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1 Introduction

1.1 The Ising model

Suppose the Ising spins are localized the vertices of some region L = {1,---, L} of a d-dimensional cubic
lattice of side L. On each site ¢ € I, there is an Ising spin o; € {+1,—1}, which can be thought of as a

spin that points either up (+1) or down (—1).

A configuration of the system ¢ = (01, ,0n) is an assignment of values of all the spins in the system.

So, the space of configurations Xy = X x --- x X = {+1, -1}, with X = {+1, -1} and N = L4,
—_——

N times
Definition 1.1. We equip a configuration ¢ with an energy function, or Hamiltonian, as such:
(1.2) E(g) = —JZO’Z'UJ' - hZUi,
i, icl

where the sum over 4, j is over all unordered pairs of sites i, j € L that are nearest neighbors and h measures
the applied external magnetic field. The variables J’s are interactions of a bond (i) and are assigned a value
J > 0 when the neighboring spins are aligned o; = o; (11 or JJ) or a value J < 0 when the neighboring spins
are anti-aligned o; # o; (1}). The positive interaction J > 0 can lead to ferromagnetism (macroscopic
magnetism) as all the pairs of spins in the system have the tendency to align in the same direction and thus
is called a ferromagnetic interaction [NO8]. The negative interaction J < 0 has the opposite effect in which

spins tend to align in opposite directions and thus is called a anti-ferromagnetic interaction.

Ising solved the one-dimensional Ising model in his 1924 thesis, a problem given to him by Lenz, and
showed the absence of any phase transitions [Is25]. Physical phase transitions can be understood as when
a small temperature in some parameter such as temperature or pressure causes a drastic qualitative change
in the state of the system. In the one-dimensional Ising model, Ising showed that for any positive, finite

temperature, the system is always disordered.

Although Ising erroneously concluded the absence of any phase transitions in higher dimensions, Peierls, in
1936, showed that phase transitions in fact do occur in higher dimensions using an argument based on the
free energy of domain walls, a boundary separating magnetic domains [PB36]. In 1944, Lars Onsager solved
the two-dimensional Ising model by using the transfer-matrix method and showed that the model undergoes

a phase transition between an ordered phase and a disordered phase [On44]. The attempt to extend the
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transfer-matrix method to the three-dimensional case was unsuccessful and the problem remains unsolved

in the higher dimensional cases.

Definition 1.3. In general, the probability for the system to be found in a specific configuration z from a

configuration space X, ug(x), is given by the Boltzmann distribution:

e~ BE@)

(1.4) pp(x) = 75)

(1.5) Z(B) = e PP,
reX

Here, the parameter 5 = 1/T is the inverse of temperature, with Boltzmann’s constant kg = 1. Z(B) is a

normalization constant and is called the partition function.

Note that at infinite temperature, 5 = 0, all configurations have equal weights according to the Boltzmann
distribution and the energy function is irrelevant. In the case of the Ising model, all configurations have
weight 27V and the Ising spins are completely independent. At zero temperature, 3 = 400, the Boltzmann
distribution has only weights at the ground state(s), where, in general, the configuration zy € X is a ground
state if E(x) > E(x¢) for any 2 € X. The minimum value of the energy Fy = F(zg) is the ground state
energy. If there is no magnetic field, h = 0, then there are two degenerate ground states: the configuration

o) with all spins o; = +1 and the configuration ¢(~) with all spins ¢; = —1.

1.2 Thermodynamic potentials

Some of the properties of the Boltzmann distribution can be summarized through the thermodynamic po-

tentials, which are functions of the temperature 1/5 and the parameters that define the energy function

Definition 1.6. Free energy is defined as

(L.7) £(8) = —% In Z(5).

Definition 1.8. It may be more convenient to work with free entropy

(1.9) (B) = =Bf(B) = m Z(B).
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Definition 1.10. From free entropy, we can derive the internal energy U(f)

0

(1.11) UB) = ;ﬂ(ﬁf(ﬁ))

The thermodynamic potentials defined above are consolidated here for easier navigation and will appear

later when we discuss the replica trick in detail.

1.3 Mean-field theory of spin glasses

The interaction of localized magnetic moments can be ferromagnetic in which all neighboring spins align in
the same direction or anti-ferromagnetic in which all neighboring spins point in opposite directions. Spin
glasses are disordered magnets which have a random magnetic spin structure, with some ferromagnetic
and anti-ferromagnetic interactions, while ferromagnetic solids have an ordered spin structure in which all
magnetic spins align in the same direction. The simplest model for ferromagnetism is the Ising model, which

was discussed above.

1.3.1 Sherrington-Kirkpatrick model

In 1975, David Sherrington and Scott Kirkpatrick introduced an exactly solvable model of the spin glass
called the Sherrington Kirkpatrick model (or SK model) [SK75]. Here, we will introduce the SK model

and the idea of the replica calculation.

Consider the space of 2V configurations of N Ising spins with values in {#1}.

Definition 1.12. The energy function (or Hamiltonian) of the SK model is given by
(1.13) E(o) = —ZJijO'in —hZO'Z‘,
i<j i
where the first sum is over all N(N — 1)/2 distinct pairs, the coupling random variables J;;, 1 <i < j < N
are independent and identically distributed (i.i.d) Gaussian N'(Jy/N, J?/N), and h is an external magnetic

field that interacts with the spins.

1.3.2 The replica trick

A sample or instance of the SK model is given by one of the values of its 2V energy levels. In order to

describe typical samples, we have to compute the average log-partition function Eln Z. However, this is a
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rather difficult task and it is much easier to compute the integer moments of the partition function EZ™,

with n € N, since Z is the sum of a large number of simple terms [MMO09].

Lemma 1.14. The replica method utilizes the following identity

In (EZ™ ImEZ™ — 1
(1.15) ElnZ — lim 2BZY) _ o ImEZ" —1
n—0 n n—0 n

by preparing EZ™ as if n were an integer and taking the limit as n — 0 to apply the identity (1.15).

If we were to calculate EZ™ with n as a non-integer real number, the computation would be not much easier
than that of EIn Z. The heart of the replica trick is to extrapolate EIn Z by first assuming n to be an integer
and later taking the limit as n — 0. This bold justification has not yet been resolved; however, the replica
method has been become standard practice as, when compared with other exact solutions, the method leads

to the same results.

We will explore the derivation of the replica calculation for the Sherrington-Kirkpatrick model, including the
replica symmetric solution and the 1-step replica symmetry breaking solution in Section 2. We only state
the result of the full replica symmetry breaking solution and suggest Appendix B for the Parisi equation

[NO8]. We will also discuss the complications regarding the assumptions of the replica method.

1.4 Computational complexity

The theory of computational complexity deals with classifying computational problems by their difficulty,
where an algorithm inputs some number N of variables and answers either yes or no. There are two classes
of algorithms: polynomial and super-polynomial. Let T'(IN) be the number of operations required to solve,

in the worst-case, an instance of size N.
Definition 1.16. The algorithm is polynomial if there exists a constant k such that T(N) = O(N*).

Definition 1.17. In the big O notation, we say f(x) = O(g(z)) if and only if there exists some positive

number M and real number xg such that |f(z)| < M|g(z)| for x > z.

If the algorithm is not polynomial, it is super-polynomial.

Definition 1.18. To compare two decision problems A and B, we say that B is polynomially reducible

to A if the following conditions are satisfied [MMO09]:
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e There exists a mapping R which takes any instance I of the decision problem B to the instance R(T)
of A such that the solution of the instance R(I) of A is the same solution as that of I of B.

e The mapping R can be computed in polynomial time.

Such a mapping R is a polynomial reduction.

Some of the complexity classes of decision problems are as follows [MMO09]:

e P: Polynomial problems can be solved by an algorithm running in polynomial time.

e NP: Non-deterministic polynomial problems can be solved by a non-deterministic algorithm running
in polynomial time.

e NP-complete: A problem is NP-complete if it is in NP and if any other problem in NP can be
polynomially reduced to it.

e NP-hard: Non-deterministic polynomial hard problems are not in NP but are as hard as NP-

complete problems.

The following theorem by Stephen Cook and Leonid Levin is stated without proof:

Theorem 1.19. The satisfiability problem is NP-complete.

The implications of the theorems are quite remarkable in that any problem in NP is polynomially reducible

to an instance of the satisfiability problem. Thus, any problem in NP can be solved in polynomial time.

Definition 1.20. We introduce the complexity class #P, which is the set of counting problems associated

with decision problems in the complexity class NP.

Definition 1.21. Parallel to the decision problems, a counting problem is #P-complete if and only if it

is in #P.

So, while an NP decision problem may ask whether there exists an assignment of variables that satisfies a
given general Boolean formula, a #P counting problem would ask how many different variable assignments
will satisfy that given general Boolean formula. Such a counting problem of counting the number of satisfying

assignments of a given general Boolean formula is #SAT.

1.4.1 The satisfiability problem

Definition 1.22. A clause is a logical OR of some variables or their negations.
6



A variable z; takes values 1 (TRUE) or 0 (FALSE) and its negation T; := 1 — z;.

Definition 1.23. A variable or its negation is a literal, denoted by z;.

A clause a involving K, variables is a constraint that forbids exactly one of the 25« possible assignments of

these K, variables. When a clause is not satisfied, it is said to be violated.

Definition 1.24. An instance of the satisfiability problem can be expressed by the conjunctive normal

form (CNF):
(1.25) F=CyA-ACu,

where Ca:zig\/u-\/zig{a,and {if, - i%, } € {L,--- , N}

Given F, is there an assignment of the ;’s in {0, 1} such that F is true? If so, then F' is SAT and otherwise,
F is UNSAT. This question of satisfiability is known as the Boolean satisfiability problem. We have
the K-satisfiability (K-SAT) problem if we require all the clauses to have the same length K, = K. The
MAX-SAT problem is one in which we find the configuration that violates the fewest clauses. Note that if

K, <2, then the problem is polynomial; however, if K, < K with K > 3, then the problem is NP-complete.

1.4.2 Random K-SAT threshold

An instance of a random K-SAT has only clauses of length K. SAT (K, M) denotes the random K-SAT
ensemble with N as the number of variables and M as the number of clauses. A formula in SAT N (K, M)

N
with M clauses of size K is selected randomly from the ( K) oK,

Definition 1.26. A parameter for the random K-SAT ensemble is the clause density a := M/N.

N
An instance of the ensemble SAT (K, «) is generated by selecting each of the ( K) 2K possible clauses

independently with probability aN2~%/ (g) Py(K,«) is the probability that a randomly generated
formula is satisfiable. As a — 0, the probability goes to 1 and as o — oo, the probability goes to 0.
Simulations indicate an existence of a phase transition at some finite value agat(K). So, for o < agt(K), a
random K-SAT formula is SAT with Py (K,«) — 1 as N — 00, and for o > st (K), the formula is UNSAT
with Py(K,a) — 1 as N — oo. The existence of such a phase transition has been shown for the random
2-SAT at the critical clause density ag,:(2) = 1 and the proof by bicycles, found in [MMO09], is a result of

[Go96] and is presented below.



Theorem 1.27. Let Py(K = 2, ) be the probability for a SATN(K = 2, M) random formula to be SAT.
Then,

1 ifa<l,
(1.28) lim Py(K =2,a) =

N—o0

0 ifa>1.

Proof. We first show that a random formula is SAT with high probability for o < 1. We define a directed
graph D(F) of some formula F' by associating each of the 2N literals with some vertex. Whenever there
is a clause such as Ty V xo, if 1 = 1, then x5 = 1, and if zo = 0, then 1 = 0. We represent these cases
graphically by drawing a directed edge from z; to xo and an undirected edge from T2 to T1. Then, F' is
UNSAT iff there exists some index i € {1,---, N} such that D(F) contains a directed path from z; to Z;

and from Z; to x;.

Define a bicycle of length s as a path (u, w1, ws, -+ ,ws,v), where the w;’s are literals on s distinct variables,
and u,v € {wy,- -+ ,ws, Wy, ,Ws . From above, if a formula is UNSAT, then there exists a cycle containing
two literals x; and Z; for some ¢ € {1,---,N}. Since the probability that there exists a bicycle in D(F),
denoted P(A), is bounded above by the expected number of bicycles, we have

N s+1
(1.29) P(F is UNSAT) < P(A) < ) N*2°(2s)>M*H <l)> ,

5=2

43

where s is the size of the bicycle. The sum (1.29) is O(1/N) when a < 1.

The proof for that the random formula is UNSAT with high probability for a > 1 follows from Theorem
(1.34). O

Upper bounds on the satisfiability threshold can be obtained by using the first moment method: let U(F')

be a random variable such that

0 if F is UNSAT,
(1.30) U(F) =

> 1 otherwise.
Thus, for any formula F', we have
(1.31) P(F is SAT) < EU(F).
The choice of U(F) = Z(F), where Z(F) is the number of SAT assignments is ideal since EU(F') vanishes as

N — oo for « large enough. Since the probability that an assignment is SAT is uniform on all the possible
8



assignments,
(1.32) EZ(F)=2"(1-2"" )" =exp [N (In2+ aln(1 — 27 5))] .

So, if a > o*(K), where

In2

(1.33) a*(K) := fm,

EZ(F) is exponentially small at large N and so P(F is SAT) vanishes as N — oco. We restate the result
from [FP83], but found in [MMO09], below as the following theorem.

sat

Theorem 1.34 (FP83). If a > a*(K), then Nlim P(F is SAT) =0, and so, a(N)(K) < o*(K).
— 00

As simulations suggest that there exists a phase transition in the random K-SAT between the SAT and

UNSAT phases for any K > 2, we have the following conjecture.

Conjecture 1.35 (Satisfiability threshold conjecture). For any K > 2, there exists a threshold asar (K) with

1 if a < asa(K),
(1.36) lim Py(K,a) =
N—oo

0 if a> asu(K).

As mentioned previously, the conjecture has been proven for K = 2. The theorem below from Friedgut

[Fr99] strongly supports the case for the conjecture and all that remains to prove the satisfiability threshold

(N)
sat

conjecture is that ag,;’ (K) = asat(K) as N — oo.

Theorem 1.37 (Friedgut’s Theorem). There erists a sequence of agi\? (K) such that, for any e > 0,

1 ifan <a§;\i)(K)fs,
(1.38) lim Py (K, ay) =

0 ifan >ag (K)+e.

In section 3, we clarify the satisfiability threshold conjecture explore some of the recent developments on the

bounds for the conjecture.



2 Mean-field Theory of Spin Glasses

2.1 Sherrington-Kirkpatrick model

Suppose we have the space of 2%V configurations of N Ising spins that take values {41}.

Definition 2.1. The energy function, or the Hamiltonian, of the SK model is given by

N
(2.2) E(o) :*zJijUin*hZUu

i<j i=

N
where the first sum is over all (2) = N(N —1)/2 distinct pairs with 1 <4 < j < N, and h is an external

magnetic field that interacts with the spins.

Definition 2.3. The interactions J;;’s are i.i.d. coupling random variable ~ N(Jo/N, J?/N) with density

function

(2.4) P(Ji;) = \/Eexp {_2];2 (Jij - ']]\‘;)2} .

Some others let J;; ~ N(0,1/N) but this is merely a technicality and the result is not affected. The SK
model is an infinite-range interaction (mean-field) model as there is no notion of Euclidean distance
between the positions of the spins and it is a fully connected model since each spin interacts directly with

all the other spins [MM09]. The SK model is the closest to the original spin glass problem.

2.2 The replica derivation

Note that a sample or instance of the SK model is given by one of the values of its 2V energy levels,

Eq, -+, Eyn, and from (1.5), the partition function is
2N
(2.5) Z =Y exp(—BE;).

i=1
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Assuming that n is an integer, the first step of the replica trick involves finding an expression for Z"

n 2N 2N 2N
(2.6) =11 D exp(=BEL) | =D -+ exp(=B(Ei, +---+ Ey,))
a=1 \ig=1 =1 ip=1
n
(2.7) = Z exp <—ﬂ <Z Ela>> ,
{0} a=1
which is the partition function of a new system with configuration given by the n-tuple (i1,--- ,4,) with
i € {1,---,2¥} and the sum Z is over the 2™ different configurations. This sum is will be shortened
{o?}

henceforth by the trace representation Tr. Using our expression for the energy function (2.2) gives us

n

N
(2.8) Z" =Trexp{ —f —Z ZJZ-]-J?J;‘—l—hZJ?
i=1

a=1 1<j

n N n
(2.9) =Tr Hexp {ﬂJijZUf(f}’} lH exp{,@hZof}]
a=1 i=1 a=1

i<j
2.2.1 Replica average of the partition function

To proceed with our replica calculation, we take the expectation of the new partition function (2.9):

(2.10) Ez" 91 | [[E

i<j

n N n
exp {BJ,»J» Zafc?}] Hexp {ﬁhZaf}
a=1 =1 a=1

n 2
n BJZU;LU;L‘| N { n }

(2.11) @y Hexp %Zafd}z—l—% Hexp BhZaf

i<j a=1 i=1

n n 2 N
(2.12) @ Trexp % Z Zo;‘cr? + % <Z afa?) + ﬂhz ol »,

i<j a=1 i<j
where (¢) is from the linearity of expectation and the independence of the J;;’s, (i) is from the moment
generating function of the normal distribution, and (¢i7) is from the property of exponentiation.
With a little algebra, we have the following expression for the sum
n 2 n n
(2.13) (Z 0’?0’?) = ZZO’?O’;’U?U? = n+220?0?0f027
a=1 a=1b=1 a<b

with the n from that (05)2(05)2 = 1 and the sum over ordered pairs from the symmetry of the expression.
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Using (2.13) and some manipulation gives us the following expression:

2
52J2 n . a ﬂ2J2 NN—l B2J2 "
01 G S (So) < G MY DS S il

i<j \a=1 a<b i<j
272N — )n  B2J2 al a
215) PSR PO (S X ategotal - S0 Y- atetata!
a<bi,j=1 a<b i=1

2.1 = -
(2.16) 4 4 * 2N

2
B2J2Nn  B2J%n  B2J2 (zN: o b) _ B2Pn(n - 1)
a<b 4
Similarly, we have

BJO n " w BJO n N n N Y
(2.17) WZZ@%:W PIDIEAED IO

i<j a=1 a=114,5=1 a=11i=1

(2.18) zg—N ( cr> 5‘20”.

a=1
Since the constant terms (those without N) in (2.16) and (2.18) are irrelevant to the leading exponential

oz

order in the large N-limit, we discard them henceforth in our calculations, replacing =, the equal sign, with

=, the notation for the leading exponential order. Thus, we have

n N 2 N n
(219) EZ"=Trexp %Z(Z ) N L <Zaz ) L3S ot
a=1 =1 a<b

i=1 a=1

N 2 N 2 N n
e e (P4 mes %Z(Zoﬁ) o (Zafd’) +BRY Yt o

a<b i=1a=1

Using the property of exponentiation, we have

(2.21)

2 2 n n N 2 2 72 N
EZ"=exp (/B J°N >Trexp{ﬂh220 }H % <20f> Hexp 52;\][ (ZJ?U?)
-1 =1 ‘

i=1a=1

2.2.2 Reduction by Gaussian integral

Lemma 2.22. From the distribution of the Gaussian N (u,c?) random variable,

© :
2.23 / e @-m/(20) gy
(2.23) —o0 2TV 02
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we can derive the following identity:

b o[ ba?
(2.24) \/—/ e bt 2rabe gy o (240
2 J_ o 2

N
From lemma 2.22, letting a = Z o} /N, b= BJoN, and the integration variables be m,, a € {1,--- ,n},
i=1

2 n N
oo { 22 (o) b= 11 [VZRY [ o {22575 1t S ot an
a=1 i=1

i=1

225) -/ (Hd o /ERN ) exp{_BJ;Némg}exp{Mi (i) ma},

a=1 \1i=1
where we instead use the integral notation / dz f(x) instead of / f(x)dx for convenience. In this unusual

integral notation, we take / (H dxw) Hf(xz) to be /Hdmicf(xi), where ¢ is some constant.

N
Similarly, letting a = Z afof/N, b= 32J2N, and the integration variables be Qup, 1 < a < b << n,
i=1

N N
H exp ﬂ2é2N <Z Ufg?/N) _ l (ﬂ2j2 / { ,82J éVQab + 52‘]2 ZUEIO'?QGZ)} anf;|
=1

a<b i=1 a<b

2 12 2 72 N
(2:26) =/<H 1Qu/ 2 QJWN>exp{—5 JQNZQib}exp {62J2220502’Qab}.

a<b a<b a<b i=1

Substituting (2.25) and (2.26) into (2.21) gives us

e (P ] ({7 ()

a<b
BIoN < B2J2N
e{- (ANt PPV e
a=1 a<b
n N N
- Tr exp {ﬁzz (h + Jomy)os; +52J2ZZJ?Janb}.
a=1i=1 a<bi=1

Lemma 2.28. If g is some arbitrary function, we have that
N

(2.29) Trexp {Zg(a;’)} =exp {NIntrexpg(c®)},
i=1

where the trace tr = Z is over all states of a single replicated spin c® [FH93].
{oe}
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Using the relation (2.29), we have that

(2.30) /(Hd W)/(Hd@)ab\/i> exp {NG(Q,m)},

where G(Q,m) is a function of n(n — 1)/2 + n variables Qup, 1 < a < b <n, and m,, 1 < a < n, with
(2.31)

B Blox~ o BT 2 - 2 72 b
G(Q,m) := 1 _TZma_TZQab—Hn trexp ﬁ;(h—i—Joma)aa—&—ﬁ J ZU“U Qav ¢ | -

a=1 a<b a<b

2.2.3 Method of steepest descent

The method of steepest descent (or the saddle-point method) approximates an integral in roughly the direc-

tion of the steepest descent. The integral to be approximated in (2.30) is in the form of

b
(2.32) / M) dz,

where a and b are some limits of integration and A is large.

Because the integral will be dominated by the highest saddle point, a < 2z < b, when the function g(z) is

near zy, we have, from the Taylor series expansion,

(239 9(2) % glz0) + 59" (0)(= — 20",

where the first derivative term is zero since we choose 2o such that ¢’(zg) = 0.

Lemma 2.34. The integral in (2.32) can be approximated as such

b
27
2.35 / h(2)eM P dz ar | —"h(z)er90),
(2.35) ’ (2) NFED] (20)

as A — oo if g"(20) < 0 and h is positive.

At the extremum of G(Q,m), namely (Q*, m*) which we will determine later, we can approximate the

integral (2.30) for large N using the saddle-point method (2.35)
(2.36) EZ"|(g+m=) =~ exp{NG(Q",m")}

(2.37) ~1l+n { B LN _ Bl Zn:mi ﬂQJ N ZQab + (tr eL(Q,m)>}

4 2n
a=1 a<b

(Q*,m*)
14



where the function L(Q,m) of @ and m is defined as

n

(2.38) L(Q,m):=p Z(h + Jomg)o® + B2J? Z 00’ Qup,

a=1 a<b
and in taking the limit n — 0 and letting N < oo be large, we obtain the last approximation (2.37) from

A% near x = 0:

the tangent line approximation of e
(2.39) e~ 1+ Az

With the definition of free entropy (1.8) and the replica identity (1.15), we have the following expression for

free energy

. EzZ" -1
(2.40) —Blf] = vlng%)niN
(2.41) i { LB BT g Ly (1 erem)
’ ns0] 4 2n = 2n port ' o *)’

where [f] = % is the configurational average of the free energy.

To estimate the integral (2.30) at large NV via the saddle-point method, we differentiate the function G(Q, m)

(2.31) with respect to its arguments and set it equal to zero. For all a < b, we have that

tr 522 (Ua()'b) exp {B Z(h + Jomg)o® + B2J? Z aaaanb}
oG a=1

(242) 90 = _B2J2Qab + - a<d —0,
a tr exp {ﬁ Z(h—l—nga)o—a +62J2Zo—a0—anb}
a=1 a<b
which implies
(2.43) Qap = (0%0%),,.

Definition 2.44. We introduce here the notation

(245) <f(0')>n : mtr f(O') exp {6 ;(h -+ Joma)o-a + ﬂQJQ az@a'ao'anb} ,
(2.46) Z(Qap,mq) = tr exp {5 > (bt Joma)o® + BT aangab} ,

a=1 a<b
where f(o) = f(ol, - ,0™) is any function.
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Similarly, we have

PYe tr (BJOO—G) eXp{ﬁZ(h+JOma)Ja+62J220angab}

2.47 T~ BJym, o=l a<b
( ) e BJomg +

tr exp {B Z(h + Jomg)o® 4+ B2J? Z U“Uanb}

a=1 a<b
which implies that
(2.48) me = (0%) .

We have the following second partial derivatives

((82720%0")?) 2(Quvuma) — (300" (Z(Qusrme))

oG
— _BZJQ 4
aQ?Lb Qab:<aa0'b>n (Z(Qab7ma))2 Qab:<a‘lab>n

(2.49) = —B2J%

9G » ((8160°)) Z(Qubsma) = (BIo0™)} (Z(Qavma))’ ‘

= — 0 —|— L

Omg |y (o) (Z(Qap, ma))? S

(2.50) = —BJp.

We can also confirm from taking the partial derivatives of (2.41) our results in (2.43) and (2.48).

2.3 Replica symmetric solution

It is natural (but naive) to assume replica symmetry (RS), Q. = ¢ for a # b, Qu = ¢q for a = b, and
mg = m, and derive a replica-symmetric solution. Changing the sums over a < b to sums over a # b by
symmetry and substituting our values for Q. and m, into the free energy expression (2.41) give us, before

the limit n — 0,

:B2J2_% 2_52J2

1
_ _ 2 = L(Qrs,mrs)
(2.51) Blflrs 1 oy, VT 5, =1)¢") + —Intre ;
where L(Qrs, mgs) is simply
. a ﬂ2j2q a b
(2.52) L(Qrs,mrs) = By _(h+ Jom)o® + 5 > ot
a=1 a#b
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With a little algebra, we have that

(2.53) Zaaab = <Z U“) - Za“o“,

a#b a=1

and so L(Qrs, mrs) can be rewritten as

n 2 72 n 2 2 72
(254) L(QRS7mRS) = ﬂ;(h+<]om)0a + ﬁ g q <Zga> — B éqn

a=1
The last term can be simplified using the Gaussian reduction identity (2.24) with the integration variable as

Z,a= ZU“, and b = B2J%q

a=1
272, oo 2 72 n n
L(Qrs,mrs) — B~J%q _M 2 a 2 72 a M2 q42
Intr e Intry/ o /Oodzexp{ 5 + ;0 ﬁqu—Fﬁ;(h—i—Jom)a 2B,]q
[} —22/2 n
(2.55) = ln/ dz | € exp{—EBQqu} trHexp{ (BJ/qz + Bh + Jom) 0“}
oo V2T 2 ot
_ = e /2 oo 2 \ T a
(2.56) =In dz ord exp{—§5 J q} Htrexp{ (BJ\/az + Bh+ Jom) o},
- a=1

where in (2.55) we replaced $%2.J2¢z with z, which does not change the expression as $2J%¢ > 0 and the
limits of integration are from —oo to co and in (2.56) we used the property of exponentiation to interchange

n

the order of tr H Since the single replica spin can take one of two values o € {£1}, we have

a=1

e s} —22/2 n
= ln/ dz (e\/ﬂ) exp {—gﬂQJQq} all2cosh{ (BJ/qz + Bh + Jym) J“}

=In /Z Dzexp {nln [2 cosh (6J\/§z + Bh+ ﬂJom)} — gﬁQqu}
(2.57) =In (1 + n/_o; DzlIn (2 cosh (ﬁf[(z))) - %BQJQQ + O(n2)> ,

where the hyperbolic function cosh(z) = (e* + e72) /2, Dz = dze */2/y/2r is the Gaussian measure,
H(z) = J\/qz + h + Jym, and O(---) is the big O notation. In the last equality (2.57), we used the Taylor

expansion e* = 1 + z + O(z?). Using our expression (2.57) in (2.51) and taking the limit n — 0 give us

(2.58) — Blflrs = 524‘]2 (1—q)?— ﬂj(;mz + /Dzln (2cosh (b’ﬁ(z))) ,

17



where in applying L’Hopital’s rule, we have the limit

( a + 2bx )
In(1 ba? 2
(2.59) lig A Fortbat) ), \ltazrtbe
x—0 x z—0 1

Solving the extremization condition for free energy (2.58) with respect to g gives us

B . 2sinh(BH(z)) \ BJz
(2.60) 0= 5 (q 1)+/D <2€08h( (Z))> 2[

(2.61) = 522‘]2( —1) — tanh(BH(z))e™* /26J/\/87 / dze=* 2 B.J sech®(BH(2))BJ/3/\/37q
(2.62) = 62;2 ﬁ2j2 /Dzﬁ2J2 sech?(BH(2))/2,

by integration by parts using u = tanh(8H(z)) and dv = dze* /28Jz/\/87q and from that e~ /2 is an

even function of z that decays to zero. This implies

(2.63) qg=1- /Dz sech? (ﬁH /Dz tanh? (BH( ))

Solving the extremization condition for free energy (2.58) with respect to m gives us

(2.64) 0= —BJom + /Dz (W) BJo,

which implies

(2.65) m= /Dz tanh (ﬁfl(z)) .

2.3.1 Phase diagram

The behavior of the solutions (2.63) and (2.65) depends on the parameters 8 and Jy. For simplicity, suppose
that the external magnetic field h = 0 for the rest of the section. If the distribution of the coupling random
variable J;; is symmetric, then Jo = 0 and H(z) = J\/qz. So, tanh(8H (Z)) is an odd function of z. Thus,

the magnetization m in (2.63) is 0 and there is no ferromagnetic phase. The free energy is now

(2.66) —B[f]rs = 4ﬁ2J2 /Dz In (2 cosh (8J,/q2))
(2.67) = iﬁ%ﬂ 62J2q + 7,32J2q2 +1In2+ 5,82,12(1 - iﬂ‘lJ“qQ +0(¢%)
(2.68) = iﬁ%z +1n2+ 62J2 *(1-¢*) +0(g*).
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Lemma 2.69. We used the following asymptotic expansion below in (2.67) to obtain an expression

N
e 1 2 B
2.70 ——¢ */?Incosh(BJ/qz)dz = — 22n
( ) /_oo V2T (BTVaz) ; nln
—1)"*+12(2n)!
where By, = (=1) (2n)

2n—1 (1 _ 22n> (BJ\/(j)?n + 9] (q2N+2) ,
(27-(-)271

zeta function.

o0
1
¢(2n) for n > 1 is the Bernoulli numbers and {(2n) = Z T is the Riemann
k=1

The Landau theory implies that the critical point is determined by the condition of a vanishing coefficient

of the second order term ¢* and so the spin glass transition exists at T = J =: Ty [N08].

kg T7J
P
|
F
G ' AT line
M ‘\
0

Tyl T

FIGURE 1. Phase diagram of the SK model. The dashed line is the boundary between the ferro-
magnetic (F) and spin glass (SG) phases and exists only under the ansatz of replica symmetry.

the high-temperature region [N08].

The replica-symmetric solution is unstable below the AT line, and a mixed phase (M) emerges
between the spin glass and ferromagnetic phases. The system is in the paramagnetic phase (P) in

The boundary between the spin glass and ferromagnetic phases is given numerically by solving (2.63) and
(2.65) and we can depict the phase diagram as shown above in figure 1 [NO§].

2.3.2 Negative entropy

We see that the assumption for replica symmetry fails at low temperatures as the ground-state entropy for

Jo = 0 is the negative value —1/27. Since lim tanh®(z) = 1, we have ¢ — 1 as 1/8 = T — 0, and assume
Tr—00
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that ¢ =1 — a7, with @ > 0 for small T" > 0. To check this assumption, we have, for 5 — oo,

(2.71) / Dz sech?(8.Jz) = B% / Dzd% tanh(B.Jz)

(2.72) — 6% / Dz {26(2)}
2T

(2.73) = \/;J.

21
Thus, the assumption that ¢ = 1 — a7 is justified with a = \/7{]' Substituting ¢ = 1 — a7 into the
™

expression for free energy (2.66) gives us, for large 3,

(274) —5[f]RS = 1ﬁ2JZL12TQ + 2/ DzIn (eBJ\/az (1 + 6_26‘]\/52))
4 0

(2.75) ~ ﬂ2+2/mDZ (/BJ\/aZJrln (1+672ﬁ]ﬁz))
4 J2m 0
1 28J(1 —aT/2) /°° Yy,

2. ~—— T T 9 D Vaz

(2.76) o + T + ; ze ,

oo oo
where we changed / Dz to 2 / D=z since cosh(z) is an event function of z and used the approximation
—o00 0

In(1+ 2) = z for small z.

2T
P OS) |l
@) Bl = g+ +em{23J <L—¢;J>}
(2.78) ;+¢Zu

So, we have the following expression for the free energy in low temperature

(279 s ~ o =2

1 2
with the ground-state entropy as - and the ground-state energy \/7 J.
m T

Although the interchange of the limits n — 0 and N — oo to derive the free energy (2.41) using the method
of steepest descent may have been the source of the negative entropy, we see in section 2.6 that the problem

lies in the replica method itself.
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2.4 Replica symmetry breaking

The free energy expression derived through the replica symmetry ansatz (RS ansatz) led to an erroneous
negative entropy at low temperatures. So, it seems logical to “break” the replica symmetry and proceed
with an approach in which the order parameter (), possibly depends on the replica indices a and b and m,,

on the replica index a.

2.4.1 The Parisi Ansatz

The n x n matrix {Qqp} for the replica-symmetric solution had Qu» = ¢ for a # b and 0 along the diagonals

as such
0 ¢ q
(2.80) {Quy=|" !
qa q 0

To start the first step of the replica symmetry breaking (1RSB), let m; < n be a positive integer that divides
the replicas into n/my block(s). A “diagonal” block, which contains the main diagonal entries, has 0’s along
its diagonals and ¢, as its off-diagonal entries while an “off-diagonal” block, which does not contain the main

diagonal entries, has gy as its entries as such

O ¢ g1 91 9o 90 4dqo 9o
g1 O q1 @1 qo 4o 90 9o
g @1 O @1 qo 40 90 Qo
(2.81) 91 91 491 O 4o 4o 4o Yo
go 90 490 90 O q1 q1 q1
go 90 490 90 491 O q1 q1
g do 9 G 91 @1 O ¢
9 9 490 490 91 91 1 O

FIGURE 2. 8 x 8 Parisi matrix with one step RSB (n = 8,m; = 4).

Then, in the second step of the replica symmetry breaking, the off-diagonal blocks remain the same, but
the diagonal blocks are further divided into mj/msy blocks. Within the subdivided blocks, the off-diagonal
blocks remain the same while the diagonal blocks have go instead of ¢; in their off-diagonal entries as such

The numbers n > mq > mg > --- > 1 are integers and we define the function ¢(z) as

(2.83) q(x) = ¢ for mir1 < x < m;.
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O @G g1 g1 40 90 4o 4o
g2 O q1 @1 qo 4do 9o Qo
g1 91 O g2 4o 4o 4o Yo
(2.82) g1 91 492 O qo 4o 4o 9o
go 90 490 490 O G2 q1 q1
go 4o 9 G0 g2 O q1 ¢
g 9 490 90 41 41 O QG2
go 9 40 90 q1 91 g2 O

FIGURE 3. 8 x 8 Parisi matrix with two step RSB (n = 8, m; =4, ma = 2).

Following the replica method, we take the limit n — 0 and now have
(2.84) 0<m <myp<---<1 for0 <z <1,

treating 0 < g(z) < 1 as a continuous function.

2.4.2 One-step replica symmetry breaking

With our construction of the first step replica symmetry breaking, we now have the following expression
1 n 2 n/my my 2
2.55) 5 Quortet = 1y (Z w) S ( 5 aa> o b
a<b a=1 block \a€&block

where the first sum fills all the entries of {Q.} as go, the second sum replaces all the entries gy in the
diagonal block with g1, and the last term removes the entries ¢o from the main diagonal and makes the
diagonal entries zero [N08]. With the same approach of adding and subtracting terms, the sum with the

quadratic term of Qg from (2.41) is
.1 .1
(2.86) lim — > Q% =lim — (n’q5 — (n/m1)mi(qf — ¢§) — na) = ma(ef — g3) — ai.

Substituting our expression (2.85) in the function L(Q,m) (2.38), we have

n 2 712 n 2 n/ma mi 2
(2.87) L(QrsB, mRrsB) = BZ(h + Jom)o® + p 2J qo <Z Ua) + (1 — qo) Z ( Z oa> —nq

a=1 block \a€&block



We can simplify the last term using the Gaussian reduction identity (2.24) with the integration variable u,

n mi
a = Zo’“, and b; = 32J2¢o and the integration variable v, ay = Z 04, and by = 82J%(q1 — qo).
a=1

a€block
o0 2 72 o [n/m1 2727
(2.88) Intr el(@rssmmse) — I tr/ \/mdu/ 11 BT a1 —a0) | 4
—oo 27 —%0 \ block 2
n n "
- exp {52J2q0u2/2 + <Zl a.a) BQJZQOU + 62(h + Jom)aa o 252(]2(]1}
n/mi my
" OxXp Z <_52J2(QI —qo)v*/2 + < Z Ua) BT (q1 — C]o)v)
block a€block
1 > o0
(2.89) = —gﬁzﬁql +In2+ oo / Du {111/ Duvcosh™ n(u,v)} ,
1J-00 oo

where the derivation utilizes the same methods as was used in the RS ansatz.

Definition 2.90. We define the function
(2.91) n(u,v) = B (Jy/qou+ JvVa — qov + Jom + h) .

Using our two expressions above (2.86) and (2.89) for free energy (2.41), we have

(2.92)

J 2,J2 1
ﬂ2o —ﬂ4 (1—m1(qf—qg)+q§—2q1)+ln2+m—/Duln (/Dvcoshmln(u,v)),
1

— Bfirsp = ———m?

where we let m, = m be replica symmetric.

The parameters m,mi,q, and ¢; are all between 0 and 1. Solving the extremization conditions of free

energy (2.92) with respect to m, qg, and ¢; gives the following [NOS§]

(2.93) _— / Dy ] P eosh™ n(u, v) tanh n(u, v)

J Ducosh™ n(u,v)

[ Dvcosh™ 5(u, v) tanh y(u, v) \ >
2.94 = | D
(2:94) 1 / “ ( J Dvcosh™ n(u,v)

B /D [ Dvcosh™ n(u, v) tanh® n(u, v)
n= " J/ Dov cosh™ n(u,v) '

(2.95)

When Jy = h =0, v(u,v) = B(J/qou+J\/q1 — qov) is an odd function of u and v, which implies m = 0 from
(2.93). The order parameter g; can be positive when T" < Ty = J because the first term in the expansion

(2.95) is 82J%q [NO8]. Thus, the RS and 1RSB ansatz result in the same transition point.
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2.5 Full replica symmetry breaking solution

We have that the entropy per spin with Jy = 0 and 7" = 0 changes from —% ~ —0.16 in the RS solution to
approximately —0.01 in the 1RSB solution [NO8]. This seems to indicate that the symmetry breaking ansatz
leads us towards a stable solution and that we should make further steps in our replica symmetry breaking.
Thus, we present the expression free energy (2.41) using a full replica symmetry breaking solution (FRSB)
found in [NO8] and the interested reader should refer to Appendix B of [NO§] for a complete derivation. For

simplicity, we will only consider the case Jy = 0. We have the following expression for the K-step RSB

(K-RSB).
n mi n !
2.96 dy=an*+ @ —¢ym? —+ @ -¢)ym2: —  —+---—¢kn
(2.96) a;bb 0 (¢4 0)1m1 (g2 1)2m2m1 K
K
(2.97) =ny (mj —my1)g),
§=0

where [ is some integer, mg = n, and mg41 = 1. As n — 0, we can replace m; — m;y1 — —dz, giving us

l l ! lJU T
(299) LY da | e

a#b

The internal energy for Jy = 0, h = 0 can be evaluated by the partial derivative with respect to 5 of (2.41)

(2.99) U= %(ﬂf) = —57‘] (1 - 22Q2b> = —BTJ (1 +/O q2(gg)dm> .

The magnetic susceptibility can be evaluated by the second partial derivative with respect to h of (2.41) as

(2.100) x=0 1+%2Qab %ﬂ(l—/olq(x)dx)-

a#b

The expression for free energy [NO8] is given by

2 72 1
(2.101) or =-S5 {0 [ atws 2} - [ Duss(o,va@o).
0
where fy, with the initial condition fy(1, k) = In (2 cosh(5h)) satisfies the Parisi equation

(2.102) otz h) szq{an0 +x<8f°>2}.

oz 2 dx | Oh? Oh
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2.6 Possible issues with the replica trick

As we have discussed previously, to evaluate Eln Z, we employ the replica method (1.15). We first take n to
be integers to calculate the nth moment EZ™ and proceed to take the limit as n — 0. A natural complication

arises as the two steps are not compatible with each other.

For the replica trick to hold, a sufficient condition of uniqueness of the moment problem is given by Carleman

(stated without proof).

Theorem 2.103. Let Z be a real random variable with moments m,, = EZ" such that
(2.104) > g,/ = oo,
n=1

Then, any random variable with the same moments as Z is identically distributed to Z.

So, if the sum in (2.104) converges, then the distribution of Z is not necessarily determined by its integer

moiments.

However, the SK model does not satisfy Carleman’s condition and there is yet to be a formal mathematical
justification for the use of the replica trick in solving models in statistical mechanics like the SK model

[Ta07).

In deriving the expression for free energy (2.41), we interchanged the limits n — 0 and N — oo as such

(2.105) . ElnZz . . InEZ™
' Nl—r>noo N _Ngnoonli% Nn

o1 . InEZ™
i (g 22

to apply the method of steepest descent.

Hemmen and Palmer prove the validity of interchanging the limits for the SK model and find that the

complications with SK model lies only in taking the moments from integers to real n [HP78|.

3 Satisfiability

From Section 1, we found that the threshold for the 2-SAT is o* = 1 using the first moment method [FP83].

It is known that the K-SAT problem is NP-complete for K > 3 [GJ79], which may explain the different
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behavior of the K = 2 and the K > 3 problems. Following the construction of Monasson and Zecchina
[MZ97], we minimize the energy of the random K-SAT with respect to the number of unsatisfied clauses.
Let the Ising spin o; take value +1 if the logical variable z; = TRUE and value —1 if the logical variable
x; = FALSE. Let the coupling random variable Cj; be +1 if the clause C} includes z;, —1 if it includes z;,

and 0 if the clause includes neither z; nor T;. Since we have a clause length of K, we choose K non-zero Cj;

from {Cj1,---,Cin} and assign £1 randomly for these K random variables. So, we have that
+1  if oy = Cu,
(3.1) Ciioci =40  ifC,y =0,

Thus, the K-SAT problem is satisfiable if there exists an assignment of z;’s (and thus a configuration o)

such that there is at least one o; for which Cj;0; =1 for every [ € {1,---, M }. Since a clause contains only
N

K logical variables, the minimum value of Z Ciio0; = —K, which is coincidentally the only case that the

=1
N

clause Cj is unsatisfied. So, if Z Cy;0; > — K, then there exists at least one o; such that Cj;0; = 1 and the

i=1
clause C] is satisfied.

Definition 3.2. The energy function (or Hamiltonian) of the K-SAT problem is given by

M N
(3.3) E(o) = 25 <Z Ciiog, —K> ;
=1 \i=1

where §(i, j) is the Kronecker delta function with 6(i,j) = 1 if ¢ = j and 6(¢,5) = 0 if ¢ # j. From this

construction, we see that the ground-state energy level E(g) = 0 implies that the problem is satisfiable.

3.1 The replica derivation

M
N
Note that an instance of the satisfiability problem is given by one of the values of its ( ( K) oK ) energy

N\ M
levels, F;, 1 <i < (K) 2KM “and from (1.5), the partition function is

(3.4) Z = Zexp(—ﬁEi).
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Assuming that n is an integer, the first step of the replica trick involves finding an expression for Z"

(3.5) H <Z exp (—BE;,) ) = Z Zexp 4+ E;))

(21

(3.6) = exp (—ﬂ (Z E)) :
{of} a=1

which is the partition function of a new system with configuration given by the n-tuple (i1,--- ,4,) with
M Mn
N N
iq € {17 e <K> QKM} and the sum Z is over the (K) 2KMn (Jifferent configurations. This sum
{og}

will henceforth shortened by the trace representation Tr. Using our expression for the energy function (3.3)

gives us

rremon s (-3 Lo (S )] )}

59 :Trﬁlexp{ [ ia(Zch - )]}

a=1

3.1.1 Replica average of the partition function
To proceed with our replica calculation, we take the expectation of the new partition function (3.8):
(3.9) EZ" = Tr (Ck(0)™)

where used the linearity of expectation and the independence of the [ clauses and define (i (o) below.

Definition 3.10. As we will be working with the expectation in (3.9), we define the expression as such
n N
(3.11) Ck (o) ::]Eexp{—ﬁ [—Z(S (ZCZ'U?,—K>‘| }
a=1 i=1
From (3.1), we can express the Kronecker delta function in (3.13) by a product of Kronecker delta functions

N N
(3.12) 5(2@0?,—K>: II s —-cy,

i=1,C;#0

where the product is only over 7 such that C; takes a non-zero value.

So, substituting (3.12) into (3.13) and taking the configurational average over the C;’s give us

1 1 N N n K
(3.13) K@) =g S Y = ~~Zexp{6[ZH6(az;,c¢k>

Ciy=%1  Cj==%1 i1=1  ig=1




where we ignore the term O(N 1) as it goes to zero in the large N limit.

Definition 3.14. We can rewrite the expression for (x(¢) (3.13) in terms of {c(s)}s, which is the set of the

number of sites with a specific pattern in the replica space s = {s!,---s"}:

N n
(3.15) ,:E:H: of,s

Cx () (3.13) only depends on g only through {c(s)} since if we choose —C;, o8 = s¢.

Tk~ 1
Note from (3.1) that st = —C;, 04, = 1 iff C;, # o0y, and so 6 (s¢,1) = § (o, —C}) over nonzero C. So,
(3.13) can be rewritten as

n K
(3.16) (x(g) =C({c}) = 2K Z Z Z Z —C181) ¢ (—Cksk) exp{ ﬂZHé shs 1 }

=+1 Cg=%1 s, Sk a=1k=1

Since ofs¢ =11iff 6 (0f,s) =1 and o¢sy = -1 iff 6 (6, s}) = 0, we have
N n

1 1+ o0s?
31 =1 (2)

1 (1, 1 1

_ ab ab---n _.a n
(3.18) 2,L<N21+N T S T FUNE S e )

=1 a=1 a<b a<b<---<n

Definition 3.19. We define the multioverlaps Q% as

1
ab--- a_b
(3.20) Q = — E_l olo]
where we assume that the multioverlaps with an odd number of indices Q¢ = Q¢ = ... = 0 [MZ97].

Remark 3.21. We have the symmetry c(s) = c¢(—s) because the multioverlaps with odd number of indices

are zero. Thus, since C; takes only values 1, we may remove C; from c(—C;s;) in the expression (3.16).

Remark 3.22. The average partition function (3.9) can now be simplified as

(3.23) nwnz/jjwwwW%W%ﬂfp{dg—;Ejﬂéwgﬁ&,
0 4 s ;

n K
(3.24) Eo({c}):==—alnq Y c(sl>-~-c<sK>~H<l+<e5—1)H6<sz,1>> :

Sy Sk a=1

where o = M /N is the clause density.
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The first term in (3.23) is a straightforward result of algebraic manipulation

n K
(3.25)  exp(—NEy({c})) =exp | Naln Z c(sq) - e(sg) - H (1 + (6_5 -1) H 4 (sg, 1))

s k=1

108K

M

n K
(3.26) =3 Y elsy)elsg) ] (1 + (e =) I 66t 1))

81,58k a=1 k=1

M

n K
(3.27) (2 Z c(sy) - c(sg) - exp <_B Z H L E 1)) )

S1 Sk a=1k=1

where in (), we use the multiplicative property of exponentiation and that

K
e when H d(sp,1) =1,

K
(3.28) exp (6 110Gt 1)) = s
k=1 1 when H d(sg,1)=0.
k=1

The second term in (3.23) applies the constraint

(3.29) D e(s)=1

S

in the form of the Dirac delta, using the definition of ¢(s) in 3.14.

Remark 3.30. We will now simplify the second term in (3.23). Applying the trace operation over the spin

variables s gives the entropy

1 L N!
(3.31) TrHé{c(s) - NZHa(gg,sa)} R
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Using the following approximation by Stirling

(3.32) In(n!) ~nlnn —n,
yields
(3.33) In H(]]VVC'(S))' ~In (NV) = N - Zln { (Ne(s Nc@} +3 " Ne(s)

[

(3.34) D ( (Z Ne(s)InN + In [e(s )Nc<s>})
(3.35) Zln JNe(o)]

where in (1) and (f) we used that > c(s) = 1 since c(s) is the fraction of sites i, among the N possible

indices, such that of = s® for all a € {1,--- ,n}.

With a little algebraic manipulation, we have that

(3.36) - Zln YNe®)] = In (H C(S)Nc(s))
(3.37) — _Nln (H C(S)C(S))

(3.38) = —NZ )Inc(s

Thus, our average partition function is now
1
(3.39) EZ™ = / Hdc(g) exp{ —N | Eo({c}) + Z YIne(s
0 S
Applying the method of steepest descent (2.35) to the integral above (3.39)
(3.40) EZ" ~exp{ —N | Ey({c}) —1—2 YInc(s

(3.41) D4 NEy({c}) - Z )Inc(s

where in (1) we use the approximation e** ~ 1 + Az for small .
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With the definition of free entropy (1.8) and the replica identity (1.15), we have the following expression for
configurational average of free entropy in the limit N, M — oo

Bf _Ez" -1

N N

(3.43) = —FEy ({c}) + Z )Inc(s

(3.42) =Bl = -

3.2 Replica-symmetric solution

The free entropy in (3.43) is extremized with respect to ¢(s) and similarly to the RS solution in the SK
model, we assume c(s) is symmetric under permutation of s!,---  s" to obtain the RS solution. We can

express ¢(s) in terms of the distribution function of the local magnetization P(m) as such

1
(3.44) / dmP(m +2ms .

Such a ¢(s) is replica-symmetric.

We show the following two remarks in the Appendix 4.1.

Remark 3.45. The extremization condition of the free energy (3.43) gives the following equation for P(m)

(3.46) P = 5oy [ e (50 (1557

K—1
exp{—ozK—!—aK/l H dmy P(my) cos (7 InAgk_ 1)}

1 g=1

K—
(3.47) Ag =1+ H Lt m"

Remark 3.48. The free energy is expressed in terms of P(m) as

_Bf '
(3.49) =In2+a(l - / T dmwP i) In Ay
N Lp=1
1 K-1 1
aK / H dmiP(mg) In(Ax_1) — %/ dmP(m)In (1 —m?).
1 ~1
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3.2.1 The K =1 case

When K =1, Ag = e~# and (3.46) gives

(350) P(m) = ;/ du cos (U In <1 + m>) e—ota cos(uﬁ/2).

2r(1 —m?) J_o 2 1—-m

Lemma 3.51. We can express the exponential cosine in (3.50) using the modified Bessel functions

oo

(3.52) 70 = 3" Ii(2) cos(kd),

k=—o0

where the kth modified Bessel function

(3.53) ne =)'y W(Q

2/ = nll(k+n+1)

which gives us

(3.54) P(m) = mf;_am% / ” ducos (gln (iz)) f: Ii(a) cos (kuB/2) .

- k=—o0
Lemma 3.55. Using the exponential relation of cosine
(3.56) cos(f) = #
and the the Fourier transform of e™o
(3.57) /700 @ =w0) gy = 276(w — wo),

along with the additivity of integrals, gives us
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(3.58)
P(m) = 27.[_(16;1712) k_E:ooIk(a)/4/oo du

/[l <1+
wu/2 |In
e 1 -

)] ()] ()] e () ]
+kB —iu/2 |In —kB iu/2|1n —kp —iu/2|1In +kB
m +e 1—m +e 1—m +e 1—m

(3.59)

— oo
e [e3

b 3 Li@)/2-2n

k=—o0

(3.60)

) T e__;Q) ki:oo Ii(a) [5 (ln Gfm> + kﬁ) +0 (m (1J_Fm> - kﬂ)} :
where, in (1), we used the scaling property of the Dirac delta for non-zero scalar ¢
(3.61) O(cx) = —=.

Lemma 3.62. Composing the Dirac delta with a smooth function g, with g’ nowhere zero, gives the following

identity
(3.63) d(g(x)) =

where xq is the real root of the function g.

Corollary 3.64. A corollary of the above lemma is the following

1
(3.65) §(2* —a®) = oal (6(z+a)+6(z —a))
. x er—1 . . . .
Since tanh (5) = e using lemma 3.62 and 3.64 in equation (3.60) yields
e‘l/
- k
(3.66) P(m)=e® Z I ()6 (m — tanh 52> .

k=—0o0
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Lemma 3.67. The summation of the kth modified Bessel function has the following identity
(3.68) 3 Ii(z) = ! (e* — Io(2))
k=1 2

Since tanh(x) — +1 as * — +o0, as temperature 1" goes to zero (8 = 1/T — o), using lemma 3.67, the

local magnetization (3.66) becomes
(3.69) P(m) =e “Io()d(m) + % [1—e “Io(a)] [6(m — 1)+ 6(m+1)].

Substituting our expression for (3.66) into (3.49) for K = 1 gives us

CL N s L 2
(3.70) ~Nn = In2+ 5 [1 dmP(m)lne™" — 2/, dmP(m)In (1 — m?)
af 1, — ! Bk )
(3.71) :ln2——2 —5¢ _Eoofk(a)/ldm(S(mtanhZ >ln (1—m?).

Lemma 3.72. We use the identity

(3.73) /1 §(x—a)ln(l1—2*)de=H(l—a)H(a+1)In(1-a*),

x

where H(x) = / 0(&)d¢ is the Heaviside function, to derive,

— 00

BF a1, = 5 Bk
(3.74) —Ny =2 e k;mfk(a)ln 1~ tanh? —-
af 1, = 2 Bk
(3.75) =In2-—-— e k;m Ii(a)In (1 — tanh 2)
aB L, Bk
(3.76) =In2-—-+e k; Ii(a) Incosh -,
which, as 8 — oo, yields
Bk
E(a) . mh2 «a - In cosh o>
3.77 —— = lim —— 4 =~ —e @ I (@) ———=-
(3.77) N = fm - g e k;m k@)=
a > In cosh o>
(3.78) =5 ¢ k;oo I () Jim —5
a =k — k
(3.79) =5 e (; k() - g; QIk(a)> ,



where the limit can be evaluated by L’Hopital’s rule

k k k

In cosh B— — sinh B— k

(3.80) lim 2 _ lim 2 2 _ +—,
cosh —

where we have k/2 when k > 0 and —k/2 when &k < 0.

Lemma 3.81. Using the definition of the Bessel function (3.53), we have for integer n that

(3.82) I_,(2) =I,(%).

Lemma 3.83. We also have the following relationship involving the neighboring terms for any real v

z

(3.84) VIV(Z) = B} (qul(z) - L,+1(Z)) )

Using lemmas 3.81 and 3.83 in (3.79), we have

(3.85) % = % —e (; glk(a) + kzzl ’;Im))

(3.86) = % —e (Z g (Ie-1(a) — Ik+1(a)>>
k=1

(3.87) = % - %e’“ (lo(a) + L1 () ,

where the telescoping sum

(3.88) >

k=1

(T-1(2) = Iis1(2)) = 5 (Tol2) + 11(2) = In(2) = L (2)) — 5 (Io(2) + L1(2)

N N

n

for z sufficiently small.

Since a > 0, the ground-state energy is always positive. So, for K = 1 the SAT problem is unsatisfiable with

probability 1.

3.2.2 The K > 2 case

As we found previously in Theorem 1.27, the critical point for K = 2 is aéﬁ)@) = 1. Comparing the results

of numerical simulations to the RS solutions for K > 2 indicate that the RS theory is correct for o < ag,ﬁ)@)

but not for o > agﬁ)(Q). A further discussion of the K > 2 case can be found in [MZ97].
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3.3 Satisfiability threshold for random K-SAT

From above in Theorem 1.27, we have shown a proof by bicycles for the 2-SAT [Go96]. The 2-SAT problem
is unsurprisingly much simpler to analyze than the K-SAT problem for K > 3. Indeed, in terms of computa-
tional complexity, the 2-SAT problem is polynomial while the K-SAT problem is NP-complete for K > 3. As
discussed previously, numerical simulations suggest that the random K-SAT has a phase transition between
the SAT and UNSAT phases for any K > 2.

Friedgut’s theorem 3.91, restated below, states that there exists a sharp threshold sequence agé\p(K ) for
(N)

sat’ (K) converges to a unique limit,

K > 2. An important note is that the theorem does not state whether «

which is what Conjecture 3.89, restated below, requires.

Conjecture 3.89 (Satisfiability threshold conjecture). For any K > 2, there exists a threshold asay (K) with

1 if a < asa(K),
(3.90) lim Py(K,a) =

N —oc0

0 if a> asu(K).

As mentioned previously, the conjecture has been proven for K = 2. The theorem below from Friedgut

[Fr99] strongly supports the case for the conjecture and all that remains to prove the satisfiability threshold

(N)
sat

conjecture is that ag,,’ (K) — asat(K) as N — oo.

Theorem 3.91 (Friedgut’s Theorem). There exists a sequence of oy (K) such that, for any e > 0,

sat

1 ifany < a(N)(K) —e,

sat
(392) lim ]DN(I(7 OtN) =
0 ifan >ag (K)+e.

3.3.1 Upper bound

With the moment method (1.31), we have the upper bound (1.33) given by Theorem 1.34. The upper bound
from [FP83] is not sharp, but is actually quite close to the more precise upper bound found by [KKKS98]

presented below.

Theorem 3.93 (KKKS98). Let e denote an error term that decays to zero as K — oo. Then,

1
(3.94) limsup o} (K) < 251n2 — (1 +n2) +ex.

N—oc0
36



The upper bound is achieved by truncating the first moment to locally maximal solution. The following is

an outline of the result from [KKKS98].

Let 7, be the class of all truth assignments and &, be the random class of truth assignments that satisfy

a random formula ¢. We define a class smaller than &7, as follows.

Definition 3.95. For a random formula ¢, 2! is defined the random class of truth assignments A such
that: (i) AF ¢ and (i7) any assignment obtained from A by changing exactly one FALSE value of A to TRUE

does not satisfy ¢. Such a construction is known as “single flips.”

Remark 3.96. Here, F is the symbol for entailment and we say that a formula ¢ is a semantic consequence
within some system of a set of statements A (A E ¢) if and only if every model which makes members of A

true makes ¢ true.

Consider the lexicographic ordering among truth assignments in which the value FALSE is considered smaller
than the value TRUE and the values of variables with higher index are of lower priority in establishing the
way two assignments compare. We see that 22! is the set of elements of &2, that are local maxima in the
lexicographic ordering of assignments, where the neighborhood of determination of local maximality is the

set of assignments that differ from A in at most one position [KKKS98].

We thus have the following method of moments upper bound:

Lemma 3.97. Let F' be a random formula.
(3.98) P(F is SAT) < E|2%|.

Proof. From definition 3.95, we see that if an instantiation ¢ of random formula is satisfiable, the 2% (¢) # 0.

We straightforwardly have

(3.99) P(F is SAT) = Y "P(¢) - 1,
¢

where the indicator random variable

1 if ¢ is satisfiable
(3.100) 1y =

0 otherwise.
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Also,
(3.101) E|2L =) P(¢) - |Z4(0)|.
¢

Since 2% (¢) # 0,

Z%(¢)| > 1 and the lemma follows. O

The single flip method sharpens the previous lowest upper bound of 4.758 for the 3-SAT due to Kamath et
al. [KMPS95] to 4.667 [KKKS98]. By defining an even smaller subset of &7,, with a more general double flip

method further improves the bound to a value between 4.601 and 4.60108 [KKKS98|.

3.3.2 Lower bound

(N

Sat) (K) have used the second moment method below.

More recent advances in finding a lower bound for o

Lemma 3.102 (Second moment method). Let X > 0 be a random variable with finite variance. Then,

(EX)*

1 P(X > .
(3.103) (X >0) 2553

Remark 3.104. This sequence of development can be briefly summarized as such:

2K-11n2 — 4, [AMO02];
.. N In2
(3.105) lim inf o0 (K) > { 9K I — (K + 1)n7 —1l—ex  [APO4);
3
2K1n2—§1n2+eK [CP12],

where dy, — (1 4+ 1n2)/2 and, as before, ex — 0 as K — co.

The second moment method brings two issues in the random K-SAT model: the first concerning the geometry
of the solution space of possible assignments SOLC {£1}", and the second concerning the geometry of the

underlying bipartite graph [DSS16].

Remark 3.106. Coja-Oghlan and Panagiotou [CP16] addressed both issues simultaneously and showed that

sat

1
(3.107) liminfaM)(K) > 252 — Z(1+1n2) — ek,
N—oc0 2
which matches the upper bound in Theorem 3.93 up to the error term ek .

Remark 3.108. Ding, Sly, and Sun [DSS16] resolve the satisfiability threshold conjecture 3.89 for large K :

For K > Ky, with Ky an absolute constant, the random K-SAT has a sharp satisfiability threshold agar-
38



4 Appendix

4.1 Local magnetization density and free energy of the K-SAT

In this appendix, taken largely from [NO8], we derive the self-consistent equation (3.46) and the free energy
(3.49) from the variational free energy (3.43) under the RS Ansatz. The function ¢(s) (3.44) only depends
on s from the number of down spins j in the set s = (s1,--- ,s,) if we assume symmetry between replicas.

So, we will also use the notation c¢(j) interchangeably with ¢(s). The free energy from (3.43) is now

(4.1) f\{-i(?)()lnc +aln{z Z Jx)

Jj=0 j1=0 Jjrx=0

5o (e fle )}

5,(J1)  sg(Ur)a=1 k=1
where the sum over s; (j;) is for the s, with j; down spins.

Taking the partial derivative of (4.1) with respect to ¢(j) gives us

2 808(]') (‘f(rf) = (?) (Inc(j) +1) + O‘TK“]

Definition 4.3. We define f and g above as

(4.4)
n n n K
SDIED SPIERITENED SR S I (AR 1 T B
J1=0  jr=0 5,(01)  sg(k)a=l k=1
(4.5)
n n n K-1
g:i= Z c(j1)---c(fr=-1)- Z <1+(e_ﬁ—1)5(8a,1) 5(32,1)).
71=0  jrx-1=0 5,(J1) sx_1(ix-1)s(j) a=1 k=1

From our expression for ¢(s) (3.44) reproduced below

(4.6) c(s) = / dmP(m) H M,

-1
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we can express f and ¢ in terms of the local magnetization P(m) as such

(4.7) f= / HdmkP mi)(Ag)"

L g=1

1 K-1
(4.8) ( ) / 11 dmeP(mi)(Ak 1),

L p=1
where, as before in (3.47), we have

K
_ 1+m

(4.9) 14K:1+(eﬁf1)k]i[1 5 b

We derive (4.7) and (4.8) as follows.

Changing to c(j;)’s to c(s;)’s, substituting (3.44) into (4.4), and summing over s; to sy give us

(4.10) f= Z Z cee(sg) <1 +(e7?7h) H d (sg, 1))

n
5,(J1)  sg(K) a= k=1

1

(4.11) :/ HdmkP(mk)(AK)".

g

Since the sum over s(j) in g in (4.5) is for s with j down spins, which implies § (s*,1) = 0, we have

(4.12) Q—Z Z clx-1)- Y. - S % ﬁ <1+(e— Ii_[ sk7>

1=0 jrx-1=0 5101) s (Gr—1) 8(j) s*=La=1 k=1

n K—-1
(413) = > o > D elsy)elsken) ] <1+(e—ﬂ—1) 5(sg,1)>,

$:(J1)  sg_1(r-1)s(j) s¢=l,a=1 k=1

where the product H is over all replicas with s = 1. Substituting (3.44) into (4.13) and summing
s*=1,a=1

over sy to sy, yield the desired result

1 K-1 n

(4.14) g= Z/ I1 dmwpP(mi) J[ Ax—
s(9) 1 k=1 s@=1,a=1
1 K-1
(4.15) ( )/ T dmwPmi)(Ax—1)",
1 k=1

since there are precisely n — j up spins and ( ) ways to arrange such assignments.
J

Using the symmetry ¢(s) = ¢(—s) from Remark 3.21, we can take into account the symmetry ¢(j) = ¢(n—j)

in the extremization condition (4.2).
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Subject to the normalization condition

(4.16)

I

(-

and the Lagrange multiplier method, the extremization condition is now

Jj=0

1 K—1
(4.17) 0=—2(nec(j)+1)+ aK/ 1 H dmyP(my)f~! [(AKfl)j + (AK,l)”*j] — 9\
=1 k=1

It is straightforward to see with algebra that

1
(4.18) c(j) = exp {—/\ -1+ % B dmiP(my) [(Ax—1)’ + (Ag—1)""] } .

Now, taking the limit of the number of replicas n — 0 produces the self-consistent equation for P(m). The
value of the Lagrange multiplier A in the limit n — 0 is obtained from that ¢(0) =1 and A = aK — 1. The

distribution P(m) is derived from the inverse relation of

(4.19) c(j) = /11 dmP(m) (1J;m>n_j (1_2771)]

in the limit n — 0O:

(4.20) P(m) = ﬁ /_ O; dyc(iy) exp (—iy In G;Z)) .

Substituting the expression for ¢(j) from (4.18) and A = oK — 1 above results in (3.46).

For the free energy (3.49), we must consider the O(n) terms to derive the free energy in terms of P(m). We

can condense (4.1) using our notation as such

(4.21) - % - zn: (’;) Inc(j) + aln f.

=0

Lemma 4.22. Recall the series expansion at 0 for the exponential function a® for a >0

493 L (zIna)"
(4.23) a _;T.
=0

Note that the term (Ag)™ in f (4.7) does not depend on k and is thus a constant term. Letting a = Ay and

x =n and applying Lemma 4.22 give the following series expansion for f

(4.24) f=1+nu+0(n?),
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where we define
1 K
(4.25) = / H dmy P(my) In Ag.
=1
Substituting (4.18) and using the normalization condition to compute the first term on the right-hand side

of (4.21) give

(7Y o T n—j j
am -3 (1)emety =r+1- 5 ( Vet [ TT e me) (A" + ()]
To expand A to O(n), we use equate (4.18) and (4.19) to solve for e’?!

1 K—1
exp{ 5 /1 l}_[ldmkP me) [(Ax—1)" + (Ax_1) ]}

(4.27) Ml =

Since the left hand side of (4.27) is independent of j, we let j = 0 in (4.27) and expand to O(n) as such
1
(4.28) Atl=aK+n (aK(—u +v/2)+In2— / dmP(m)In (1 — m2)> +0(n?),
-1

where we define v similarly

1 K-1

(4.29) v —/ H dmiP(mg)In Ak 4.
1 k=1

We use our expression for ¢(j) (4.19) to evaluate the sum in the right hand side of (4.26)

(4.30) ;(Z) /_ 11 dmy, P(my) (”27”’“) (1_’”’“) tj‘[lldmkp m) [(Ax-1)" 7 + (Ax-1)"]

1 K _
(4.31) @2/ HdmkP(mk)(l+mKAK m 1 mx)

2
“lp=1

(4.32) =2f,

where, in (1), a little algebraic manipulation reveals

K
1 1-— 1 1-— 1
+mKAK—1 n mr 1+ my+ mg n (e_ﬁ B 1) H —|—2mk

4. -
(4.33) 2 2 2

k=1

(4.34) = Ag.
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Using (4.21), (4.24), (4.26), (4.28), and (4.32), we have the desired result

Bf ok L /1 dmP(m)In (1 —m?) 4+ O(n).

(4.35) ——:1n2—|—oz(1—K)u—|—7y—§

Nn 1
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