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*DORLV 7KHRU\

'HILQLWLRQ �)LHOG ([WHQVLRQ�$GMRLQPHQW�
$ ȴHOG . LV D ȴHOG H[WHQVLRQ RIQ LIQ� $ ȴHOG H[WHQVLRQ . RIQ LV GHQRWHG ./Q� ΖI
α /∈ Q� WKH VPDOOHVW ȴHOG H[WHQVLRQ RIQ FRQWDLQLQJ α� GHQRWHGQ(α)� LV D
ȴHOG DGMRLQPHQW�

([DPSOH� 'HȴQHQ(L) := {D+ LE |, D, E ∈ Q}�
Q(L) LV D ȴHOG H[WHQVLRQ RIQ EHFDXVHQ ⊂ Q(L)� :H FRQVWUXFWQ(L) E\ DGMRLQLQJ L WR
Q�

'HILQLWLRQ �6SOLWWLQJ )LHOG�
/HW K([) EH D SRO\QRPLDO ZLWK FRHɝFLHQWV LQ WKH ȴHOG )� $ ȴHOG . LV WKH VSOLWWLQJ ȴHOG
RI K([) LI ./Q LV WKH VPDOOHVW ȴHOG H[WHQVLRQ RYHU ZKLFK K([) FDQ EH IDFWRUHG LQWR
OLQHDU IDFWRUV�

([DPSOH� Q(L) LV WKH VSOLWWLQJ ȴHOG RI K([) = [2 − 1 = ([+ L)([− L)�



*DORLV 7KHRU\

'HILQLWLRQ �)LHOG ([WHQVLRQ�$GMRLQPHQW�
$ ȴHOG . LV D ȴHOG H[WHQVLRQ RIQ LIQ� $ ȴHOG H[WHQVLRQ . RIQ LV GHQRWHG ./Q� ΖI
α /∈ Q� WKH VPDOOHVW ȴHOG H[WHQVLRQ RIQ FRQWDLQLQJ α� GHQRWHGQ(α)� LV D
ȴHOG DGMRLQPHQW�

([DPSOH� 'HȴQHQ(L) := {D+ LE |, D, E ∈ Q}�

Q(L) LV D ȴHOG H[WHQVLRQ RIQ EHFDXVHQ ⊂ Q(L)� :H FRQVWUXFWQ(L) E\ DGMRLQLQJ L WR
Q�

'HILQLWLRQ �6SOLWWLQJ )LHOG�
/HW K([) EH D SRO\QRPLDO ZLWK FRHɝFLHQWV LQ WKH ȴHOG )� $ ȴHOG . LV WKH VSOLWWLQJ ȴHOG
RI K([) LI ./Q LV WKH VPDOOHVW ȴHOG H[WHQVLRQ RYHU ZKLFK K([) FDQ EH IDFWRUHG LQWR
OLQHDU IDFWRUV�

([DPSOH� Q(L) LV WKH VSOLWWLQJ ȴHOG RI K([) = [2 − 1 = ([+ L)([− L)�



*DORLV 7KHRU\

'HILQLWLRQ �)LHOG ([WHQVLRQ�$GMRLQPHQW�
$ ȴHOG . LV D ȴHOG H[WHQVLRQ RIQ LIQ� $ ȴHOG H[WHQVLRQ . RIQ LV GHQRWHG ./Q� ΖI
α /∈ Q� WKH VPDOOHVW ȴHOG H[WHQVLRQ RIQ FRQWDLQLQJ α� GHQRWHGQ(α)� LV D
ȴHOG DGMRLQPHQW�

([DPSOH� 'HȴQHQ(L) := {D+ LE |, D, E ∈ Q}�
Q(L) LV D ȴHOG H[WHQVLRQ RIQ EHFDXVHQ ⊂ Q(L)� :H FRQVWUXFWQ(L) E\ DGMRLQLQJ L WR
Q�

'HILQLWLRQ �6SOLWWLQJ )LHOG�
/HW K([) EH D SRO\QRPLDO ZLWK FRHɝFLHQWV LQ WKH ȴHOG )� $ ȴHOG . LV WKH VSOLWWLQJ ȴHOG
RI K([) LI ./Q LV WKH VPDOOHVW ȴHOG H[WHQVLRQ RYHU ZKLFK K([) FDQ EH IDFWRUHG LQWR
OLQHDU IDFWRUV�

([DPSOH� Q(L) LV WKH VSOLWWLQJ ȴHOG RI K([) = [2 − 1 = ([+ L)([− L)�



*DORLV 7KHRU\

'HILQLWLRQ �)LHOG ([WHQVLRQ�$GMRLQPHQW�
$ ȴHOG . LV D ȴHOG H[WHQVLRQ RIQ LIQ� $ ȴHOG H[WHQVLRQ . RIQ LV GHQRWHG ./Q� ΖI
α /∈ Q� WKH VPDOOHVW ȴHOG H[WHQVLRQ RIQ FRQWDLQLQJ α� GHQRWHGQ(α)� LV D
ȴHOG DGMRLQPHQW�

([DPSOH� 'HȴQHQ(L) := {D+ LE |, D, E ∈ Q}�
Q(L) LV D ȴHOG H[WHQVLRQ RIQ EHFDXVHQ ⊂ Q(L)� :H FRQVWUXFWQ(L) E\ DGMRLQLQJ L WR
Q�

'HILQLWLRQ �6SOLWWLQJ )LHOG�
/HW K([) EH D SRO\QRPLDO ZLWK FRHɝFLHQWV LQ WKH ȴHOG )� $ ȴHOG . LV WKH VSOLWWLQJ ȴHOG
RI K([) LI ./Q LV WKH VPDOOHVW ȴHOG H[WHQVLRQ RYHU ZKLFK K([) FDQ EH IDFWRUHG LQWR
OLQHDU IDFWRUV�

([DPSOH� Q(L) LV WKH VSOLWWLQJ ȴHOG RI K([) = [2 − 1 = ([+ L)([− L)�



*DORLV 7KHRU\

'HILQLWLRQ �)LHOG ([WHQVLRQ�$GMRLQPHQW�
$ ȴHOG . LV D ȴHOG H[WHQVLRQ RIQ LIQ� $ ȴHOG H[WHQVLRQ . RIQ LV GHQRWHG ./Q� ΖI
α /∈ Q� WKH VPDOOHVW ȴHOG H[WHQVLRQ RIQ FRQWDLQLQJ α� GHQRWHGQ(α)� LV D
ȴHOG DGMRLQPHQW�

([DPSOH� 'HȴQHQ(L) := {D+ LE |, D, E ∈ Q}�
Q(L) LV D ȴHOG H[WHQVLRQ RIQ EHFDXVHQ ⊂ Q(L)� :H FRQVWUXFWQ(L) E\ DGMRLQLQJ L WR
Q�

'HILQLWLRQ �6SOLWWLQJ )LHOG�
/HW K([) EH D SRO\QRPLDO ZLWK FRHɝFLHQWV LQ WKH ȴHOG )� $ ȴHOG . LV WKH VSOLWWLQJ ȴHOG
RI K([) LI ./Q LV WKH VPDOOHVW ȴHOG H[WHQVLRQ RYHU ZKLFK K([) FDQ EH IDFWRUHG LQWR
OLQHDU IDFWRUV�

([DPSOH� Q(L) LV WKH VSOLWWLQJ ȴHOG RI K([) = [2 − 1 = ([+ L)([− L)�



*DORLV 7KHRU\
'HILQLWLRQ �*DORLV ([WHQVLRQ�
$ ȴHOG H[WHQVLRQ ./) LV D *DORLV ([WHQVLRQ LI . LV WKH VSOLWWLQJ ȴHOG RI D VHW RI
SRO\QRPLDOV RYHU ) WKDW KDYH GLVWLQFW URRWV�

([DPSOH� /HW . := Q(L)� 'HȴQH ) := Q�
7KHQQ(L)/Q LV D *DORLV ([WHQVLRQ EHFDXVHQ(L) LV WKH VSOLWWLQJ ȴHOG RI WKH SRO\QRPLDOV
I([) = [2 + 1 DQG I KDV GLVWLQFW URRWV L,−L�



*DORLV 7KHRU\
'HILQLWLRQ �*DORLV ([WHQVLRQ�
$ ȴHOG H[WHQVLRQ ./) LV D *DORLV ([WHQVLRQ LI . LV WKH VSOLWWLQJ ȴHOG RI D VHW RI
SRO\QRPLDOV RYHU ) WKDW KDYH GLVWLQFW URRWV�

([DPSOH� /HW . := Q(L)� 'HȴQH ) := Q�

7KHQQ(L)/Q LV D *DORLV ([WHQVLRQ EHFDXVHQ(L) LV WKH VSOLWWLQJ ȴHOG RI WKH SRO\QRPLDOV
I([) = [2 + 1 DQG I KDV GLVWLQFW URRWV L,−L�



*DORLV 7KHRU\
'HILQLWLRQ �*DORLV ([WHQVLRQ�
$ ȴHOG H[WHQVLRQ ./) LV D *DORLV ([WHQVLRQ LI . LV WKH VSOLWWLQJ ȴHOG RI D VHW RI
SRO\QRPLDOV RYHU ) WKDW KDYH GLVWLQFW URRWV�

([DPSOH� /HW . := Q(L)� 'HȴQH ) := Q�
7KHQQ(L)/Q LV D *DORLV ([WHQVLRQ EHFDXVHQ(L) LV WKH VSOLWWLQJ ȴHOG RI WKH SRO\QRPLDOV
I([) = [2 + 1 DQG I KDV GLVWLQFW URRWV L,−L�



*DORLV 7KHRU\
'HILQLWLRQ �$XWRPRUSKLVP�
/HW ./Q EH D ȴHOG H[WHQVLRQ RIQ� $ KRPRPRUSKLVP I : . → . LV DQ
DXWRPRUSKLVP RYHUQ LI I LV DQ LVRPRUSKLVP DQG I ȴ[HVQ�

'HILQLWLRQ �*DORLV *URXS�
&RQVLGHU WKH *DORLV H[WHQVLRQ ./Q� 7KH *DORLV *URXS * RI ./Q� GHQRWHG *DO(./Q)�
LV WKH JURXS XQGHU IXQFWLRQ FRPSRVLWLRQ RI .�DXWRPRUSKLVPV WKDW ȴ[Q�

3URSRVLWLRQ� /HW . = Q(L)� 7KHQ

*DO(Q(L)/Q) ∼= Z/2Z�

3URRI� 7KHUH DUH WZR DXWRPRUSKLVPV WKDW PDSQ(L) → Q(L) DQG ȴ[Q�
I(D+ EL) = D+ EL DQG I(D+ EL) = D− EL� 7KH DXWRPRUSKLVPV RIQ(L) IRUP WKH
JURXS Z/2Z EHFDXVH J2 = I = LG�



*DORLV 7KHRU\
'HILQLWLRQ �$XWRPRUSKLVP�
/HW ./Q EH D ȴHOG H[WHQVLRQ RIQ� $ KRPRPRUSKLVP I : . → . LV DQ
DXWRPRUSKLVP RYHUQ LI I LV DQ LVRPRUSKLVP DQG I ȴ[HVQ�

'HILQLWLRQ �*DORLV *URXS�
&RQVLGHU WKH *DORLV H[WHQVLRQ ./Q� 7KH *DORLV *URXS * RI ./Q� GHQRWHG *DO(./Q)�
LV WKH JURXS XQGHU IXQFWLRQ FRPSRVLWLRQ RI .�DXWRPRUSKLVPV WKDW ȴ[Q�

3URSRVLWLRQ� /HW . = Q(L)� 7KHQ

*DO(Q(L)/Q) ∼= Z/2Z�

3URRI� 7KHUH DUH WZR DXWRPRUSKLVPV WKDW PDSQ(L) → Q(L) DQG ȴ[Q�
I(D+ EL) = D+ EL DQG I(D+ EL) = D− EL� 7KH DXWRPRUSKLVPV RIQ(L) IRUP WKH
JURXS Z/2Z EHFDXVH J2 = I = LG�



*DORLV 7KHRU\
'HILQLWLRQ �$XWRPRUSKLVP�
/HW ./Q EH D ȴHOG H[WHQVLRQ RIQ� $ KRPRPRUSKLVP I : . → . LV DQ
DXWRPRUSKLVP RYHUQ LI I LV DQ LVRPRUSKLVP DQG I ȴ[HVQ�

'HILQLWLRQ �*DORLV *URXS�
&RQVLGHU WKH *DORLV H[WHQVLRQ ./Q� 7KH *DORLV *URXS * RI ./Q� GHQRWHG *DO(./Q)�
LV WKH JURXS XQGHU IXQFWLRQ FRPSRVLWLRQ RI .�DXWRPRUSKLVPV WKDW ȴ[Q�

3URSRVLWLRQ� /HW . = Q(L)� 7KHQ

*DO(Q(L)/Q) ∼= Z/2Z�

3URRI� 7KHUH DUH WZR DXWRPRUSKLVPV WKDW PDSQ(L) → Q(L) DQG ȴ[Q�
I(D+ EL) = D+ EL DQG I(D+ EL) = D− EL� 7KH DXWRPRUSKLVPV RIQ(L) IRUP WKH
JURXS Z/2Z EHFDXVH J2 = I = LG�



*DORLV 7KHRU\
'HILQLWLRQ �$XWRPRUSKLVP�
/HW ./Q EH D ȴHOG H[WHQVLRQ RIQ� $ KRPRPRUSKLVP I : . → . LV DQ
DXWRPRUSKLVP RYHUQ LI I LV DQ LVRPRUSKLVP DQG I ȴ[HVQ�

'HILQLWLRQ �*DORLV *URXS�
&RQVLGHU WKH *DORLV H[WHQVLRQ ./Q� 7KH *DORLV *URXS * RI ./Q� GHQRWHG *DO(./Q)�
LV WKH JURXS XQGHU IXQFWLRQ FRPSRVLWLRQ RI .�DXWRPRUSKLVPV WKDW ȴ[Q�

3URSRVLWLRQ� /HW . = Q(L)� 7KHQ

*DO(Q(L)/Q) ∼= Z/2Z�

3URRI� 7KHUH DUH WZR DXWRPRUSKLVPV WKDW PDSQ(L) → Q(L) DQG ȴ[Q�
I(D+ EL) = D+ EL DQG I(D+ EL) = D− EL� 7KH DXWRPRUSKLVPV RIQ(L) IRUP WKH
JURXS Z/2Z EHFDXVH J2 = I = LG�



*DORLV 7KHRU\
'HILQLWLRQ �$XWRPRUSKLVP�
/HW ./Q EH D ȴHOG H[WHQVLRQ RIQ� $ KRPRPRUSKLVP I : . → . LV DQ
DXWRPRUSKLVP RYHUQ LI I LV DQ LVRPRUSKLVP DQG I ȴ[HVQ�

'HILQLWLRQ �*DORLV *URXS�
&RQVLGHU WKH *DORLV H[WHQVLRQ ./Q� 7KH *DORLV *URXS * RI ./Q� GHQRWHG *DO(./Q)�
LV WKH JURXS XQGHU IXQFWLRQ FRPSRVLWLRQ RI .�DXWRPRUSKLVPV WKDW ȴ[Q�

3URSRVLWLRQ� /HW . = Q(L)� 7KHQ

*DO(Q(L)/Q) ∼= Z/2Z�

3URRI� 7KHUH DUH WZR DXWRPRUSKLVPV WKDW PDSQ(L) → Q(L) DQG ȴ[Q�
I(D+ EL) = D+ EL DQG I(D+ EL) = D− EL�

7KH DXWRPRUSKLVPV RIQ(L) IRUP WKH
JURXS Z/2Z EHFDXVH J2 = I = LG�



*DORLV 7KHRU\
'HILQLWLRQ �$XWRPRUSKLVP�
/HW ./Q EH D ȴHOG H[WHQVLRQ RIQ� $ KRPRPRUSKLVP I : . → . LV DQ
DXWRPRUSKLVP RYHUQ LI I LV DQ LVRPRUSKLVP DQG I ȴ[HVQ�

'HILQLWLRQ �*DORLV *URXS�
&RQVLGHU WKH *DORLV H[WHQVLRQ ./Q� 7KH *DORLV *URXS * RI ./Q� GHQRWHG *DO(./Q)�
LV WKH JURXS XQGHU IXQFWLRQ FRPSRVLWLRQ RI .�DXWRPRUSKLVPV WKDW ȴ[Q�

3URSRVLWLRQ� /HW . = Q(L)� 7KHQ

*DO(Q(L)/Q) ∼= Z/2Z�

3URRI� 7KHUH DUH WZR DXWRPRUSKLVPV WKDW PDSQ(L) → Q(L) DQG ȴ[Q�
I(D+ EL) = D+ EL DQG I(D+ EL) = D− EL� 7KH DXWRPRUSKLVPV RIQ(L) IRUP WKH
JURXS Z/2Z EHFDXVH J2 = I = LG�



*DORLV &RUUHVSRQGHQFH
7KHUH LV D ��� FRUUHVSRQGHQFH EHWZHHQ VXEȴHOG H[WHQVLRQV RI D *DORLV H[WHQVLRQ DQG
VXEJURXSV RI WKH *DORLV JURXS�

Q

( / )

.

*DO(./Q)

*DO(./() *DO(.//) *DO(./))

*DO(./.) ∼= {H}



*DORLV &RUUHVSRQGHQFH
7KHUH LV D ��� FRUUHVSRQGHQFH EHWZHHQ VXEȴHOG H[WHQVLRQV RI D *DORLV H[WHQVLRQ DQG
VXEJURXSV RI WKH *DORLV JURXS�

Q

( / )

.

*DO(./Q)

*DO(./() *DO(.//) *DO(./))

*DO(./.) ∼= {H}



*DORLV &RUUHVSRQGHQFH

ȏ H = LG

ȏ I :
√
2 → −

√
2

ȏ J :
√
3 → −

√
3

Q

Q(
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2) Q(

√
6) Q(

√
3)

Q(
√
2,
√
3)

{H, I, J, IJ} ∼= .4

{H, J} {H, IJ} {H, I}

{H}



$OJHEUDLF &XUYHV

'HILQLWLRQ �3ODQH &XUYH�
$ SODQH FXUYH LV WKH VHW RI SRLQWV (α,β) ∈ C2 VXFK WKDW )(α,β) = 0 IRU VRPH
SRO\QRPLDO )([, \) ZLWK FRHɝFLHQWV LQQ�

([DPSOH �+\SHUHOOLSWLF &XUYHV�
$ SODQH FXUYH ( LV K\SHUHOOLSWLF LI LW LV RI WKH IRUP \2 = I([) ZKHUH I([) ∈ Q[[]� ( LV
HOOLSWLF LI GHJ(I([)) = 3�

([DPSOH� 7KH FXUYH ( : \2 = [3 − [+ 1 LV DQ HOOLSWLF FXUYH�



$OJHEUDLF &XUYHV

'HILQLWLRQ �3ODQH &XUYH�
$ SODQH FXUYH LV WKH VHW RI SRLQWV (α,β) ∈ C2 VXFK WKDW )(α,β) = 0 IRU VRPH
SRO\QRPLDO )([, \) ZLWK FRHɝFLHQWV LQQ�

([DPSOH �+\SHUHOOLSWLF &XUYHV�
$ SODQH FXUYH ( LV K\SHUHOOLSWLF LI LW LV RI WKH IRUP \2 = I([) ZKHUH I([) ∈ Q[[]� ( LV
HOOLSWLF LI GHJ(I([)) = 3�

([DPSOH� 7KH FXUYH ( : \2 = [3 − [+ 1 LV DQ HOOLSWLF FXUYH�



$OJHEUDLF &XUYHV

'HILQLWLRQ �3ODQH &XUYH�
$ SODQH FXUYH LV WKH VHW RI SRLQWV (α,β) ∈ C2 VXFK WKDW )(α,β) = 0 IRU VRPH
SRO\QRPLDO )([, \) ZLWK FRHɝFLHQWV LQQ�

([DPSOH �+\SHUHOOLSWLF &XUYHV�
$ SODQH FXUYH ( LV K\SHUHOOLSWLF LI LW LV RI WKH IRUP \2 = I([) ZKHUH I([) ∈ Q[[]� ( LV
HOOLSWLF LI GHJ(I([)) = 3�

([DPSOH� 7KH FXUYH ( : \2 = [3 − [+ 1 LV DQ HOOLSWLF FXUYH�



%ULQJLQJ LW DOO 7RJHWKHU

'HILQLWLRQ �)LHOG $GMRLQLQJ D 3RLQW RQ D &XUYH�
/HW 3 = (α,β),α,β ∈ Q EH D SRLQW RQ ( : )([, \) = 0 RYHUQ�

%\ DGMRLQLQJ HDFK
FRRUGLQDWH RI 3 WRQ� ZH DGMRLQ WKH SRLQW 3 WRQ WR JHWQ(3) := Q(α,β)�

([DPSOH� /HW ( : \2 = [3− [+1 DQG 3 = (2,
√
7)� 6LQFH 3 LV D SRLQW RQ (� ZH GHȴQH

Q(3) = Q(2,
√
7) = Q(

√
7)�

'HILQLWLRQ �3DUDPHWHUL]DWLRQ�
&RQVLGHU D SODQH FXUYH ( : )([, \) = 0� /HW [(W), \(W) EH SRO\QRPLDOV ZLWK FRHɝFLHQWV
LQQ� 7KHQ WKH SRO\QRPLDO )([(W), \(W)) = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)� 7KH
URRWV RI )([(W), \(W)) JLYH XV SRLQWV RQ (�

([DPSOH� &RQVLGHU )([, \) = [2+ \2−1 = 0� /HW [(W) = 2W DQG \(W) = W−1� 7KHQ
)([(W), \(W)) = 5W2 − 2W = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)�



%ULQJLQJ LW DOO 7RJHWKHU

'HILQLWLRQ �)LHOG $GMRLQLQJ D 3RLQW RQ D &XUYH�
/HW 3 = (α,β),α,β ∈ Q EH D SRLQW RQ ( : )([, \) = 0 RYHUQ� %\ DGMRLQLQJ HDFK
FRRUGLQDWH RI 3 WRQ� ZH DGMRLQ WKH SRLQW 3 WRQ WR JHWQ(3) := Q(α,β)�

([DPSOH� /HW ( : \2 = [3− [+1 DQG 3 = (2,
√
7)� 6LQFH 3 LV D SRLQW RQ (� ZH GHȴQH

Q(3) = Q(2,
√
7) = Q(

√
7)�

'HILQLWLRQ �3DUDPHWHUL]DWLRQ�
&RQVLGHU D SODQH FXUYH ( : )([, \) = 0� /HW [(W), \(W) EH SRO\QRPLDOV ZLWK FRHɝFLHQWV
LQQ� 7KHQ WKH SRO\QRPLDO )([(W), \(W)) = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)� 7KH
URRWV RI )([(W), \(W)) JLYH XV SRLQWV RQ (�

([DPSOH� &RQVLGHU )([, \) = [2+ \2−1 = 0� /HW [(W) = 2W DQG \(W) = W−1� 7KHQ
)([(W), \(W)) = 5W2 − 2W = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)�



%ULQJLQJ LW DOO 7RJHWKHU

'HILQLWLRQ �)LHOG $GMRLQLQJ D 3RLQW RQ D &XUYH�
/HW 3 = (α,β),α,β ∈ Q EH D SRLQW RQ ( : )([, \) = 0 RYHUQ� %\ DGMRLQLQJ HDFK
FRRUGLQDWH RI 3 WRQ� ZH DGMRLQ WKH SRLQW 3 WRQ WR JHWQ(3) := Q(α,β)�

([DPSOH� /HW ( : \2 = [3− [+1 DQG 3 = (2,
√
7)�

6LQFH 3 LV D SRLQW RQ (� ZH GHȴQH
Q(3) = Q(2,

√
7) = Q(

√
7)�

'HILQLWLRQ �3DUDPHWHUL]DWLRQ�
&RQVLGHU D SODQH FXUYH ( : )([, \) = 0� /HW [(W), \(W) EH SRO\QRPLDOV ZLWK FRHɝFLHQWV
LQQ� 7KHQ WKH SRO\QRPLDO )([(W), \(W)) = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)� 7KH
URRWV RI )([(W), \(W)) JLYH XV SRLQWV RQ (�

([DPSOH� &RQVLGHU )([, \) = [2+ \2−1 = 0� /HW [(W) = 2W DQG \(W) = W−1� 7KHQ
)([(W), \(W)) = 5W2 − 2W = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)�



%ULQJLQJ LW DOO 7RJHWKHU

'HILQLWLRQ �)LHOG $GMRLQLQJ D 3RLQW RQ D &XUYH�
/HW 3 = (α,β),α,β ∈ Q EH D SRLQW RQ ( : )([, \) = 0 RYHUQ� %\ DGMRLQLQJ HDFK
FRRUGLQDWH RI 3 WRQ� ZH DGMRLQ WKH SRLQW 3 WRQ WR JHWQ(3) := Q(α,β)�

([DPSOH� /HW ( : \2 = [3− [+1 DQG 3 = (2,
√
7)� 6LQFH 3 LV D SRLQW RQ (� ZH GHȴQH

Q(3) = Q(2,
√
7) = Q(

√
7)�

'HILQLWLRQ �3DUDPHWHUL]DWLRQ�
&RQVLGHU D SODQH FXUYH ( : )([, \) = 0� /HW [(W), \(W) EH SRO\QRPLDOV ZLWK FRHɝFLHQWV
LQQ� 7KHQ WKH SRO\QRPLDO )([(W), \(W)) = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)� 7KH
URRWV RI )([(W), \(W)) JLYH XV SRLQWV RQ (�

([DPSOH� &RQVLGHU )([, \) = [2+ \2−1 = 0� /HW [(W) = 2W DQG \(W) = W−1� 7KHQ
)([(W), \(W)) = 5W2 − 2W = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)�



%ULQJLQJ LW DOO 7RJHWKHU

'HILQLWLRQ �)LHOG $GMRLQLQJ D 3RLQW RQ D &XUYH�
/HW 3 = (α,β),α,β ∈ Q EH D SRLQW RQ ( : )([, \) = 0 RYHUQ� %\ DGMRLQLQJ HDFK
FRRUGLQDWH RI 3 WRQ� ZH DGMRLQ WKH SRLQW 3 WRQ WR JHWQ(3) := Q(α,β)�

([DPSOH� /HW ( : \2 = [3− [+1 DQG 3 = (2,
√
7)� 6LQFH 3 LV D SRLQW RQ (� ZH GHȴQH

Q(3) = Q(2,
√
7) = Q(

√
7)�

'HILQLWLRQ �3DUDPHWHUL]DWLRQ�
&RQVLGHU D SODQH FXUYH ( : )([, \) = 0� /HW [(W), \(W) EH SRO\QRPLDOV ZLWK FRHɝFLHQWV
LQQ� 7KHQ WKH SRO\QRPLDO )([(W), \(W)) = 0 LV D SDUDPHWHUL]DWLRQ RI )([, \)� 7KH
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√
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√
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2XU 0HWKRG

&ODLP >.H\HV@
7KH SDUDPHWHUL]DWLRQ [(W) = W, \(W) = J(W)

K(W) RQ WKH K\SHUHOOLSWLF FXUYH ) : \2 = I([)
JLYHV WKH IROORZLQJ�

J(W)2

K(W)2
− I(W) = 0

Θ(W) = J(W)2 − K(W)2I(W) = 0

)RU HDFK URRW α VXFK WKDWΘ(α) = 0� ZH DGMRLQQ(α, J(α)
K(α) ) WR JHW D *DORLV H[WHQVLRQ�

7KH ȴHOGQ(α, J(α)
K(α) ) LV HTXDO WRQ(α)� >�@
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&\FORWRPLF 3RO\QRPLDOV

'HILQLWLRQ �&\FORWRPLF 3RO\QRPLDO�
7KH QWK F\FORWRPLF SRO\QRPLDO GHQRWHGΦQ([) LV WKH PRQLF SRO\QRPLDO RI PLQLPDO
GHJUHH ZLWK *DORLV JURXS (Z/QZ)×�

([DPSOH� 7KH �WK F\FORWRPLF SRO\QRPLDO LV Φ4([) = [2 + 1

ȏ $OWHUQDWLYHO\� ΦQ([) =
∏

D∈(Z/QZ)×
([− ζD

Q )

ȏ /HW S EH SULPH� 7KHQΦSQ([) = ΦS([S
Q−1

)�

ȏ 7KH GHJUHH RIΦQ([) LV JLYHQ E\ WKH (XOHU�7RWLHQW IXQFWLRQ

5HPDUN

6HWΘ(W) := ΦQ(W)� WKH QWK F\FORWRPLF SRO\QRPLDO� ΖIΘ(α) = 0 IRU VRPH α ∈ Q̄� WKHQ
Q([(α), \(α))/Q JLYHV D F\FORWRPLF ȴHOG H[WHQVLRQ RIQ�



&\FORWRPLF 3RO\QRPLDOV

'HILQLWLRQ �&\FORWRPLF 3RO\QRPLDO�
7KH QWK F\FORWRPLF SRO\QRPLDO GHQRWHGΦQ([) LV WKH PRQLF SRO\QRPLDO RI PLQLPDO
GHJUHH ZLWK *DORLV JURXS (Z/QZ)×�

([DPSOH� 7KH �WK F\FORWRPLF SRO\QRPLDO LV Φ4([) = [2 + 1

ȏ $OWHUQDWLYHO\� ΦQ([) =
∏

D∈(Z/QZ)×
([− ζD

Q )

ȏ /HW S EH SULPH� 7KHQΦSQ([) = ΦS([S
Q−1

)�

ȏ 7KH GHJUHH RIΦQ([) LV JLYHQ E\ WKH (XOHU�7RWLHQW IXQFWLRQ

5HPDUN

6HWΘ(W) := ΦQ(W)� WKH QWK F\FORWRPLF SRO\QRPLDO� ΖIΘ(α) = 0 IRU VRPH α ∈ Q̄� WKHQ
Q([(α), \(α))/Q JLYHV D F\FORWRPLF ȴHOG H[WHQVLRQ RIQ�



5HVXOWV
:H FRPSXWHG H[DPSOHV XVLQJ 6DJH0DWK DQG JHQHUDWHG D FRQMHFWXUH RQ KRZ
&\FORWRPLFV IDFWRU� 7KLV FRQMHFWXUH LPSOLHV UHVXOWV DERXW RXU IDFWRULQJ PHWKRG� :H
SURYHG WKH IROORZLQJ�

ȏ 7KHRUHP� /HW Q = SP ZKHUH S ≡ 1 PRG 4� 7KHQ 5([) = [
G
2 − ΦQ([) LV UHGXFLEOH

ZLWK D VTXDUH IDFWRU�

ȏ 7KHRUHP� /HW Q = 3P · 2"� 7KHQ 5([) = [
G
2 − ΦQ([) LV D SHUIHFW VTXDUH�

ȏ 5HFDOO RXU SDUDPHWUL]DWLRQ� Θ(W) = J(W)2 − K(W)2I(W) = 0� 7KHQΦQ([) = Θ([)�
J([)2 = [

G
2 � DQG K([)2I([) = 5([)�

ȏ 7KXV \2 = I([) LV D K\SHUHOOLSWLF FXUYH ZLWK D SRLQW RYHU WKH QWK F\FORWRPLF ȴHOG�
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