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ABSTRACT

CYCLE-COUNTING @Q-ROOK THEORY AND OTHER GENERALIZATIONS
OF CLASSICAL ROOK THEORY

Frederick Michael Butler
James Haglund

In this dissertation, we will study some generalizations of classical rook the-
ory. The main focus is what we call cycle-counting q-rook theory, a model which
incorporates a weighted count of both the number of cycles and the number of
inversions of a permutation. In Chapter 1 we discuss background material in rook
theory. In Chapter 2, we prove some results about algebraic properties of a gener-
alization of the cycle-counting ¢-hit numbers. The main result of the dissertation
is presented in Chapter 3, a statistic for combinatorially generating the cycle-
counting ¢-hit numbers, which were previously defined only algebraically. We will
then apply this result to prove some new theorems about permutation statistics
involving cycle-counting in Chapter 4. Finally, in Chapter 5 we explore two other
models which generalize classical rook theory and prove some basic results about
these models. The first is a refinement of cycle-counting g-rook theory, obtained
by adding a new parameter p to the weight of each rook placement. The second
is a theory in which more than one rook is allowed in a row, but a row containing
more than one rook is weighted by a polynomial in «.
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Chapter 1

Introduction

1.1 Classical rook theory

We will use the notation S@,, for the n x n square board depicted in Figure 1.1.
In classical rook theory, a board is any subset of S@Q,, for some n € N. We will let
B(by,...,b,) denote the board B C SQ,, consisting of all squares {(¢,j) | 7 < b;}.
For example, B(2,1,3) is pictured in Figure 1.2. When we also have b; < by <
cor <bpoq < by, we call B(by,...,b,) a Ferrers board. Another way to specify a
Ferrers board, which we will use frequently here, is to give the step heights and
depths of the board. The Ferrers board B(hy,ds;. .. ; hy, d;) is shown in Figure 1.3.

A rook placement on a board B C S(@Q),, is a subset of squares of B such that
no two of these squares lie in the same row or the same column. As the name
suggests, these squares represent positions on an n X n chess board where non-
attacking rooks can be placed. We will write Ry (B) for the set of all placements
of k non-attacking rooks on B, and we will denote |Ry(B)]|, called the kth rook
number of B, by ri(B). The set of all placements of n rooks on S@,, such that
exactly k of these rooks lie on B is denoted H,, x(B). We will write h,, ;(B) for
|H.1(B)|, called the kth hit number of B. For B = B(by,...,b,) a Ferrers board,
the rook numbers satisfy the following equation from [9]:

n n

Zrn_k<B)Z(z_1)...(z_k+1):H(z—i—bi—i—i-l). (1.1)

k=0 1=1

The rook numbers and hit numbers of any board B (not necessarily Ferrers) are
also related by the classical equation

D rak(BKI(z = 1)"F = (B2, (1.2)

first proven by Kaplansky and Riordan in [14].
1
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Figure 1.1: The n x n square board S@,.
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Figure 1.2: The board B(2,1,3) C SQs.

hy

Figure 1.3: The Ferrers board B(hy,ds;. . .;hy, dy).



1.2 ¢-Rook theory

Recently, the study of g-analogs has become popular in combinatorial research.
A g-analog of a combinatorial quantity is an expression in the variable ¢ (often
a polynomial) such that when we let ¢ = 1 we get the classical quantity. An
additional desired property of a g-analog is that so-called g-versions of theorems
known for the original quantity hold. For example, we might have an equation
in which some or all of the quantities are g-analogs, and letting ¢ = 1 gives the
original known equation.

A common g-analog of the real number z, denoted [z], is given by the equation

Note here that when n € N,

1—¢" (I+q+---+¢"H(1 - _
n] = ¢ _(1+g (A |G’ S R
l—q l—q

is a polynomial in q. A g-analog of n! is denoted [n]!, and given by the equation
[n]! = [n][n —1]--- [2][1].
A g-analog of the binomial coefficient (Z) for n, k € N is given by

m - ! =1 — k4 1]

k n— k! [&]!

More generally, we can define

for k € Nand z € C.

A g-analog of rook theory was introduced in [6], defined only for Ferrers boards.
Given a placement P of rooks on a Ferrers board B C 5@Q),, if we let each rook
cancel all squares to the right in its row and below in its column, then we can
define invg(P) to be the number squares of B which neither contain a rook from
P nor are cancelled. For example, for the rook placement P on the Ferrers board
B pictured in Figure 1.4, invg(P) = 7. Garsia and Remmel defined the kth g-rook
number of a Ferrers board B = B(by,...,b,) C SQ, by

Rk(Q, B) _ Z qian(P).
PGRk(B)



Figure 1.4: The placement P on B, with invg(P) = 1.

Note that Ry(1, B) = ri(B). They also proved the following g-analog of (1.1):

n

> Ruilg, Bz =1 [z =k+ 1] =][lz+b:—i+1] (1.3)

=1

Garsia and Remmel then went on in [6] to define the g-hit numbers of a Ferrers
board B C S@),, algebraically by the equation

k=0 i:k+1

Note that if we make the substitution z = 27! in (1.4), the resulting equation is
> Ru (g, B)K! [] (-4 ZAM k(q, B)2". (1.5)
k=0 i=k+1

If we then let ¢ = 1 we see that the left side of (1.5) equals the left side of (1.2).
Thus we must also have that the right side of (1.5) when ¢ = 1 equals the right
side of (1.2). In particular we must have that

Ank(1,B) = hypi(B).

Garsia and Remmel further proved that for a Ferrers board B C S@Q),, there
exists a statistic stat,, p such that

An,k(qa B) _ Z qsta,tn,Jse(P)7 (16)

PEHn’n_k(B)

but they did not give a direct description of stat, 5. Both Dworkin [4] and
Haglund [12] independently found different statistics satisfying (1.6). Let P be a



Figure 1.5: The placement P on B C SQg, with hg g(P) = 8.

placement of n rooks on SQ,, (with some number of rooks on the board B C SQ,,).
Haglund’s statistic, which we will denote h, g(P), is given by the number of
squares on S, which neither contain a rook from P nor are cancelled, after
applying the following cancellation scheme:

1. Each rook cancels all squares to the right in its row;
2. each rook on B cancels all squares above it in its column;
3. each rook off B cancels all squares below it but off B in its column.

For the placement P on the Ferrers board B C SQg shown in Figure 1.5, h,, 5(P) =
8.

1.3 Cycle-counting ¢-rook theory

This theory was first introduced by Ehrenborg, Haglund, and Readdy in [5], and
is defined only for Ferrers boards (like g-rook theory, which it generalizes). In
order to describe the rook numbers in this model, we need to define two statistics.
First we note that given a rook placement P on a board B C SQ,, (here B is
not necessarily a Ferrers board), it is possible to associate to P a simple directed
graph Gp on n vertices. This fact was first noted in [7] (see also [2] and [3]).
There will be an edge from i to j in Gp if and only if there is a rook from P
on the square (i,7). We can then define cyc(P) to be the number of cycles in
Gp. For example, a placement P and its corresponding digraph Gp are shown in
Figure 1.6. Note that cyc(P) = 2.

The second statistic (which makes sense only for Ferrers boards) depends on
the following fact. Given any placement P of j non-attacking rooks in columns 1
through i — 1 of a Ferrers board B (where j < i — 1), it is an easy exercise to see
that if b; > 7 then there is exactly one square in column ¢ where placement of a
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Figure 1.6: The placement P on B and the associated digraph Gp.

rook will complete a new cycle in Gp. If b; < i then there is no such square. Now
we can define s;(P) to be (for ¢ with b; > 4) the unique square which, considering
only rooks from P in columns 1 through i — 1 of P, completes a cycle. Then
let E(P) be the number of ¢ such that b; > i and there is no rook from P in
column 7 on or above square s;(P). For the placement P in Figure 1.6 E(P) = 2,
corresponding to ¢ = 4 and 7 = 5.

The kth cycle-counting q-rook number of a Ferrers board B is then given by
the equation

Ri(y,q,B) = Y [y DgnosDHu-nE®),
PER(B)

where invg(P) is as defined in Section 1.2. Note here that Ry(1,q, B) = Ri(q, B).
The following generalization of (1.1) and (1.3) holds:

Y Roily,a, B)El—1] e —k+1] =

I z+vi—i+yl J[ [z+b—i+1. (1.7)

i with b;>i i with b;<i
Haglund [11] then defined the ¢, x, y-hit numbers algebraically by the equation

n

ZRn—k(y,%B)[[EHQT + 1] e [QT + k — 1]zk H (1 _ an:—i-i—l) _

i=k+1



ZAn,k(l‘7yaQa B)Zk (18)
k=0

If we let z = y in A, x(z,y,q, B), we obtain what we shall call the kth cycle-
counting q-hit number of B, given algebraically by the equation

n

ZR"—k(yquB)[yHy + 1] [y + k—1)2" H (1— 2qU+ 1) =

ZAn,k<y7Q7B)Zk' (19)
k=0

Note that here we are using A,, x(y, ¢, B) as shorthand notation for A4, x(y, vy, ¢, B),
and we will continue to use this notation throughout. If we let y = 1, the left side
of (1.9) equals the left side of (1.4). This implies that A, x(1,q, B) = A, x(¢, B).
The A, x(y,q,B) also generalize the cycle-counting hit numbers of Chung and
Graham [2], obtained by letting ¢ — 1.

The remainder of this dissertation is organized in the following way. In Chap-
ter 2 we prove some results about algebraic properties of the A, x(z,y,¢, B). In
Chapter 3 we state and prove the main result of the dissertation, a statistic for
combinatorially generating the A, x(y,q, B), and apply this result to obtain a
generalization of the notion of a Mahonian permutation statistic. In Chapter 4
we again apply the statistic we defined in Chapter 3 to develop a generalization
of Euler-Mahonian permutation statistics. Finally, in Chapter 5 we define the
cycle-counting p, g-rook numbers and prove some results about them, and define
the a-hit numbers and prove a version of (1.2).



Chapter 2

Properties of A, 1(x,y,q, B)

In this chapter we prove some results about algebraic properties of the ¢, z, y-hit
numbers, generalizing those proved by Haglund for the ¢-hit numbers in [12].

2.1 Symmetry and unimodality of A, ;(z,y,q, B)

If B = B(hy,dy;...;h,d) € SQ, is a Ferrers board, let us denote the Ferrers
board B(hy,dy;...;hy —1,d, —1;... hy,dy) € SQp_1 by B — h, —d,. We also let
H,=hi+ -+ h;,and D; =d; + - -- + d;. We will call the number of squares in
the board B Area(B). If B is a Ferrers board with column heights by, by, . .., b,
then Area(B) = by + by + -+ + b,. Finally, we will call B = B(by,...,b,) =
B(hy,dy; ... hy,dy) a reqular Ferrers board if b; > i for 1 < i < n, or equivalently
if H; > D; for 1 <i <t as was defined in [11].
Suppose

N
f(q) = Z aiqi7
i=M
with ap, ay # 0. We call M + N the darga of f. We will say the polynomial f(q)
is zsu(d) if either
1. f(q) is identically zero, or
2. f(q) is in N[g], symmetric, and unimodal with darga d.

Note that for s € N, ¢° is zsu(2s) and [s] is zsu(s — 1). We have the following
lemmas. The proof of Lemma 2.1.1 is trivial, and a proof of Lemma 2.1.2 can be
found in [12].

Lemma 2.1.1. If f and g are polynomials which are both zsu(d), then f + g is
zsu(d).
8



Lemma 2.1.2. If f is zsu(d) and g is zsu(e), then fg is zsu(d + e).
Now we can prove the following.

Lemma 2.1.3. Let a,b € N. For any reqular Ferrers board B = B(by,...,b,) C
SQn, Anola,b,q, B) is zsu(Area(B) +n(b—1) — ("H)).

2

Proof. Letting z = 0 in (1.8), we see that A,o(z,y,¢,B) = R,(y,q,B). Now
letting z = 0 in (1.7) and using the fact that B is regular (so there is no ¢ with
b; < i), we get that

=1

hence
n

An,O(a7 bv q, B) = H[bz —1 + b]
i=1
Since each b; > i, we get that [b;—i+b] is zsu(b;—i+b—1). Finally, by Lemma 2.1.2
we see that A, o(a,b,q, B) is zsu(3_;_ (b —i+b—1)) = zsu(3 7, b — 320 i+
n(b—1)) = zsu(Area(B) + n(b — 1) — ("i1)). O

2

Lemma 2.1.4. Let B = B(hy,dy;...;hy,dy) € SQ, be a regular Ferrers board,
B —h; —dy € SQ,_1 as described earlier. Then

An,k(x7y7 q, B) = [k + Yy + dt - 1]An71,k<xay7 q, B - ht - dt>+

Pt r -y —dy = k+ 1A, 1k (2,9, 4, B — by — dy)
for any 0 <k < n.

Proof. Let p =t in Lemma 5.7 of [11]. O

Theorem 2.1.5. Let B = B(hy,dy;...;hy,dy) € SQ,, be a reqular Ferrers board,
a,beN. Ifn+a+1>b+d +k, then A, x(a,b,q,B) is zsu(Area(B) + n(b +
k—1)+k(a—1)— ("1") for 0 <k < n.

Proof. The proof is by induction on Area(B). When Area(B) = 1 the only
regular Ferrers board is the 1 x 1 square S@;. A quick calculation from the
definition shows that A o(z,v,q,5Q1) = [y], Ai1(x,y,q,5Q1) = ¢Y[xr — y], and
Ay p(x,y,q,5Q1) = 0 for k > 1. Thus A, ¢(a,b,q,B) = [b] and Ay 4(a,b,q,B) =
¢°la — b] are zsu(b — 1) and zsu(a + b — 1) respectively, and the result holds for
the case Area(B) = 1.

Now assume the result holds for all regular Ferrers boards with Area < A,
and let B be such a board with Area(B) = A. We know by Lemma 2.1.3 that
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the result holds for A, o(a,b,q, B), so assume k > 0. Then by Lemma 2.1.4 with
x = a and y = b, we have that

An,k(aa b7 q, B) = [k + b + dt - 1]An71,k(a7 b7 q, B - ht - dt)+

qk+b+dt72[n +a—b—di—k+1)A,15-1(a,b,q, B — hy — dy). (2.1)

Now we know that [k + b+ d; — 1] is zsu(k + b+ d; — 2), and by the induction
hypothesis, A,_14(a,b,q, B —hy —d;) is zsu(Area(B —hy —dy) + (n —1)(b+ k —
1)+ k(a—1) — (3)). Note here that Area(B — hy — d;) = Area(B) —n —dy + 1.
Then by Lemma 2.1.2, the first term on the right side of (2.1) is zsu(Area(B) +
nb+k—1)+ka—1)—("i).

For the second term on the right side of (2.1), we know that ¢ is
zsu(2k +2b+2d; — 4), [n+a—b—dy — k+ 1] is zsu(n +a — b — dy — k)
(since we have assumed n+a+ 1 > b+ d; + k), and by the induction hypothesis
Ap1p-1(a,b,q, B—hy—dy) is zsu(Area(B—h;—dy)+ (n—1)(b+k—2)+(k—1)(a—
1) — (g)) Finally, applying Lemma 2.1.2 one last time we get that the second
term on the right side of (2.1) is zsu(Area(B) +n(b+k —1) + k(a — 1) — ("}1)),
and Lemma 2.1.1 gives us the result for A, x(a,b,q, B) as well.

k+b+di—2

2.2 A more general theorem

We prove a more general result for a certain class of boards in this section.

Lemma 2.2.1. Let B = B(by,...,b,) = B(hy,dy;...;h,dy) be a reqular Ferrers
board, 7 € N. Then

[T, +bi—i+y] :ﬁ [j+Hi—Di_1+y—1
Hf:l[dl]' i=1 dl

Proof. We see that

I +0i—i+y =
i=1
¢
H[j+Hi—Di—1+y—1][(j-i—Hi—Di—l-f—y—l)—l] [+ Hi—Dia+y—1)—d;+1],
i=1

which is the same as
t

HU + H; — Di—y +y — 1],

=1



11

Thus .
[, +b—i+yl “TI U+Hi—Dii+y—1g
le?:l [dl] ! i=1 [dl] ! ’
which is .
H |:j+Hi—Di_1+y—1:|
, d;
=1
by definition. O
Lemma 2.2.2. Let B = B(by,...,b,) = B(hy,dy;...;h,dy) € SQ, be a regular
Ferrers board. Then A, (x,y,q, B)/[1_,[di]! =
zk:[n+xHx+j—1] ﬁ[g+H D11+y—1}
j= J ‘7 =1 .

Proof. By Lemma 5.1 of [11], we have

_ i ntaxl|lz+y—1 b=ig -
1:1

=0 J
The lemma now follows trivially from Lemma 2.2.1. O]
Now suppose we have integers hy, ..., hy, dy,...,d;, and ey, ..., e; with d; € P,

h; € N, and 0 < e; < d;. We will denote the vector (eq,es, ..., e;) by € We will
continue to denote the partial sum hy +---+ h; by H;, dy +---+d; by D;, and we
will also let E; = e; + - - - + e;. We make the convention that Hy = Dy = Ey = 0.
We can define

t
B Hi—Di+E;_1+y—11[Di+D;_y — H; — E;_ + 2 — y
i 1 (2 (3 (2

and prove the following lemmas.

Lemma 2.2.3. Let B = B(hy,dy;... hi_1,di—1; e, dy) € SQ, be a reqular Ferrers
board, B' = B(hy,dy;...;h—1,di—1) € SQp,_,. Then

k
An,k(ﬁa?ﬁq:B) - [dt]' Z AHtfl,s(a%yyqv B/)|:

Y+ dy + s — 1:|
s=k—d;

dt—k+8

% [n —y—di+z— 3} gk w+h=1),
k—s
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Proof. Let p = t in Corollary 5.10 of [11] and note that because B is a regular
Ferrers board, H; = D; = n. O

Lemma 2.2.4. Let B = B(hy,dy;...;h,d;) be a reqular Ferrers board. Then

An,k<x> Y,q, B) =

t t

[T > P(&,z,y) [ [ g PerFitvn), (2.2)

i=1 e1+-+et=k, 0<e;<d; 1=1

Proof. By induction on t. When t = 1 we have that d; = n, and Lemma 2.2.3
gives us

k
Ank(x Y, Q> ' Z AOS ZE Y, 4, >|: (23)
=k—

S

y+n+s—1
dl—k+8

n

k—s

When ¢t = 1 we have that H; = Dy = dy = n and Dy = Hy = 0, so we get that
the s = 0 term in (2.3) is equal to

Hl—D0+y—1 D1+D0—H1+l’—y k(Hy—D1+k+y—1)
X q .
di — k k

v {n —y—n+tr-— 5] x k=) +k=1),

]! (2.4)
Note that by definition
AO,s (:Ea Y,q, @) = 55,07

so the only nonzero summand in (2.3) occurs when s = 0 and hence (2.4) is

actually equal to (2.3). Finally if we recall that £y = e; and Ey, = 0, we can
rewrite (2.4) as

Hy —Dy+ E -1

]! Z { 1 o+ Loty }

dy — e
e1=k, 0<e1<d1

X|:D1+DO_H1_EO+5U_Z/:|
€1

e1(H1i—D1+E1+y—1
X ¢ ( )’

which is exactly of the form of (2.2).
For t > 1, Lemma 2.2.3 gives that

An,k(x7y7Qa B) - [dt]' Z AHt,l,Et,l(%yuq’B/)

s [y+dt+Et_1—1
Ey _1=E;—d
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(2.5)

o {n —y—dy+x— Et—1:| % qet(y'i'Et_l)'
€t

Here we are letting F; 1 = s and defining ¢, = k — s and E;, = F, | + ¢, = k.

Since B is regular Hy = Dy = n, so H; — Dy 1 = D; — D;_1 = d; and (2.5) can be

rewritten as

dt
H—-Di1+E 1+y—1
Ani(@,y,q, B) = )Y An, 5 (20,4, B'){ Lo Y }
e;=0 t — Ct
% {Dt +Dp 1 —Hi— B+ 2 — Z/} % qet(Ht—Dt+Et+y—1)‘
€t

By the inductive hypothesis, the above is equal to

dt t—1 t—1 r
(]! { [Tl > Hi — Di_ldTF—Eeé_l +y - 1]

€t=0 i=1 61+~‘~+61_1=Et_17 Ogelgdz =1 b

q
€; ]

X {Dl +Dia—Hi—FEia+x—y 6¢(H¢D1+E'¢+y1)}

y |:Ht — D+ Ei+y— 1] |:Dt +D . —H —E_+7— y] qet(Ht—Dt+Et+y—1)

dy — et €t
which is
t t
H[dz]' Z P(é; z, y) H qei(Hi—Di+Ei+y—1)
=1 61+---+6t=k, Ogelgdt i+1
as desired. O

Lemma 2.2.5. Let B = B(hy,dy;...;hy,d;) be a regular Ferrers board, a,b € N
with a > b > 1. Let e;, d;, h;, E;, D;, and H; be as in the definition of P(€,z,y).
Assume that B is such that d;_y + d; > h; for 1 < i <t (where dy := 0). If any
of the numerators of the q-binomial coefficients in

t

P a0) =]

[Hi—Dil—i‘Eil‘i‘b—l] |:Di+Di1_Hi_Ei1+a_b
1

di—ei

€;
(A

are negative, then P(€,a,b) = 0.

Proof. First note that H; — D; 1+ FE;_1 +b—12> 0 for 1 <i < t, since H; >
D; > D;_1 and b > 1, so none of the numerators in the first g-binomial coefficient
of the product are ever negative.

Now suppose that D+ D)1 —Hy— FE,_1+a—b < 0 for some k with 0 < k < t.
Note D1+ Dy— Hy— Eqy+a—b = d; —hi+a—>b, and since we assume d;_1+d; > h;
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(and in particular d; > hy) and a > b, we have that d; — h; +a — b > 0. Thus we
see that such a k > 2.

Now choose j such that D; + D, 1 — H; — E; 1+a—b>0for 1 <1 < 7,
but D; + D,y — H; — E;_1 +a—b < 0 (such a j exists because of the remarks
in the previous paragraph). Then D, + D;_y — H; — E;_1 + a — b < 0 implies
D;+D; 1—H;—E; s4+a—0b < e;j_y, which is equivalent to d; +d;_y —h; +D;_; +
D s—H; 1—FE; _s+a—b < e;_, whichimplies D;_1+D; o—H; 1—FE; s+a—b<
e;_1 (since d; + dj_1 > h;). Hence

Diw+Dj_o—H; 1 —FE; 2+a—0

€i—1

=0

since the numerator is non-negative by definition of j but less than the denomi-
nator, so the product P(€,a,b) = 0 as well. ]

Theorem 2.2.6. Let B = B(hy,dy;...; h, d;) be a reqular Ferrers board (so H; >
D; for1 <i<t). Leta,b € N witha>b>1, and set

Ly"(B) = Area(B) + n(b— 1)+ k(n+a—1) = > d;D;.

=1

Then Ani(a,b,q, B)/TI._y[di]! is either zero or symmetric with darga Ly"(B).
If in addition d;_y +d; > h; for 1 < i < t, then A,x(a,b,q,B)/T]i_,[d]! is
zsu(LYY(B)).

Proof. By Lemma 2.2.2, A, (a,b,q, B)/[I._,[d]! =

Xk: {Zjﬂ [a - 1] (—1)tg("%") ﬁ [J' +Hi - Dil:-_l +b-1]

j=0 J i=1

which is a polynomial in ¢ (the first two g-binomial coefficients in the sum are
clearly polynomials, and the third is since H; > D;_; and b > 1). Using the fact
that [7] is zsu(s(r — s)) (see [10, 16] for a proof) and Lemma 2.1.2, each term on
the right side above has darga (k — j)(n+a—k+j)+jla—1)+ (k—j5)(k —
j—1)+ 3t di(j + H; — D; +b— 1), which is exactly LY*(B). Since the sign
alternates, we can only conclude that A, x(a,b,q, B)/[[._,[d]! is symmetric with
darga L*(B).
However if d;_1 + d; > h; for 1 <1 <t, by Lemma 2.2.4

t
An,k(ta? b7 q,'B) _ Z P(a a, b) H qei(Hi*Di+Ei+b*1)’
Hl:l[dl] e1+--+et=k, 0<e;<d; i=1
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and all of the terms on the right hand side above are in N[g] by Lemma 2.2.5.
Each term is zsu(Zle{(di —e)H;—D;+E;+b—1)+e;(D;+D; 1 —H;— E; +
a—0b)+2e;(H; — D;+ E; +b—1)}), which a simple calculation shows is the same
zsu(LyY(B)). Thus by Lemma 2.1.1, A, 4(a,b,q, B)/ [T'_,[di]! is zsu(L{"(B)) as
well. O



Chapter 3

A Statistic for Generating
An,k(yv q, B)

In this chapter we will prove the main result of this dissertation, a statistic for
combinatorially generating the A, x(y, ¢, B). The proof is broken into three steps.
In Section 3.1 we show that when m € N, A,, x(m, g, B) is related to the kth ¢-hit
number of a much larger board B,,. In Section 3.2, we use Haglund’s statistic
for combinatorially generating A, (¢, By,) to find a combinatorial expression for
A, k(m,q, B) when m € N. In Section 3.3, we use the fact that two polynomials
with infinitely many common values must be equal to extend our combinatorial
expression to A, x(y,q, B) for any y € R. We finish by using results from this
chapter to define a generalization of the notion of a Mahonian permutation statis-
tic.

3.1 The A,ir(m,q, B) when m € N

When B = B(hy,dy;. .. hy, dy) = B(by,...,by,) is a Ferrers board let us define, for
m € N, the board

B, = B(hi +m—1,dy;...;hy,dy +m —1).

If B is a regular Ferrers board (and hence b, = n), then B,, is also a regular
Ferrers board, with n +m — 1 columns, of heights

by+m—1, bo+m—1,....,+m—-1,n+m—1,..n+m—1.
mtl

Note since at least the last m columns of B,, C SQ,,,,_1 for any regular Ferrers
board B have height n+m —1, any rooks in the last m columns of SQ,,+,,—1 must
16
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be on B,,. Thus in particular any placement of n+m — 1 rooks on SQ,,, 1,1 must
have at least m rooks on B, 80 Hyim-1k(Bm) =0 for 0 <k <m — 1.
We use the following lemmas to prove the main proposition of this section.

Lemma 3.1.1. For B = B(by,...,b,) a regular Ferrers board, m € N and B,, as
defined above,

An,0<m7 q, B) = An+m*1,0<Q7 Bm)/[m - 1}'

Proof. Suppose F' = F(f1,...,fs) € SQg is a regular Ferrers board. Letting
z = 01in (1.9) we get that Ay0(y,q, F) = Ra(y,q, F), and letting z = 0 in (1.7)

gives that Ry(y,q, F) = [[j_i[f; — 7 +yl = [[[.i(fi +y — 1) — j + 1]. Hence
letting ' = B, d =n, and y = m € N yields

n

Ano(m,q, B) = [ [l(b: +m —1) =i +1].

=1

If we then let F' = B,,, d=n+m —1 and y = 1 we get that
Apim—10(¢, Bn) = [b1 +m —1][(bo+m —1) = 1]---[(by + m — 1) — n + 1]

X[(n+m—=1)=n][(n+m—-1)—n—-1]---[(n+m—-1)—n—m+2] =

[T +m—1) =i+ 1) x [m — 1],

i=1

and the lemma follows. O

Lemma 3.1.2. For any regular Ferrers board B = B(hy,dy; ... ;h,dy) C SQ, we
have that

Ank(y,q,B) =y +k+di — 1A 1x(y, ¢, B — hy — di)+
qy+k+dt_2[n - k - dt + 1]Anfl,k71(ya q, B - ht - dt)
for 0 <k <n.
Proof. Let x =y in Lemma 2.1.4. O]

Lemma 3.1.3. For any regular Ferrers board B = B(hy,dy;...;he,dy) C SQ,,
we have that
Ani(q, B) = [k +diJAn-11(q, B — by — di)+

qk—‘rdf—l[n _ k _ dt _|_ 1]An—1,k—1(Q7 B - ht - dt)
for 0 <k <n.
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Proof. Let y =1 in Lemma 3.1.2. O]

The next proposition is integral to proving the main result of the dissertation
in Section 3.3.

Proposition 3.1.4. For any reqular Ferrers board B and m € N, we have that

An—l—m—l,k(Qu Bm)
[m — 1]!

An,k(m7 q, B) =

for 0 <k <n.

Proof. We will prove this proposition by induction on Area(B). When Area(B) =
1 the only regular Ferrers board is the 1 x 1 square S@, and an easy calculation
shows that A;o(m,q, SQ1) = [m]| and A;1(m,q,SQ1) = 0. By the definition
given in Chapter 1 of hyim—1.8,,(P), A14m-1.0(¢; Bm) = Amo(q, SQm) = [m]! and
Apni(q, SQum) = 0, so the proposition holds in this case.

Now assume the proposition holds for all regular Ferrers boards of Area < A,
and suppose B = B(hy,dy;...;hy,dy) = B(by,...,b,) is such that Area(B) = A.
By Lemma 3.1.1, we have that A,,o(m,q, B) = Aptm-10(¢; Bm)/[m — 1]!. Then
by Lemma 3.1.2 when y = m, we have for £ > 0 that

A, k(m,q,B) =m+k+d — 1A, _1,(m,q, B—hy — dp)+

qm+k+dt_2[n - k - dt + 1]An—1,k—1<m7 q, B - ht - dt)7

which is
[k+ (di +m —1)]A,_1k(m,q, B—hy — dy) + gFHdrm=1)-1,

(n+m—1)—(de+m—1)—k+1)A,_1,-1(m,q, B — hy — d;). (3.1)

By induction, An—l,k(ma q, B_ht_dt) - A(n—l)-‘rm—l,k’(q, (B_ht_dt>m)/[m_1]‘7
which equals

Am-1)y4m-1k(¢; Blhi +m —1,dy;...;hy — 1, dy — 14+ m — 1)) /[m — 1]!
and A,_1x-1(m,q, B —hy — d;) is
Apntysmotpoo1(q, Blhy +m — 1,dy; . shy— 1,dy — 1 +m — 1)/[m — 1]L.
Thus (3.1) is equal to
(k4 (de+m—1)] A1y tm-1,,(q, B(ha+m—1,dy; ... hy—1,dy—1+m—1))/[m—1]!

gm0y Lo — 1) — (dy +m — 1) — k + 1] x
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A(n71)+m71,k71(q7 B(hl +m—1,dy;...;h—1,dy—1+m— 1)/[7” - 1]!7
which is

1
[m — 1]!

{[k+(dt+m_1)]A(n—1)+m—1,k<QJ B(hi+m—1,dy;...;y—1,dy—1+m—1))

gm0y Lo — 1) — (dy +m — 1) — k + 1] x
A(n71)+m71,k71(Q7B(h1 +m — 1,d1; .. 7ht - 1adt -1 +m — 1)}

Now by Lemma 3.1.3, the above is equal to

1
—[m — 1]‘An+m—1,k<Q7 Bhy+m—1,dy;...;(—1)+1,(ds,—14+m—1)+1)
1
= mAn+m—1,k(Q7 B(hl +m—1, dl; cel hh dt +m — 1)),

which is .
—Aﬂ m— 7Bm
[m — 1]! +m—1:(¢ )

and the proposition follows. Il

3.2 The map ¢, p,, and its properties

For any Ferrers board F' C SQq, let us denote U¢_Hy;(F') by Py(F). Throughout
this section let B C 5@, be some fixed regular Ferrers board, B,, C SQ,1m_1 as
previously defined for some fixed m € N. If P € P,1,,,_1(By), let r;(P) denote
the rook from P in the ith column of SQ, 1, and analogously for Q € P, (B)
and 7;(Q).

We define a mapping ¢, gm @ Pnim—1(Bm) — Pn(B) as follows. Suppose
P € Pyim—1(By,). Beginning in column 1 and proceeding from left to right one
column at a time, the following occurs.

1. 7;(P) is on one of the m lowest squares in column ¢ not attacked by a rook
to the left if and only if r;(P) maps to the unique square $;(¢n, gm(P))
which completes a cycle in the image of P so far. (That is, you consider
the placement of rooks on S@, O B in columns 1 through ¢ — 1 given by
¢n,B,m(r1(P))7¢n,B,m(r2(P))7 . 'a¢n,B,m(Ti—1(P))7 and 5i(¢n,B,m(P)) is the
unique square in column ¢ which would complete a cycle in this placement.)
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Figure 3.1: The placement P on B, C SQ,im-1 for B = B(1,3,4,4), m = 3,
and n = 4.

2. Otherwise, r;(P) is on the (m+a;)th square (a; > 0) in column ¢ not attacked
by a rook to the left if and only if r;(P) maps to the a;th available square
in column ¢ of B so far which does not complete a cycle (that is, the a;th
available square in column ¢ of B, not counting the square s;(¢, gm(P))
described above).

The best way to understand this mapping is to do an example in detail. Con-
sider the placement P of 6 rooks on the board SQg 2 Bs, where B = B(1,3,4,4) C
SQ4. This board and placement are depicted in Figure 3.1. The leftmost rook
r1(P) is in the fifth available position in its column, which is also the fifth square
in this column not attacked by a rook to the left (because there are no rooks to
the left). Since m = 3 in this case (so 5 = m + 2), ¢4 5 3(r1(P)) is on the second
available square in column 1 of S@Q4 which does not complete a cycle. Since the
square (1,1) is always the cycle square in the first column, r (P) maps to square
(1,3).

Now the cycle square in column 2 of B is (2,2). Since r5(P) is on one of the 3
lowest squares in column 2 of SQg not attacked by a rook to the left, ¢4 g 3(r2(P))
is on the cycle square (2,2).

At this point the cycle square is (3,1). Here r3(P) is on the fourth square
not attacked by a rook to the left (and 4 = m + 1), so ¢4 p3(rs(P)) is on the
first available square of S@4 which does not complete a cycle. In this case square
(3,1) is the cycle square, and squares (3,2) and (3, 3) are attacked by the rooks
in columns 1 and 2 of SQy, so the first available non-cycle square is (3,4).

Finally, the cycle square in column 4 of SQ4 is (4,1). Since r4(P) in on the
lowest square in its column (and hence one of the 3 lowest not attacked by a rook
to the left), ¢4 p3(ra(P)) is on the cycle square. The image ¢4 p3(P) is depicted
in Figure 3.2.

The general principle behind ¢, g, is the following. Suppose you want to
map a rook in column ¢ of a placement P on SQ,1,—1 2 B,,. Imagine covering



Figure 3.2: The image of P from Figure 3.1 under ¢4 p 3 at each step.

21



22

w|
N

2
ith col. of B

ith col. of By

Figure 3.3: The idea behind the map ¢, g in the ith column.

columns i + 1 through n +m — 1 of SQ,4m_1, so that only columns 1 through
can be seen. If r;(P) is on one of the m lowest available squares in column ¢ of this
“covered” board, then r;(P) maps to the square of SQ, 2 B which completes a
cycle in the image so far. The remaining (n+m —1) — (i —1) —m = n —i squares
in column i of SQ,,1.,,—1 are then mapped in order to then — (1 — 1) =1 =n —1
available non-cycle squares in column ¢ of SQ,. Figure 3.3 illustrates this idea
further.

Note that in the definition of ¢, p,, we ignore the rooks from a placement
P € Puim_1(By) in columns n + 1 through n +m — 1 of SQ,1pm_1. Thus for a
fixed arrangement of n rooks in columns 1 through n of SQ,1.,_1, We see there
will be (m — 1)! total ways to arrange the rooks in the last m — 1 columns of
SQunim—1. Hence these (m — 1)! placements will all map to the same placement
of n rooks on SQ),,.

We have the following lemmas.

Lemma 3.2.1. ¢, g, 15 surjective.

Proof. Given a placement ) € P,(B), we build a placement P € P, ,,,_1(B) from
left to right. If the rook from @) in the ith column is on the square which completes
a cycle, then we choose 7;(P) to be on one of the m lowest available squares of
SQpnim—1 (so for each rook on a cycle square from @, we will have m choices for
the rook from P in the same column). If r;(Q)) is on the @;th square in its column
not attacked by a rook to the left and which does not complete a cycle, then r;(P)
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must be on the (m + a;)th available square in column i of SQ, ;1. Once the
rooks in columns 1 through n are determined, we choose any arrangement of rooks
in columns n+ 1 through n+m —1 which results in a non-attacking placement. It
is clear that this procedure will result in a placement P € P,.,,_1(B), and each
rook from P was chosen to ensure that Q) = ¢, g (P). O

Lemma 3.2.2. Let P € Pyim-1(Bp), and Q = ¢ pm(P). For1 <i<mn, r;(P)
is on By, if and only if r;(Q) is on B, and r;(P) is off By, on square (i, j;+m—1)
if and only if r;(Q) is off B on square (i, j;).

Proof. Fix n, B and m; the proof is by induction on ¢. If i = 1, then by definition
of ¢, pm any rook on one of the m lowest squares in column 1 maps to the unique
square in column 1 of B which completes a cycle, namely (1,1), and a rook on
square (1,7 +m — 1) (for 7 > 1) maps to square (1,7). Thus r{(P) is on B,, if
and only if 7 (Q) is on B, and r(P) is off B,, on square (1, j+m — 1) if and only
if 1(Q) is off B on square (1,7) as desired.

Now consider the rook r;(P) in column ¢ of P for ¢ > 1. Let k; denote the
number of rooks from P in columns 1 through ¢ — 1 which can attack a square on
B,, in column i; that is, k; is the number of rooks in columns 1 through ¢ — 1 of
SQp+m—1 which are in rows 1 through b; + m — 1, where b; denotes the height of
column ¢ of B. Then we see that there are b; + m — 1 — k; available squares in
column 7 of SQ,+,»_1 which are on B,,.

By induction, any rook from P in columns 1 through ¢ —1 is on B,, if and only
if this rook maps to a rook on B, and any rook is off B,, on square (s, js+m —1)
if and only if this rook maps to a rook off B on square (s, js). These two facts
imply that a rook in columns 1 through ¢ — 1 in a row between 1 and b; + m — 1
of SQp1m—_1 maps to a rook in columns 1 through ¢ — 1 of SQ,, in a row between
1 and b;. Thus the number of rooks in columns 1 through i — 1 of SQ),, from @
which can attack a square on B in column ¢ is also k;, and hence there are b; — k;
available squares in column ¢ of S@Q,, which are on B.

A rook on one of the lowest m available squares in column ¢ of SQ,. 1
will map to the unique square in column i of SQ, which completes a cycle in
(). Since B is a regular Ferrers board, this square will lie on B. Thus there
are (b; + m — 1) — k; — m = b; — k; — 1 available squares on B,, in column i of
SQpsm—1 which do not map to s;(Q). On SQ, we see that there is one square
which completes a cycle in @), and b; — k; — 1 squares which do not complete a
cycle. Hence by the definition of ¢, g, the b; — k; — 1 squares on B,, which do
not map to s;(@)) are in one to one correspondence with the b; — k; — 1 available
squares on B in column i, so r;(P) is on B,, if and only if r;(Q) is on B.

Finally, the remaining (n+m—1)— (b;+m—1)—(i—1—k;) =n—b;—i+1+k;
available squares in column ¢ of SQ,,1,,_1 off B,, are in one-to-one correspondence
with the n —b; — (i — 1 — k;) =n — b; — i+ 1 + k; available squares in column i
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of SQ,, off B. By induction a rook on square (s,js +m —1) for 1 < s <i—1
which is off B,,, maps to a rook on square (s, js) which is off B. Thus we see that
in column i a square (i,j; + m — 1) off B,, is available if and only if the square
(4, j;) (which is off B) is available. Thus by definition of ¢, g, we see that r;(P)
is off B,, on square (i, j; +m — 1) if and only if r;(Q) is off B on square (7, j;). [

Note that a corollary of Lemma 3.2.2 is that ¢p gm|y ettty (B) is

actually a map from Hy, 1, (ntm—1)—k(Bm) t0 Hpn_i(B).
Now let us weight a placement Q) € H,, x(B) by

Z qhn+mfl,Bm(P), (32)

PEd, s n(Q)

where hy,im_1,5, (P) is as described in Chapter 1. As was earlier discussed, the
rooks from some P € P,y 1(B,,) in columns n + 1 through n +m — 1 will all
lie on B,,. Thus by the definition of Haglund’s statistic, if we fix the rooks in the
first n columns and sum over all the possible (m —1)! placements of non-attacking
rooks in the last m — 1 columns, we will generate [m — 1]!.

Given a statistic stat which can be calculated for any rook placement R on a
board SQq 2 F, we will denote by stat(R); the contribution to stat(R) coming
from the ith column of SQ4. Thus for Q) € H,, x(B), we see that

Z qhn+m_173m (P) _ [m . 1]! Z ﬁ qhn+m—1,Bm(P)i

Ped, 'y m(Q) ph =l

where the second sum is over all placements P’ of rooks in columns 1 through n
of SQpim-1 2 By, which extend to a placement P € ¢, (Q) and P is any one
of these extensions of P'.

We have the following lemmas about this weighting.

Lemma 3.2.3. For a fized placement QQ € H,x(B), suppose a rook r;(Q) is on
the square s;(Q). Then

D e ]

Peg s 0 (Q)

Proof. If r;(Q) is on s;(Q), then by definition for P € ¢ % (Q) r;(P) is on

n,B,m
one of the m lowest squares in column 7 not attacked by a rook to the left.

The lowest square gives a contribution from column ¢ of 1, the second lowest a

contribution of ¢, ..., the mth lowest a contribution of ¢™~!. Thus we see that
hn m—1, m(P)z —
ZP@;}BM(Q) qrmThE [m]. [
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Lemma 3.2.4. For a fized placement Q) € H,, x(B), suppose a rook r;(Q)) is below
the square s;(Q) on the a;th square not attacked by a rook to the left. Then for
every P € ¢,'5..(Q), ri(P) contributes a factor of ¢" % to each summand
of (3.2).

Proof. r;(Q) is on the a;th square not attacked by a rook to the left, which is
also (since r;(Q) is below s;(Q)) the a;th square not attacked by a rook to the
left which does not complete a cycle. Thus we see by the definition of ¢,, 5., that
r;(P) must be on the (m + a;)th square in column ¢ of SQ;4,,—1 not attacked by
a rook to the left. Since r;(Q) is below s;(Q) it must be on B, so by Lemma 3.2.2
ri(P) is on By,. Thus r;(P) has m — 1 4 a; uncancelled squares below it, so it
contributes m — 1 + a; to hyym_1.5, (P) and hence a factor of ¢™ "% to each
summand of (3.2). O

Lemma 3.2.5. For a fized placement Q € H,,(B), suppose a rook r;(Q)) on B is
above the square s;(Q), and on the a;th square not attacked by a rook to the left.
Then for every P € gb;%m(Q), r;(P) contributes a factor of ¢ %=1 to each
summand of (3.2).

Proof. r;(Q) is on the a;th square not attacked by a rook to the left, which is
(since 1;(Q) is above s;(Q)) the (a; — 1)th square not attacked by a rook to the
left which does not complete a cycle. Thus we see by the definition of ¢,, 5, that
r;(P) must be on the (m + a; — 1)th square in column i of SQ,, ;-1 not attacked
by a rook to the left. Again by Lemma 3.2.2, since r;(Q) is on B r;(P) must be on
By,. Thus r;(P) has m — 1+ a; — 1 uncancelled squares below it, so it contributes
m—1+a; —1t0 hyym—1.p, (P) and hence a factor of g™+ ~1 to each summand

of (3.2). O

Lemma 3.2.6. For a fizved placement Q) € H, ,(B), suppose a rook r;(Q) is off
B. Then for every P € gb;i&m(Q), ri(P) contributes a factor of ¢ B(@)i 1o
each summand of (3.2).

Proof. By Lemma 3.2.2 and its proof, we see that if 7;(Q) is on (7, j) then r;(P) is
on (i,j+m—1) and the number of rooks below and to the left of 7;(Q) is equal to
the number of rooks below and to the left of r;(P). Thus the number of squares
coming from column ¢ when calculating h,1m-1,5,, (P) is the same as the number
of squares from column i when calculating m — 1 + h,, 5(Q), hence such a rook
contributes a factor of g™~ 1*m.58(@i o each summand of (3.2). O

Note that for @ € P,(B) and r;(Q)) not on the cycle square but on the a;th
square not attacked by a rook to the left, a; = h, p(Q); + 1. Thus for a rook
below the cycle square in column ¢ we have that ¢™11% = ¢~ 1thns(@itl apd
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for a rook on B above the cycle square in column 7, g™ 1T%—1 = gm—1+hn (@i
Now we see that

1
An,k(m7 q, B) = |An+m—1,k(Q7 Bm) =

[m — 1]!

1 h P
_ q n+M—1me( ) —
[m — 1]! Z

PeHn+m71,(n+m71)7k(Bm)

ﬁ Z { Z qhn-&-m—l,Bm(P)} _

QEMnn-k(B) * Pegrly  (Q)

RN - i

Q€Hn n—k(B which extend to some PE¢;leym(Q) i=1

Z [m)] cye(Q) H qm—1+ai(Q) %

QEHp n—1k(B) r:(Q) below s;(Q)
H qm—l—i-al(Q)—l H qm_1+hn’B(Q)i —
r:(Q) above s;(Q) on B r:(Q) above s;(Q) off B
cye(Q) (m=1)+hn, 5(Q)i+1 (m=1)+hn, 5(Q)i _
[m] q q
QEHn n—r(B) ri(Q) below s;(Q) ri(Q) above s;(Q)
S ] @) im0 m(@QHE@), (3.3)
QeHn,nfk(B)

where b, 5(Q) is defined as the number of squares on S(),, which neither contain
a rook from P nor are cancelled, after applying the following cancellation scheme:

1. Each rook cancels all squares to the right in its row;

2. each rook on B cancels all squares above it in its column (squares both on
B and strictly above B);

3. each rook on B on a cycle square cancels all squares below it in its column
as well;

4. each rook off B cancels all squares below it but above B.

Note that if we let m = 1 in (3.3), then we obtain a statistic to generate the
g-hit numbers. That is,

Ap(@.B)y= 3 re@EQ
QEHn,nfk(B)

While this new statistic is equal to neither that of Haglund [12] nor Dworkin [4],
it is a member of the family of statistics discussed by Haglund and Remmel [13,
p. 479].
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3.3 The main theorem and a corollary

We can now define

Aupoa, By = Y [y]reD v +bnn(P)+EP)
PEHnyn,k(B)

and prove the following.

Theorem 3.3.1. For any reqular Ferrers board B,

An,k’(ya q, B) = An,k’(y7 q, B)
for 0 <k <n.

Proof. Both of the above expressions are polynomials in the variable ¢¥ over the

field Q(q) of fixed degree. By the previous section, A, x(m,q, B) = A, x(m,q, B)
for any m € N. Thus these two polynomials have infinitely many common values,
hence must be equal for all y. O

A permutation statistic s is called Mahonian if

Z ¢ = [n]!.

gESy
We shall say that a pair (s, s9) of statistics is cycle-Mahonian if
> g = g + 1)y - 1)
O'ESn

Note that the statistic s may depend on both ¢ and y. This notion generalizes
that of a Mahonian statistic, since letting y = 1 in the definition of cycle-Mahonian

gives
Z g2 — [1]12] - - - [n] = [n].

O'GSTL

We can associate to a permutation o € S, the placement P, of n rooks on S@,,
consisting of the squares {(7,7) | o(i) = j}. We can then make any statistic stat
defined for placements of n rooks on S@),, into a permutation statistic by letting

stat(o) = stat(P,).
In light of this definition, we have the following.

Corollary 3.3.2. The pair (cyc(—),(n — cyc(=))(y — 1) + bpg(—) + E(—)) is
cycle-Mahonian for any reqular Ferrers board B C SQ),.
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Proof. By definition,

Z [y} cyc(a)q(n—cyc(a))(y—l)—i-bn’g(U)-‘,—E(J) _ Z [y]cyc(Pg)q(n—cyc(Pg))(y—l)—i-bn,B(Po)—f—E(Pg)‘

O'GSn O'ESn

By Theorem 3.3.1 we know that

n

Z [y]cyC(Po)q(n*cyC(Po))(y*1)+bn,B(Po)+E(Pa) — ZAn,k(% ¢, B).
€Sy k=0

Finally, it is known [11] that for any regular Ferrers board B C SQ,,

Y Awily.a,B)=[ylly +1]-- [y +n—1]. (3-4)



Chapter 4

The Cycle-Counting ¢-Eulerian
Numbers

In this chapter, we apply the statistic from Chapter 3 for the triangular board T,,
to study a cycle-counting version of the ¢-Eulerian numbers. We finish the chap-
ter by defining a generalization of the notion of an Euler-Mahonian permutation
statistic, and providing an example.

4.1 The algebraic ¢, y-Eulerian numbers

Let T,, denote the triangular board B(1,2,...,n) with column heights 1, 2, ..., n.
Recall the following permutation statistics for a permutation o = g105--- 0, € S,

dBS(O') = ‘{Z’ o; > Uz’+1}| and maj(o') = Z i,
0i>0i+1

called the number of descents and the major index, respectively, of the permutation
o. The q-Fulerian numbers are then defined by the equation

En1(q) = Z g, (4.1)
0€Sp, des(o)=k—1

It is known [12] that E,x(q) = Anx-1(q, T,), hence we obtain a g, y-version of
the Eulerian numbers, which we call the algebraic q,y-FEulerian numbers, via the
equation

En,k<y7 Q) = An,kfl(:% q, Tn)

We have the following easy lemma about the algebraic ¢, y-Eulerian numbers.

Lemma 4.1.1. We have

Enk(y,q) =y +k—1E 1y, q2)9= @2 —k+1E, 151y, q)
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forn,k € N.
Proof. Let B =T, in Lemma 3.1.2. O]

4.2 The combinatorial ¢, y-Eulerian numbers

Our goal in this section is to combinatorially define a ¢, y-version of the E, x(q),
involving des and maj, which reduces to (4.1) when y = 1. To this end, suppose
o =0109---0, € S,. If 0;, =1, let y; be the cycle (o1 ---0;,). If a is the small-
est integer not contained in y;, and o), = «, let yo be the cycle (0j,41---0j,),
etc. If the result of the above procedure is the product of cycles y1ys - - - y,, we
will let p = ¢rmin(o), called the number of left-to-right minima of o. For exam-
ple, the permutation 72165834 breaks into cycles under the above procedure as
(721)(6583)(4), so €rmin(72165834) = 3. We can now define the combinatorial
q, y-Fulerian numbers by the equation

En,k(yy q) _ Z [y]frmin(a)q(nfﬁrmin(o'))(y71)+maj(0')
0E€Sp, des(o)=k—1
and prove the following.

Proposition 4.2.1. For any n, k € N we have that

Enp(y,q) =y +k—1UE,14(y,q) + ¢ *[n— k + 1] E_1 5-1(y. ).

Proof. We mimic the well known proof of the y = 1 case (that is, the regular
¢-Eulerian numbers E,, x(¢)). Any permutation in S,, with & — 1 descents can be
built from one in S,,_; with either £k — 1 or k — 2 descents in the following way.

First suppose o € Sn 1 has k—1 descents, occurring at positions iy, io, ... 45_1.
Thus o =010y - 04, -+ On_1, Where

01 <02 <04, 20,411 < <04, >0 41 << 0Op_1.

This permutation will contribute

[y] Lrmin(o) q((n— 1)—lrmin(o))(y—1)+maj(o)

to En—l,k(yv Q)

We can place n in any of the k—1 positions of o where a descent occurs, thereby
creating a new permutation o’ in .S,, which still has only k—1 descents. If we place
n in the (i1 + 1)th position, all the descents are moved one position to the right,
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thus increasing maj by k— 1. Here we see that ¢rmin(c) = ¢rmin(c’), since there
will clearly be a number to the right of where we have placed n which is smaller
than n. However, we have increased the number of letters in the permutation
from n — 1 to n. Thus

Lrmin(o’) (n—Lrmin(o’))(y—1)+maj(c’) _

[y] q

{q(y—1)+(k—1)} % [y]hmin(a)q((n—l)—érmin(a))(y—1)+maj(cr).

Next we see that if we place n in the (iy 4+ 1)th position, this time maj will
increase by k — 2, and again frmin(o’) = ¢rmin(c) but the number of letters
in the permutation increases by one. Therefore in this case, we gain a factor of
g D+(=2)

Continuing in this manner we proceed from left to right. Placing n in the
(i—1 + 1)th position gives a factor of ¢ ~)+1 so the sum of all of these factors is
QU2 o guth=3 oo 9! 4 ¢Y. There is one last position where we can place
n and not increase des, and that is the nth position. This will also not increase
maj, however ¢rmin(c’) will now be ¢rmin(c) + 1. We have also increased the
total number of letters from n — 1 to n, but since ¢rmin(c’) = lrmin(c) + 1 we
have that (n — 1) — érmin(c) = n — frmin(c’). Thus this last placement of n just
contributes [y], and summing over all positions for n which do not increase des(o)
gives [y] + ¢¥ + ¢t + - - - + ¢TF2, which is equal to [y + k — 1]. Summing again,
over all o € S,,_; with k — 1 descents yields the first term in the recurrence.

Now suppose 0 € S,,_1 has k—2 descents, occurring at positions iy, s, .. .45_o.
Thuso=0y---04 - 04, 0On_1, Where

01 <02 < <03, 20341 << 0y 204 o141 < < Op—1.-

This permutation will contribute

[y] Lrmin(o) q((n— 1)—lrmin(o))(y—1)+maj(o)

to En1x-1(y, q)-

We can place n in any of the n— (k—1) positions which will create an additional
descent in our new permutation o’. If we place n in the first position, this new
descent will add 1 to maj, and it will move each of the k — 2 descents to the
right of it one position to the right, adding another k — 2 to maj. Thus mayj will
increase by a total of k — 1. As argued in the above case, ¢rmin(o’) = frmin(o),
but since we have increased the number of letters in the permutation from n — 1
to n, the quantity n — ¢rmin(o’) = {(n—1) —rmin(o)} + 1. Thus we also obtain
an extra ¢¥~!, and hence

[y]érmin(a") q(nférmin(a"))(y71)+maj(o") —



32

{q(y—l)+(k—l)} > [y]frmin(a)q((n—l)—érmin(a))(y—1)+maj(0')‘

Continuing in this manner until the first descent at position 4y, we obtain
factors of ¢~ D+E=1) =14k - qy=D+k=2+i We do not place n in the (i;+1)th
position, as this will not create a new descent. Instead, we skip over this position
and move to the (i1 +2)th position. The new descent created will contribute i; +2
to maj. Now there will be only k£ — 3 descents to the right of where we have placed
n, which will each be moved one position to the right increasing maj by k& — 3.
As argued in the previous paragraph, we will gain a factor of gv—1D+k=3+1+2,

We continue the above placement scheme, skipping over positions where de-
scents are already in o. The last position will contribute ¢®#~Y*"~1 and the sum
over all positions for n in o which increase des yields gV * =2+ g¢TF 1. . . gvtn=2 =
P2 x {1+ q+ @+ + ¢ = ¢*"*2n — k + 1]. Now summing over all
o € S,_1 with k — 2 descents yields the second term in the recurrence.

m

We can now prove the following theorem.
Theorem 4.2.2. For any n,k € N we have that Emk(y, q) = Enx(y,q).

Proof. It is clear that Ey;(y,q) = [y], and it is easy to check by definition of
A1y, q,Ty) that By (y,q) = [y]. Thus the E,(y,q) and the E, (y,q) satisfy
the same initial conditions, and by Lemma 4.1.1 and Proposition 4.2.1 they also
satisfy the same recurrence. Thus E,x(y,q) = Enx(y,q) for all n,k € N as
desired. O

A number of algebraic identities about the A, x(y, ¢, B) for B a regular Ferrers
board are proven in [11]. Thus in light of Theorem 4.2.2, we obtain the following
identities for the E, (v, q).

Corollary 4.2.3. Forn,k € N and 1 < k < n we have that

Bsln) = Y P | S Rl IED

J:
Proof. Let x =y and B = T,, in Lemma 5.1 of [11]. O
Corollary 4.2.4. Let (w) denote the product [];- (1 — wq"). Then

oo +k—1 n SN _
) [y k }[W] # =37 Burly, )2
X k= k=1

Proof. Let © = y and B = T,, in the equation in [11, p. 455], and note that
Apn(y,q,T,) =0. n
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4.3 Cycle-Euler-Mahonian permutation statistics

Another direct corollary of Theorem 4.2.2 is the following.

Proposition 4.3.1. The pair (¢rmin(—), (n — érmin(=))(y — 1) + maj(—)) is
cycle-Mahonian.

Proof. By definition,

Z [y]ﬂrmin(a) q(n—ﬁrmin(a)) (y—1)+maj(o)

oc€ESnh k=1

By Theorem 4.2.2,

I
?

&
ol
—~
=
I
~—

Again by definition,

Z En,k(ya q) = Z An,k—l(yv q, Tn)a
k=1

k=1
which is equal to [y|[y + 1] --- [y +n — 1] by (3.4) (since A, ,(y,¢,T,) =0). O

Note we can bijectively associate the set of permutations in S,, with & descents
to the set of placements of n rooks on S@,, such that exactly k rooks lie off T,, in the
following way (first noted in [14]). Suppose o = 0109 - - - 0, has k descents. First,
we find the product y1y5 - - - y, of cycles as was done when computing ¢rmin(—) in
Section 4.2. Then we place a rook on square (i, 7) of S@Q, if and only if i follows
J in one of the cycles y,. It is easy to verify that this placement will have exactly
k rooks off T,,, and that this procedure can be reversed. This placement is the
descent graph of o, which we will denote DG(¢). For example, DG(72165834)
is pictured in Figure 4.1. Note that des(72165834) = 4, which is the number of
rooks off T,, in DG(72165834). Note now that by Theorem 3.3.1 and the above
discussion, we have that

Enr(y,q) = Z [y]cyC(DG(ff))q(n—cyC(DG(U))(y—1)+bn,1rn(DG(U))+E(DG(U))

0ESp, des(o)=k—1

We can now prove the following.
Theorem 4.3.2. We have
Z gormn (PGON+E(DG(9)) — ¢

0€Sp, des(o)=k, cyc(DG(o))=L 0€Sn, des(o)=k, Lrmin(o)=(

for any n,k, ¢ € N.
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Figure 4.1: The descent graph for 72165834.

Proof. We know by the above discussion that

Z [y]cyC(DG(U))q(n*CyC(DG(U))(y*1)+bn,1rn(DG(O))JrE(DG(U)) = Enpi1(y,9).

0ESn, des(o)=k
) (4.2)
By Theorem 4.2.2, (4.2) is equal to E, x+1(y, ¢), where

Enpi(y,q) =
0ESy, des(o)=k

n Z [y]hmin(a)q(n—Zrmin(o))(y—1)+maj(a)’

and hence

Z [y]CyC(DG(U))q(n*CyC(DG(U))(y*1)+bn,1rn(DG(U))+E(DG(U)) -

Z [y]frmin(a)q(n—érmin(a))(y_l)+maj(‘7)' (43)

If we let z = [y]g~ ¥~ in (4.3), then we have that

qn(y—l) Z ZCyC(DG(U))qbn’T"(DG(U))+E(DG(0)) _

0€Sn, des(o)=k

qn(y—l) Z Zﬂrmin(a) qmaj(a).
0ESy, des(o)=k

Thus
Z chc(DG(o'))qbn,Tn (DG(0))+E(DG(0))

0€Sp, des(o)=k
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and

Z Zfrm'm(o) qmaj(a)
o€Sp,des(o)=k

are equal polynomials in the variable z over Nlg|, and hence equal powers of z
must have equal coefficients. In particular the coefficient of 2’ in each must be
equal. That is

Z qbn,'ﬂ‘n(DG(U))+E(DG(U)) — Z qmaj(a)
0ESy, des(o)=k, cyc(DG(0))=¢ 0ESn, des(o)=k, brmin(c)=L

as desired.
O]

Recall that a permutation statistic s on .S, is called FEuler-Mahonian if the
pairs (des, s) and (des, maj) have the same distribution on S, that is,

Z qs(a) _ Z qmaj(a)

0ESp, des(o)=k 0€Sp, des(o)=k

for all values of k. Theorem 4.3.2 leads us to define the following generaliza-
tion. We will say a pair of permutation statistics (s1(—), s2(—,y)) is cycle-Fuler-
Mahonian if it is cycle-Mahonian as defined in Section 3.3, and

Z g2 = Z g™ (), (4.4)

0€Sp, des(o)=k, si1(c)=¢L 0€Sn, des(o)=k, lrmin(c)=L

This definition generalizes that of Euler-Mahonian, because if (s1(—), s2(—,¥))
satisfies (4.4) then

Z qsz(a',l) _ Z{ Z . q32(a,1)} _
o)=L

0ESn, des(o)=k 14 0ESn, des(o)=k, s1

Z{ qmaj(a)} _ Z qmaj(a).
()=t

14 0E€Sn, des(o)=k, frmin 0€Sy, des(o)=k

Thus if (s1(—),s2(—,y)) is cycle-Euler-Mahonian, this implies that so(—,1) is
Euler Mahonian.

By Corollary 3.3.2 (cyc(DG(-)), (n — cyc(DG(=)))(y — 1) + by1, (DG(—)) +
E(DG(—))) is cycle-Mahonian, and by Theorem 4.3.2 we see that

(des(=), cyc(DG(=)), bnr, (DG(=)) + E(DG(-)))

and
(des(—), brmin(—), maj(—))



have the same distribution. Thus
(cye(DG(-)), (n — eye(DG(=)))(y — 1) + by, (DG(-)) + E(DG(-)))

is an example of a cycle-Euler-Mahonian pair of statistics on S,,.

36



Chapter 5
Other Rook Theory Models

In this chapter, we present two other models which generalize classical rook theory.

5.1 Cycle-counting p, g-rook theory

In this section, we describe a model which generalizes both the Ry(y,q, B) and
the p, g-analog of the rook numbers introduced in [15]. A p, g-analog of a number
is an expression such that setting p = 1 yields a g-analog of that number. For
example, the p, g-analog of the integer n is given by the equation

pn_qn n— n— n— n—
=, =P T g T A

[1]p.q

More generally, the p, ¢ analog of the real number y, denoted [y],,, is

p—q

Let B = B(by,...,b,) be a Ferrers board, P a placement of rooks on B. As
in [15], we let any rook in P p, g-cancel all squares to its right, and let

1. ap(P) be the number of uncancelled squares above a rook on B,
2. (p(P) the number of uncancelled squares below a rook on B, and
3. eg(P) the number of uncancelled squares in an empty column of B.
We can then define the kth cycle-counting p, q-rook number of B by the equation

Ri(y,p,q,B) = Z [y];?qu(P)an(P)JFeB(P)+E(P)(y*1)p,3B(P)*(Cl+---+ck)+A(P)(y71)7

PERk(B)
37
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where the leftmost rook from P is in column ¢, the second in column cs, ..., the
kth in column ¢, E(P) is as defined in Section 1.3, and A(P) is the number of ¢
such that b; > 7 and there is a rook from P in column i strictly above the square
We will see that these numbers satisfy a version of the recurrence that the
g-rook numbers were shown to satisfy in [6]. Let us first prove a useful lemma.

Lemma 5.1.1. For any k,j € N with j < k, we have that
py+k—1 +py+k—2q 4 +py+k—jqj—1 +pk—jqj [y]pq _|_pk—j—1qy+j + ...

+pg" T+ g = [y o+ Kl

Proof. Putting the left hand side of the above expression over a common denom-
inator yields

P -0+ a0 —a) + -
_{_py+kqujfl(p _ q) _,_pkquj (py _ qy> _,_pk*jflqyﬂ'(p _ q) 4+
+p" P p— )+ " p— @)} (p — 9),

which is

y+k _ yt+k—1 y+k—1_ .
p p

q+p q

_|_py+k:—j+1qj—1 _ py+k—jqj + py+k—jqj _ pk—qu+j + pk—qu—irj ...

Pt = pg T pgt R — Y (p — q).
All the middle terms cancel, and we are left with
py+k _ qy+k

= [y + £y,
p—q p:q
as desired. ]

Proposition 5.1.2. Let B = B(by,...,b,_1,b,) be a Ferrers board, and let B' =
B(by,...,by—1). (a) If b, < n, then

Rk(y7p7 q, B) = qbn_kRk(yapa q, B/) + p_n[bn - k + 1]p,qu71(yap> q, B/)
(b) If b, > n, then

Rk(y7p7 q, B) = qbn—k—i-y—le(y’p’ q, B/) + p_n[bn - k + y]p,qufl(y7p> q, B/)
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Proof. Case (a): A placement P of k rooks on B can be broken into either a
placement of k rooks on B’ and no rooks in the last column of B, or a placement
of k — 1 rooks on B’ and one rook in the last column of B.

If P comes from a placement P’ of k rooks on B’, then we have an additional
b, — k uncancelled squares in the last column. Since the last column does not
contain a rook, we have that eg(P) = ep/(P’') + b, — k, while ag(P) = ap/(B’)
and fp(P) = Bp/(P’"). Also, since b, < n we have that cyc(P), E(P) and A(P)
remain unchanged. Thus

[y];y;(P) an(P)+6B(P)+E(P)(y—1)pﬁB(P)—(C1+~~~+0k)+A(P)(y—1)

is equal to

qbn—k x {[y];%/;(P’)an/(P/)Jrer(P/)+E(P’)(y—1)pﬁsf(P/)—(cl+..,+ck)+A(P/)(y—1)}'

Summing over all P’ of the first type above yields the first term in the (a) recur-
rence.

If P comes from a placement P’ of &k — 1 rooks on B’, then we have b, — k + 1
available squares where to place the kth rook in the last column. Again since
b, < n, cyc(P) = cyc(P'), E(P) = E(P’), and A(P) = A(P’). Putting a rook in
any position in the last column will add a factor of p=" (since in this case ¢ = n).

Putting a rook in the top available square increases (Gp/(P’) by b, — k adding
a factor of p»~*. A rook in the second available square from the top increases
ap(P') by 1 and Bp/(P’) by b, —k—1, adding a factor of p’»~*~1¢. We continue in
this manner until we reach the bottom available square, which does not increase
Bp/(P") and increases ap/(P') by b, — k, giving a factor of ¢>»~*. Adding all of
these factors together gives

I R R L A

so we see that

Z [y];y;(P)an(P)+EB(P)+E(P)(y—1)pﬁB(P)—(Cl+~“+6k)+A(P)(y—1)

PEeR(B), PNB'=P'

is equal to

p "on — k41,4 X [y];y;(P’)an/(P’)JreB/(P’)+E(P’)(y71)p53/(P’)*(m+---+0k71)+A(P’)(y*1)
Summing over all P’ of the second type yields the second term in the recurrence.

Case (b): This case is very similar to (a), except now there will be a square
in the last column which completes a cycle, and hence cyc, E and A can increase.
If P on B comes from a placement P’ of k rooks on B’, we see that there are again
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b, — k uncancelled squares in the last column, adding b,, — k to eg/(P’). Also since
b, > n, E(P) = E(P')+ 1, and A and cyc do not increase. Hence we obtain a
factor of ¢®»~**¥~1 and when we sum over all placements of the first type we get
the first term in the (b) recurrence.

If P comes from a placement P’ of kK — 1 rooks on B’, there are b, — k + 1
places to put a rook in the last column. Again, any such placement adds a factor
of p~™. Say the jth available square from the top completes a cycle.

A rook in the top square increases Bp/(P’) by b, —k, A(P') by 1, and everything
else stays the same. Hence we gain a factor of p’»~**¥=! The second position
adds a factor of p’»~*=1+¥=1g We proceed in this manner until we reach the jth
available square from the top, which increases cyc(P’) by 1, ag/(P’) by j — 1,
Bp/(P') by b, —k + 1 — j, and everything else stays the same. Hence we gain a
factor of [y],p**177¢?~1. The (j + 1)th square increases ag/(P') by j, Bp(P')
by b, — k — j, E(P’) by 1, and everything else stays the same. Hence here we get
a factor of p’»~*=J¢/*¥=1 We continue in this manner until we reach the bottom
available square, which increases ap/(P’) by b, — k, E(P’) by 1 and everything
else stays the same, adding a factor of gb»—F+v—1,

Summing we obtain a total factor of

pbnfkﬂ;fl + pbn7k71+y71q L [y]pgpbnflwrlqujfl_i_
pbnfkqujerfl N qbnkaryfl7
which equals [b, — k + yl,, by Lemma 5.1.1. Hence

Z [y];qu(P)an(P)+€B(P)+E(P)(y—1)pﬁ3(P)—(01+"'+0k)+A(P)(y—1)

PERy(B), PNB'=P
is equal to

P " by — k4 ylpg X [y]cyC(P’)an/(P’)JreB/(P’)JrE(P’)(yfl)pﬂB/(P’)*(m+---+0k71)+A(P’)(y71)

p.q ’

and summing over all P’ of this second type yields the second term in the (b)
recurrence. n

Note that if we let p = 1 in Proposition 5.1.2, we obtain a useful recurrence for
the Ry(y,q, B). The p, ¢, y-rook numbers also satisfy the following version of the
factorization theorem proven for the ¢g-rook numbers in [6], the ¢, y-rook numbers
in [5], and the p, g-rook numbers in [1].

Theorem 5.1.3. Let B = B(by,...,b,) be a Ferrers board. Then

7'1 p k+1
Z R 1 (y,p. 4, B)pk (3 >[z]p,q[z —Apg k1=
k=0
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H [2+bi =i+ Ylpg H [z + b — i+ 1]pq

i with b; >4 1 with b; <4

Proof. We mimic the proof in [1]. Assume z € N, z > n, and let B, denote the
board B(z + b1,z + by, ...,z + b,). We show that both sides of the expression
count

BB (P)+A(P)(y—1)

Z [y]cyC(P)anZ(P)+E(P)(y—1)p ,

P
PeR,(B2)
as follows.

First way of counting: We place rooks in each column of B, from left to
right. Start in the leftmost column of B,, where the square cycle square s;(P) =
(1,1) is on B, assuming b; > 1. If we place a rook in the top position, we will
gain a factor of p*+*~14¥=1 gsecond from the top gives p?* 7>~ 2t¥=1¢ etc., until we
reach the square (1, 1), which gives a factor of [y], ,p" '¢°. Continuing, the first
square on B\ B gives a factor of p®1¢*~17¥~! the second a factor of p®~1g*t¥~1,
etc., until we reach the bottom, which gives a factor of ¢ T*~'+¥~1  Adding all of
these factors gives

pb1+z—1+y—1 + pb1+z—2+y—1q 4t [y]p,qpbl_lqz +pb1qz—1+y—1+

b1 —1 —1 b -1 —1
pl qz+y ++q1+2 +y ,

which is equal to [z + by — 1 +yl,, by Lemma 5.1.1. If by = 0, a similar argument
shows that we gain a factor of [z + b1},

Now suppose we are placing rooks in the ith column of B,. Since there are
already 7 — 1 rooks in the previous ¢ — 1 columns, there are z +b; — i + 1 available
squares in this column of B,. There are now two cases.

1. b; > i, in which case there is a cycle square in this column. Suppose the
square s;(P) is the jth available square from the top of the column. A rook
in the top position gives a factor of p**%=+¥=1 the second p*tbi—i—1+v-1q
..., the jth a factor of [y],p*% "1 79¢g/~1 ..., the bottom a factor of
¢#Thi=v=1 which when summed gives [z + b; — i 4 Y],

2. b; < i, in which case there is no cycle square in this column, hence no place-
ment of a rook in this column will affect cyc(P), E(P), or A(P). Placing a
rook in the top position gives a factor of p*+%~i*1=1 the second p*+0i—i+1-2¢,
..., the second from the bottom a factor of pg®**~"+1=2 the bottom a factor

of ¢**%~*1=1 which when summed gives [z + b; — i + 1],,.

Finally, summing over all columns gives

H [z +bi — 1+ Ylpg H [z 4+ b — i+ 1],

i with b;>1 i with b; <7
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Second way of counting: In this case we first choose a placement of n — k
rooks on B, then place the remaining k rooks on B,\B from left to right. Let us
fix a placement P of n — k rooks on B, and compute

pﬁBz (@+A@Q)(y—1) (5. 1)

p.q

Z [y] cye(Q) g (Q+E@Q)(y—1)

QGRn (Bz)v QQB:P

For any such @), it is clear that the contribution to any summand of (5.1) coming
from the B part of B, is just

[y];%/;(P) an(P)+€B(P)+E(P)(y—1)p53(P)+A(P)(y—1)_

The number of uncancelled cells on B,\ B below a rook from P is kz+ (k;rl) —(c1+

-+ +¢g) as argued in [1], contributing an additional factor of pk”(k;l)_(cﬁ"*c"')
to any summand of (5.1).

Finally, we consider the contribution to (5.1) coming from the remaining k
columns of B,\B. It is clear that a rook in one of these positions will not affect
cyc, B, or A. There are z available squares below B in the first available column;
summing over all possible positions here gives a factor of [z],,. In the second
available column, there are now z—1 available squares, giving a factor of [z —1], .
Continuing in this manner, we see that the last column gives a factor of [z —k+1],, ,.

Hence

Z [y];y;(Q)anz (Q)JrE(Q)(y*l)pﬂBz (@)+AQ)(y—1) _
QERR(B:), QNB=P
[y];qu(P)an(P)+EB(P)+E(P)(y_1)pﬁB(P)_(Cl+"'+ck)+A(P)(y_1) %
5 k+1
PO gl = Vg [z = b g

Summing over all possible P with n — k rooks on B gives

5 k+1
() 2 ale = Upg- - [2 =k + Upa,

Rok(y,p.q, B)p
and summing over all k£ yields

k+1

Z Ry x(y,p,q, B)pkz+( 2 )[Z]p,q[z g =k + 1]
k=0

as desired. n
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5.2 a-Rook theory

In this model, first introduced in [8], we allow only one rook per column but more
than one rook in a given row. We will call an arrangement of rooks, with at most
one rook in each column (but possibly more than one rook in a row), an a-rook
placement. We will denote the set of all a-rook placements of k£ rooks on a board
B by R,(CO‘)(B). If there are u rooks in a given row, that row has weight

lif0<u<l,

ala—1)Ba—2) (v —Da— (u—2)) if u> 2.

The weight of a placement P is the product of the weights of all the rows (denoted
wt(P)), and the kth a-rook number of the board B is given by the equation

nB)= Y wi(P)

Per{™(B)

as in [8]. Note that r,io)(B) = ry(B) for any board B, since the placements with
more than one rook in a row are weighted by 0 if a = 0.
We can now define the kth a-hit number of the board B C S@Q,, by the equation

ROB) = Y wi(P),

PeH)(B)

where HS‘,Z(B) is the set of all a-rook placements of n rooks on S@, such that

exactly k rooks are on B. As with the rook numbers, we note that hggi(B) =
hy i (B) for any board B C SQ,.
The following is proven in [§].

Theorem 5.2.1. Let B = B(by,...,b,) be a Ferrers board. Then

n n

> r @ (B2 =Tz + b+ (i — 1) (@ — 1))

k=0 i=1
where 2% = z(z + b) (2 +2b) - (z + (a — 1)b) fora € N and b € C.

The r,ia)(B) satisfy a version of a recurrence proven for the Ry(q, B) in [6],
and for the Ry(y,p,q, B) (Proposition 5.1.2 of this dissertation) when B is a
Ferrers board. To prove the a-version of this recurrence, let us first define some
notation. If P is some fixed a-rook placement on S@), consisting of d rooks, let
us denote by P U, (4, j) the a-rook placement of d 41 rooks on S@Q),, consisting
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of all the rooks from P, plus an additional rook on square (7,7). Note we are
assuming that there is not a rook from P in column ¢ (otherwise P Uy (7,7)
would not be an a-rook placement). More generally for p < n — d, we will also
use P Uy (i1, 71) Ua) (2, J2) Ua) =+ Uiy (ip, Jp) to denote the obvious a-rook
placement of d + p rooks on S@Q,. Let us now prove the following lemma, and
then the recurrence.

Lemma 5.2.2. Let B = B(by,...b,_1,b,) be a Ferrers board, and let B' =
B(by,...,by_1). Let P" be a fized a-rook placement of k — 1 rooks on B'. Then

> wt(P) = ((k — D)o + b, — k + Vwt(P").

Per\*)(B), PNB/'=P’

Proof. Let us begin by listing the number of rooks from P’ in each row of B.

Suppose there are ¢; rooks in row ji, {5 rooks in row jo, ..., £, ro0oks in row j,,
(where each ¢, > 0). Then

O+ly+ -+l =k —1, (5.2)
and there must be b,, — m rows in column n of B with no rooks. Note that
bn
S wtP) = 3wt U (n,))
PeRr{™(B), PNB/'=P' i=1
Then we can see that
wt(P Uy (n,Jp)) = wt(P') x (L — (€, — 1))

for 1 < p <m, and
wt(P' Uga) (1, §)) = wt(P')

for 1 <j <b,, when j # j, for 1 < p <m. Thus

bn m
ZthU(a) (n,7)) Zﬁa— (€, — 1)) + wt(P") Z 1,
7j=1 p=1

1<j<bn, j#jp, 1<p<m

which is

wt(P') x {fla—(51—1)+€2a—(52—1)+"'+€mo‘_(gm_l)ij"_m}:
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which by (5.2) is
wt(PY{(k —1)a+b, — k+ 1}

as desired.
O]

Theorem 5.2.3. For B = B(by,...b,_1,b,) and B" = B(by,...,b,_1) Ferrers
boards,
i (B) =i (B) + ((k = Da+ (b, — k + 1)r,(B)

for all k € N.

Proof. We break up R,(f)(B) into two subsets, depending upon whether or not
there is a rook in column n of B. The placements from RI(CO‘)(B) with no rook

in column n of B are in bijection with the placements in R,(:“)(B’ ), and the cor-
resyondlng placement has the same weight. Thus these placements contribute
(B') to rk (B) A complete listing of the placements from R,(f)(B) with a

rook in column n can be built from R,goi)l(B’ ) by placing a kth rook in each pos-
sible position in column n of B. For a fixed placement P’ € Rgfi)l(B/ ), we have
that
> wt(P) = ((k — Da+ b, — k + 1wt (P')
PeRr{™(B), PNB/'=P'

by Lemma 5.2.2. Thus the sum of the weights of all placements in R,(f)(B) with
a rook in column n of B is equal to

(k=Da+b,—k+1) Y wiP),

Prer(™ (B")

which is ((k — 1)a+ b, —k+ 1 )r,(ca)l(B’) and we obtain the second term in the
recurrence.

]

The \*(B) and hff‘,i(B) for any board B are related by a version of (1.2). To
prove it, we need the following lemmas.

Lemma 5.2.4. Suppose P is an a-rook placement of k rooks on SQ,, and there
are no rooks from P in column i of SQ,. Then

Zwt(P Ut (i,5)) = (ka + (n — k))wt(P).
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Proof. This proof is very similar to the proof of Lemma 5.2.2. Suppose in P there
are {1 rooks in row j;, {3 rooks in row jo, ..., £, rooks in row j, (where each
¢, > 0). Then

bL4+ly+--+ 4, =k, (5.3)

and there must be n — m rows with no rooks. We see that
wt(P Uy (4, Jp)) = wt(P)(lpa — (¢, — 1))

for 1 < p <m, and
wt(P Uga) (4, 7)) = wt(P)

for 1 < j <mn, when j # j, for 1 <p <m, so

> wh(P Ui (1.4) =

wt(P) % {Kla—(ﬁl—1)—|—€20¢—(62—1)+~--—|—€ma—(£m—1)+n—m}—

wt(P) x {(€1+€2+---+€m)a—(£1+£2+---+£m)—m+n—m}:

wt(P)(ka+ (n —k))

by (5.3) as desired.
[

By repeatedly applying the argument of Lemma 5.2.4 we obtain the following.
Lemma 5.2.5. Suppose P’ is an a-rook placement of k rooks on SQ,. Then
> wt(P) =
Per{™(SQn), P'CP

(ka+(n—FkK)((k+Da+n—k—1))---((n—1Da+ 1)wt(P).

Theorem 5.2.6. For B any board,

> hl(B)F =
k=0

S (B (n—k)a+ k) ((n—k+Da+k—1)...((n— Da+1)(z—1)"*.
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Proof. Let z =z + 1 in the above equation, giving

D hil(B)(z + 1) =
k=0

ST B (n—K)a+ k) (n—k+Da+k—1)...((n—1a+1)"" (5.4)
k=0

Then the coefficient of 2 on the left side of (5.4) is

En: (‘;) hN(B), (5.5)

j=k
and the coefficient of z* on the right side of (5.4) is
r(B)(ka+ (n—k)((k+1a+(n—k—1))---((n—1a+1).  (56)

Our goal is to show that (5.5) and (5.6) represent different ways of organizing
the terms in the same weighted count. For a fixed k£ with 0 < k& < n, consider the
expression

> wt(P). (5.7)
(P), nCPNB, |r|=k
Here P is any a-rook placement of n rooks on S@),, and 7 is a subset of k rooks
from P which are on B.

It is easy to see that (5.5) is the same as (5.7). To obtain a summand of (5.7),
first choose j > k, then choose an a-rook placement P € HS}(B), and finally
choose a k element subset of P N B. The weight of each such P will appear in
(5.7) (i) times, once for each possible m C P. The sum of weights over all such P

is exactly h;og(B), hence

> wt(P) = (2) hN(B). (5.8)

(Pm), PEH')(B), nCPNB, |n|=k

Finally, when summing over all j > k in (5.8), the left side is exactly (5.7) and
the right side is exactly (5.5).

To obtain a summand of (5.6), first choose a subset 7 of k rooks on B and
extend to an a-rook placement P of n rooks on S@,,. Hence (5.7) is also equal to

>{ ¥ wnl

reR™(B) ~ PeR{(SQn), nCP
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which is the same as

(ka+(n—k)(k+1)a+n—k—=1))---((n—1Da+1) Z wt(m) (5.9)
TR\ (B)

by Lemma 5.2.5. Finally, (5.9) is equal to
(ka4 (n—kN((k+Da+m—k—1))---((n— Da+ 1)r'®(B)

by definition. ]



Bibliography

1]

[10]

[11]

K. Briggs and J. Remmel. A p,g-analogue of a formula of Frobenius. FElec-
tron. J. Combin., 10:4#R9, 2003.

F. Chung and R. Graham. On the cover polynomial of a digraph. J. Com-
bin. Theory, Ser. B, 65:273-290, 1995.

M. Dworkin. Factorization of the cover polynomial. J. Combin. Theory,
Ser. B, 71:17-53, 1997.

M. Dworkin. An interpretation for Garsia and Remmel’s ¢-hit numbers.
J. Combin. Theory, Ser. A, 81:149-175, 1998.

R. Ehrenborg, J. Haglund, and M. Readdy. Colored juggling patterns and
weighted rook placements. Unpublished manuscript.

A. Garsia and J. Remmel. ¢-Counting rook configurations and a formula of
Frobenius. J. Combin. Theory, Ser. A, 41:246-275, 1986.

I. Gessel. Generalized rook polynomials and orthogonal polynomials. In Den-
nis Stanton, editor, ¢-Series and Partitions, IMA Volumes in Mathematics
and Its Applications, pages 159-167. Springer Verlag, 1989.

J. Goldman and J. Haglund. Generalized rook polynomials. J. Combin. The-
ory, Ser. A, 91:509-530, 2000.

J. Goldman, J. Joichi, and D. White. Rook theory I: Rook equivalence of
Ferrers boards. Proc. Amer. Math. Soc., 52:485-492, 1975.

F. Goodman and K. O'Hara. On the Gaussian polynomials. In Dennis
Stanton, editor, g-Series and Partitions, IMA Volumes in Mathematics and
Its Applications, pages 57-66. Springer Verlag, 1989.

J. Haglund. Rook theory and hypergeometric series. Adwv. in Appl. Math.,
17:408-459, 1996.

49



[12]

[13]

[14]

[15]

[16]

50

J. Haglund. g¢-Rook polynomials and matrices over finite fields. Adv. in
Appl. Math., 20:450-487, 1998.

J. Haglund and J. Remmel. Rook theory for perfect matchings. Adv. in
Appl. Math., 27:438-481, 2001.

. Kaplansky and J. Riordan. The problem of the rooks and its applications.
Duke Math. J., 13:259-268, 1946.

J. Remmel and M. Wachs. Generalized p, ¢-Stirling numbers. Unpublished
manuscript.

D. Zeilberger. A one-line high school algebra proof of the unimodality of the
Gaussian polynomials [;ﬂ for £ < 20. In Dennis Stanton, editor, g-Series and
Partitions, IMA Volumes in Mathematics and Its Applications, pages 67-72.
Springer Verlag, 1989.



