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Prime
Numbers




Infinitude
of Primes

Assume for contradiction that there are finitely
many primes, all of which can be written in the

set {p1, P2, P3, -, Pk} Let

n=pipp3...Pxt1

Because n 1s not prime, It has a prime factor
not in the set
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concerns

INDIRECT PROOF DISTRIBUTION

/4



1
Z (al a2, as

P po°p3®...p)" )
ai,as,as,ar >0 1 F2 F3 -k

/4



Contradiction
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Z — diverges
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What does this reveal?

* Primes are more “numerous” than squares
* Primes are more “numerous” than numbers in the form nlog(n)
* There are infinitely many integers x such that

X
log™ (x)

m(x) >
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Chebyshev Estimates

* Three estimates: m(x), 8(x), P (x)

n<z pm < /////
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A VAVAVAN
0(2) — s 108(P) = H log(p) — Hp
p<w p<zw
What are the next steps?

e Ifadivides b,thena <b»b

 To show that 8(x) is linear, all we must show is that 8(2n) — 8(n) =
O(n) foralln
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2
All primes between n and 2n for any integer n divide ( n)

)
Therefore
2n
2n 2n
[[ »< <> 7] =2
n . 1
n<p<2n 1=0
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629(71) - 2277,
89(’”) N

0(2n) — 0(n) < 2nlog?2
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Y(z) — 0(z) = O(Valog(z))
Y(z) = 60(z) + O(Valog(z))
Y(x) <X
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Abel’s Summation by Parts

> f(0) = Cla)f(e) - COI) - [ COf W

y<n<z

where C,, = Z Cn,

y<n<z
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S e.f(n) = C@)f(z) — Cy)f(y) - / C(b) /' (t)dt
_ _33 ) N 1
m(x) = ;1 = ;cn : oz ()

where ¢,, = log(p) if n = p and 0 otherwise

6(x) [ O(t)dt
)

“log(z) )i tlog?(t)
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/136 tél’(gtg)Qii) - /1 x logd2 t(t) =0 (logf(x))

)= gy T (1og2(x>)
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Equivalents to the Prime Number Theorem

X

log(x)

* The Prime Number Theorem states that n(z) ~
* These are all equivalent
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Brief Sketch Prime Number Theorem

* Y(x) is equal to the sum of the Von Mangoldt function

p(z) =) A(n)

n<x

—A(n) _ ¢(s)
3 n® ((s)

n=1

/4



N NN\
AN NN\

Analytic Tools

* Mellin Transformations

* Perron’s Formula

* Contour Integration

plx) ~
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Consequences of the Prime Number Theorem

* If you were to pick a square-free number at random, the probability

that it will have an even number of prime factors is equal to the
probability that it will have an odd number of prime factors

 The Riemann Hypothesis is equivalent to the following

'(:b(x) R — Oe($1/2+€)
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