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Suppose that a coin with bias 6 is tossed at renewal times of a re-
newal process, and a fair coin is tossed at all other times. Let py be the
distribution of the observed sequence of coin tosses, and let u, denote
the chance of a renewal at time n. Harris and Keane in [10] showed that
if ZZO:1 u2 = oo, then ug and po are singular, while if Ziozl uZ < oo
and 6 is small enough, then pg is absolutely continuous with respect
to po. They conjectured that absolute continuity should not depend on
0, but only on the square-summability of {un}. We show that in fact
the power law governing the decay of {un} is crucial, and for some re-
newal sequences {un }, there is a phase transition at a critical parameter
0. € (0,1): for |0| < 6. the measures g and pg are mutually absolutely
continuous, but for |8 > 6., they are singular. Moreover, for these se-
quences, the unknown bias can be recovered from the observations if it
is large enough. When ZZOZI u2 = oo, the unknown bias can always be

recovered.
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1. Introduction. A coin toss with bias 6 is a {—1,1}-valued random vari-
able with mean 6, and a fair coin is a coin toss with mean zero. Kakutani’s
dichotomy for independent sequences reduces, in the case of coin tosses, to the
following:

THEOREM A ([13]) Let po be the distribution of i.i.d. fair coin tosses on

{—1,1}N, and let vy be the distribution of independent coin tosses with biases
{On ),
(i) If 307, 02 = oo then vp L o, where v L p means that the measures v and

w are mutually singular.

(i) If Y00 0% < 0o, then vy < po and po < vy, where v < p means that v is

absolutely continuous with respect to p.

For a proof of Theorem A see, for example, Theorem 4.3.5 of [7].

Harris and Keane [10] extended Theorem A(i) to sequences with a specific
type of dependence. Let {T',,} be a (hidden) recurrent Markov chain with initial
state o, called the origin. Suppose that whenever I';, = o, an independent coin
with bias 8 > 0 is tossed, while at all other times an independent fair coin is
tossed. Write X = (X7, Xo,...) for the record of coin tosses, and let pp be the

distribution of X. Let A, = 1;r _,} and denote by

the probability of a return of the chain to the origin at time n. The random
variables {A,,} form a renewal process, and their joint distribution is determined
by the corresponding renewal sequence {u,}; see the next section. Harris and
Keane established the following theorem.

THEOREM B ([10])
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(i) If S0 u? = oo, then pg L .
(i) If S0 ju? = |u|? <ooand 0 < |u|~?t, then pg < po.

Harris and Keane conjectured that singularity of the two laws pg and pg should
not depend on 6, but only on the return probabilities {u,}. In particular, they
asked whether the condition Y 77 u? < co implies that py < o, analogously
to the independent case treated in Theorem A. We answer this negatively in
Sections 4 and 5, where the following is proved.

Notation: Write a,, < b,, to mean that there exist positive finite constants C1, Cs

so that C; < a,, /b, < Cq for all n > 1.

THEOREM 1.1.  Let 1/2 < v < 1. Suppose that the return probabilities {uy }

satisfy up, < n~7 and max{u; : i > 1} > 2771,

(i) If 6 > % — 1, then pg L po.

max{u;

(ii) The bias 6 can be a.s. reconstructed from the coin tosses {X,}, provided 0
18 large enough. More precisely, we exhibit a measurable function g so that,

for all 6 > ﬁwpl} — 1, we have § = g(X) pg-almost surely.

Part (i) is proved, in a stronger form, in Proposition 4.1, and (ii) is contained in
Theorem 5.1 in Section 5, where g is defined.

In Section 4 we provide examples of random walks having return probabilities
satisfying the hypotheses of Theorem 1.1. We provide other examples of Markov
chains in this category in Section 8.

For this class of examples, Theorem B(ii) and Theorem 1.1(i) imply that there
is a phase transition in 0: there is a critical 6. € (0,1) so that for § < 6., the

measures pg and po are equivalent, while for 6 > 6., pp and po are mutually
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singular. See Section 3 for details. Consequently, there are cases of absolute
continuity, where altering the underlying Markov chain by introducing delays
can produce singularity.

Most of our current knowledge on the critical parameter

def
0. = sup{0 : pg < po}

is summarized in the following table. Choose r such that v, = max{u; : i > 1},
and let 05 = (3°° | u2)~Y/2 A 1. (The arguments of Harris and Keane [10] imply
that 6 is the critical parameter for up to have a square-integrable density with

respect to pg.)

asymptotics of u, critical parameters

Uy = 12 0=0s=0,

up=xnY, L<y<1]|0<6, <0, <ul27 -1

up, = O(n~1) 0<6,<0.=1

There are renewal sequences corresponding to the last row for which 0 < 65 <
0. = 1; see Theorem 1.4 and the remark following it.

Theorem 1.1(ii) shows that for certain chains satisfying > - uZ < oo, for ¢
large enough, the bias 6 of the coin can be reconstructed from the observations
X. Harris and Keane described how this can be done for all # in the case where
I' is the simple random walk on the integers, and asked whether it is possible
whenever > u2 = oco. In Section 6 we answer affirmatively, and prove the

following theorem:

THEOREM 1.2. IfY" u? = oo, then there is a measurable function h so that

0 = h(X) up-a.s. for all .
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In fact, h is a limit of linear estimators (see the proof given in Section 6). Theorem
1.2 is extended in Theorem 6.1.
There are examples of renewal sequences with Y, u? < oo which do not

exhibit a phase transition:

THEOREM 1.3.  If the return probabilities {u,} satisfy u, = O(n=1), then

o << o for all0 <6 < 1.

For example, the return probabilities of (even a delayed) random walk on Z2
have uy =< k~1.

Remark: The significance of this result is that the asymptotic conditions on {u,, }
still holds if the underlying Markov chain is altered to increase the transition
probability from the origin to itself.

This result is proved in Section 9. It is much easier to prove that py and po
are always mutually absolutely continuous in the case where the Markov chain
is “almost transient”, for example if uy < (klogk)~!. We include the argument
for this case as a warm-up to Theorem 1.3. In particular, we prove the following

theorem:

THEOREM 1.4.  If the return probabilities {u,} satisfy ux = O(k™1), and
obey the condition
- logn
S
= oglogn
then pg < po for all0 <6 < 1.
Theorem 1.4 is extended in Theorem 8.2 in Section 8, and Proposition 8.5

provides examples of Markov chains satisfying the hypotheses. Then Theorem

1.3 is proved in Section 9
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Write J =07, 1(r,=o}1{r —o}, where I and I"" are two independent copies
of the underlying Markov chain. The key to the proof by Harris and Keane of

Theorem B(ii) is the implication
E[(1+6%)] <00 = g < pio -
To prove Theorem 1.3 and Theorem 1.4 we refine this and show that
E[(1+6%)7 | <00 = pg < pio.

The model discussed here can be generalized by substituting real-valued ran-
dom variables for the coin tosses. We consider the model where observations are
generated with distribution o at times when the chain is away from o, and a
distribution 7 is used when the chain visits o.

Similar problems of “random walks on scenery” were considered by Benjamini
and Kesten in [3] and by Howard in [11, 12]. Vertices of a graph are assigned
colors, and a viewer, provided only with the sequence of colors visited by a
random walk on the graph, is asked to distinguish (or reconstruct) the coloring
of the graph.

The rest of this paper is organized as follows. In Section 2, we provide defi-
nitions and introduce notation. In Section 3, we prove a useful general zero-one
law, to show that singularity and absolute continuity of the measures are the
only possibilities. In Section 4, Theorem 1.1(i) is proved, while Theorem 1.1(ii)
is established in Section 5. We prove a more general version of Theorem 1.2 in
Section 6. In Section 7, we prove a criterion for absolute continuity, which is used
to prove Theorem 1.4 in Section 8 and Theorem 1.3 in Section 9. A connection

to long-range percolation and some unsolved problems are described in Section

10.
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2. Definitions. Let T = {0, 1} be the space of binary sequences. Denote
by A, the n* coordinate projection from Y. Endow Y with the o-field H gen-
erated by {A},,>0 and let P be a renewal measure on (Y, H), that is, a measure

obeying
m

(2.1) PlAg=1,A00) =1, Apy = 1] = [ ] ttn(i)—nii-1)»
=1

where u,, défP[An = 1]. We let {T}}?°, denote the inter-arrival times of the
renewal process: If S, = inf{m > S,_1 : A, = 1} is the time of the nt" renewal,
then T, = S,, — S;,—1. The condition (2.1) implies that T7,75,... is an ii.d.
sequence. We will use f,, to denote P[T} = n].

In the introduction we defined u,, as the probability for a Markov chain I to
return to its initial state at time n. If A, = 1yp ., then the Markov property
guarantees that (2.1) is satisfied. Conversely, any renewal process A can be real-
ized as the indicator of return times of a Markov chain to its initial state. (Take,
for example, the chain whose value at epoch n is the time until the next renewal,
and consider returns to 0.) Thus we can move freely between these points of
view. For background on renewal theory, see [8] or [15].

Suppose that a,n are two probabilities on R which are mutually absolutely
continuous, that is, they share the same null sets. In the coin tossing case dis-
cussed in the Introduction, these measures are supported on {—1,1}. Given a
renewal process, independently generate observations according to 1 at renewal
times, and according to « at all other times. We describe the distribution of these
observations for various choices of 7.

Let R*° denote the space of real sequences, endowed with the o-field G gener-

ated by coordinate projections. Write n°° for the product probability on (R*°, G)
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with marginal 7. Let Q,, be the measure a® xn*° xP on (R®xR*®xT,G®G®
H). In the case where 7 is the coin tossing measure with bias 6, write Qg for Q.
The random variables Y,,, Z,, are defined by Y, (v, 2,0) = yn, Zn(y,2,0) = 2zn.

Finally, the random variables X,, are defined by
Xn=010-A)Y,+A,2Z,.

The distribution of X = {X,,} on R> under Q,, will be denoted s,.

The natural questions in this setting are: if 3 and 7 are two mutually ab-
solutely continuous measures on R, under what conditions is ug L p,? Under
what conditions is pug < p? When can n be reconstructed from the observa-
tions {X,, } generated under 1,7 Partial answers are provided in Proposition 4.1,

Theorem 1.1, Theorem 5.1, Theorem 6.1, and Theorem 8.2.

3. A Zero-One Law and Monotonicity. We use the notation established
in the previous section. Let G, be the o-field on R*° generated by the first n
coordinates. If pg and p, are both restricted to G, then they are mutually

absolutely continuous, and we can define the Radon-Nikodym derivative p, =

dpr
dpg

Theorem 4.3.3 in [7]) implies that for any A € G,

lg,. Write p for liminf,,_, . pn; the Lebesgue Decomposition Theorem (see

62 A= [ pdiup+(4) = [ i+l = 0} 0 4),
where p$™9 | p5. Thus to prove that p, < g, it is enough to show that
(3.3) L= piao : pla) < 5] = Qulp(X) < .

For any process I, let ©,' = (I'),Ty41,...), and let 7(T) = (2, 0(0,I') be

the tail o-field.
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LEMMA 3.1 ZERO-ONE Law. The tail o-field T(Y, Z,A), and hence T (X),

is Qy-trivial. That is, A € T(Y, Z, A) implies Q,(A) € {0,1}.

PRrROOF. By the Kolmogorov Zero-One Law, 7 (Y) and 7 (Z) are trivial. The
inter-arrival times {7}, } form an i.i.d. sequence, and clearly 7 (A) C E(T4, T, .. .),
where £ is the exchangeable o-field. The Hewitt-Savage Zero-One law implies
that £, and hence 7 (A), is trivial.

Let f be a bounded 7 (Y, Z, A)-measurable function on R® x R* x T which

can be written as

(3.4) [y, 2,0) = f1(y) f2(2) f5(5) -
By independence of Y ,Z, and A, and triviality of 7(Y),7(Z), and T (A), it

follows that

B (Y) f2(2) f2(8)] = B (V)ER(Z)Ef(A) = £1(Y) f2(2)f(A) a.s.
Consequently, for all functions of the form (3.4),
(3.5) Ef(Y,Z,A) = f(Y,Z,A) a.s.

The set of bounded functions of the form (3.4) is closed under multiplication,
includes the indicator functions of rectangles A x B x C for A;B € H and
C € G, and these rectangles generate the o-field G x G x H. Since the collection
of bounded functions satisfying (3.5) form a monotone vector space, a Monotone
Class Theorem implies that all bounded G x G x H-measurable functions obey

(3.5). We conclude that T (Y, Z, A) is trivial. O

PROPOSITION 3.2.  Fither pu, and ug are mutually absolutely continuous, or

p L g
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PROOF. Suppose that pr £ pg. From (3.2), it must be that p < co with positive
L probability. Because the event {p < oo} is in 7, Lemma 3.1 implies p < oo
pr-almost surely. Using (3.2) again, we have that p, < pg. The same argument
with the roles of 3 and 7 reversed, yields that ug <y also. O

We return to the special case of coin tossing here, and justify our remarks in
the introduction that for certain sequences {u,}, there is a phase transition. In

particular, we need the following monotonicity result.
PROPOSITION 3.3.  Let 01 < 0. If pg, L 1o, then pg, L po.

ProoF. Couple together the processes X for all §: At each epoch n, generate a
variable V,,, uniformly distributed on [0, 1). If A is a renewal process independent

of {V,,}, define X9 by

, | L Ve < B
(3.6) X8 =
—1if V,, > 1+88a

Then X% < X% for 0; < 6y, and X? has law py for all § € [0,1]. Thus pg,
stochastically dominates g, .

Suppose now that g, L pi9. Then (3.2) implies that

(37) Ho, [1091 = OO] =1land Mo[p91 = 0} =1

Because the functions

pn(x) = [ T+ 0zrA5)dP(A)
T k=0

are increasing in z, it follows that p is an increasing function and the event
{p = oo} is an increasing event. Because pg, stochastically dominates pg,, we

have

(38) o, [p91 = OO} =1



Random Coin Tossing 11

Putting together (3.8) and the second part of (3.7) shows that we have decom-

posed R* into the two disjoint sets {pg, = 0} and {pg, = co} which satisfy

Mo[pal = O] =1 and /1‘92[p91 = OO] =1.

In other words, pg, L po. O
Consequently, it makes sense to define for a given renewal sequence {u, } the

critical bias 6. by

0. def sup{f < 1:pp < pio}-

We say there is a phase transition if 0 < 6. < 1. The results of Harris and Keane
say > u2 = oo implies f. = 1 and there is no phase transition. In Section 4, we
provide examples of {u,} with }° u? < oo having a phase transition. In Section

8, we provide examples with ) u2 < oo without a phase transition.

4. Existence of Phase Transition. In this section, we confine our atten-
tion to the coin tossing situation discussed in the Introduction. In this case, «
and 3 are both the probability on {—1,1} with zero mean, and 7 is the proba-
bility with mean 6 (the 6-biased coin). The distributions pg and p, are denoted

by po and pg respectively. Let Uy, %ef S k-

PROPOSITION 4.1.  Let {u,} be a renewal sequence with
n
Zuk = U, = n'7Mn),
k=0
for % <~y <1 and? a slowly varying function. If
(14 0)max{u; : i >1} > 27,

then pg L po.
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Remark. The conditions on 6 specified in the statement above are not vacuous.
That is, there are examples where the lower bound on 6 is less than 1. There are
random walks with return times obeying u,, < n~"7, as shown in Theorem 4.3.
By introducing delays at the origin, u; can be made to be close to 1, so that
2up > 27,

PRroOOF. Let E denote expectation with respect to the renewal measure P and
let Ey denote expectation with respect to Qg. Let u, = max{u; : ¢ > 1} and
assume for now that r = 1. Let b = 1(1+6) and k(n) = [(1+ €) log, ], where €
is small enough that (1 + €)(—logy u1b) < 1 — 7. Define A7 as the event that at
all times ¢ € [jk(n), (j + 1)k(n)) there are renewals and the coin lands “heads”,

i.e.,
k(n)—1
n def
AP () {Ajky4e =1 and Xjpayre = 1}
£=0
Let Dy = 780 140, and

c(n) € Qu[ATA ki = 1] = blurb) VT = w (ugb)R)

Note that we have defined things so that ¢(n) < n™?, where p < 1 — . Then

n/k(n) n/k(n)
(4.9) EyD,, = Z ujk(n)b(mb)k(n)—l =¢(n) Z Ujk(n)-
j=1 Jj=1

We need the following simple lemma:
LEMMA 4.2.  Forallr >0,
(4.10) Up + Upplo + - F Uk < U + Uk + -+ + Uk -
PRrROOF. Recall that ug = 1. Let 7* = inf{j > 0: A, ;5 = 1}. Then
m
E[Z Ajk+7“|7-*} = (1 +up+---+ u(mfr*)k)l{‘r*gm}
j=0

<wug+up+ ...+ Unk-
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Taking expectation proves the lemma. O

By this lemma,

3

n/k(n)

1 U,
4.11 — =
( ) Z u]k(n) k( ) — k(n)’
and thus
n/k(n)
U, U, _n)
4.12 i) > —1x =nl=7 .
(4.12) 2 tikm k(n) k) " k(n)
Combining (4.9) and (4.12), we find that
E( ) _,n)
E¢D, > Cyn Pn*~7 =Cin :
’ T ke T R
Since 1 — vy — p > 0, it follows that E¢D,, — co.
Also,
n/k(n) n/k(n) n/k(n)
EoDl = > Qu[A7]+2 > Y QulA7|A7]Qu[A})
i=1 i=1 j=i+1
=E¢D, +2 Z Z N)Uky(n) (j—i—1)+1 (M) Uk ()i
=1 j=i+1
n/k(n) n/k(n)
< E¢D,, + 2¢(n)? Z Uk(n)i Z Uk(n)j+1
i=1 j
n/k(n) n/k(n)
(413) <EyD, +20 Z Uk (n)i Z Uk(n)j
n/k(n) n/k(n)
(4.14) < EgDy +2c(n)® Y k()i D, Un(n); + 2u0c(n)EeDy,
i=1 j=1
n/k(n) 2
< EpDy +2c(n)® | D wpguyi |+ 2u0c(n)Be Dy,
i=1
(4.15) < C(E¢D,)*

(4.13) follows from Lemma 4.2, and the last term in (4.14) comes from the

contributions when j = 0.
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If A,, is the event that there is a run of length k(n) after epoch k(n) and

before n, then (4.15) and the second moment inequality yield

Finally, we have
Qo[limsup A4,] > limsup Qg[A4,] > 0,

and by the Zero-One Law (Lemma 3.1) we have that Qp[limsup A,] = 1. A
theorem of Erdés and Rényi (see, for example, Theorem 7.1 in [21]) states that
under the measure g, Ly/logon — 1, where L, is the length of the longest
run before epoch n. But under the measure pg, we have just seen that we are
guaranteed to, infinitely often, see a run of length (1 + €) log, n before time n.
If uy # max{u; : 4 > 1}, consider the renewal process {A,,}>2, and
the sequence {X,,}22,, where u, = max{u; : i > 1}. Apply the proceeding

argument to this subsequence to distinguish between pg and pg. O

PROPOSITION 4.3.  There exists a renewal measure P with u, ~ Cn™" for

1/2<~v<1.

ProOF. For a distribution function F' to be in the domain of attraction of a
stable law, only the asymptotic behavior of the tails F(¢),1 — F'(—t) is relevant
(see, for example, Theorem 8.3.1 in [4]). Thus if the symmetric stable law with
exponent 1/ is discretized so that it is supported on Z, then the modified law
F'is in the domain of attraction of this stable law. Then if I is the random walk
with increments distributed according to F', Gnedenko’s Local Limit Theorem

(see Theorem 8.4.1. of [4]) implies that

lim [n"P[T, = 0] — g(0)| =0,

n—oo
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where g is the density of the stable law. Thus if A,, def 1¢r,—o}, then {A,} form
a renewal sequence with u, ~ Cn™7. O

For a sequence to satisfy the hypotheses of Proposition 4.1 and 1.1, we also
need that max{u; : i > 1} > 277!, By introducing a delay at the origin for the
random walk I' in Proposition 4.3, u; can be made arbitrarily close to 1. Thus
there do exist Markov chains which have 0 < 6, < 1.

1

An example of a Markov chain with U,, =< n'/4 will be constructed by another

method in Section 8.

5. Determining the bias . In this section we refine the results of the
previous section and give conditions that allow reconstruction of the bias from
the observations.

For a > 1, let

. —log, P[T1 + -+ + Ty <
(5.16) A(a) % g 08 PIE 4 T S ma].

m—oo m

(A*(a) = oo for a < 1 (since each T; > 1), hence we restrict attention to when
a>1)

Because ET; = oo, Cramér’s Theorem (see, e.g., [6]) implies that A*(a) > 0
for all a. Since lim,10 P[T1 < a] = 1, it follows that lim,jec A*(a) = 0. Also,
A*(1) = —logy us.

It is convenient to reparameterize so that we keep track of gpdéf log,(1 + 0)

instead of 6 itself. Let

(5.17) D0, ) E - (p— A (E)) and () E sup D(p,£).

0<£<1

Observe that limg_.o 15(90,5) = 0. For € > 0 small enough so that A*(e71) < 2,

blp ) >cp—2)=eb >0
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Hence, The maximum of 1Z(<p, -) over (0, 1] is attained, so we can define

def >

Colp) = Imf{0<E<1 2 P(p,&) =v(p)}-

We show now that ¥(¢, &) > ¥(p,1), a fact which we will use later (see the
remarks following Theorem 5.1). Let £ = min{n > 1 : f, > 0}, and note that
fi = uq. If in the interval [0, k(1 + |ef])] there are k — |ek] inter-renewal times
of length 1 and |ek| inter-renewal times of length ¢, then in particular there are

at least k renewals. Consequently,
(5.18) P[T) + -+ Ty <k(1+el)] > <L€’2J>ffle’” Lek]
Taking logs, normalizing by k, and then letting £ — oo yields
“AT(Lel) = lim k™ ogy P[Ty + -+ T) < k(1 + €l)]
> ho(e) +logy f1 + €logy(fe/ f1)

where ha(€) = elogy ! + (1 — €)logy (1 — €) 1. Therefore

(5:19) ¥l ) ~ ¥l 1) = T — T AT (L el) — p— o,
(5.20) > Lo+ logy(fo/ 1)) + ha(e))

1+¢€l
Thus for e bounded above, the left-hand side of (5.19) is bounded below by
Ci(ha(e) — Cqe). Since the derivative of hs tends to infinity near 0, there is a
positive € where the difference is strictly positive. Thus, the maximum of 12(@, )
is mot attained at £ = 1.

Finally, 1) is strictly increasing: let ¢ < ¢’, and observe that
V() = 9, 60(9)) 2 D& &olp)) > Dlp,60(9)) = v(y).

THEOREM 5.1.  Recall that

P[X,=1|Ap=1=2"2(1+6) =21, for 0% log,(1 +0).
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Let
Ry,=sup{m: Xps1 = =Xpmsn=1} and R(X)=IlimsupR,(log,n)"".

Suppose that % < < 1 and{ is a slowly varying function. If U, < n'=74(n),

then

. 1—
R(X):l_iwzp)\/l,

where 1) is the strictly monotone function defined in (5.17).
In particular, for o > ¥=1(y) (equivalently, 0 > v (M) — 1), we can recover

¢ (and hence 0) from X :

Remark. Suppose u; = max{u; : i > 1}. Since () > 9(p,1), (see the
comments before the statement of Theorem 5.1) we have that
(5.21) V() > p+logyur.

Substituting ¢ ~1(v) for ¢ in (5.21) yields

7HY) < v —logyur.
Thus
(5.22) 2V 1 < grlomawn

The right-hand side of (5.22) is the upper bound on 6. obtained in Proposition
4.1, while the left-hand side is the upper bound given by Theorem 5.1. Thus this
section strictly improves the results achieved in the previous section.

PROOF. Let ¢ = (1 —~)/(1 —1(g)). We begin by proving that R(X) < ¢V 1, or

equivalently, that

(5.23) Ve> (¢ V1, Qp[R, > clogyni.o. ] =0.
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Fix ¢ > (V1. If k(n,c) = k(n) def |clogyn|, then it is enough to show that
(5.24) Qoflimsup{ X1 = - = Xppm) = 1] = 0.
Let E, be the event {X,,y1 =+ = Xy, y(n) = 1}, and define
def

F, € inf{m>0:A,4m=1}

as the waiting time at n until the next renewal (the residual lifetime at n). We

have
k(n)
(5.25) Qy[E,] < Q[E, | F, > k(n)] + Z QolEn | Frn = m]Qy[F, = m)].
m=1
Notice that
{Fn = m} = {An-i-l == An-Q—m—l =0, An+m = 1}7

and consequently we have

QO[En ‘Fn =m, Aptmity---, An+k(n)]

_ 2_k(n)(1+0)1+An+m+1+“'+An+k(n)

(5.26)

Taking expectations over (A, ymy1;-- -, Dntr(n)) in (5.26) gives that

Qy[E, | Fo=m] = 2_k(")E[(1 + 9)1+An+m+1+-~~+An+k<n)

An+'m = 1]
(5.27) =27 FWE[(1 4 g) A1+ k) —m]

The equality in (5.27) follows from the renewal property, and clearly the right-
hand side of (5.27) is maximized when m = 1. Therefore the right-hand side of

(5.25) is bounded above by
(5.28) 278+ Uiy = Un) Q0B | Ay = 1],

We now examine the probability Qg[E,, | A,t+1 = 1] appearing on the right-

hand side of (5.28). Let Ni, j] Lf ?;:i Ag be the number of renewals appearing
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between times ¢ and j. In the following, N = N[n + 1,n + k(n)]. We have

QolEn | Auir = 11 =27 F VB[4 0)Y | Ayyy = 1]

(5.29) = E[RFM1HeN/Em) | A =1].

By conditioning on the possible values of N, (5.29) is bounded by

(5.30) Z 21’6(71)(*1+«’m/l’€(n))]_:>[T1 + Ty < Kk(n)].

m=1
By the superadditivity of log P[T} +- - - + T, < ma], the probabilities in the sum

in (5.30) are bounded above by 2=™A"((")/m) - Consequently, (5.30) is dominated

by
k(n) k(n) .
Z ok(n)(=1+m/k(n)(e—A"(k(n)/m))) < Z 9k(n) (=144 (p,m/k(n)))
m=1 m=1

< k() 2K @@

Hence, returning to (5.28),
Qo[En] < 270 4 (U4 iny — Un)k(n)2 7R A=¥(0))
(5.31) <207 4 2k(n) (Up by — Un)n =074 D),

Let ¢ = ¢(1 — ¢¥(¢)), and since ¢ > ¢ V 1, we have that ¢ + v > 1. Letting

m(n) = n+ k(n), since m(n) > n, we have

L L
D R Unkyn™ <D k(m(n) Uy (m(n) — k(n)) ™
n=1 n=1
L
L+k(L)
(5.32) < k(m)Upm (m — k(m))~1

3
&
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Then, using (5.32), it follows that

L L
k() (Unakm) — Un)n ™" <Y k(U (0= k(n)) ™ —n~9)
L+k(L)
(5.33) + > k(m)Un(n —k(n))™1.
n=L+1

Since a=9—b"9 < C(b—a)a=179, and U, < Cn'~7, the right-hand side of (5.33)

is bounded above by

(5.34) C1 Yom—y k(n)n=7k(n)(n — k(n)) =9~
+ Cok(L)k(L + k(L)) (L + k(L)'= (L — k(L))

We have that (5.34), and hence (5.33), is bounded above by
L

(5.35) C3 Y k(n)>n=H 4+ o(1).
n=1

Since ¢ + v > 1, (5.35) is bounded as L — oo. We conclude that (5.31) is
summable. Applying the Borel-Cantelli lemma establishes (5.24).

We now prove the lower bound, E(X) >(¢V1.

It is convenient to couple together monotonically the processes X? for different
. See (3.6) in the proof of Proposition 3.3 for the construction of the coupling,
and let {V;} be the i.i.d. uniform random variables used in the construction.

First, using the coupling, we have that R(X?) > R(X?) = 1. Hence,

polz : R(z) > 1] = 1.
It is enough to show that if ¢ < ¢, then

Qo[Rn > k(c,n)i.o.]=1.

Fix ¢, and write &y for &o(¢).
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Let 7; = 71 be the time of the [&k(n) | renewal after time ik(n) — 1. The
event G7' of a good run in the block I = [ik(n), (i + 1)k(n) — 1] N Z™T occurs

when
1. there is a renewal at time ik(n): Ay = 1,
2. there are at least ok(n) renewals in I;: 7; < (i + 1)k(n) — 1,
3. until time 7;, all observations are “heads”: X; = 1for tk(n) <j <7,
4. V; <1/2for 1, < j < (i+1)k(n) — 1.

The importance of the coupling and the last condition is that a good run in I;
implies an observed run (X; =1Vj € ;).

Let N; = N|[I;]. The probability of G7 is given by
(5.36) Qo[G7] = 27K (1 + )5k piay .

where p; défP[Ni > &ok(n) | Ajkny = 1] is the probability of at least &yk(n)
renewals in the interval I;, given that there is a renewal at ik(n). Note that
p; = p1 for all i, by the renewal property.

Following the proof of Proposition 4.1, we define D,, = Z?!;(") 1(;;;, and

compute the first and second moments of D,,. Using (5.36) gives

n/k(n)
(5.37) Eg[D,] = 27* (14 0) M py >~ ).

Jj=1

Since ¢ < ( = %, we also have for some € > 0 that

I Sete B
(5.38) e o

By definition of A*, we can bound below the probability p;: For n sufficiently

large,

pr = PNy > &ok(n) | Mgy = 1]
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=PI+ + Tegp(n) < k(n)]

(5.39) > 9—6ok(n)(A™(& )+e)

where € > 0 is arbitrary. Thus, plugging (5.39) into (5.37) shows that for n

sufficiently large,

EO[Dn] > Q—k(n)(l + 9)60k(n)2—fok(”)(/\*(551)""6) Z Ujk(n)
=1

n/k(n)
— ok(n)(~1—c€ot+plo—EoA" (65)) Z Wjk(m)
j=1

n/k(n)
(5.40) >2"'n71 Z Ujk(n) »

j=1
where ¢ = (1 + €& — ¥(¢))e. By (5.38), 1 — v — ¢ > 0. Using (4.12),
Z?ﬁ(n) Ujk(n) = %nk”, in (5.40), gives that for n large enough,

Ln) 1 . _, nooo
> — A G
E@ [Dn} = 03 k(n)n

We turn now to the second moment, which we show is bounded by a multiple

of the square of the first moment.
n/k(n) n/k(n)
(5.41) BoD2=2 3 > QulGI NG+ Eo[Dy].

i=1 j=it+1

We compute the probabilities appearing in the sum by first conditioning on the

renewal process:
~k(n) Eok(n))?
QG NGy | A] = (275014 0)° M) L s, A =1)
(5.42) X l{NjZEOk(n)v Ajrny=1}
Taking expectations of (5.42), if d(n) = 27*() (1 4- 9)%*)  then
QQ[G? N G;L] = d(n)QP[Nj > §0k(n), Ajk:(n) =1land N; > gokj(n), Aik(n) = 1]

=d(n)*p1P[Ajrny = 1| Ni > &ok(n), Mgy = 1p1ttirn)
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(5.43) = d(n)*pIuim)PlAjrmn) = 1| Ny > &ok(n), Ajg(n) = 1]
Summing (5.43) over i < j shows that Zf:/lf(") Z?gf_(ﬂ) Qo[G} N G?] equals
n/k(n) n/k(n)
(544) pl Z Uik (n) Z P jk(n) — 1 | N; > 50 ( ) ik(n) = 1]
=1 Jj=t+1

Let 0 = (i + 1)k(n) — 7;. For m = n/k(n), write

(5.45) > PlAjuw) =11 N; > &ok(n), Ay = 1,0]
j=i+1

as

(5.46) E[ > Ajyw |7 < (i+1)k(n), o].

j=i+1

Then observe that (5.46) is bounded above by
(5.47) Us + Ugyk(n) T+ Usgpmk(m) -

We can apply Lemma 4.2 to bound (5.47) above by E;"ZO Ujk(n) - TO summarize,

m

(548) > PAjim) = 1| Ni = &k(n), Aiggny = 1,0] Zu]k

j=it1

Taking expectation over o in (5.48), and then plugging into (5.44) shows that

2 2 QlGInG < dm?st 3, vk Z v
=1 j=14+1
(549) < (EgDn> + ugEg D, ,

where we have used the expression (5.37) for E¢D,,. Finally, using (5.49) in (5.41)

yields that
Ey[D;] < C3(Eq[D]).
Now, we have, as in the proof of Proposition 4.1, that

Qp[limsup{D,, > 0}] > limsup Qq[D,, > 0] > C5* > 0.

n—oo
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Using Lemma 3.1 shows that Qg[limsup{D,, > 0}] = 1. That is, the events
UZl:/ ]f(n) G7 happen infinitely often. But since a good run is also an observed run,

also the events
{34, 1 <j < n/k(n) with Rjpn) > k(n)}

happen infinitely often. But, if R,y > k(n), then certainly R,y > k(jk(n)).

Thus, in fact the events

{3j > k(n) with R; > k(j)}
happen infinitely often. That is

Qo[Rn > k(c,n)i. 0. ] = 1.

We conclude that ¢ < R(X). O

6. Linear estimators work when u, are not square-summable. Be-
fore stating and proving a generalization of Theorem 1.2, we indicate how a weak
form of that theorem may be derived by rather soft considerations; these moti-
vated the more concrete arguments in our proof of Theorem 6.1 below. In the
setting of Theorem 1.2, let

n
g def i X
n = —n 35 -
Do U

It is not hard to verify that E¢7, = 6 and sup,, Vary(7,) < oo. Since {7,}
is a bounded sequence in L?(ug), it has an L?-weakly convergent subsequence.
Because the limit 7 of this subsequence must be a tail function, 7 = 6 a.s.
Finally, standard results of functional analysis imply that there exists a sequence
of convex combinations of the estimators 7,, that tends to 6 in L?(up) and a.s.
The disadvantage of this approach is that the convergent subsequence and the

convex combinations used may depend on 8; thus the argument sketched above
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only works for fixed 6. The proof of Theorem 6.1 below provides an explicit
sequence of estimators not depending on 6.

We return to the general setting described in Section 2. A collection ¥ of
bounded Borel functions on R is called a determining class if 4 = v whenever

Jr¥dp = [ ¥dv for all ¢ € 0.

The following theorem generalizes Theorem 1.2.

THEOREM 6.1.  If Y 7 jui = oo, then for any bounded Borel function 1,

there exists a sequence of functions hy : RY — R with the following property:

for any probability measure n on R, we have

hn(X1,...,XN) — /¢dn a.s. with respect to fiy, .

Thus the assumptions of the theorem imply that for any countable determining
class ¥ of bounded Borel functions on R, a.s. all the integrals { [ ¢dn}ycw can
be computed from the observations X, and hence a.s. the measure 7 can be
reconstructed from the observations.

PROOF. Fix ) € ¥, and assume for now that a(¢) = [ do = 0. Without loss

of generality, assume that | 9| » < 1. Define

n
w(n) = wy, def Zuf, and w(m,n) def Z us.

i=0 i=m41
For each pair m; < n;, let
L= L) = —— 3" wu(x))
i — L = U i)
w(mi,n;) ot ! !

Let {¢;} be any sequence of positive numbers. We will inductively define

{m;},{n;} with m; < n;, so that

(6.50)  w(m;,n;) > w(m,)for all ¢, and Cov(L,;, L;) < ¢ forall j > 1.
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We now show how to define (m;4+1,m,41), given n;, so that (6.50) is satisfied.

Observe that

ZZ;WH Zgimﬁ»l ukusn(w)Z(ukus—k - Ukus)

Cov(Li, L) =
ov( ‘) w(mg, n;)w(me, ng)
n(y)* S 2 S 2
(6.51) = Z ug, Z UsUg_p — US| -
wmmwGnen 2=, 2
Fix k, and write m,n for my, ny respectively. We claim that
(6.52) Z UgUg_ ) — uz < k.
m—+1

2

Assume that an_H Usts—k — us > 0; if not (6.52) is trivial. Applying the in-

equality a — b < (a? — b2)/b, valid for b < a, yields
n 2

n
(X gy Usts—k)* — w(m,n)
] o 2 < s=m+1 )
(6.53) g Uslg—p — U5 < wim, )

s=m-+1

Then applying Cauchy-Schwarz to the right-hand side of (6.53) bounds it by

w(m,n)w(m —k,n — k) —w(m,n)?

wim. ) < w(m —k,n) —w(m,n)

=w(m —k,m)

<k

)

establishing (6.52). Using the bound (6.52) in (6.51), and recalling that || < 1,

yields
(6.54)  Cov(L;,Lg) < L i k<
' D= w0 (ma, ma)w(me, g) St R = w(me,ng)
Pick m;41 large enough so that
n
(6.55) w(mip1) > —
€

7
and let n;4q of inf{t : w(m;t1,t) > w(msy1)}. Then for any ¢ > i + 1, since

w(mg,ng) > w(mye) > w(miz), (6.55) and (6.54) yield that Cov(L;, L) < ¢;.
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Observe that E[L;] = n(v), and

2
ni T4 n;
E Z uh(X;) =2n(¢)2 Z Z UjUpUj Uk —
j=m;+1 j=mi+1 k=j+1
+ > Ep(X)Yul
Jj=m;+1
(6.56) < w342 Z uf Z UpUp—j + w(ms, n;)

j=mi+l  k=j+1

Fix i, let m = m;,n = n;. For j fixed, using Cauchy-Schwarz yields

(6.57) Z Uptp—; < AJw(,n)wp—; < wy.
k=j+1

Plugging (6.57) into (6.56), and recalling that |9 | . < 1, gives that

2
ng

(6.58) E > ue(Xy) < 2wk 4wy, .
j=m;+1
Thus,
E[L?] < up g 4 _p

Choosing, for example, €; = i~3, one can apply the strong law for weakly corre-

lated random variables (see Theorem A in section 37 of [19]), to get that

(6.59) G (1))

S|

D Li(W) = n(¥) a. s.
i=1
For general 1, define H, () = Gy (¢ — () + a(¢). From (6.59), it follows that

(6.60) Hn(¢) = (¥ — a(¥)) + ) = n(¥) .

To finish the proof, define hN(Xl,...,XN)défHk(N)(q/z), where k(N) is the

largest integer k£ such that ny < N. O
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7. Quenched Large Deviations Criterion. Recall that p,, = jﬁ L G the

density of the measure p, restricted to G, with respect to the measure p, re-
stricted to G,,.

We make the additional assumption that

dn 2 dn
.61 = — | da = —d .
(7.61) ' /R (da> “ /R da 7 < oo

For two binary sequences 6,6’, define J(6,8’) = |{n : §, = &/, = 1}|, the number

of joint renewals.
LEMMA 7.1.  IfE[F/A2) | A] < oo, then pi, < fia-

PRrOOF. Let z(y, 2,0)n = 2n0n + yn(1 — 6,,). We have

(7.62)  Eq,[pn(X)|A=4] = / /pn x(y, 2,0))da™ (y)dn>(z) ,

R> R

and expanding p,, shows that (7.62) equals

(7.63) / / /H { z(y,2,0)4)0) + 1 —5;] dP(8")da™ (y)dn™(z) .

RoRe Y =1

Using Fubini’s Theorem and the independence of coordinates under product

measure, (7.63) is equal to

(7.64) / H/ / [ x(y,2,0)3)0) + 1 — 5;] da(y)dn(z)dP(8").

If

g def / / { 2(y,2,8):)6, + 1 — 5;] da(y)dn(z) ,
then we have that
1 ito, =0
(7.65) I = (y)da(y) =118, =1,6, =0

(2)dn(z)=rifd'=1,6;,=1
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Plugging (7.65) into (7.64), we get that

Eaq, [pn(X) | A = 6] = /H PP (5
/ J(8,8") dP (s
B[40 | A=),
Applying Fatou’s Lemma, we infer that EQ,[p(X) | A] < co, whence
Qulp(X) <] = 1.
The Lebesgue Decomposition (3.2) implies that p, < pa. O
8. Absence of Phase Transition in Almost Transient Case In this
section, we apply the quenched moment generating function criterion established
in the previous section.

Let N[m,n] be the number of renewals in the interval [m, n], and write N, =

N[0,m]. Let Uy, = U(m) = ENy, = S0 .
LEMMA 8.1.  For any integer A > 1, we have P[N,, > AeU,,] < e 4.

PROOF. For A = 1, the inequality follows from Markov’s inequality. Assume it
holds for A — 1. On the event E that N,, > (A — 1)eU,,, define 7 as the time of

the [(A — 1)eU,,]*" renewal. Then
P[N,, > AeU,, | E] < P[N[r,m] > eUp|E] < P[N,, > eU,] < e *.
Consequently,

P[N,, > AeU,,] < P[N,, > AeU,,|Ele”"Y <74,
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THEOREM 8.2.  Suppose that the renewal probabilities {u,} satisfy
U(e*) = o(k/logk),

and also uy, < Cok™1. If n < o and 3—2 € L*(«a), then py < q.

PROOF. In this proof the probability space will always be Y2, endowed with the

product measure P2, where P is the renewal probability measure. Let
Jm,n] = {n<k<m:Ap=A) =1}

be the number of joint renewals in the interval [m, n].

First we show that
(8.66) VO, Ty+--+Tp>e" eventually.
Observe that

(8.67) P[Ty+---+Tj, < ] = P[N(e“") > k] < exp (eU(kec;f)) :

Our assumption guarantees that k/eU(e“*) > 2logk eventually, and hence the
right-hand side of (8.67) is summable. Consequently, for almost all A, there is
an integer M = M (A) such that Z?Zl T; > eCF for all k > M(A). Equivalently,

N[0,exp(Ck)] < k when k > M. To use Lemma 7.1, it suffices to show that

Zs"P[J[O,n] >n| Al < oo as., for all real s.

n

We have
(8.68) Y _s"P[J[0,n] > n|A] < Cy(A) + i S"P[J(e“", 00) > 1| A
n n=M

Observe that

(8.69) E[J(e“", 00)] = Z ui < Cge= ",
k=exp(Cn)
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since we have assumed that u, < Cyn~!. Thus the expectation of the sum on
the right in (8.68), for C' large enough, is finite. Thus the sum is finite A-almost
surely, so the conditions of Lemma 7.1 are satisfied. We conclude that u, < .
O

We now discuss examples of Markov chains which satisfy the hypothesis of

Theorem 8.2.

LEMMA 8.3.  Given two Markov chains with transition matrices P, P’ on
state spaces X and Y with distinguished states xq, yo respectively, construct a new

chain ® = (X,Y) on X x Y with transition matric
P($17$2)Pl(y1792) nyl = 0

P'(y1,y2) ify1 #0, 11 =22

Let A(s) = Y07, fns™ be the moment generating function for the distribution

Q(x1,11), (72,92)) =

of the time of first return to xq for the chain with transitions P, and let B(s)
be the corresponding generating function but for the chain P’ and state yg. Then
the generating function for the distribution of the time of the first return of ® to

(0, Yo) is the composition Ao B.

PROOF. Let 57,55, ... be the times of successive visits of ® to X x {y,}, and
T, = Sy — Sk_1. Observe that Y is a Markov chain with transition matrix P’,
so {Tx} has the distribution of return times to yo for the chain P’.

Let 7 = inf{n > 1: Xg, = x0}. Note that {Xg, }>°, is a Markov chain with

transition matrix P, independent of {T},}. Hence 7 is independent of {T},}, and
T=T1+---+1T;

is the time of the first return of ® to (xg,yo). A standard calculation (see, for

example, XIL.1 in [8]) yields that the generating function Es” is A o B. O
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Let F,U be the moment generating functions for the sequences {f,} and
{un} respectively. Define L : (0,00) — (1,00) by L(y) =1 — i, and note that
F =LoU.Denote W(y) =UoL(y) = L 'oFoL. When F3 = F; o Fy, it follows
that W35 = Wy o Wa.

We make use of the following Tauberian theorem, found as Theorem 2.4.3 in

[16].

PROPOSITION 8.4.  Let {a,} be a sequence of non-negative reals, A(s) =
Yoo o ans™ its generating function, W (y) def A(l—y™Y), a >0 a constant, and ¢

a slowly varying function. The following are equivalent:
(i) A(s) < (1 — 8)~%((1 — s)71) for s < 1 near 1.
(i) W (y) < y*L(y) for large y.

(i1i) Ap = > p_o Ak = n*(n)
We now show that there are Markov chains with no phase transition.

PROPOSITION 8.5.  There is a Markov chain that satisfies U, =< loglogn,

and u, < Cn~1L.

PRrROOF. For simple random walk on Z2, we have

U(s) = Z n~ts? = —log(1l — s?).
n=1

Thus, W(y) =< logy. Consequently, W o W (y) =< loglog(y) corresponds to the
chain in Lemma 8.3 with both P and P’ the transition matrices for simple random

walk on Z2. Proposition 8.4 implies that U,, < loglogn. Finally,
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since X is a simple random walk on Z?2. O
In conjunction with Theorem 8.2, this establishes Theorem 1.4.
Lemma 8.3 can be applied to construct Markov chains obeying the hypothe-
ses of Proposition 4.1 and Theorem 5.1. Take as the chains X and Y the simple
random walk on Z. The moment generating function Uy for the return probabil-

ities u, of the simple random walk is given by Upyj(s) = (1 — s%)~1/2 (see XIIL.4

in [8]). Then Wy (y) = Uy o L(y) = (2_5,1)1/2 satisfies Wiy (y) ~ (y/2)Y/? as
y — oo. Hence W (y) = WpyjoWpy(y) < y*/*, and by Proposition 8.4, U, =< n'/4.

The last example is closely related to the work of Gerl in [9]. He considered
certain “lexicographic spanning trees” 7y in Z¢, where the path from the origin
to a lattice point (z1,...,x4) consists of at most d straight line segments, going
through the points (z1,...,zk,0,...,0) for k = 1,...,d in order. Gerl showed
that for d > 2, the return probabilities of simple random walk on 7; satisfy

Uy X n27d_1; after introducing delays, this provides further examples of Markov

chains with a phase transition (0 < 0. < 1).

9. Absence of Phase Transition in Z2. The results in [10] (as summa-
rized in Theorem B of Section 1) show that for the random walk on Z? which
chooses at each unit of time a nearest neighbor with equal probability, the mea-
sures g and g are mutually absolutely continuous for all . The argument does
not extend to Markov chains which are small perturbations of this walk. For
example, if the walk is allowed to remain at its current position with some prob-
ability, the asymptotic behavior of {u,} is not altered, but Theorem B does not
resolve whether pg < po always. In this section, we show that for any Markov

chain whose return probabilities {u,,} have the same asymptotic behavior as the
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simple random walk on Z2, that is, u,, < n~!, the measures ug and pg are always
mutually absolutely continuous.

Recall that T is the time of the first renewal, and 77,75, . .. are i.i.d. copies of
T. Also, S,, = Z?Zl T; denotes the time of the n'" renewal. Recall from before

that A,, is the indicator of a renewal at time n, hence
{S, =k for some n > 1} = {A, =1}.

Let S), and T denote the renewal times and inter-renewal times of another
independent renewal process. Recall that J is the total number of simultaneous
renewals: J = > Ap Al If Sy, is the sigma-field generated by {7} : 1 < j < k},

then define

In this section, we prove the following:

THEOREM 9.1.  When u, = O(n™!), the sequence {q,} defined in (9.70)

decays faster than exponentially almost surely, that is,
n~tlog g, — —oo almost surely.

Consequently, the quenched large deviations criterion Lemma 7.1 implies that if

n < a and 3—2 € L?(«a), then p, < pa.

The proof relies on the specific renewal process via the tails of the inter-return
times. Specifically, we use that the renewal probabilities u,, are at most ¢/n and

that

(9.71) PllogT > t] > ct™ 1.
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(9.71) can be deduced, for example, from Proposition 8.4 and the relation
U(s)=[1—-F(s)] 7",

where U(s) and F(s) are the generating functions for the sequences {u,} and
{P[T = n]} respectively. From this it follows that if w(n) is any function going

to infinity, then
P[Snlognwz(n) < enw(n)] < (1 _ C/(nw(n)))nlogan(n) < n—cw(n)-

This is summable, so by Borel-Cantelli, if we define m = m(n) := nlognw?(n),

then
(9.72) n~ " log Sy (n) — 00

almost surely.

PROOF OF THEOREM 9.1. Define the random variables

J™ Y (G,4) i >mj>1and S; = S |

def

and let Q,, = P[J™ > 1| Sx] -
In what follows, m(n) will be as defined above, and we will often write simply

m for m(n). Let

o  P[{(i,)) : i <m(n)and S; = S} >n | Sxl.
We have

¢n =P[J >nand J™™ > 1|8, ] +P[J >nand J™ =0 | S,]

Write Q%, ¥ E[Qm | Sm] = P[J™(™ >1|S,,] . Then

c < clogSm .
k+Sm — Sm

oo oo
Qn < B8] < ) ukurys, < Y
k=1 k=1

o
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By (9.72), we see that n~! log Qo (ny — —00 almost surely.
Since Q%, = E[Qm|Sm], we see that P[Q.,, > 2"Q%,] < 27™, hence

Qm > 2MQ;, finitely often

and it follows that n~!log Qum(n)y — —00. It therefore suffices by (9.73) to show
that

logry,

(9.74)

— —oo almost surely.
n

Let [m(n)] déf{l, 2,...,m(n)}. We can bound r,, above by

(9.75) > P[vie A,Fj > 1sothat §j=5;|Sx] < (Z‘)Rn,
AC[m(n)]

|Al=n

where

def

R, max P[Vie€ A,3j > 1sothat S} =S5; | S ].

AC[m(n)]
|A|=n

We can conclude that
(9.76) logr, < log (7:) +logR,, .

Notice that (7") = e("1°€1°8") when w(n) is no more than polylog n; for con-
venience, we assume throughout that w?(n) = o(logn). Hence, if we can show
that

log R,,

9.77 —_
( ) nloglogn

— —oo almost surely,

then by (9.76), it must be that (9.74) holds.

For any n-element set A C [m(n)], we use the following notation:

def
o A = {x1<x2<~~o<xn},andm’§xm.

e For any k < m’, let I(k) be the set of indices i such that {7 };cr(x) are the

k largest inter-renewal times among {T; }i<pm.
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e For i < n, let Z\J(A,i)déf max{T; : x;i—1 +1<j <z}
We have

n
PIVX; € A,3j > 1 so that Sj = S, | Sw] = [Jus,,-s.,
i=1

where Sy def 0. Recalling that u,, < ¢/n, we may bound the right—hand side above

by

n

(9.78) H# — Hﬁ < llz(A)d;fl—[M(f4 T

R €T;
=1 N

To summarize, we have

C
. mn < A - M(AQ)"
(9.79) R, < Ag[llréj()i)]R( ) A%ﬁ‘(’iﬂg M(A, )

To see where this is going, compute what happens when A = [n]. From the tail

behavior of T, we know that

lim inf M >0.
n—oo nlogn
To establish (9.77), we need something like this for R, instead of R([n]).

In what follows, ko(n) e 10(log nw(n))?.

LEMMA 9.2.  Almost surely, there is some (random) N so that if n > N,
then for all n-element sets A C [m], providing k satisfies m’ > k > kq(n), at least

kn/(6m’loglogn) values of i satisfy M (A,i) € {T; : i€ I(k)}.

Assuming this for the moment, we finish the proof of the theorem. The fol-

lowing summation by parts principle will be needed.

LEMMA 9.3.  Let E(k) be the k largest values in a given finite set E of positive

real numbers. Suppose another set E' contains at least ek members of E(k) for
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every ko < k < |E|. Then

e > € Z e.

cEE e€E\E(ko)
PROOF OF LEMMA 9.3. Let E = {e;j,j = 1,..., N} in decreasing order and
let ex4+1 = 0 for convenience. Write

FU)1{e; € E'}, and let F(k) = f(1) + ... + f(k).

Then
N N
S e =Y (FG)—F(G—1))e; = Y F(k)(ex — exs1)
j=1 j=1 k=1
N N
> Y F(k)(er—ext1) = Y ek(er — exsn)
k=ko+1 k=ko+1
N N
:6{(/€0+1)6k0+1+ Z ek} > € Z ek
k=ko+2 k=ko+1
e Y .
e€e\E (ko)
This proves the lemma. O

LEMMA 9.4.  Write {T;}7~, in decreasing order:

Ty 2Ty 2 -+ 2 Ty -

Then
lim inf L mg logTiy >0
im in ; .
m—oo mlogm 08 L)
i=ko(n)+1

ProoF. It suffices to prove this lemma in the case where u,, < n~!, because
in the case where u,, < en™!, the random variables T} stochastically dominate

those in the first case.
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Let Y; def log T;; then Y; are i.i.d. random variables with tails obeying

P[y; >t =<t !,

Write Y(;) for the i*" largest among {Y;}7_,. From [5], it can be seen that

ko(n)

(9.80) lim Z Yy —nloglogn | =0.
i=2

n—oo nlogn

From Theorem 1 of [20], we can deduce that

n

1
(9.81) lim inf > Y >0.

n—oo nlogn 4
=2

Combining (9.80) and (9.81) yields

1 n
lim inf > Yy >0.
i=ko(n)+1

Recall that
R(A) =[] eM(A, i)
=1

From Lemma 9.2 we see that almost surely there exists an N so that, for all
n > N and ko(n) < k < m/ the set {M(A,7) : 1 < i < n} includes at least
kn/(6m’loglogn) of the k greatest values of {7 };":/1 Therefore by Lemma 9.3

(applied to the logs of the denominators), we see that for n > N and all A C

[m(n)],

(n/m’) ngo(n)—kl log(T(;)/c)

—1 A) >
og R(4) = (6loglogn)

Since (m’logm’) 1 Ziko(n)ﬂ log(T;/c) has a nonzero liminf by Lemma 9.4, we

see that loglogni8f~ js not going to zero, from which follow (9.77) and the

nlogn

theorem. O
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It remains to prove Lemma 9.2. Define the event G,, ,,» to be the event

for all n-element sets A C [m(n)] with maximal element m', and &

obeying m’ > k > ko(n), at least kn/(6m’loglogn) values of ¢ satisfy
M(Ai)e{T; : icI(k)}.

Then define G, def ﬂz(n) Gr,m. The conclusion of Lemma 9.2 is that

(9.82) P[G,, eventually] = 1.

If we can show that

(9.83) P[G; ] < n7?,

—2 and

then by summing over m’ € [n,n(m)], we can conclude that P[GS] < n
hence by Borel-Cantelli, that (9.82) holds.

We prove (9.83) for m’ = m, the argument for other values of m being identi-
cal. The values T4, T5, ... are exchangeable, so the set I(k) is a uniform random

k-element subset of [m] and we may restate (9.83) (with m’ = m):

Let
I(k’) = {7’1<T‘2<"'<7'k}

be a uniform k-subset of [m(n)]; then the event G,, ,,, has the same probability

as the event én’m, defined as

for all n-element sets A = {1 < -+ < z, = m} C [m] and k
satisfying m > k > ko(n), at least kn/(6mloglogn) of the intervals

[€;—1 + 1, ;] contain an element of I(k).

Equivalently, G,, ,, is the event that
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for all n-element sets A = {z; < -+ < z, = m} C [m] and
k satisfying k > ko(n), at least kn/(6mloglogn) of the intervals
[ri,riv1 — 1], 1 <4 < k contains an element of A.

Finally, Gy, can be rewritten again as the event

for k obeying m > k > ko(n), no kn/(6mloglogn)—1 of the intervals

[ri, Tig1 — 1] together contain n points.

Proving the inequality (9.83) is then the same as proving that

(9.84) P[Gpm] > 1—n73.

)

For 0 < j <k let D; denote r;j4; —r; where 7¢ := 0 and ry4; dﬁfm + 1. For any

B C [k], let W(B) denote the sum ) ._p D;. Then define the events G tO

jeB

be
For all sets B C [k] with |B| < kn/(mloglogn), we have W (B) < n.

We have that émm = m;cn:ko(n)_,'_lén,m,k-
Set € = n/m = (lognw?(n))~1, and set § = ¢/(6loglogn), so that

1 clog(l/e)

01 =
8 6 Gloglogn

€
< =
)

for sufficiently large n. We now need to use the following lemma:
LEMMA 9.5.  Let p(k,m,€,0) denote the probability that there is some set B

of cardinality at most 6k such that W (B) > em. Then for e sufficiently small and

dlog(1/6) < €/5,

p(k,m,e,8) < e Fe/2,

The proof of this will be provided later.
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Now applying Lemma 9.5, we have that for fixed k so that m > k > ko(n),

P[Gn,m,k] > 1- n_5 )
since % > n~°. Summing over k gives that
PlGpm] > 1—n73.

To prove Lemma 9.5, two more lemmas are required.

LEMMA 9.6.  Let BC [kl and W :=>"._5 D;. Then for0 < X <1,

jEB

AW/ 1 7
. m| — .
(9.85) Ee < <1 — )\)

PrOOF. The collection {D; : 0 < j < k} is exchangeable and is stochas-
tically increasing in m. It follows that the conditional joint distribution of any
subset of these given the others is stochastically decreasing in the values condi-
tioned on, and hence that for any B C [k], and A > 0,

(9.86) Eexp Z D;| < H Eexp(D;) = (Eexp(Dy))'P.
jeB jeB
The distribution of Dy is explicitly described by
P(Dy = j) = (1-
Thus
m) =

N\ k
P(Dy > j) < (1 — i) < e ki/m,

In other words, kDg/m is stochastically dominated by an exponential of mean 1,
leading to Ee*Po/m < 1/(1—\). Thus by (9.86), Eexp(AkW/m) < (1—\)~I1Bl

proving the lemma. O
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LEMMA 9.7.  Let |B| =j and let W =3

Dj as in the previous lemma.

JjeB
Then
Wt et\’
9.87 P(—>)<et[Z) .
(9.57) rzpset ()
ProoOF. Use Markov’s inequality
t E /\kW/m
P> by B
m — k e

Set A =1 — j/t and use the previous lemma to get

P> ) <(-NTe™

J
(e
J

proving the lemma. O

PrOOF OF LEMMA 9.5. We can assume without loss of generality that j :=
0k is an integer and that n := em is an integer. By exchangeability, p(k, m, €, d)
is at most (k]ﬂ) times the probability that W (B)/m > e for any particular B of

cardinality j. Setting ¢t = ke and plugging in the result of Lemma 9.7 then gives

1 i
p(ksm, e, 8) < (’fj ) (3—‘“) ik

-(8) e

The inequality () < (a/b)’(a/(a — b))*~" holds for all integers a > b > 0 (with

0% := 1) and leads to the right-hand side of the previous equation being bounded

ok 1-98)k
AR TRt (E)‘”“ 6=k
5 1-6 5

above by
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kr(e,d)

Hence p(k,m,¢€,6) <e where

r(e,0) = d(loge — 2logd +log(1 — §)) —log(l — &) + 6 —e.
Since log € and log(1 — §) are negative, we have
r(e,0) <20log(1/d) — e+ 0 +1og(1/(1 —9)).

For sufficiently small €, hence small §, we have d+log(1/(1—9)) < (1/2)dlog(1/6),

hence
r(e,8) < (5/2)0log(1/6) — e < ¢/2 — € = —g ,

by the choice of §. This finishes the proof. O

10. Concluding Remarks. A Markov chain I' with state-space X and
transition kernel P is transitive if, for each pair of states z,y € X, there is an
invertible mapping ® : X — X so that ®(z) = y, and P(y, ®(z)) = P(z, 2) for
all z € X. Random walks, for example, are transitive Markov chains. When the
underlying Markov chain I' is transitive, our model has an equivalent percolation
description. Indeed, given the sample path {T',}, connect two vertices m, ¢ € Z*

iff
Iy =Ty, but I'; # 'y, for m < j < £

A coin is chosen for each cluster (connected component), and labels are generated
at each x € Z™ by flipping this coin. The coin used for vertices in the cluster
of the origin is #-biased, while the coin used in all other clusters is fair. The
bonds are hidden from an observer, who must decide which coin was used for
the cluster of the origin. For certain I' (e.g., for the random walks considered

in Section 4), there is a phase transition: for # sufficiently small, it cannot be
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determined which coin was used for the cluster of the origin, while for 6 large
enough, the viewer can distinguish. This is an example of a 1-dimensional, long-
range, dependent percolation model which exhibits a phase transition. Another
1-dimensional models that exhibits a phase transition was studied by Aizenman,
Chayes, Chayes, and Newman in [2].

In Sections 4 and 8 we construct renewal processes whose renewal probabilities
{un} have prescribed asymptotics. T. Liggett in [18] proves a theorem containing
the following as a special case:

THEOREM C. If u(0) = 1 and u(k — Du(k + 1) > u?(k) for k > 1, then {uy} is
a renewal sequence.

This was originally proven by Kaluza in [14]. See also Theorem 5.3.2 of [1] for a
proof. Theorem C can be used to prove that the renewal sequences discussed in
this paper exist.

A generalized version of this random coin tossing model, when the underlying
graph is Z, is studied in [17]. Each vertex z € Z is assigned a coin with bias 0(z).
At each move of a random walk on Z, the coin attached to the walk’s position
is tossed. In [17], it is shown that if |{z : 6(z) # 0}] is finite, then the biases 6(z)
can be recovered up to a symmetry of Z.

Some unsolved problems. Recall that A and A’ denote two independent and
identically distributed renewal processes, and u,, = P[A,, = 1]. The distribution
of the sequence of coin tosses, when a coin with bias # is used at renewal times,

is denoted by pg.

1. Is the quenched moment generating function criterion in Lemma 7.1 sharp?
That is, does E[rznzo Anl, | A] = oo for some 7 < 1+ 6% imply that

po L pio?
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2. Does pg, L po imply that pg, L pe, for all 5 # 617

3. For renewal sequences exhibiting a phase transition at a critical parameter

O, is pg, L po?
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