
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we cannot have a? = —2af8 — ayaw for any aj. To see this, inspect the uv term

of each side. For a2, the uv coefficient is —2, but for any aj, the uv coefficient is
2. This implies that we must use § = —v — fw (changing « to —«a will lead to the
same isomorphisms).

Establishing this, it’s not too hard to check that the only simultaneous solutions
to a? = —a(28 + djw) and % = —B(a + byw) are when f =0, ¢ = —az, a = —ag
and by = ag — bs. Hence, this matrix determines an isomorphism between S(as, b3)
and S(—ag,az — b3). It’s easy to see that this isomorphism takes characteristic

classes to characteristic classes.

Now, consider the third change of basis matrix, |1 1 f|. Justasin the second

0 01

case, we find that we must replace 3 with —3. Carrying through the similar analysis

as in the second case, we learn that S(as, b3) is isomorphic to S(az — 2b3, —b3) by
an isomorphism taking characteristic classes to characteristic classes.

This leaves us the final change of basis matrix, giving @ = u + 2v 4+ cw and
b =u+v+ fw. As in the previous two cases, we must use —f instead of [ in the
basis. Doing the same analysis shows S(as, b3) is isomorphic to S(ag — 2bs, ag — bs)
via a characteristic class preserving isomorphism.

Thus, we have shown that S(as, b3) = S(ag — 2b3, —b3) = S(—a3, b3 — az) =
S(as — 2bs, a3 — b3) via characteristic class preserving isomorphisms. Further, by

simultaneously replacing o with —a and g with —f, or by replacing w with —w,
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we also see that S(ag,bs) = S(—as, —b3) vis a characteristic class preserving map.
Further, it follows from our analysis that for a given ring S(ag, bs), these are all the
rings in the S family which it can be isomorphic to.

O

Proposition 5.3.24. In the T series of rings, the rings with p; = 0 are not iso-
morphic to the ones with py # 0. Those with py = 0 break into precisely 3 homo-
topy/diffeomorphism classes, each of which is realized by an example with co = 0.

Every ring of the form T'(by, c1, c3) is isomorphic to T(e,c1 — c3|b1/2], c3) where
e =0 or 1 via a characteristic class preserving isomorphism. No ring with e = 0 is
1somorphic with any ring with € = 1, except possibly in the case of p1 = 0.

Further, we have T(0,cy,co) = T(0,dy,ds) iff c1ca = didy and up to reordering,
c1 = dy mod 2 and ¢y = dy mod 2. In this case, the isomorphism can be chosen to
take characteristic classes to characteristic classes.

Finally, we have T'(1, ¢y, ¢o) = T(1,dy, ds) iff the first Pontryagin classes are the

same multiple of uv and, up to reordering ¢y = dy and co = dy mod 2.

Proof. To see that the rings with p; = 0 are not isomorphic to those with p; # 0,
we count lines which square to 0 in H2. Of course, all the rings share the fact that
u? = 0, so we ignore that one. We claim that when p; = 0, there are precisely 3
lines in H? which square to 0, while when p; # 0, there are precisely 2.

If p1 = c2(2¢1 — c9by) = 0, then either ¢ = 0 or 2¢; — c3by = 0. If ¢o = 0, then

the lines of the form au + bv + cw square to 0 with (a, b, c) = (b1,2,0) or (2¢1,0,2).
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If ¢3 # 0 but 2¢; — ¢ob; = 0, then the lines with (a, b, ¢) = (b1,2,0) or (bycy, 2¢1, 2by)
square to 0. It remains to see that when p; # 0 that there is a unique line which is
not Zu which squares to 0.

So, assume (au + bv + cw)? = 0 with at least one of b and ¢ nonzero. In the case
that b = 0, the vw coefficient tells us c?c, = 0 which implies ¢ = 0, a contradiction.
Hence, we assume b # 0. If ¢ # 0, then the equations we get are 2a = bby, 2b = cco
and 2a = ccy. But by treating this as a linear system in the variables a, b, ¢, we see
that the determinant of the defining matrix is 2¢; — cob; so is nonzero. Hence, there
is a unique solution to this linear system. Since (a,b,c) = (0,0,0) is one solution,
it must be the only one. Thus, we must have ¢ = 0. But then the only equation we
have left is 2a = bby, so that the only line which squares to 0 is (b, 2,0).

Before we handle the case of p; = 0, we prove the second claim - that T'(by, ¢y, ¢2)
is isomorphic to T'(¢,¢; — c2|b1/2], ¢2). The proof is to assume b; = 2k + € and set
v' = ku+v. Then computation shows v"? = —euv = euv’ since u? = 0. It’s also easy
to see that this map sends ¢; to ¢; — ok as claimed and that this map preserves
characteristic classes.

Next, we show that no ring of the form 7'(0, ¢y, c2) is isomorphic to a ring of

the form T'(1, ¢, ¢2), at least when p; # 0. For in this case the isomorphism must

map v and v, up to swapping and multiplying by a —1, to «w and (1,2,0). Then the
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matrix of this transformation is

1 00
1 2 0]
x %

which must be Z invertible, so have determinant 1. But it’s easy to see that
independent of the third row, such a matrix must have determinant divisible by 2.

Now we return to the p; = 0 case. Specifically, we show that there are precisely
3 homotopy and diffeomorphism types of biquotients when ¢, = 0.

If ¢ = 0, we can use the same kind of trick in showing we can assume b; = €
to show that we may assume without loss of generality ¢; = ¢/. The isomorphism
types depend on the parities of both € and ¢/, but when ¢ = 1 and ¢ = 0 or vice
versa, we get the same manifold.

Note that this is expected: when ¢, = 0, G /U has the structure of an S? x 52
bundle over S? with each fiber isometric to the standard product metric on S? x S2.
Then clutching function arguments show we expect these biquotients to fall into at
most 4 diffecomorphism types, depending on the element in 71(SO(3) x SO(3)) =
7.)27.® 7./ 27.. However, in this description, the two bundles corresponding to (1,0)
and (0, 1) are clearly diffeomorphic, but not bundle isomorphic.

We now turn to the case where ¢ # 0 but we still have 2¢; = dep for 6 € {0,1}.
Assume initially that 6 = 0 Then we have ¢; = 0. By making setting co = 2k + ¢’
and setting w’ = ku + w, we get the cohomology ring with u? = 0,2 = 0, and
w? = —d0"uw, which is clearly isomorphic to one with ¢, = 0 and € = € + 1, in a
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way which preserves characteristic classes.

Hence we assume 6 = 1. Thus, we see 2¢; = ¢y, SO ¢o must be even. Express
c1 as ¢ = 2n + v with v € {0,1}. Set w' = (nu + 2nv + w). Then w? =
4An2uv + 4n*0? + dnvw + 2nuw — cruw — 2cvw = —vuw — 2vvw. Again, it is easy
to verify that this isomorphism takes characteristic classes to characteristic classes.
If v = 0, then the we clearly have another example which previously arose when
¢y = 0. Hence, assume v = 1. In this case, set ©' = u + 2v so u? = 0 still, but now
we have w? = —u/w. Since this isomorphism also takes characteristic classes, we
see that we just get another of the previous examples with ¢ = 0. This concludes
the case where p; = 0.

So, we now assume p; # 0, so, in particular, there are precisely two lines which
square to 0. Since we have already seen the b; = 0 case is distinct from the case
where b; = 1, we break into cases. Assume initially that b; = 0.

Since the only primitive elements which square to 0 are v and v, any ring isomor-
phism of T°(0, ¢y, ) and T'(0,dy, dy) must send v and v to themselves, up to sign
and swapping them. Hence, the isomorphism must also send w to au + bv + w,
again up to sign. We seek conditions on a and b so that (au + bv + w)? =
(au + bv + cw)(—dyu — dyv). It’s easy to see that this condition is equivalent to
solving 2ab = acs + bey in which case we'll get that (dy,ds) = (¢1 — 2a, ¢y — 2b) are
allowable and no others are.

We claim that this equation is satisfied iff d; = ¢; mod 2, dy = ¢, mod 2, and
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didy = cico. First, assuming the equation is satisfied. So, dy = ¢; — 2a so d; = ¢
mod 2, and likewise for do = ¢5. Then note that didy = (¢; — 2a)(co — 2b) =
c1Co + 2(2ab — acy — bey) = ¢pco.

Conversely, Assuming d; = ¢; and dy = ¢y, both mod 2, and that dids = cyco,
it’s easy to see that defining a = (¢; — dy)/2 and b = (ca — ds)/2 gives a solution.

Of course, swapping u and v corresponds to swapping c; and cy. It follows
that in the case where by = 0, that T'(0, ¢y, ¢2) is isomorphic to T'(0,d;, ds) via a
characteristic class preserving map iff ¢;co = dids and either ¢; = d; and ¢y = ds or

c1 = dy and ¢y = dy, all mod 2.

We finally come to the case where by = 1. We first change basis to v’ = (u + v),
so the relations are 2 = —v? and v/v = 0 and w? = —ciwu’ — (cy — ¢;)vw. We'll
abuse notation and write u for u/'.

We claim that u and v are uniquely characterized (up to swapping and sign
changes) by this property.

For, assume o = au + bv + cw and 8 = du + ev + fw with o? + 32 = af = 0.
Assume without loss of generality that a # 0 (if a = d == 0, then the v? coefficient
of o + 8% shows b = ¢ = 0, so a and 3 would be dependent). Then, comparing
the v? of 0 = a3, we get that d = be/a. Plugging this into the v? coefficient of
a? + 32 = 0 and rearranging, we find that a?(b* — a?) = €*(b* — a?) so that either
la| = |b] or |a| = |e|]. We may assume without loss of generality that a > 0 and

d > 0 and hence that be > 0.
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Notice that if ¢ = 0 and f # 0, then by looking at the vw and uw components
of aff = 0, we conclude that a = b = 0 so a = 0, contradicting the fact that « is in
a basis. Hence ¢ = 0 iff f = 0.

We assume for a contradiction that ¢ and f are both nonzero. By inspecting
the uw and vw components of a8 = 0 mod p* where p*||f, we see that f|c and
reversing the argument, that ¢|f so that ¢ = £f. We now show that either choice
contradicts the fact that p; # 0.

Assume for now that |a| = |b| with both @ > 0 and b > 0 and that ¢ = +f.

2c1 = *(cg — 1) 80O

Setting the vw and uw coefficients of a? + 32 = 0 equal gives c
2¢1 = co, contradicting p; # 0.

If instead a > 0 but b < 0, we compare the vw and the negative of the uw
coefficients of o 4+ 32 = 0 and get a similar contradiction.

Thus, we can assume |a| = |e| and |b] = |d|. A similar argument, sometimes
using the uw and vw coefficients of aff = 0 gives the same contradiction to all the
cases c =+ f and b > 0 or b < 0. Thus, we conclude that ¢ = f = 0. Now the fact
that o and [ are part of a basis implies ae — bd = £1.

Assume |a| = |b| and b # 0. Then the equation ae — bd = +£1, taken mod b
gives a contradiction, so either b = 0 or |a| # |b|. If b = 0 but |a| = |b], then
this implies |a| = 0, so @ = 0, a contradiction. Hence, we have |a| # |b|, so that
la] = |e| and |b] = |d|. Thus we get a* +b* = £1. If it’s a® + b* = +1, then we

must have b = d = 0. If it’s a®> — b = &1, then we have (a — b)(a + b) = *1
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so that a — b = +1 and a + b = %1 so that either a = 0 (which can’t happen by
assumption) or b = d = 0. Of course, if b = 0, then ad = +1 shows both a and d
are +1, establishing the claim.

Thus, an isomorphism must, up to order and sign, send «’ to v’ and v to v. The
third basis element v = au + bv + w satisfies the relation v? = —y(dyu + dov) iff
di = c¢1 —2a, dy = ¢y — 2b, and b? — a? = dya — dyb. Tt’s easy to see that this implies
di = ¢; mod 2 and dy = ¢; mod 2 and that di — d2 = ¢? — ¢2. Further, this is
sufficient: by setting a = (¢; — dy)/2 and b = (¢3 — dy)/2, one easily sees that this
choice of a and b satisfies b*> — a? = dyja — dyb. Finally, it’s easy to check that this
isomorphism will send characteristic classes to characteristic classes.

Translating back into the rings T'(1, ¢y, ¢ and T(1,d;,dy) are isomorphic iff
c2(2¢1 — ¢2) = do(2dy — dy) and either ¢; = dy and ¢3 = dy or ¢ = dy and ¢y = dy

mod 2. O
Finally, we have

Proposition 5.3.25. All S? bundles over S? x S? or either of CP*t £ CP? where

the structure group reduces to S' are biquotients.

Proof. Dold and Whitney [8] have shown that a principal SO(3) bundle P — M*
over a compact simply connected 4 manifold are classified by their second Stiefel-
Whitney class wy = wo(P) and the first Pontryagin class p; = pi(P). Here, if we
let e = e(P) denote the Euler class, then wy can take on any value, but p; must be
congruent to e mod 4, where e reduced mod 2 gives ws.
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The case where the structure group reduces to an S is precisely the case where
p = €2

Now, let M = S? x S? or CP?# & CP2. In this case, the Gysin sequence for any
S? bundle over M* with total space E implies that the map 7* : H*(M) — H*(E)
is injective onto a summand of H%(E). Since, with the exception of the p; = 0 case
of the T' family of rings, we found essentially unique generators v and v so that,
e.g. u> =v?and uwv = 0 or u? = v? = 0, or u? = —v? and uv = 0, it follows that
these Z subspaces are the image of H2(F) under 7*.

Now, we use the usual trick: given a bundle S? — E — M, we can write
TEQK = (R> - E — M) @ m*(R* = TM — M) which allows us to express
the characteristic classes of the bundle in terms of the characteristic classes of the
tangent bundles of M* and E.

For example, when M = CP?$CP?, we are in the case of the R family. In
the basis v/ = (u + v) and v, we have v'v = 0 and u? = v?, so this is the image
of H? under m*. In this basis, we have p(GJU) = (6 + ¢ + (¢; — ¢2)?)v? and
wy = u' + v+ cu + (¢; — e)v. Tt is well known that p;(CP?#CP?) = 6v? and
wo(CP*CP?) = u' + v. Hence, we find that p;(S* — GJU — CP*CP?) =
A+ (¢ — )% and wy(S? — GJU — CP*CP?) = cyu/ + (¢1 — o).

Now, we just note that if e = au’4bv and e restricts to ws, then p; = €2 = a?+b?

and we clearly get all of these.

The same reasoning applies for S? bundles over S? x S?, coming from the T
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rings with b; = 0. Recalling that p;(S? x S5?) = 0 and wy(S? x S§%) = 0, we see
that m*p; (5% — GJU — S? x S?) = p;(G/U) and likewise for replacing wy with p;.
Notice that when b; = 0, we have p; = 2¢;co, which is precisely what the square of
(c1u + cov) is.

The same reasoning also applies for S? bundles over CP?$ — CP?, coming from
the T rings with b; = 0. Recalling that p;(CP*f—CP?) = 0 and wo(CP*4—CP?) =
v + v, and using the basis ' = u + v and v, we find that p;(S* — GJU —
CP?* — CP?) = 2cicg — ¢ = ¢} — (c1 — 2)? and likewise, that wy(S?* — GJU —

CP?*f — CP?) = 1t + (c1 — co). O

5.4 7 Dimensional biquotients

We begin with the 2-connected biquotients.
In this section, we tabulate all the biquotients with rational homotopy groups

that of S7.

Proposition 5.4.1. For G = SU(4) and U = SU(3), the only biquotient is the

homogeneous space SU(4)/SU(3) = S7.

Proof. The point is that SU(3) has precisely two 4-dimensional representations,
I'o@® oo and I'gy & Tgp. Here, I'; ; denotes the unique representation of SU(3)
with highest weight vector....how does this notation work again? In any case, the

representation I'g ; is the complex conjugate representation to I'; o, so it’s easy to see
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that these two representations can’t be used to create a free biquotient action. [

Proposition 5.4.2. If G = Sp(2) and U = Sp(1), then there are several homoge-

neous spaces and precisely one biquotient, the Gromoll-Meyer Sphere.

Proof. Sp(1) embeds into Sp(2) in 3 ways. We have p — diag(p, 1), p — diag(p, p),
and an embedding induced from the unique 4-dimensional irreducible representation
of Sp(1). (The embedding given by Sp(1) = SU(2) C Sp(2) is conjugate to p —
diag(p, p)). The weights are (A, 1), (A, X), and (A, A3) respectively. Two matrices in
Sp(2) are conjugate iff after conjugating them to diag(e', e’*), they have the same
eigenvalues up to order and complex conjugation.

We now check the freeness condition.

If the left action is determined by the unique irreducible 4-dimensional repre-
sentation, and the right action is nontrivial, then the action will not be free. For,
if the right hand side comes from the embedding diag(p, 1), then if A is a nontrivial
3rd root of unity, then the two sides have eigenvalues (), 1) and (A, 1), and hence we
get a noncentral conjugacy. If, on the other hand, the right action comes from the
embedding diag(p, p), then for A = ¢, we get diag(i, —i) on the left and diag(i, 1),
and these give a noncentral conjugacy.

Hence, there are no nonhomogeneous biquotients which use the irreducible 4-
dimensional representation of Sp(1). For nonhomogeneous biquotients, this only
leaves choosing the two embeddings diag(p, p) and diag(p, 1), giving the Gromoll-

Meyer Sphere.
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]

Proposition 5.4.3. For G = Spin(7) and U = G, the only biquotient is the
homogeneous space Spin(7)/Gy = ST. For G = Spin(8) and U = Spin(7), there

are two embeddings, but all biquotients are homogeneous and give quotient S”.

Proof. There is a unique embedding of G5 into Spin(7). The two embeddings of
Spin(7) into Spin(8) are given by the lift of the block embedding of SO(7) into
SO(8) and the spin representation of Spin(7). The weights of the spin repre-
sentation are A\, v, n, Avn and their complex conjugates. For the lift of the block
embedding, the weights are 1, i, 8, p and their complex conjugates. Given A\ and v,
choose 7 = Av and set = )\, @ = v and p = 1) to get a conjugacy.

Finally, for the lift of the block embedding, we naturally have Spin(8)/Spin(7) =
SO(8)/SO(7) = S”. For the spin representation, the triality automorphisms of
Spin(8) map each of the Spin(7)s into each other, so the triality automorphism
defines a diffeomorphism between S” = Spin(8)/Spin(7) and Spin(8)/Spin(7)spin-

O

Proposition 5.4.4. For G = SU(4) x SU(2) and U = SU(3) x SU(2), G =
Sp(2)x SU(2) and U = SU(2)x SU(2), G = Spin(7)x SU(2) and U = G x SU(2),
and G = Spin(8) x SU(2) and U = Spin(7) x SU(2) all the biquotient actions are
equivalent to ST X gy(2) xS

If G = Spin(7) x SU(3) and U = Gy x SU(3), G = Spin(8) x SU(3) and
U = Spin(7) x SU(3), and G = Spin(8) x SU(2) and U = G5 x Sp(2), there are
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no biquotient actions.

Proof. For any of the positive statements, the point is that the simple factor U’
in U which is not SU(2) cannot act on SU(2) at all and hence must act freely on
the factor of G, G’, which is not SU(2). In every case, by inspection, the quotient
G'/U" = S7. Hence, all the reduce to understanding SU(2) actions on S7 x S as
claimed.

In order to prove the negative statements, first focus on the first two remaining
pairs of groups. The issue is that in order for the either of the first two to give
biquotients, we must have a free action of SU(3) on S7 x SU(3). Since we require
the SU(3) to act nontransitively on the SU(3) factor of G, the SU(3) action on
itself must either be trivial, conjugation, or Ax B = ABA!. In either case, the every
element of SO(3) fixes itself. Thus, in order to have a free action, we’d need SO(3)
to act freely on S”, which we’ve previously shown is impossible.

This leaves us in the case of G = Spin(8) x SU(2) and U = G5 x Sp(2).
As before, the Gy and the Sp(2) both cannot act on SU(2). In order to have a
biquotient action, we'd need G5 x Sp(2) to act freely on Spin(8). If such an action
existed, it would have appeared in our list of 4-dimensional biquotients, so such an

action cannot exist. O

Proposition 5.4.5. There are precisely two biquotients of the form S” X sU(2) S3,
where the SU(2) is not allowed to act transitively on S®. In both actions, the

SU(2) acts freely on the S7, giving the biquotient the structure of an S* bundle over
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St In the first action, SU(2) acts trivially on S3, while in the second, it acts by

conjugation.

Proof. We want to understand SU(2) actions on S7 x S3. There are three possible
actions of SU(2) on itself: the trivial action, left multiplication, and conjugation.
Left multiplication violates the convention that no simple factor of U acts transi-
tively on any simple factor of GG, so this leaves only the trivial action and conjuga-
tion. Since for any element A € SU(2), A fixes A when acting either trivially or
via complex conjugation, we see that in order for SU(2) to act freely on S x S3, it
must act freely on the S7 factor, so it must be the Hopf action there.

The trivial action on SU(2) gives S* x S3. For the other action, projection on
the first factor to S* gives the biquotient the structure of an S* bundle over S*.

Following the usual methods for computing the cohomology ring and character-
istic classes, we easily see that H*(S7 xgs S?) = H*(S? x S%) and p,(GJU) = +4.

According to [16] this biquotient is not homotopy equivalent to S3 x S4. n
This concludes the case of 2-connected biquotients.

Proposition 5.4.6. Suppose M is a biquotient with the same rational homotopy
groups as S* x S5, then we must have G = SU(3) x SU(2) and U = SU(2) x S*.
That is, all the other pairs (G,U) in the table do not lead to any examples. In
the case where we do get a biquotient, it is either diffeomorphic to S° xg S® or
(SU(3)/SO(3)) xs1 S% or has the structure of an S® bundle over CP? where the
structure group does not reduce to a circle.
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Proof. We first show that the other pairs (G,U) do not give rise to biquotients. If
G = SU(3)x SU(3) and U = SU(3) x S!, then there are no free actions because the
only way SU(3) can act freely on SU(3) is via a transitive action. If G = SU(3) x
SU(2) x SU(2) and U = SU(2) x SU(2) x S, then we would need SU(2) x SU(2)
to act on SU(3) freely, but in the classification of 2-manifolds, we ruled this out. If
G = SU(4) x SU(2) x SU(2) and U = Sp(2) x SU(2) x S*, then the Sp(2) can only
act on SU(4) giving quotient S°. Hence, we’d need to find a free action of SU(2) on
S® x SU(2), but the only such free actions occur when SU(2) acts transitively on
itself. If G = SU(3) x SU(3) x SU(2) and U = SU(3) x SU(2) x S*, then we’d need
a nontransitive free action of SU(3) on SU(3) x SU(3), but not such actions exist.
If G=SU(3)% and U = SU(3)? x S', we have the same problem of there being no
nontransitive free action of SU(3) on SU(3)3. Finally, if G = SU(4)x SU(3) x SU(2)
and U = Sp(2) x SU(3) x S!, then again, the Sp(2) can only act on SU(4) giving
quotient S°; so we'd need to find a free SU(3) action on S° x SU(3) x SU(2), but
no such action exists.

This leaves only the case of G = SU(3) x SU(2) and U = SU(2) x S'. The
SU(2) in U cannot act transitively on the SU(2) in GG, so the only possible actions
of SU(2) on SU(2) are conjugation or the trivial action.

We now break into cases, so first assume that the SU(2) in U acts trivially on
the SU(2) in G. In this case, the SU(2) must act freely on SU(3), so the quotient

is either S® of the Wu manifold SU(3)/SO(3). Adding in the circle shows the
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biquotient must look like either S® x g1 S? or (SU(3)/SO(3) x 1 S°.

In the second case, the SU(2) in U acts by conjugation on the SU(2) in G. In
this case the SU(2) in U must act freely on SU(3) and further, the circle can’t act
on SU(2), so it must act on SU(3). This means that we must have a free SU(2) x S*
action on SU(3). Projecting onto the SU(3) factor will then give GJU the structure

of an S? bundle over CP?2. O

We will now analyze each of the three cases which can arise beginning with
SU(3) Xy SU(2), then handling the examples of the form (SU(3)/SO(3)) x g

SU(2), then handling the examples of the form S° x g1 x53.

Proposition 5.4.7. In the case of SU(2) Xg1xsu) SU(3) where SU(2) acts on
SU(2) via conjugation, we get precisely two S* bundles over CP?, whose total spaces
both have euler class 0 and nontrivial second Stiefel-Whitney class, but one has first
Pontryagin class —3z* while the other has first Pontryagin class 5z° where z is the

unique (up to sign) generator of H*(GJJU).

Proof. We have already discussed free actions of S' x SU(2) on SU(3) - there are
precisely 2. One is the homogeneous action and the other is a two sided biquotient
action (whose quotient is still CP?). We’ll use z to denote a generator of H?(CP?).

For computing cohomology and characteristic classes, notice that if we replace
SU(2) x S' with U(2) and then define the U(2) action on SU(2) via conjugation,
we still get the same orbits. We will use this description for computing the charac-
teristic classes.
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Then we find that in either U(2) action on SU(3), that GJU = SU(3) Xy
x SU(2) has cohomology ring H*(GJU) = H*(S* x CP?). Tt follows from the Gysin
sequence for S® — G U — CP3, that the bundle S* — G /U — CP? has euler
class 0.

We also compute that w = 1 for both examples, so we have w(S® — G U —
CP?) =1+ z, which uses the fact that w(CP?) =1+ z + 2°.

However, for the case where U(2) acts on SU(3) only on one side, we have
p1(GJU) = 0 so it follows that p(S® — GJU — CP3) = 1 — 322, which uses the
fact that p; (CP?) = 322

For the case where U(2) acts on SU(3) on both sides, we have p;(GJU) = 8,
from which it follows that p,(S* — G JU — CP3) = 52°.

[]

Proposition 5.4.8. Consider the map f: SO(3) x S' — (SU(3) x SU(2))? given
by f(A, 2) = (A, diag(2%,2%), diag(2®, ¢, 2%), diag(2°,z¢) with b+ c+d = 0 and
ged(a,b,c,d,e) = 1. Then the action is free iff ged(a® — €2, bed) = 1.

When the action is free we’ll have H*(G JU) = Z|z2, v3,y5]/(a* —€*)z? = 0,20 =
v2 =0,y = 0 where the subscripts denote the degree. The first Pontryagin class is
4a®> € H* =7/ (a* — €*)Z.

We also have H*(G))U;Z/27) = Z)2Z[ug, va, uz)/uz = ui = vs = 0. In this

basis we have w(GJU) = 1+ ug + us.

Proof. We begin by analyzing freeness. If we pick a z value so that 2¢%¢ = 20 =1
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then we can always pick an element in SO(3) which gives a conjugacy. In order
for the action to be effectively free we require that in the case that z¢%¢ = 20 =1
that 2 = 2¢ = 41 and 2¢ = 2z = 1. This is equivalent to requiring ged(a =
eb)|ged(c, d, 2a, 2e,a — b). Doing this for 29%¢ = 2¢ = 1 and 29%¢ = ¢ = 1, we learn
that ged(a + e, ¢)|ged(b, d, 2a,2e,a — b) and ged(a + e, d)|ged(b, ¢, 2a,2e,a — €).

It’s easy to see that these six ged conditions are also sufficient to give a free
action. We now turn the ged conditions into a more suitable form.

Suppose p > 2 is prime and suppose that p|(a £ e, b) for some fixed choice of
sign. Then p|(c,d,a — e,2a,2e). But since p > 2 we have p|2a iff p|a and likewise
for e. Hence this p divides ged(a, b, ¢, d, e) a contradiction.

If we also suppose 4|(a=e, b)for some fixed choice of sign, then the same reasoning
shows 2|gcd(a, b, ¢, d, e) giving a contradiction.

Hence we know all six of ged(a+e,b) ged(a+e,c) and ged(a £ e, d) are either 1
or 2. Further assume one is 2. Then 2|a & e for some choice of signs so 2|a + e for
all choices of signs. Further, by the freeness condition, if 2|ged(a £ €,b), then 2|c, d.
It follow that if one of the six is 2, then all 6 are.

Finally, we claim that 2 cannot occur for suppose 2 divides one, and hence all
of them. It follows that b, ¢, and d are even, so we must have a = e = 1 mod 2.
We now look mod 4. Since b+ ¢+ d = 0, we cannot have all of them congruent to
2 mod 4 so one of them, say b, is congruent to 0 mod 4. Since a and e are odd,

either a + e or a — e is congruent to 0 mod 4. Supposing it’s, say, the first, then we
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have 4|(a + e, b), a contradiction.

Thus, we have a free action iff ged(a £ e,b) = ged(a £ e,c) = ged(a £ e,d) =
1. Note that this is equivalent to ged(a? — €%,bed) = 1, for if a prime p divides
ged(a® — €%, bed), then it divides, say, ged(a — e, b), a contradiction and conversely,
if a prime divides, say, gcd(a — e, b), then the prime clearly divides ged(a® — €2, bed).

Of course, if one of a or e is 0 then the condition is automatically satisfied
(since ged(a,b,c,d,e) = 1). These biquotients naturally have the structure of an
SU(3)/S0(3) bundle over S3. If bed = 0, when we must have a? — e = 41, which
of course implies a or e is 0. However, there are many other actions - for example,

if (a,b,¢,d,e) = (2,b,¢,,—b — ¢, 1) with b = ¢ = 1 mod 3.

We now work out the cohomology ring and characteristic classes. With Z coef-
ficients, we run into a problem: H*(BSO(3)) is not a polynomial algebra, so the
usual method for computing cohomology won’t work as is.

Recall that we compute cohomology with a spectral sequence coming from the
fibration G — G /U — BU which we write as the pull back of a fixed spectral
sequence coming from the fibration G — BG — BG x BG whose differentials
we know. The difficulty is in understanding what the pull back map does on the
cohomology of BU and BG x BG. The usual method for computing this map is
to understand the map on the classifying spaces of the maximal tori of G x G and
U, but in relating this information back to that of BH and BG x BG, we use the

assumption that H*(BU) and H*(BG) are polynomial algebras.
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In our present case, the cohomology ring of BU has 2-torsion in degrees a multi-
ple of 3, so this method can only be effectively used to understand the map between
BG x BG and BU in degrees which are not a multiple of 3, but it can not be used in
multiple of 3 degrees. Fortunately, we have H?>(BU) = 0, so we can easily compute
the map there and while we cannot compute the map in degree 6, we can compute
HY(G/JU) just using Poincare duality.

Here, we're using the fact that the cohomology ring of BSO(3) is known and not
difficult to work with: Brown [6] showed H*(BSO(3)) = Z[v, p1]/2v where |v| = 3
and |p;| = 4. The important point is that the only degrees which have torsion are
multiples of 3 and that we have H*(BSO(3))/Torsion — H*(BS)", the Weyl
group invariant elements of H*(BS?) is an isomorphism.

If we denote H*(SU(3)) = Az[xs, 5] and let y3 be a generator for the cohomol-
ogy of SU(2) and let z generate the cohomology of BS!, then a computation shows
d3(z3) = —p1 — 02(b, ¢,d) 2%, d3(y3) = (a* — €*)2? and d5(z5) = bedz?.

Notice that ds is injective, for if a®> — e? = 0, then we have either a — e = 0 or
a+ e = 0. Then the condition ged(a + e,b) = ged(a £ e,¢) = ged(a +e,d) =1
implies |b| = |¢| = |d| = 1, contradicting the fact that b+ ¢+ d = 0.

Note however that ds : E%® — EZ°/ has kernel because
B = (0%, 2% pr2) [{—p1z — 22oa(b, ¢, d), (a® — €2)2%) = Z)2Z & 7/ (a® — €*)Z.

It follows that (a? — €?)xs is in the kernel of ds.
Running through the spectral sequence machinery then gives H' = 0, H? =

162



7 = {z), H® = 7/27 = (v), H* = Z/gcd(a® — €*,03(b,c,d))Z = (z), and H® =
Z&L)2Z = (zv, (a® — €*)x5). We compute that H5 = H; = 0 by Poincare duality.
This gives us the ring structure and computing the characteristic classes follows in
the routine way.

The computation of the cohomology ring with Z /27 coefficients is more straight
forward because Borel’s method for understanding the induced map from H*(BG x
BG;Z/2Z) to H*(BU;Z/27Z) works. Since we already know a = e + 1 mod 2, we
may assume without loss of generality that e = 0 mod 2. Likewise, we assume
without loss of generality that d = 0 mod 2.

If we use as coordinates z for the maximal 2-group of S and u; as the maximal
2-group for SO(3) with ¢ = 1,2, and 3 and uy + uy + u30, then the usual techniques
show H*(G)U;Z/2Z)L)2Z oo (w;), 22, 03(u;)] /o2 (u;)* = (22)* = o3(u;)? = 0 with
22| = |o2(u;)] = 2 and |o3(u;)] = 3 and that the Stiefel-Whitney class is 1 +

oa(w;) + o3(u;). O

Proposition 5.4.9. Any linear action of S* on S® x S? is of the form

Z * ((p1>p2,p3), (q1, Q2)) = ((Zaph ZbP2, 2°p3), (Zth Ze(]z))

with ged(a, b, c,d,e) = 1. Such an action is free iff ged(abe, de) = 1. The cohomology
ring of the quotient is Z[z,ys]/dez* = 2* = y2 = 0 when de # 0 and Z[z,y3)/7z°> =
y2 = 0 when de = 0. The first Pontryagin class is p; = [3/4(a* + V* + ¢*) +
1/209(a, b, c) + (d + €)?)2* when a + b+ c is even and [204(a,b, c) + (d + €)* + 1]2?
when a + b+ c is odd. The Stiefel-Whitney classes are 1+ (d + €)z + 03(a, b, ¢)2>
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when a+ b+ c is even and 1+ [1+d + €]z + (02(a,b,¢) + (d+ €)?)2z* when a+b+c

15 odd.

Proof. If z fixes the point ((pl,pg,pg), (q1, qg)), then if, say, p; # 0 and ¢; # 0, we
must have that z fixes ((1, 0,0), (1, O)) Thus, we see that if an element z of S* fixes
any point, if fixes one of these special points. We now describe conditions which
rule out fixing these special points.

Suppose 2 * ((1, 0,0), (1, 0)) = ((1, 0,0), (1, 0)) Then we must have 2¢ = 24 = 1.
This implies that z is a ged(a, d)th root of 1. Since we want the action to be free,
this requires that ged(a,d) = 1. Testing out all the others points made of 0s and
1s gives the other conditions. Conversely, if gcd(a,d) = 1, then the only z value
which fixes ((1,0,0), (1,0)) is z = 1, so these conditions are also sufficient. This
shows the action is free iff ged(a,d) = gcd(a, e) = ged(b, d) = ged(b, e) = ged(c,d) =
gcd(c,e) = 1. Notice that is a prime divides one of these, it divides ged(abe, de) and
also conversely. Hence, each of the six ged conditions are satisfied iff ged(abe, de) =1
as claimed.

To compute the cohomology and characteristic classes, we need to express this
action as a biquotient.

It’s easy to check that the following biquotient action gives this action on S° x S3:

SU(2) x ST — (SU(3) x SU(2))? sending (A, z) to

((diag(z_a_b_cA7 Z2a+2b+20)’ diag(z_?’d_ge, Z3d+36))’

(z—4a+2b+2c 2a—4b+207 22a+2b—4c)7 diag(z?)d—Se’ ZSe—Bd)))

(diag

, 2
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and that for, say, (a,b,c,d,e) = (11,7,5,3,2), this map is injective.

This action is orbit equivalent to the map sending (A4, z) to

((diag(z*7"¢4, 1), diag (%", 1)),

diag(z72*, 2~ %, 27%), diag(2 %, 27>)).

Writing a + b+ ¢ = 2k + 1 for | € {0,1}, we see that if [ = 0, that (A,z) —
((diag(z_kA, 1), diag(297¢, 1)), (diag(2~2, 2%, 27¢), diag(2 ¢, z_e))) is a free action.

If [ =1, then we think of ZA € U(2), we get a map sending A € U(2) to

((diag((detA*)A, 1), diag(det A%<, 1)),

(diag(detA®, det A®, det A°), diag(det A%, detAe)))

which is also a free action.

Computing in the case when [ = 0, we find there are no extension problems to
be worked out. Specifically, note that we cannot have de = 0, for in this case, we’d
have abc = 1 so that a + b + c is odd.

So, when [ = 0,t de # 0, and so we get the cohomology ring Z[z,ys|/dez? =
2=y =0.

The usual computation shows p; = (3/4(a?+b*+c*)+1/205(a, b, c) + (d+¢€)?)2?

and w = (d + €)z + 03(a, b, ¢)2?

Computing in the case of | = 1, we see that if de = 0, we must work out an
extension problem. That is, the cohomology groups are those of CP? x S with the
square of the degree generator a degree 4 generator. We claim that, via Poincare
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duality, this determines the ring structure. The only potential difficulty is deciding
which nonzero multiple of the degree 5 generator is obtained by cupping the degree
2 generator with the degree 3 generator. But we know that the degree 3 generator
cupped with the square of the degree 2 generator must be a generator of H”, and
this implies that the degree 3 generator cupped with the degree 2 generator must
also be a generator. Thus, in this case H*(GJU) = Z|z,y3]/2* = y32 = 0.

If de # 0 then H*(G)JU) = Z[z,ys)/dez* = 23 = y2 = 0. We see that p; =
((d+e)? 4+ 209(a,b,c) + 1)z? and w =1+ (1 + d+ e)z + (0a(a, b, c) + d + €)z>.

O

In these examples, we can only make minimal progress towards understanding
the cohomology ring structure, though we can completely determine the groups.
We first note that any linear 72 action on S® x S3 x S3, up to equivalence has

the form

(z,w) * ((p17p2), (q1,q2), (7“1,7’2)) =
((z"p1, 2Lwpy), (wiqy, 25w’ g2), (29whry, Zwlry)).
and we may assume without loss of generality that
ged(a, by e, g,1) = ged(e, d, f,h,j) = 1.
We then have

Proposition 5.4.10. An action like the above is free iff all the following gcds are
1: ged(a,d), ged(a, g), ged(d, h), ged(a, i), ged(d, j), ged(f, h), ged(f,j), ged(b, g),
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ng(b7 Z); ng(CL, eh — gf)7 ng(CL, ej - Zf)7 ng(d7 bh — Cg): ng(d7 b.] - Z.C); ng(bf -
ec,bh — gc,eh — fg), ged(bf —ec,bj —if,ej —if). When the action is free we have

H° =7, H?> = Z+7Z+7Z/kZ where k = ad(bejh —bfih —bfjg+cfig), when k # 0.

Proof. Following the usual technique, it’s enough to guarantee every (z,w) moves

all points whose coordinates are all Os and 1s. So, consider

(z,w) * ((1,0),(1,0),(1,0)) = ((1,0), (1,0),(1,0)).

4 = 29w" = 1. First, assume that w = 1, so we get a nontrivial

So we see that 2% = w
solution iff ged(a,g) # 1. Thus, to keep freeness, we must have ged(a,g) = 1.
A similar argument shows ged(d,h) = 1. Now that this is established, the map
Z7.)aZ — 7./aZ given by x — gx is an isomorphism. Hence, the set of all outputs of

29wh

as z and w range over Z/aZ and Z/dZ respectively is the same as the set of
all outputs of zw. Hence, we see that there all solutions are trivial iff ged(a, d) = 1.

The same argument carried out on the point (1,0), (1,0), (0,1) gives ged(a, i) =
ged(d, 5) = 1.

Freeness at ((1, 0),(0,1), (1, O)) comes down to simultaneously solving 2% = 1,
zw/ = 1, and 29w" = 1. 1 first claim that we must have ged(f,h) = 1, for
by letting w be an arbitrary ged(f,h)th root of 1 and setting z = 1, we’d get a
nontrivial solution. But this implies that any simultaneous solution must be an ath

root of 1. For, we must have w/ = 27¢ € y, so that w € oy Likewise, w € piq5, SO

we conclude w € oy N flan = Pged(f,h)a = Ha-
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The rest of the ideas for the solution comes from a Math.StackExchange.com
post by Qiaochu Yuan [33]

Now, by taking logs we can translate this problem to looking for the kernel of a

e f

linear map Z/aZ + Z/aZ to itself with matrix . Such a matrix is invertible
g h

(in particular, has trivial kernel) iff its determinant is coprime to a, giving us the
condition gcd(a,eh — fg) =1

The same idea works for checking freeness at the points ((1,0),(0,1), (0, 1)),
((0,1),(1,0),(1,0)), and ((0,1),(1,0),(0,1)), giving the next 6 ged conditions.

We now focus on the point ((0,1),(0,1),(1,0)). Freeness there amounts to si-
multaneously solving zPw¢ = 1, zfw/ = 1, 29w" = 1 and answering the question
"what are necessary and sufficient conditions on b, ¢, e, f, g, and h to the only solu-
tion is (z,w) = 1.

Taking logs to turn this into a linear equation, we get the following equivalent

question: ”"What are necessary and sufficient conditions on b, ¢, e, f,g, and h so

b ¢

that the matrix X = | f|, thought us as a map ¢ from Q? to Q3, satisfies

6T =22

We claim that a necessary and sufficient condition is that the Smith normal form
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of the matrix be [ 1|. This is because if A € Gl3(Z) and B € Gl3(Z), then we

0 0
have that (BoA)~1(Z3) = Z2 iff ¢~(Z3) = 72, which is clear precisely because A

and B are Z invertible. By using such an A and B, we can convert X to its Smith
normal form: a diagonal matrix so that ajq|ass|ags. Further, it is known, that the
entry a;; is equal to the ged of all the determinants of all the ¢ x ¢ minors. Since we
already know ged(f, h) = 1, this implies the ged of all 1 x 1 minors is 1. The ag
entry of the Smith normal form is 1 iff the ged of all the 2 x 2 sub determinants is
1, giving us our penultimate condition.

Finally, freeness at the point ((0, 1),(0,1), (0, 1)) works just as in the previous

paragraph.

To begin computing cohomology, we convert this action into a biquotient action.
It is easy to verify that the following biquotient action is orbit equivalent to the

general one we’ve been using: map (z,w) to
(diag(2"""w®, 1), diag(z“w™/, 1), diag(z9tw" ),
(diag(zbwc, 2%), diag(z°w’, w?), diag(z'w?, zgwh))
Further, this map from 72 to (5%)? is injective since w/ = w" = 1 implies w = 1
and 2° = z' = 1 implies z = 1. More so, the image only trivially intersects AZ(S?),
so the action is free iff it’s effectively free. It follows that we can use this description

to compute.
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If 51,59, and s3 are the generators for H?® of each of the spheres, and if 2 and
w are generators for H%(BT?)H?(CP> x CP*) then, in the spectral sequence we
have ds; = abz? + aczw, dsy = dezw + dfw? and ds3 = igz? + (ih + jg)2zw + jhw?
which, altogether give the differential map d. : Z3 = (s;) — Z* = (2%, w?, zw) which

can be given in a matrix form as

ab 0 19
ac de th+ jg
0 df jh

We now compute the Smith normal form of the matrix. The a;1 block of the
Smith normal form is the ged of all the elements. If a prime p divides every element,
then it divides a or b. Assume initially it divides a. Since the prime divides de and
gcd(a,d) = 1, we must have ple and likewise p|f. It follows that p|ged(a,ej —if), a
contradiction. So, we conclude that at the beginning p|b. But then p cannot divide
gi, giving a contradiction. Hence, no prime divides every element, so the ged of all
the elements is 1.

The as2 block is the ged of all the determinants of the 2 x 2 minors. We claim

this is also 1.

ab 0
For, if p|det( ) = abdf, then it divides a or b or d or e. By symmetry in

0 df

z and w, the case where p|a is the same as the case where p|d and likewise the case
of p|b is the same as p|f.

Assume initially that p|a. Since pligdf, we must have p|f. Since p|igde, we must
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have ple, so p|gcd(a,eh—gf), a contradiction. Next, assume p does not divide a and
that p|b. Then pligac implies p|c. Since pligdf, we have p|f. Since p|jhde, we have
ple. Putting this altogether shows p|ged(bf — ec,bh — gc,eh — fg), a contradiction.

Hence, no primes simultaneously divide all 2 x 2 determinants, so a,2 in the
normal form is 1.

The term a33 is the determinant of the 3 x 3 matrix, which turns out to be
k = ad(bejh—bfih—bfjg+cfig). Thus, we see that if this determinant is nonzero,
then dj is injective, so we have H?(G)U) = Z x Z x Z/kZ and H3*(GJU) = 0. If

k=0, then H*(G)JU) =Z x Z and H?* — 0. O

171



Chapter 6

Almost positive curvature on

Sp(3)/Sp(1) x Sp(1)

6.1 Curvature on Biquotients

There are two main ingredients for obtaining curvature results on biquotients: iter-
ated Cheeger deformations and Wilking’s doubling trick. The relevant information
for Cheeger deformations can be found in Eschenburg’s Habilitation [9] (in Ger-
man ), or see [19] for a good description in English. We recall it in order to establish
notation.

Given a compact Lie group G and a subgroup U C G x G, there is a natural
action of U on G given by (u;,us) * g = uigu, . The action is effectively free iff

whenever u; and uy are conjugate, we have u; = uy € Z(g). When the action is
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effectively free, the orbit space G /U naturally has the structure of a manifold such
that 7 : G — GJU is a submersion. The orbit space is called a biquotient.

By equipping G with a biinvariant metric, we see that U acts by isometries,
inducing a Riemannian metric on G/U with 7 a Riemannian submersion. Hence,
by the O’Neill formulas [22], every biquotient has a metric of nonnegative sectional
curvature.

Now, consider a subgroup K C G. Equip G with left invariant, right K invariant
metric of nonnegative sectional curvature, denoted go (so the metric, when restricted
to K is biinvariant). Let ¢ = Lie(K) and g = Lie(G) be the corresponding Lie
algebras and suppose g = £ & p is an orthogonal splitting with respect to gg.

We get a submersion (G, go) X (K,tgo[y K — G given by (g,k) — gk™', which
induces a new left invariant metric on G, called the Cheeger deformation of gg in
the direction of K, denoted g;. Again, by the O’Neill formulae, this new metric
also has nonnegative sectional curvature. Since GG acts by isometries on the left on
G x K, we get an induced isometric G action on the quotient GG which is easily seen
to be transitive. Hence, g is left invariant. By the same reasoning, K still acts by
isometries on the right, so g; is still right K invariant. Note however that if, say, go
were biinvariant (i.e., right G invariant), then there is no reason to expect g; to be
right G invariant.

We wish to understand the Riemannian submersion 7 : G x K — (. Since

the metric gy is left invariant, we can reduce this to understanding the Rieman-
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nian submersion at (e,e). First note that by linearity, for (X,Y) € g & ¢, that
dmee)(X,Y) = X =Y. It follows that the vertical space at (e, e) consists of all
vectors of the form (X, X¢).

Hence, the horizontal space (with respect to go +tgo|, ) consists of all vectors of
the form (X, —%XE.

For X € g, we write X = X; + X, for the £ and p components. Then, we can
describe ¢1(X,Y) = go(Xe, Ye)) + %Hgo(Xp, Y,). If @ is the metric tensor relating
g1 and g9, ie. go(¢-,-) = g1, then we have ¢(X) = X, + %HXE which is clearly
invertible with ¢~(X) = X, + 11X,

We want to understand when a plane in (G, g;) has 0 sectional curvature. An
easy necessary condition is that a horizontal lift of the plane to G x K must have
0 sectional curvature. If the plane o = span{¢~'X,¢~'Y'}, then it’s easy to check
that the horizontal lift of o is & = span{(X, —1X¢), (Y, —1Y¢)}.

Hence, we see that if secy, (span{® 'X,®1Y}) = 0, then we must have both
secy, (span{X,Y}) = 0 and [X,, Y;] = 0. Since we have extra conditions, we expect
to have fewer 0 curvature planes. However, we also potentially make the isometry
group smaller. For example, g; typically only allows right multiplication by elements
in K as isometries, while if gy is biinvariant, then right multiplication by any element
of G is an isometry.

Further, this condition is also sufficient as shown by Tapp [28]. Thus, we see

that sec,, (P71 X, ®71Y) iff sec,, (X,Y) = [Xe, Ye] = 0.
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If go is a biinvariant metric, then we see that sec,, (P7'X, ¢7'Y) = 0iff [X,Y] =

[Xe, Ye] = 0. If (G, K) is a symmetric pair, this simplifies.
Lemma 6.1.1. secy, (P7'X,27'Y) = 0 iff secy, (X,Y) = 0.

Proof. Assume secy, (P7'X,®7'Y) = 0. Then we know [X¢, Yy = [X,Y] = 0.
Expanding the second equality gives [X,, Y,] + [Xe, Y] + [Xp, Ye] = 0. Since (G, K)
is a symmetric pair, we know [p,p] C € Since [¢,p] C p always, it follows that
[Xp, Vo] = [Xe, ] 4+ [ X, Y] = 0.

We now apply this knowledge to understanding sec,, (X,Y) by writing X =
O7IPX and Y = &71®Y. We know this is 0 iff [PX,®Y] = [(PX), (PY)e] = 0.
Since (P X), = ILHXE, we see the second equation is satisfied since we already know
[Xe, Yi] = 0. For the first we expand it, [0X, ®Y] = i [Xe, Vil + (X, Y] +
(X, Ye]) + [X,, Y,]. However, in the previous paragraph we showed that the coeffi-

_t

5z t are 0, so the whole thing is 0 as desired.

cients of powers of
The reverse argument is analogous.

]

If one has a chain of subgroups {e} = K,; C K,, C ... C K; C Ky = G, then
one can iterate this process by deforming in the direction of the largest subgroup,
then second largest, etc, to obtain metrics g1, ¢, ..., g, With corresponding parame-
ters tq,ts, ..., t,. In the special case where each (K;, K; 1) is a symmetric pair, we

obtain inductively:

Lemma 6.1.2. sec,, (X,Y) =0 iff [Xy,, Ys,] =0 for every i from 0 to n.
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If p; is defined by p; @ ¢; = ¢;,_; (orthogonal with respect to a biinvariant metric),

then since (K, K;_1) is a symmetric pair, we must also have [X,,Y},] = 0 for all i.

We now describe Wilking’s doubling trick. Any biquotient G /U is naturally dif-
feomorphic to AG\G x G/U. However, the natural class of metrics in the right hand
description is larger: we are free to choose any left invariant nonnegatively curved
metric on each G factor, subject only to the constraint that U act by isometries.

Suppose ¢; and g, are two metrics as above with U acting by isometries and let
g denote the induced metric on GJ/U. We wish to understand when a 2-plane o
in G /U has 0 sectional curvature. By O’Neill’s formula, the horizontal lift & of o
must have 0 sectional curvature. We want to determine when a plane is horizontal
with respect to g; + ¢g,.. Let ®; and &, denote the metric tensors relating g; and g,
to a biinvariant metric gq.

It’s clear that every orbit of the AG x U action passes through a point of the
form (g,1) so it’s enough to determine what it means to be horizontal at points
like this. The vertical subspace V, at (g,e) € G x G, translated to (e, e) using left
translation, is {(Ad,~1X) — Uy, X — Us| X € g and (Uy,Us) € u= Lie(U)}.

Thus, the horizontal space H,, again left translated to (e, e), is therefore H, =
{(®; 1 (—Ady—1 X), @, X)| go(X, Ad,Uy — Us) = 0 for all (Uy, Us) € u}.

From here, since ¢; + g, is a product metric of nonnegatively curved metrics, we

see that a horizontal 0 curvature plane is spanned by

(97 (—Ady-1 X), 2 X)
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and

(' (—Ady1(Y)), 2, Y)

with secy, (¥, '(—Ady-1X), @, (—Ad,-1(Y))) = 0 and sec,, (P, X, @ 1Y) = 0.

Combining this into the form most useful to us, we have

Lemma 6.1.3. Suppose {¢} = K,,1 C K, C ... C K; C Ky = G and {e} =
H,+1 € H, C .. C H C Hy =G with both (K;,K;_1) and (H;, H;—1) sym-
metric pairs. Let g, and g, be the iterated Cheeger deformations of a biinvariant
metric gy corresponding to the K; and H; respectively. There is a plane of 0 cur-
vature at 7(g,e) € GJU iff there exists X,Y € g such that go(X, Ady(Uy) — Us) =
Go(Y, Ady(Ur)—Us) = 0 for all (U, Us) € u, and we have [(Adyg-1X )y, (Ady—1Y)y,] =

0 and [Xy,,Yy,] = 0 for every i and j.

We remark that since Ad, is a Lie algebra isomorphism, the condition that

[Ady-1X, Ad,—1Y] = 0 is equivalent to asking [X,Y] = 0.

6.2 Applying this to Sp(3)/Sp(1) x Sp(1)

In this section, we apply the techniques of the previous section to a specific example.
We use Sp(n) to denote the n x n quaternionic unitary matrices, Sp(n) = {A €

M, (H)| AA" = Id}. The embedding of U = Sp(1) x Sp(1) into G = Sp(3) is the
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standard block embedding sending (p,q) € U to |9 1 0]

)
)
s

Notice that U C Sp(1) x Sp(1) x Sp(1) € Sp(2) x Sp(1) € G. Here, we're
thinking of U C Sp(2) x Sp(1) by embedding the first factor of U into Sp(2) via
the block embedding and the second factor of U mapping surjectively onto Sp(1).

Let g denote the biinvariant metric on Sp(3) and let g; be the four times iterated
Cheeger deformation corresponding to ASp(1) € ASp(1) xSp(1) C Sp(1)x Sp(1) x
Sp(1) C Sp(2)xSp(1) C Sp(3) and let g, be the singly iterated Cheeger deformation
corresponding to K = Sp(2) xSp(1) € G. We note that these are both deformations
through symmetric pairs, so the final lemma of the previous section applies. Equip
G JU with the submersion metric on AG\(G, ;) X (G, g,)/exU. Finally, let q;®h; =
hi-iand pot=g.

Next, suppose 7((g~*,€)) has a 2-plane of 0 sectional curvature. By the last
lemma of the previous section, we there must be an X and Y in g which are
orthogonal to U and for which sec,, (Ad,X, Ad,Y) = 0 = sec,, (X, Y).

We first wish to investigate what it means for sec, (X,Y) = 0 for X and YV

orthogonal to U.

Lemma 6.2.1. Suppose secy, (X,Y) =0 with X and Y orthogonal to U. Then we
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may assume without loss of generality that

0 00

and

with x € ImH and y € H.

Proof. Asking that X and Y be orthogonal to U is equivalent to asking that x{; =
x33 = Y11 = Y33 = 0 (here, z;; denote entries of the matrix X € sp(3)).

We know that sec,, (X,Y) = 0 iff [X,Y] = 0 and [X,,Y;] = 0. Since (G, K) is
a symmetric pair and G/K = HP? has positive sectional curvature, it follows that
we may assume X, = 0, so that X = Xy = Xg,(,). Since Sp(2)/Sp(1) has positive
sectional curvature, we see that [ X, Y¢] = 0 iff X, and Y; are dependent. Hence, we
may assume without loss of generality that Y; = 0.

At this point, we’ve shown that X has the form

0 a O
X=|-a b 0
0O 00
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with a any quaternion and b purely imaginary. Likewise Y has the form

with ¢ and d arbitrary quaternions.

The condition [X, Y] = 0 tells us that both ad = 0 and —ac+bd = 0. Assuming
a # 0, we see that d = 0 and hence that ¢ = 0, i.e., that Y = 0. Hence, we may
assume a = 0. Then we see that bd = 0, which implies d = 0. Thus, X and Y have

the desired form.

We now wish to obtain a general understanding of when sec,,(Z, W) = 0.

Lemma 6.2.2. Suppose sec, (Z,W) = 0, then Z;; must be proportional (over R)
to Wi, for (i,5) = (1,1), (1,2), and (2,2), (3,3), and we must also have Zy; + Zao
is proportional to Wiy + Wag and that 1/2(Z11 + Zaa) + Zss must be proportional to

1/2(Why + Way) + Wis.

Proof. The statement for (1,2) follows from [X,,,Y;,] = 0 since Sp(2)/Sp(1) x
Sp(1) = S* which has positive sectional curvature. The statement for both (1,1)
and (2,2) follows from [Xy,, Ys,] = 0, and likewise, the statement for (3, 3) follows.
The statement for (1,1) + (2,2) and 1/2(1,1) + (2,2)) + (3,3) follows from the

diagonal deformations. O]
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Now, suppose g~! = A = (a);; € Sp(3). Then we compute that

A12XG12  A12TA22 *
Adg—lX = * (99L Ao *
* *x aggxa_gz
and _ .
2Im(a11yas) a11Yazs — a13Y G21 *
Ady1Y = * 2I'm(az yazs) *
* * QIm(aglya_gg

where an asterisks indicates the computation is irrelevant for what follows.

We will think of each of the entries of these two matrices as functions of x and
y respectively, parameterized by A. So, for example, the function X{} = X5 :
ImH — H given by Xi5(z) = aypxay the function Yy, : H — ImH is given by
Y11(y) = 2Im(ay1yars). If we think of each of these 8 maps as matrices written with
basis an ordered subset of {1,4, 7, k}, then it’s clear that each entry is a polynomial
is the coordinates of Sp(3), thinking of each a;; as a 4 tuple of real numbers.

We can translate the 0 curvature plane conditions into this language:

Proposition 6.2.3. If m(g,e) has 0 sectional curvature for g = A, then there
must exist and x € ImH and a y € H so that

1) X;j(x) is proportional to Y;;(y) for each pair (i,j) = (1,2), (1,1), (2,2), or
(3,3) and

2) X11(x) + Xoo(x) is proportional to Y11(y) + Y22(y) and

3) 1/2(X11(x) + Xoo(x)) + X33(x) is proportional to 1/2(Y11(y)+ Yoz (y)) + Yaz(y).
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We now want to recall some very basic algebraic geometry over R. We have
Sp(3) = {A € M3(H)|AAx = Id} where % denotes the Hermitian transpose. Using
the natural maps M, (H) — M, (C?) — My, (R), we can view Sp(3) as a real
algebraic variety of RV for some large N. Further, Sp(3) is irreducible (that is, it
cannot be written as a nontrivial union of two Zariski closed sets) as it is smooth

and connected.

Proposition 6.2.4. Suppose Z is an irreducible topological space and U C Z is

nonempty and open. Then U is dense and irreducible

Proof. We first show U is dense. Notice that (Z—U)UU = Z. Since Z is irreducible,
one of these two sets must be Z. But Z —U = Z iff U = ), so we must have U = Z,
so that U is dense.

Now, assume we have two closed sets (in Z), F} and F3 so that (Fy NU)U (FyN
U) = U, which implies U C F; U F;,. Taking closures, we find Z C Fy U Fy, so that
Z = Fy UF,. Since Z is irreducible, one of the two Fj, say F}, is equal to Z. But

then F1 NU = U so U is irreducible as well. O

NOTE: Irreducible is NOT the same as connected over R. For example, the
zero set of xy — 1 is two hyperbolas, but this subset is irreducible since the defining
polynomial is irreducible.

I claim that the linear map Y;3 generically an isomorphism from H to itself. That
is, if Uy denotes the subset of matrices A in Sp(3) for which Y}3 is an isomorphism,
then Uiy is open and dense. This is clear because the map is not an isomorphism
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iff it’s determinant is zero, a polynomial condition in the entries a;;. Hence, Uf,
is a closed set, and it’s proper (as we’ll see much later), so the complement is
open (and nonempty) and thus dense. Likewise, we have that X;; is generically an
isomorphism for each ¢ and that both X;; + Xa and 1/2(X1; + Xa2) + X33 are.
Since the finite intersection of open dense sets is open and dense, there is an open
dense set U C Sp(3) for which all of these are simultaneously isomorphisms.

Since linear transformations preserve ”is proportional to”, we have the following

easy corollary of the previous proposition.

Proposition 6.2.5. If w(g,e) has 0 curvature planes and g~ = A € U, then there
must be a nonzero v € R3 = I'mH which is simultaneously an eigenvector for

1) X, VYY) Xg o ImH — ImH fori = 1,2,3,

2) (X11 + Xo2) (V11 4+ Y22) Y5 ' X412 : ImH — ImH

3) (1/2(X11 + Xog) + Xs3) 71 (1/2(Y11 + Yao) + Ya3) Yo' Xio : ImH — ImH.

Proof. We begin with the fact that we know there must be a nonzero x and y so that
X12(x) is proportional to Yis(y). This is equivalent to asking that Y;5,' X 1(z) be
proportional to y. Since it’s proportional to y, we know that Y;; Y5 X12(z) must be
proportional to Xy (z), but then this is equivalent to asking that X, 'Y;;Y;5' X12(2)
is proportional to x, which says exactly that = is an eigenvector for this composition

for each i = 1,2,3. The proof for 2) and 3) are identical. O

Using this, we define a map f = (f1, fo, f3, f1, f5) : U — M3(R)® which takes
a point in U to each of the 5 linear maps (in the basis {i,j,k}) in the previous
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proposition. It is clear that f is given by a polynomial in each entry of M3(R)> =
R*. Tt follows that the image f(U) is an irreducible subset of R*®  for if f(U) =
Fy U F, with each F; closed, then f~'(Fy U Fy) = f~1(F))U f~Y(F,) = U, but each
f7Y(F}) is closed because f is continuous. So, we have written U as a union of 2
closed sets. Since U is irreducible, one of them, say f~'(Fy) = U. If follows that
Fy = f(U), so f(U) is irreducible.

Remark 6.2.6. We are not claiming that f(U) is a subvariety of R*®) only that it is

irreducible.

Now, let E C M;3(R)® denote the subset of 5-tuples of matrices having a common

eigenvector.

Theorem 6.2.7. The subset E is a Zariski closed subset of R*.

Proof. According to [2], the set Ec C Mj3(C)® of complex 5-tuples of matrices
having a common eigenvector is Zariski closed in C*. Adding the (real) polynomial

equations z = T for each coordinate in C* gives E, so E is a real algebraic variety.

]

Since F is closed, it follows that £ N f(U) is relatively Zariski closed in f(U)
so that f(U) — (E N f(U)) C f(U) is relatively Zariski open. By our previous
propositions about irreducible sets, f(U) — (E N f(U)) is either empty or it is
Zariski dense.

We will later show that it is nonempty (so is Zariski open and dense), but for
now, we'll just assume it. Note that f~1(f(U) — (E N f(U))) is Zariski open in
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U since f is continuous. Since we’ve already showed nonempty open subsets of
irreducible spaces are dense, and since we know U is irreducible, it follows that
7Y fU) = (EN f(U)) is Zariski open and dense. Thus, we have found a Zariski
open and dense subset of U C Sp(3) for which all points have positive curvature.

We need another simple topological fact:

Proposition 6.2.8. [f A C B C C are topological spaces so that A is open and

dense in B and B is open and dense in C, then A is open dense in C.

Proof. A is open in B means there is some open subset V' of C' so that A= BNV,
but B is open, so A is an intersection of two open sets, hence open.

Now, choose an open set V' C C'. We wish to show VN A # (). Since B is dense
in C, we know that BNV # () and that BNV is an open set in B. Since A is dense
in B, we know that AN (BNV) # 0, but AN(BNV) C ANV so since the smaller

set is nonempty, the larger must also be. O]

Thus, since we found a Zariski open dense subset of U consisting of positively
curved points, and U is Zariski open and dense in Sp(3), we have found a Zariski
open and dense subset of points of positive curvature in Sp(3). To finish this

argument, we need two last facts:

Theorem 6.2.9. If X C Y C R" or C" are both varieties, and if X is Zariski

open and dense in'Y, then X CY is open and dense with respect to the analytic

topology.
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Proposition 6.2.10. If f : Z1 — Z5 is continuous and surjective and if U C Zy is

dense, then so is f(Zy).

Proof. Let V C Z, be open. Then f~!(V) is open and nonempty in Z;, so intersects
U. If p is a point in the intersection, then f(p) € V N f(U), so V N f(U) is

nonempty. O

In our case, we have Z; = Sp(3) and Zy = Sp(3)/Sp(1) x Sp(1) and the map
is actually a (Riemannian) submersion, so is an open map. Hence, we have found
an open and dense subset of points of positive curvature in Sp(3)/Sp(1) x Sp(1)

(assuming we have found one point in f(U) — (E N f(U)).)

Finally, an uninspired calculation shows that there is a point in f(U) — (E N

f)).

Proposition 6.2.11. Consider the matrix

NG —g(l+i)  E(1+1)
A : R
—Y0Q+2+j+k) —As(2i+]) F52i+))

Then A € U C Sp(3) and f4(A) and fs(A) have no common eigenvectors.

That is, A€ U and f(A) € f(U)— (EN f(U)).

186



6.3 Distinguishing the new examples

In this section, we verify that this example isn’t diffeomorphic to any previously
known example and that the two circle quotients Sp(3)/Sp(1) x Sp(1) x S and
ASN\Sp(3)/Sp(1) x Sp(1) are distinct and new examples.

The manifold Sp(3)/Sp(1) x Sp(1) is 15 dimensional. Previously, the only previ-
ously known 14 and 15 dimensional manifolds with almost positive curvature were
due to Wilking [32]. In dimension 15, we have T1S® and the space U(5)/Hy, where
Hy, = diag(B, 2%, 2!)) for 2 € S and B € U(3). The first example is 7 connected,
the second has m, = Z by the long exact sequence in homotopy groups associated
to the fibration Hy — U(5) — U(5)/Hy. Our new example is 3 connected, but
w4 = Z & Z, so it is distinct, even up to homotopy. Further, since the 15 dimen-
sional manifold is a circle bundle over the 2 14 dimensional manifolds, each of the
14 dimensional examples also satisfies 74 = Z @ Z.

The previously known 14 dimensional manifolds of almost positive curvature
are PcT'CP* and ASO(2)\SO(9)/SO(7). By using the fibrations S” — T'CP* —
CP* and S' — T'CP* — PoT'CP*, one can easily see my(PcT'CPY) = Z & Z
while my = Z for each of the new 14 dimensional examples. Also, the manifold
S0O(9)/SO(7) is a circle bundle over ASO(2)\SO(9)/SO(7) so has the same higher
homotopy groups as SO(9)/SO(7). But SO(9)/SO(7) is 7 connected, so is not

homotopy equivalent to either of our 14 dimensional examples.

Finally, we show the two 14 dimensional examples are distinct. The cohomology
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ring of M{* = Sp(3)/Sp(1) x Sp(1) x S' is

H*(My) = Z[u?, 0%, 2] Ju* + v* + 2% = u*v® + u?2® + 0?27 = u*v?22 = 0

where |z| = 2 and |u?| = [v?| = 4. The first Pontryagin class is p; = 422

The cohomology ring of Mjy* = ASM\Sp(3)/Sp(1) x Sp(1) is

H*(My) = Z[u?® v?,2]/32* —u® — v = 32° —u*v® = 2% = 0.

In this case, the first Pontryagin class is p; = —1222.

Since in both cases, H*> = Z = (z), it follows that 2% is a well defined element in
each ring. Thus, any ring isomorphism between the two rings must send 22 to 22,
and so we can immediately see the two Pontryagin classes are distinct (even mod

28), so the two manifolds are not even homotopy equivalent.
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