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Abstract

We generalize the results of [Satopia et al. | (2014, 2015) by showing how the Gaussian aggregator may be computed
in a setting where parameter estimation is not required. We proceed to provide an explicit formula for a “one-shot”

aggregation problem with two forecasters.
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1. Introduction

Prediction polling is a form of polling that asks a group of people to predict a common quantity. These forecasts
are often used to make important decisions in medicine, economics, government, etc. In many practical settings, it
is not possible to determine ex-ante which of the forecasters is the most informed or accurate (and even if this could
be done, a decision to follow a specific forecaster’s advice may result in relevant information from other forecasters
being ignored). A more prudent solution is to pool the forecasters’ information into a single consensus. This requires
aggregators which can incorporate different information structures amongst the forecasters. This task motivated the
work of Satopai et al. |(2014), which introduced the Gaussian partial information framework for forecast aggregation.
Further methodological framework for estimating parameters in the Gaussian partial information model was developed
in|Satopaai et al. |(2015)).

The purpose of this letter is to further generalize the results of |Satopaa et al. [(2014) by showing how the Gaussian
aggregator may be computed via a (Bayesian) approach in which parameter estimation is not required. Our main result
is Theorem [3.1] which provides an explicit formula for the Gaussian aggregator in a “one-shot” (a setting in which a
stream of forecasts is unavailable) aggregation problem with two forecasters.

In the remainder of the introduction we give a brief description of important challenges in event forecasting and in
forecast aggregation. We proceed to summarize the partial information framework, the Gaussian partial information
model, and our Bayesian approach. §2|recalls the relevant computations for the Gaussian model with fixed parameters.
§3]computes the Bayesian aggregator and §4]utilizes hypothetical data to compare the aggregators.
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1.1. Event forecasting, loss functions, and calibration

In event forecasting, an expert is asked for a series {p,,} of probability forecasts for events {4, }. The quantitative
study of event forecasting dates back at least three decades (Dawid | [1982; Murphy and Winkler | |1987). Usually,
the expert is scored by a loss function L(p,,14,). The loss function L is assumed to be proper, meaning that p
minimizes EL(-,Y) when Y is a Bernoulli random variable with mean p. Thus a forecaster with subjective probability
p minimizes expected loss by forecasting p. For a more complete discussion of probability forecasting and proper loss

functions, one may consult|Hwang and Pemantle | (1997).

Probability forecasts can suffer from two kinds of error: bias and imprecision. Bias occurs when the long run
frequency of A,, for those p,, = p is not equal to p. Imprecision occurs when p,, is typically not close to zero or
one. Assuming a sufficiently long stream of forecasts, each forecast p,, may be replaced by the forecast ¢(p,,) where
q(t) is the long run frequency of A,, given a forecast of t. The forecast is then said to be calibrated; (cfMurphy and
Winkler | (1987)) in this work we always assume calibrated forecasts. Of course, there are settings in which a stream
of forecasts may not be available. In such a setting it is impossible to assess bias. A reasonable protocol is to assume

no bias and to encourage calibration via proper loss functions (see |Ungar et al. [ (2012))).

Unlike other aggregators, a distinct advantage of one-shot aggregators is their universality; they can employed
when a stream of forecasts is unavailable. One-shot aggregators can also serve as an equally applicable yet a more
principled alternative to common aggregators such as the average and median. The simplicity of the average and the
median aggregators has long been attractive to practitioners. The key contribution of this letter is to encourage the use
of more principled aggregation techniques by providing a partial information aggregator that, too, has a simple and
closed-form expression.

1.2. Forecast aggregation

Various probability models have been implicitly or explicitly used for producing a synthesized forecast from a col-
lection of expert forecasts. Consider a probability space (€2, F,P) and events A € F. As discussed in Satopidi et
al. [(2014), an expert’s forecast is considered to be calibrated if the forecast p for an event A is equal to P(A|F”) for
some F' C F. The o-field 7’ represents the information used to make the forecast; it need not be the full information
available to the expert.

Some empirical work on forecast aggregation operates outside the above framework. For example, the measure-
ment error framework assumes there is a true probability 6, interpreted as the forecast made by an “ideal” forecaster.
The actual forecasters observe a transformation ¢(6) together with independent mean zero idiosyncratic errors. This
leads to relatively simple aggregation rules. For example, if ¢ is the identity, the forecasters are assumed to be reporting

0 plus independent mean zero errors. The corresponding aggregator then simply averages the forecasts
( )im Zn: (1)
Gave\P1s - -+, Pn ~—nk_1pk-

When the function ¢ is ®~! (the inverse normal CDF) this leads to probit averaging, defined by

1 n
gprobit(p17"'apn) = (nijl(pk)> . (2)
k=1



Such models, while very common in practice, lead both to uncalibrated forecasts and suboptimal performance. Some
theoretical problems with these models are discussed by [Hong and Page | (2009); for example, such aggregators
can never leave the convex hull of the individual expert forecasts, which is demonstrably sub-optimal in some cases
(Parunak et al. | [2013); see also Satopia et al. | (2015} Section 2.3.2).

Letting F - o(p1,-..,pn), we define an aggregator as any random variable p € F " Then, amongst all such
aggregators, p” (see below) is the one that minimizes the expectation of any proper loss function. It is also

calibrated.

In the partial information framework for aggregation of calibrated forecasts proposed by [Satopai et al. | (2014),
each forecaster ¢, 1 < i < N is assumed to have access to information ;. The aggregator only considers the forecasts
p; = P(A|F;). Theoretically, the best possible forecast with this information is the revealed estimator

’

pl::}P’(A|pi:1§i§N). 3)

It is clear that

1"

p = grev(pla e 7pn)

for some function g = g,ev; however, it is not possible to explicitly compute g without making further assumptions
about the model.

1.3. Gaussian partial information model

The Gaussian partial information model was introduced in|Satopé et al. |(2014). The probability space (2, F,P) sup-
ports a centered Gaussian process { X 4 : A C S} indexed by the Borel subsets of a single set .S, with Cov (X4, Xp) =
|AN B
event A is defined to be the event that X5 > 0. Each infinitesimal unit X[, ;4 of white noise adds either positive

, where | - | refers to Lebesgue measure. Without loss of generality, we consider S to be the unit interval. The

or negative information about the occurrence of A. Each forecaster F; is privy to some subset of this information; the
forecaster observes all the noise in some subset B; C S. Formally, F; = 0(X4 : A C B;). Specification of the sets

{B;} determines the model and hence g.

A number of consequences of the Gaussian partial information model are discussed in Satopaa et al. | (2014)).
Satopad et al. | (2015, Section 5.1) found that this model significantly outperformed other aggregators on the data
provided by the Good Judgment Project (Ungar et al. | [2012). The same work provides a formal mechanism for
efficiently estimating the parameters for the Gaussian partial information model. More specifically, the parameters of
interest |B;| = Var (Xp,) and |B; N B;| = Cov (Xp,, Xp,) form a covariance matrix, known as the information
structure, that is estimated under a specific semi-definite constraint. Note that, empirically, the exact identities of
the sets B, are irrelevant; all that matters are the covariances themselves Satopda et al. |(2014). For the purpose of

parameter estimation, however, it is necessary that each forecaster provides a stream of forecasts.

Alternatively one may choose the parameters in advance or use a Bayesian model with a prior distribution on the
unknown parameters. This letter focuses on the Bayesian approaches and generalizes the work of [Satopaa et al.
(2015) by considering the scenario in which a stream of forecasts is unavailable.



1.4. A Bayesian approach to specifying parameters

We now turn our focus to the problem of applying the Gaussian partial information model in a one-shot forecasting
model. The parameters {|B;|,|B; N B;| : 1 < 4,5 < N} cannot consistently be estimated because there is only one
data point p(*) for each forecaster i. We model this one-shot problem with a Bayesian approach; a uniform prior s is
chosen on these parameters. Let  denote the posterior law of the parameters given the forecasts. Then p” is the mean

of ga (p(l), o pN )) when « is an assignment of parameters chosen randomly from the posterior law v.

Clearly, giving an analytical solution to the problem of integrating over the space of all coherent information struc-
tures is intractable. Therefore, our subsequent discussion motivates simplifying assumptions that allow us to derive
the Bayesian aggregator in closed-form. Although numerical integration can be performed trivially with Markov chain
Monte Carlo (MCMC) methods, our primary motivation, as emphasized in is to find a closed-form expression
that encourages principled and easily available aggregation of forecasts.

2. Aggregation function for fixed parameters

Using the notation introduced in §I} we consider a model in which N = 2, |S| = 2, |B;| = |Bz| = 1 and |[B; N Bg| =
p. Here |S| can be interpreted as the total amount of information available to the forecasters. Consequently, | B;|
represents the amount of information used by the ith forecaster. The model is invariant to scaling: one can replace
|S| =2 by |S| = 2vand |B;| = 1 by | B;| = ~. Therefore the choice |S| = 2 is irrelevant |Satopii et al. | (2014). This
particular choice, however, is convenient as it simplifies some of our notation. What is more important is how of much
of this information each forecaster uses. As will be explained below, letting |B;| = | Bz| = 1 is a non-informative and
hence a natural choice. The final parameter p, treated in (Satopaa et al. | 2014, 2015) as a parameter to be estimated,
will later be taken to be uniform on [0, 1]. In this section, however, we fix p € [0, 1] and compute the forecast, its

marginal distribution, and the aggregator.

This aggregator is limited to the case of two forecasters. One way to generalize it to N forecasters is to set
|Bi| = ¢ and |B; N B;| = pfori=1,...,N and ¢ # j. This leads to a simplified Gaussian model with a compound
symmetric information structure described fully by two parameters, namely ¢ and p. Integrating out these parameters
with respect to their posterior distribution would provide a more broadly applicable aggregator. This is one of our
current research projects. Unfortunately, the integrals are analytically much more challenging, and it is still not clear
whether a closed-form solution exists.

2.1. Computing the forecast and marginals for any parameters

A forecaster observing X p is ignorant of X g — X g which is independent of X 5 and has distribution N (0, |S| — | BJ)
or \/|S| — |B|x, where x is a standard normal. Therefore, conditional on X5 = x, the forecast is

p(x) = P(Xs — Xp > —2) = P(x < (IS| - |B) /%) = @ <x> -

VIS =B

Let 3 := |B|/(|S| — | B]). Because Xp is distributed as | B|'/2, we see that the law of p in this model is the law



of ®(3'/2x). Because x has law ®~1(U) for U uniform on [0, 1],
p(w) ~ (82071 (U)) .

The density behaves like (cx(1 — x))'/%. When B < 1 it is unimodal, when 3 > 1 it blows up at the endpoints, and
when 8 = 1 it is exactly uniform (see Figure|[T).

In this light, the choice of |By| = |Bz2| = |S \ Bi| = |S \ Bs| seems natural, as it causes each forecast to be
marginally uniform on [0, 1].

2.2. Computing g under fixed overlap

- . L . S
We now specialize to the Gaussian partial information model | B | = |Bs| = % = 1 and assume that the parameter
p = |B1 N Ba] is known. We proceed to compute the aggregator.
Proposition 2.1. In the Gaussian partial information model with |By| = |Bs| = 1, |S| = 2 and | By N Ba| = p, if the

two experts forecast p™Y) = p and p'®) = ¢, then the best aggregator 9,(p,q) == P(A|p™M = p, p? = q) is given by

(2 )+ 2 (g)
9o(p,q) = <I>< e ) : 4)

PROOF: Under the Gaussian model the joint distribution of Xg, Xp,, and Xp, is

Xs Y, X
Xp, | ~N[o (21 2P

o1 Yoo
X5,

0.0 0.2 0.4 0.6 0.8 1.0
i

Figure 1: The solid line, dashed line, and dotted line are respectively 8 = 7/3,1, and 3/7.



where

Yo T
o1 Yo
_ 1 1 —p
D :
pr\ —p 1

Using the well-known properties of a conditional multivariate Gaussian distribution (see, e.g.,|[Ravishanker and Dey
2001} Result 5.2.10), the distribution of X given X = (Xp,, Xp,)" is Xg|X ~ N (us,0%), where

— =N
D |
R

The inverse of X5 is

B 1
ps = X123 X = m(XBl + Xp,),
_ 2p
2 1
=311 — X12X0, Do) = ——.
Og 11 122499 2421 1+P

Denoting p!) and p(® respectively by p and ¢, we recall that the individual forecasts are p = ®(Xp,) and ¢ =
®(Xp,). The synthesized forecast is then

9o(p,q) = P(Xs > 0Jp,q)
=P(Xs > 0|Xp,,Xz,)

s — 115 (X5, + XB,)
B 2p
1+p

e (@1@) +¢>1<q>> |
2p(1+p)

3. Bayesian model

We now further develop our model in §2|via a Bayesian approach. We assume that the overlap parameter p has a prior
distribution that is uniform over the interval [0, 1]. The posterior distribution is not uniform because the likelihood

)‘P(p7 q) = ]P)(pv q | p)

of (p, q) given p is nonconstant, whence Bayes’ Rule applied with the uniform prior gives a nonconstant posterior.
Given p and ¢, posterior probabilities are given by quotients of integrals:

9(p,q) =P(Alp,q) = /P(Alnqm) P(p|p,q) )

[ F(p.q,p)M(p,q) dp
I Xq)dp



Here we include a factor of [ A, dp in the denominator so that we may, if we choose, allow A, not to be normalized
to have total mass one.

Theorem 3.1. g(p, q) can be evaluated in the following closed-form expression

—(1-2
2% p > max{q,1— ¢}
p .
— p < min{q,1 —q
_ ) 21-9) { J
9(p,q) = (6)
q—(1-2p)
97 max{p, 1 — p}
q .
—— q < min{p,1 —p}.
2(1-p) { J

PROOF: To compute A, (p, q), recall that Z; and Z, are standard normals with covariance p and that (Z;, Z2) maps to
(p, q) by @ in each coordinate. The density of (Z;, Z3) at (x,y) is proportional to

1
(2m) " et Q)2 exp | 30l
where the quadratic form () is the inverse of the covariance matrix
1 1 —p
Q - 172 [ ‘| .
—p*| —p 1
Thus the density h(z,y) of (Z1, Zs) at (z,y) is equal to

1 2\-1/2 a® +y* — 2pzy
5 (1 =p7) " exp ) : (7

The Jacobian of the map (z,y) — (®(x), ®(y)) at (z,y) is given by

1 1
o exp [—2 (x2 + y2)] (8)
and therefore
Mo(p.a) = @) T @0 a1 e 10

Px? — 2pxy + p?y?
_ 1— p2)1/2 _pr '
c(1=p7) "/ “exp 20— )

Combining this with (@) and (@) gives

PP LD ) g a1z [ PR =202 (p)@(g) + pP0 7 (g)”
/q)< 20(1 + p) >(1 7) p{ 2(1-p?) ]dp
(1= p*) V2 exp {_ p*®~(p)? — 2p<1>2‘(11(zi)<§2‘)1(q) + p2¢>‘1(q)2}

9(p.q) =

9



By symmetry, we may assume without loss of generality that p < ¢. Removing a factor of

exp [; (@7 (p)* + <I>‘1(q)2)] (10)

from both the numerator and denominator of (9) gives

Lo p) + 2 (g 1 > (p)2 — 2p® 1 (p)D 1 (q) + P~ 1(g)?
/0<I)< ) - pzexp< >dp

o) 20(1+ p) — 2(1 - p?) an
9\p,q) = _ — _ _ :
/1 L oo (_‘P H(p)? =202 ()2 (g) + @ 1((1)2) i
0 1—p2 2(1— p?)
We first compute the denominator of (TT)) and then proceed to compute the numerator.
3.1. Computation of the denominator
Let us denote the denominator of by
1 —1(,)\2 —1 —1 —1()2
1 P —2p® P o
I — / exp < (p)” —2p®(p) i (@) + 27 (9) > dp. (12)
0 /1—p? 2(1 - p?)

Let the density, CDF and tail of the bivariate standard normal with correlation parameter p € (—1,1) be defined
respectively by

1 22 —2pxy+y?

a2z, y;p) = m7

e 2(1—p2)

by b
Dy (b1, bo;p) = / ¢2(, y; p)dydx

L(bi,b2,p) = Do(—b1,—ba2,p).
Plackett’s formula (Plackett |, |1954)) gives that

< b — 2pbibs + b%)
oxp |~y
OL(b1,b2,p) 2(1—p?)

dp QWW

specializes to the integrand in when by = ®71(p) and by = ®~1(q), whence

I =/0 2ﬂﬁL(¢‘1(p)7¢‘1(Q),p) dp.



Assuming p < ¢ and utilizing the identities L(by, b2, 0) = ®(—b1)P(—b2) and L(b1, b2, 1) = ®(— max{b1, b2}), we
obtain

L = 2r[L(® ' (p),® '(q),1) — L(2 "} (p), ® ' (q),0)]
= 27 [®(—max{® ' (p),® ' (¢)}) — (-2 (p)2(—2 ' (q))]
= 2r(1—q)p. (13)

3.2. Computation of the numerator

We denote the numerator of (L1)) as

~[o( TR @ L (2 ) =202 (0)® Y (g) + 27 (9)?
" ._/0 (I)< 2p(1+p) ) Mep< 2(1 — p?) >d0~ (14)

Extending previous notation, we denote the trivariate normal CDF by

1 b1 b2 b3 TR 1z
®3(by1,b2,b3; R) = WW/—W /_OC /_wexp <—2) dxzdxsdxy, (15)

where R = (p;;) is the correlation matrix. |Plackett | (1954) contains a formula for the partial derivative of the trivariate

CDF with respect to the coefficient p;2, meaning that the (1, 2) and (2, 1) entries of R change while all other entries
remain constant:

b2 —2p12b1ba+b2
O3 (b1, ba,b3; R)  OXP (7 . 2?12—;)5 2)
= ‘D(U3(012))7 (16)
dp12 2m+/1 — p3,
where
us(p) = bs(1 — p?) — bi(ps1 — pp32) — ba(ps2 — pp31) (17
\/(1 —p?)(1 = p? — p31 — P3 + 2pp31p32)
Plugging in
1
by =—2'(p), bp=—® '(q), by =0, andps = p3> = 7
gives .
— P12 -1 -1
P + @ _ _
ug(p1a) = V2 (@) (@) _2 )+ ()
V(1= p2)(p12 — p3,) 2p12(1 + p12)
This leads to

o), 0 (q),0:( e Y ViR
o0, (<07 -0 0 (g B R )

3P12

exp (_<I>‘1(p)2 - 2p12<1>‘1(p);1>‘1(q) + ‘I>‘1(Q)2)
2(1—p2,) > '(p) + 2 '(q)
2m\/1 — p3, * < 2p12(1 + p12) ) . o




Integrating (I8) as p12 ranges from 0 to 1 and comparing with (T4), we see that

1
27T/
0

= 27 [®3 (=2 ' (p),—@ '(q),O; R) — @3 (- ' (p), -2 '(q),0; R*)] ,

I

P . . 1 P12 Vi/2
3,012(1)3 (—<I> (p), —® (Q)’07<¢% V73 JTQ)) i1z

where the matrices R, R* are given by

~ sk
- Sk

1 1 0
1 . RrR=| 0 1
1 1 11
V2 oV2 V2 V2
Computing ®3(—®~(p), —®~1(q),0; R), we note that R forces X; = Xo, whence

®3(a, b, c; R) = ®3(— max{a, b}, c; R)

19)

(20)

2L

1 1/2
where R’ = ( e 1/ ) If (X1, X>) is Gaussian with covariance R’ then X; = Y] and X5 = (Y1 +Y3)/v/2
where (Y7, Y3) are independent standard normals. Thus, if p < ¢,
P35 (=2 ! (p), -2 (q),0;R) = @y (—D '(q),0;R)
— B(X, < —0(q), X2 < 0)
= P <-97'(g), Y2 < -Y1)

(2009) remarks (see Figure[2) that

1
P(Y: <a,Ys < -Y7) =P(Y; <a)— 5IED(Y1 <a)?.

Thus,
(1—q)°

3 (=27 (p), =@ (q), 0:R) = (1 - ) = ~—,

..............................

a 0

Figure 2: The darker region has probability P(Y < a)2/2.
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We next compute &3 (—®~1(p), —®~1(g), 0; R*). In this case, (X1, X2, X3) = (Y1, Y2, (Y1 + Y2)/V2) where
again (Y1, Y3) is a pair if independent standard normals. We therefore must compute

P(Y; < =07 (p),Y2 < =@ '(g), V1 + Y2 <0).
‘We claim that
(1-p)(1-q) ifp+qg>1;

1—p*—¢°
2

P(Y; < —®7(p),Ya < —®71(q),V1 + Y2 <0) = (23)

ifp+g<1.

When p +¢ > 1,then Y; < —®1(p) and Yo < —®~1(q) together imply Y; + Yo < 0. Thus the probability is
Py(—1(p), —P71(q)) — (1 — p)(1 — ) as claimed. When p + ¢ < 1, the claimed result follows as illustrated in
Figure[3]

Plugging in (22)) and (23) into (19) yields

2m [(1—Q)—%—(1—Q)(1—p)] ifp<gandp+q>1

I = .
271'[(1—(])—%—#} ifp<gandp+q<1.

Finally, dividing by I gives our desired result:

(1-q) -5 —(1-q1-p) _q—(1-2)

ifp<gandp+qg>1

o(p.0) = p(1—q) 2p
7 (1-q)— % _ # » . ;
= ifp<gandp+g¢ <1
p(1—q) 2(1-4q)
Prob=1-p
b A B Prob =1-g
C
a

Figure 3: The area of quadrant {Y1 < a,Y2 < b} is (1 — p)(1 — q). We subtract from this areas A, B and C, which are respectively
(1/2-p)?/2,(1/2 = p)(1/2 — q). and (1/2 — q)?/2.

11



4. Comparison of aggregations with hypothetical data

‘We now offer a concrete comparison amongst aggregators. Let us suppose two experts forecast respective probabilities
p1 = 0.6 and po = 0.8. We wish to consider a number of of aggregators. The first two were discussed in (I and (2),

ave

namely the simple average p®'® := gavo(p1, p2) and the inverse-phi average pProPit := Gprobit (D1, p2). As discussed

previously, these values are constrained to lie between p; and p».

We compare the revealed forecast to these two aggregators and to two aggregators others not constrained to the
convex hull. The first of the two latter aggregators is from Gaussian model with fixed overlap parameter p = 1/2.
The second is the log odds summing aggregator. The log odds summing aggregator, which we have not discussed
above, is based on the probability model in which each forecaster begins with a prior probability estimate of p = 1/2

(equivalently log(p/(1 — p)) = 0 and observes the result of an independent experiment.

By Bayes rule, this experiment affects the posterior probability by an additive increment in the log odds. The result
of the two independent experiments is to add both increments to the log odds, resulting in an estimator p'°8 °44s which

ave and pP Pt are demonstrably underconfident, p'°8 °4ds jg

is the most extreme of those we have considered. Just as p
overconfident because it assumes that the experts’ data are completely disjoint. Below we present the following values

for the various synthesized forecasts (rounded to the nearest 0.001).

p™e | 0.700
pProPit | 0.708
p/? | 0.814

prevealed 0.833
plog odds 0.857

The range of values of these aggregators is quite broad, extending from 7/10 at the low end to 6/7 at the high end.
P| Almost anyone in the business, if given forecasts of 3/5 and 4/5, would place their estimate between 7/10 and 6/7.
The choice of model substantially alters the particular aggregate forecast within the interval of plausible forecasts, and
is therefore quite important. We also remark that this choice is not a mathematical one but a practical one. Different

forecasting problems may call for different aggregation techniques.

The left graph in Figure ] provides a visual comparison of the above synthesis functions by graphing the diagonal
values, that is those where p = ¢. By symmetry, it suffices to graph each of these on the interval [1/2,1]. When
p = q = x, both the average p*° and the inverse-phi average pP*Pi* are also equal to x; these are shown by the blue
line. The red curve is p'°8°99% which is always greatest of the aggregators under consideration. The green and black

curves represent p'/2 and prevealed

respectively, which are the two partial overlap models. As is evident, these are not
strictly ordered. On the right, graphs are shown for p € [1/2,1] and ¢ = (1 + p)/2. When p # ¢, as in the figure on

the right, the inverse-phi average (shown in brown) is distinct from the average.

One final remark concerns pP™Pi*, a popular choice for empirically driven aggregators. While it may seem athe-
oretical, in fact it arises as the limit as p — 1 of the fixed overlap aggregator. To see this, denote the values of Xg
as S varies over the algebra of sets generated by By and By by U := XB\Bs» V = Xp,\B,» M := XB,npB, and

5 A number of these aggregators give rational values on rational inputs.

12
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Figure 4: Graphical comparisons of aggregators.

W = X(p,upy)e; thus X, = U+ M, Xp, =V + Mand Xg =U +V + M + W, where U, V, M, W are

independent Gaussians with respective variances 1 — p, 1 — p, p, p.

As |U| = |V| — 0 in Figure[5] asymptotically, the likeliest way to achieve U + M = aand V + M = b is to let
M = (a+b)/2and U = —V = (a—b)/2. These choices become forced in the limit. Applying this with a = ®~1(p)
and b = ®~1(q) shows that the revealed forecast is ®((a + b)/2) which is the inverse-phi average. In other words,
this forecast is practical only if we have reason to believe that both forecasters know nearly all information possible
and that they find highly relevant information in the small part of their information that is not shared.

Figure 5: Information partition: forecaster ¢ sees white noise in the region B;, with normalized area 1/2; the overlap of information sets is M the
symmetric difference is U U V.
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