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Classification of The Types of Geometries

Elliptic geometry Euclidean geometry Hyperbolic geometry
positive curvature Zero curvature negative curvature

Euclidean plane saddle surface



Definition: The Upper Half-plane Model

The upper half—plane H = {z € C | Im(z) > 0}



Definition: Hyperbolic Length

Let 0:|a, b] — H be a continuously differentiable path in H.
Then the hyperbolic length of g is obtained by integrating
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Definition: Hyperbolic Distance

Let z, z' € H. We define the hyperbolic distance dy(z, z’) to
be

dy(z,z") = inf {lengthy (o) | o has endpoints z, z’}

Informally: a geodesic o between z, z’ is the length-minimizing path
with z, z’ as endpoints.




Geodesics in H

Example: The imaginary axis is a geodesic.
Proof Let o(t) =it,a<t<b. Then o is a path from ia to ib.
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Now let £(t) = x(t) + iy(t): [a, b] = H be any path from ia to ib. Then
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Definition: Mobius Transformations

* Leta,b,c,d € R be such thatad — bc > 0. Define the map y: H — H by

az+ b
cz+d

y(z) =

 Transformations of H of this form are called Mobius transformations of H.



Application of Mébius Transformations (Pt. 1)

Idea: In our example, we saw that the imaginary axis is a geodesic.
We now assert that any vertical line and any circle meeting the real
axis orthogonally are geodesics as well. To do this we show that
these curves can be mapped to the imaginary axis via Mobius
transformations.




Application of Mébius Transformations (Pt. 2)

* Let L be the vertical line Re(z) =, where r € R. The translation
Z — z — 1 is a Mobius transformation of H that maps L to the
imaginary axis Re(z) = 0.

* Let K be a semi-circle with the endpoints t,v € R, where t < w.
Consider the following map:

y(z) =

Z—t
* Since —t 4+ v > 0, this is a Mobius transformation of H. y(v) = 0

and y(t) = oo, and we have thus mapped K to the imaginary axis
Re(z) = 0.
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