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ABSTRACT

OPINION BROADCASTING MODEL

Chenchao Chen

Robin Pemantle

Stochastic approximation methods have been widely used in random processes with
reinforcement. Applications include root approximation algorithm, interacting urn
models and continuous reinforced processes. Emphasis is on the establishment of
a so-called opinion broadcasting model, with the proof of an asymptotic result for

such process using the idea of some stochastic approximation method.
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Chapter 1

Introduction

The Random process with Reinforcement has grown substantially within the past
twenty years. In some sense, it is still a collection of disjoint techniques. The few
difficult open problems that have been solved have not led to broad theoretical
advances. On the other hand, some nontrivial mathematics is being put to use in a
fairly coherent way by communities of social and biological scientists. As a result,
several useful techniques are introduced, among which, the stochastic approximation
/ dynamical system approach and the multitype branching process approach could
be called theories which contain their own terminology, constructions, fundamental
results, compelling open problems and so forth. However, the later one pioneered
by Athreya and Karlin has been taken pretty much to completion by the work of
S. Janson.

There is one more area that seems fertile if not yet coherent, namely reinforce-



ment in continuous time and space. Continuous reinforcement processes are to
reinforced random walks what Brownian motion is to simple random walk, that is
to say, there are new layers of complexity. There are several self-interacting dif-
fusions and more general continuous-time processes that open up mathematics of
some depth and practical relevance.

Opinion propagation model is a particular example fit into the catagory of ran-
dom process with reinforcement, which originally comes from one of Elchanan Mos-
sel’s former students. This resulting paper will study a special case of this model
using stochastic approximation / dynamic system via martingale methods. There
are some potential open questions relavant to this model which either requires more
delicate analysis or encounters new form of stochastic approximation.

The organization of the rest of the paper is as follows. Chapter 2 provides
an overview of stochastic approximation methods, dynamic system approach and
their applications. Chapter 3 introduces the opinion broadcasting model and its
motivation, listing the main result and further conjectures. Chapter 4 is devoted

to the proofs for the main result.



Chapter 2

Background

The purpose of this chapter is to introduce the stochastic approximation process,
dynamic system approach and several of their applications. Because of the way
research has developed, the existing theoretical results are very much tailored to
speific applications and are not easily discussed abstractly. We start with the root
approximation model in chapter 2.1 where the stochastic approximation method
first introduced. We further look at its applications in urn models in chapter 2.2.
Finally, chapter 2.3 is about the dynamical systems and their stochastic counter-

parts.



2.1 Root approximation model

In [RMb51], the stochastic approximation process was first introduced by Herbert
Robbins and Sutton Monro. They used this to approximate the root of an unknown
function in the setting where evaluation queries may be made but the answers are
noisy.

To be more specific, let M (x) be a given function and « a given constant such

that the equation
M(z) =« (2.1.1)

has unique root x = 6. There are many methods for determining the value of
by successive approximation (root-finding algorithm). With any such method we
begin by choosing one or more values 1, -- ,x, more or less arbitrarily, and then
successively obtain new values z, as certain functions of the previously obtained
Ti,* ,Ty_1, the values M(xy), -+, M(x,_1) and possibly those of the derivatives

M'(zy),--+, M (2,_), etc. If

lim x, =0, (2.1.2)
n—oo
irrespective of the arbitrary initial values xy,--- ,z,, then the method is effective

for the particular function M (z) and value a.
The stochastic generalization of the above problem in which the nature of the

function M (z) is unknown assumes that to each value x corresponds a random



variable Y = Y (z) with distribution P(Y (z) < y) = H(y|x) such that

M(x) = / " ydH (yle)

o0
is the expected value of Y for the given x. Neither H(y|x) nor M(zx) is known here,
but it is assumed that equation (2.1.1) has a unique root 6, and it is desired to
estimate 6 by making successive observations on Y at levels x1, zo, -+ determined
sequentially in accordance with some definite experimental procedure. [RM51] gives
a particular procedure for estimating # which is consistent under certain restrictions
on the nature of H(y|x) where the consistency is in the sense that (2.1.2) holds in
probability irrespective of any arbitrary initial values z1,--- , x,.

In the proofs, they defined a fixed sequence {a,} of positive constants such that
0< Z a2 = A < oo.
n

Furthermore, they defined a Markov chain {z,} by taking z; to be an arbitrary

constant and defining

Tpi1 — T = A — Yn), (2.1.3)
where y,, is a random variable such that

Pyn < ylan) = H(y|zn).
A natural candidate for a,, can be a, = =, then (2.1.3) becomes

1
Tpg1 — Ty = ﬁ(a — Un) (2.1.4)



where y,, € F,. (2.1.4) is an example of a stochastic approximation process.
More generally, let {X,, : n > 0} be a stochastic process in the euclidean space

R? and adapted to a filtration {F,}. Suppose that X,, satisfies

1

where F is a vector field on R%, E(&,41|Fn) = 0 and the remainder terms R,, € F,
go to zero and satisfy 2 n~'|R,| < co almost surely. Such a process is known

as a stochastic approximation process.

2.2 Urn models

The original Pélya urn model which first appeared in [EP23] has an urn that begins
with one red ball and one black ball. At each time step, a ball is chosen at random
and put back in the urn along with one extra ball of the color drawn, this process
being repeated infinitely many times. We construct this recursively: let Ry = a
and By = b for some constants a,b > 0; for n > 1, let R,,\1 = R, + 1y, ,<x,
and B, = B, + 1y,,,>x,, where X,, :== R, /(R,, + B,). We interpret R,, as the
number of red balls in the urn at time n and B,, as the number of black balls at
time n. Uniform drawing corresponds to drawing a red ball with probability X,
independent of the past; this probability is generated by oursource of randomness
via the random variable U, ., with the event {U,.; < X,} being the event of

drawing a red ball at step n.



Later, Pdlya’s urn has been generalized by taking the number of colors to be
any integer k > 2. The number of balls of color j at time n will be denoted R,,;.
Secondly, fix real numbers {A;; : 1 < i,j < k} satisfying A;; > —4;; where §;;
is the Kronecker delta function. When a ball of color 7 is drawn, it is replaced
in the urn along with A;; balls of color j for 1 < j < k. The reason to allow
A;; € [—1,0] is that we may think of not replacing (or not entirely replacing) the
ball that is drawn. Formally, the evolution of the vector R, is defined by letting
X, =R,/ Zle R,; and setting R,.1,; = R,; + A;; for the unique ¢ satisfying
Yoei Xt < Upyr < Etgi Xpe. This guarantees that R,1; = R,; + A;; with
probability X,,; for each i. We call this model generalized Pélya urn scheme (GPU)
where the reinforcement is A;;.

To relate between stochastic approximations and urn processes, we denote by
(@, the probability distributions governing the color of the next ball chosen which
are typically defined to depend on the content vector R,, only via its normalization
X,,. If b new balls are added to N existing balls, the resulting increment X, ., — X,
is exactly HLN(YH — X,,) where Y, is the normalizedvector of added balls. Since b

is of constant order and N is of order n, the mean increment is
1
EXp1 — X, | F) = E(F((Xn) +0(n™)

where F(X,,) =b- Eg, (Y, — X,). Defining &,4; to be the martingale increment
b- (Y, — Eg,(Y,)) recovers (2.1.5).
Results like the convergence property of X,, to stable equilibria [HLS80] and
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nonconvergence to unstable equilibria [Pem88] are based on this stochastic approx-

imation form of GPU.

2.3 Dynamic systems

In terms of [Ben99|, Benaim and collaborators have formulated an approach to
stochastic approximations based on notions of stability for the approximating ODE.
Here we briefly describe the dynamical system approach.

For processes in any dimension obeying the stochastic approximation equation
(2.1.5), there are two natural heuristics. Sending the noise and remainder terms
to zero yields a difference equation X, — X,, = n~'F(X,,) and approximating

> on_, k™! by continous variable log ¢ yields the differential equation

dX
— = F(X). (2.3.1)

The first heuristic is that trajectories of the stochastic approximation {X,,} should
approximate trajectories of the ODE {X(¢)}. The second is that stable trajectories
of the ODE should show up in the stochastic system, but unstable trajectories
should not.

The whole rigorous theory hugely relied on some pure topological concepts which
I will omit here. Instead, I will include those results related to probabilistic analysis
from [Ben99].

First of all, we need an important notion, introduced by Benaim and Hirsch



[BH96], is the asymptotic pseudotrajectory.

Definition 2.3.1 (asymptotic pseudotrajectories). Let (¢, x) — ®4(x) be a flow on

a metric space M. For a continuous trajectory X : R™ — M, let

d<1>,t,T ‘= Ssup d(X(t + h)7 CI’h<X(t)))

0<h<T
denote the greatest divergence over the time interval [¢,¢ 4+ T] between X and the

flow ® started from X (¢). The trajectory X is an asymptotic pseudotrajectory for

d if
lim d(p,t7T<X> =0
t—o00

for all T > 0.

Turning to the first convergence heuristic, from [Ben99] Proposition 4.4 and

Theorem 7.3, we have:

Theorem 2.3.2 (stochastic approximations are asymptotic pseudotrajectories).
Let {X,,} be a stochastic approximation process, that is, a process satisfying (2.1.5),
and assume F is Lipschitz. Let {X(t) := X, +(t—n) (X1 —X,) forn <t <n+1}
linearly interpolate X at nonintegral times. Assume bounded noise: |&,| < K. Then
{X(t)} is almost surely an asymptotic pseudotrajectory for the flow ® of integral

curves of F.

Theorem 2.3.3 (convergence to an attractor). Let A be an attractor for the flow
associated to the Lipschitz vector field F, the mean vector field for a stochastic

9



approzimation X := {X,}. Then either (i) there is a t for which {X;1s : s > 0}
almost surely avoids some neighborhood of A or (it) there is a positive probability

that L(X) C A.

For the nonconvergence heuristic, most known results are proved under linear
instability. This is a stronger hypothesis than topological instability, requiring that
at least one eigenvalue of dF' have strictly positive real part. From [Ben99] Theorem

9.1, we have:

Theorem 2.3.4 (nonconvergence under linear instability). Let {X,,} be a stochastic
approzimation process on a compact manifold M with bounded noise |§,| < K for

alln and C? vector field F. Let T be a linearly unstable equilibrium or periodic orbit

for the flow induced by F. Then

P(lim d(X,,T) = 0) = 0.

n—oo
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Chapter 3

Opinion propagation model

The opinion propagation model is a general model on any graph that originally
comes from one of Elchanan Mossel’s former students. Let G be a finite con-
nected graph; the nodes represent people and the edges represent that they interact.
Choose an integer k > 2, the set [k] is interpreted as a set of k different opinions,
say possible names for a baby, on which it is desired to form a consensus. The
states of the system are maps ¢ : V(G) — 2% in other words every person sub-
scribes to some subset of all possible opinions. Maps for which £(v) is empty set for
some v are not allowed. The problem is to study after exchanging information for
how many times (or how long in the continuous version) will the state terminates
in consensus. in order words after how much time of discussion will every person
agrees of a certain name for the baby.

The Markovian evolution is as follows. At rate 1 each person v chooses a random

11



one of their opinions, and independently chooses a uniform neighbor w. Suppose
j € [k] and w € V(G) are chosen. If j ¢ £(w) then the new state & agrees with &
away from w but has & (w) = £(w) U {j}. If already j € £(w) then & agrees with &
except at the two sites v and w, resetting & (v) = € (w) = {j}. The interpretation
is: if you hear a new name you add it to your list; if you hear one you already have
in mind, then immediately you and the person you heard it from coordinate on the

new name and forget all other names.

3.1 Main results

There is only one thing known for this model:

Theorem 3.1.1. If G = Ky, the complete graph on n wvertices, and k = 2 (two
possible opinions), then starting from any configuration, the state terminates in

consensus in O(N log N) steps.

In the rest of the paper, we will improve the result of the above theorem by
replacing ©(+) with deterministic coefficients for the leading terms. Before listing
the main result, we need some notations, basic constructions of them, and some
definitions as preparation.

When k = 2, we denote the two opinions as opinion A and opinion B. Hence
at any time there are at most three types of opinions: {A}, {B}, and {A, B}. We

denote X3, Y; and Z; being the proportion of people holding opinion {A}, { B}, and
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{A, B} respectively at time t. Obviously we have X; +Y; + Z, = 1 for all ¢ > 0.
Next, we give the following definitions with respect to the area spanned by

(XY, Z)/s:

Definition 3.1.2. We denote 7 :={(X,Y,Z2): 0 < XY, Z <1, X +Y 4+ Z =1},
and we specify the subset our initial configuration locates as Styer 1= {(X,Y, Z) :
X,Y,Z > 2¢,|X = Y| > 26,X +Y + Z = 1} for arbitrary small constant ¢y > 0.
Furthermore, we define S _aist = {(X,Y,Z) : Y2+ Z%2 < log > N,Y? + Z2/4 >
N2 X +Y +Z=1}U{(X,Y,Z): X2+ Z? <log > N, X2+ Z%/4 > 1/N? X +

Y +Z =1} and Sp := {(X,Y,Z) : (1,0,0),(1 — %, +,0),(1 — +,0,

z|=
==
—_

I

%,O), (0,1— %, %), (1— %,O, ]%), (0,1— %, %), (0,1,0)} which will be used in later

proof.

To make the definition more clear, we illustrate it using the picture below:
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(0,1,0)

Barycentric Coordinate

Z
0.0.1) (1,0,0)

Now we are ready to state our main theorem:

Theorem 3.1.3. If G = Ky, and k = 2, let 7 = inf{t : (XN, YN 2ZV), =
(1,0,0) or (0,1,0)}. Then, for any starting point (XN, YN ZN)y € Sper, 7 =

log N + loglog N + o(loglog N) in probability as N — oo.

3.2 Further conjectures

Here we list two conjectures which may worth further discussions.

e Theorem 3.1.3 claims that 7 is log N + loglog N + o(log log N), while we fur-
ther conjecture the exact asymptotic form is possibly log N +loglog N 4+ O(1)

instead;

14



e In theorem 3.1.3, we gave an asymptotic expression of the stopping time with
initial configuration restricted to Spyer. Further work may be focusing on the
initials (1) near the boundary: (zg,yo, 20) — 97, in such case we conjecture
the time is of the form log N + O(1) without the loglog N term; (2) near the
center: |xg — yo| — 0, where we conjecture the form ¢*log N + o(log N) with

some constant ¢* > 1.
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Chapter 4

Proof of theorem 3.1.3

4.1 Basic Construction and Proof Outline

First, following [Fox16], we give definitions for drift and variance for general pure

jump markov process.

Definition 4.1.1. Let {X}; be a pure jump markov process defined on some com-
pact set K C R¢ adapted to filtration {F; : t > 0}. The total jump rate at time
t is denoted as ¢; which we assume is uniformly bounded. Then, there exists a

probability measure v; on K s.t.

]llirr(l) P(X; has a jump in [t,t+h] by vector in A|F;)-h~ = g4 (A), Vt>0,VA € B.
_>
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We define the jump for X to be AX; := X; — X;- at time ¢, then define

1(X) = g, / AX,diy(AX,)

Y(X) = ¢ / AX, - AXT dvy (AX,),
to be the drift vector and covariance matrix for {X}; respectively.

Now using the notations we mentioned in the previous section, we construct
the formulas for both drift and coordinate variance for the (X¥, Y~ Z¥), process.
Here the coordinate variance is just three variance terms in 3V, i.e. (N, 28 ST
which we denote as o2 for convenience. For the rest covariance terms, we will see
that X, = X% is the only one needed in the later proofs, so we will derive the
formula for it as well.

First, we note the jump rate for broadcasting one opinion for the whole sys-
tem {XN YN ZNY, equals to N for any ¢t > 0 since each person independently
broadcasts an opinion at rate 1.

For the drift, according to the assumption of the rules for broadcasting, we have

the following table:

17



{A} {B} {A, B}
{A} ({A}, {A}) ({A}, {ABY)  ({A} {AD)
{B}  ({B}, {A B}) ({B}, {B}) ({B}, {B})
{A, B} s({Ah{4}) ({4 BL{A B} ({4} {4})
{A, B} s({ABL{A,BY)  s({BL{BY)  ({B}L{B})

Table 4.1: Possible Changes of Opinions after Broadcasting

where the first column represents the opinion state for the person who is to broadcast
his opinion, while the first row represents the opinion state for the person who is
to receive opinion. Furthermore, the fourth row represents the resulting opinon set
of both deliverer and receiver given the deliverer choosing to broadcast opinion A,
while choosing to broadcast B in the fifth row. The % factor in the last two rows
means half-and-half probability for the resulting opinion set given the deliverer
holding {A, B}.

We can transfer table 4.1 into the table of changes of (X™, YV ZV),:

{A} {B} {A, B}

{A} * (Y-, Z+) (X+,Z-)
{B} (X, Z+) * (Y+, Z-)
{A, B} X+,2) (Y-, Z4) (X++,Z)

{A, B} (X-,Z4) (Y+,Z) (Y++,7Z)

Table 4.2: Possible Changes of (X, Y, Z) after Broadcasting

18



I

where * means no change, -+ = -—l—%v, —= ~—%, ++ = -—l—%, and - — — = - —
Next, we compute the probability for all possibilities of the changes in (X~ , YN, ZV),

and it follows table 4.3 as below:

{A} {B}  {A B}

By e NNy a7
{B} %XY * %YZ

N N Z(NZ-1)
{A, B} mXZ 2(N—1)YZ 2(N-1)

N N Z(NZ-1)
{A B} swpX2 swo¥2 Sn

Table 4.3: Probability for all Possible Changes

For example, the probability that deliverer holds {A}, and the receiver holds { B}
has probability X - % = %X Y given the current proportion vector being
{X,Y, Z}. The rest probabilities can be similarly derived in table 4.3.

Therefore, according to definition 3.1, the drift for X}V equals to

N Z N Z
—(XZ—XY+Z2)—N_1):N_l(XZ—XY+Z2)——

1
N_( )
N "N -1 N -1

which asymptotically equals to (XVZN — XNYN 4 ZN2), as N — oco. Here in the
first expression, the N term is the rate for broadcasting of the system, the % term
is the unit change of X}V, and the rest is the probability of different changes of X}".

We can obtain formulas for drifts of Y, and Z similarly, whence we have the

19



drift vector uN for (XN, YN ZN), equals to:

1
(XZ - XY +2Z2YZ - XY +72°2XY - XZ-YZ-27%)-(1+ O(N)).
(4.1.1)
Secondly, we can also compute the coordinate variance according to definition

4.1.1, table 4.2, and table 4.3. In particular, the variance for X}¥ equals to

1 N 27 1 27
N—((———(XZ4+XY+XZ+27%)— = XY 42X Z427%) - —— "

N2N —1
where in the first expression the N term again represents the time rate for changing,
the ﬁ is the square of unit change of X}, and the rest is the probability of different
changes of X}.

Similarly, we have formulas of coordinate variances for ;" and Z}, whence we

have the coordinate variance vector o}¥2 for (X, YN Z¥), equals to:

1 1
N(XY 42X Z 42722 XY +2YZ + 2722 2XY +2YZ +2XZ + Z%) - (1 + O(N))_

(4.1.2)

Finally, we come to the covariance for X}¥ and Y;¥. Since we observe that it is
impossible for both X and Y to change values at the same time, so the covariance
for them equals to 0, i.e. X = 0.

According to [Kur77], the pure jump markov process (X, YV ZN), converges

almost surely to (X,Y, Z); as N — oo, where (X,Y, Z); is a determinisitic process

20



satisfying

d(X, Y, Z)t = /,Lt(X, Y, Z)dt,
(XY, 2) = (XZ -~ XY +Z2,YZ — XY + Z%,2XY — XZ — Y Z — 22%),.
(4.1.3)

Furthermore, [Kur77] also showed that

C
sup |(XN7YN7ZN)t - (X7 Y7 Z)t’ < (|(XN7YN7ZN>0 - (X7 Y7 Z)O‘ + \/_IN)€C2T a.8.

t<T

(4.1.4)
for some constants C7, Cy > 0 independent of N and arbitrary 7" > 0, which we will
be using repeatedly in chapter 4.2.

Therefore, our idea is to approximate this pure jump markov process by this de-
terministic model when the process is away from the two termination states (1,0, 0)
and (0, 1,0), whereas instead of diffusion, we will use Poisson process and stochas-
tic approximation via martingale methods to estimate the time when the process is
approaching the termination points.

We prove theorem 3.1.3 by seperating the procedure into two parts. Note that
X and Y are symmetric in terms of termination, WLOG, we assume the starting
point is in the half region where xq > 1 inside Siyer for the rest sections. The outline

of the proof is as follows:

I Given the starting point vg € Siyter, denote Tienter = inf{t : (XN YV ZN), €

Slog —dist }» then Tinter = loglog N + o(loglog N) in probability;

21



IT Given the starting point v € 9Siog —aist, denote T := inf{t : (XN, YV, ZV), €

Sp}, then 7, = log N + O(1) in probability;
III Tt takes O(1) for any point vy € Sp to reach absorbing point.

In particular, we will prove I in chapter 4.2; prove II and III as well as completion

of proof for the theorem in chapter 4.3.

4.2 Proof of 1

First, before proving I, recall that we obtain the drift vector (4.1.3) for the corre-
sponding determinisitc model in chapter 4.1, since here we focus ourselves to the
case where xo — 19 > 2¢9 which is straightforwardly depending on the process for
{Y,N, ZN}, basically we will be using both terms for Y,V and Z}. Furthermore, we

can rewrite them in terms of Y, Z using the equation X +Y + Z = 1. Namely,

w(Y,2)=(YZ -~ XY +722XY - X7 -YZ—27%),
=(YZ-(1-Y-2)Y+2Z>(1-Y -2)2Y - 2)-YZ—27%),
=(-Y+ Y +2)22Y —Z-Y*— (Y +2)%),, (4.2.1)
we will be using drift in either form (4.1.3) or (4.2.1) when necessary.

In order to show Tiyer = loglog N + o(loglog N) in probability, it is equivalent to

show that: Vo > 0, we have
(1 —=9)loglog N < Tipger < (1 +0) loglog N. (4.2.2)

22



The outline to verify the above inequalities is as following:

1. 3L(6), €1(0), e2(8) > 0 such that YN < £Z) and €/(0) < Y}, Z) < €(0) in

probability;
2. YN <67} in probability for L <t < Tpper, and we derive (4.2.2).
We verify the first statement using lemma 4.2.1-4.2.2.

Lemma 4.2.1. Suppose we start at (xg, Yo, 20) € Smter Satisfying o — yo > 2€o,
then 3L(e*) s.t.

Pe* <YM ZV <€) =1 as N — oo,
for arbitrary € > 0 and €™ > 0 depending on €*.

Proof. 1t is sufficient to show for some L(e*)
A N

for the corresponding deterministic process due to (4.1.4) and (X, Yo, Zo) = (%0, Yo, 20)-
First, we define U, = X; — Y;. Then Uy > 2¢.
According to (4.1.3), the drift of U equals to Z,U; which is non-negative. There-

fore, U; > 2¢9 which indicates Y; < % — ¢ for any t.
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Second, let V; = (2 + €))Y; + Z, according to (4.2.1), we have

p(Vi) = —2+e)Yi+2+e) Vi +2Z)* +2Y, — Z, - Y2 — (Y, + Z,)?
=—eY; + eV — Z;,(1 —2(1+6)Y; — (14 €)Z;)
=—eV:(1-Y) — Zy(X; — Vi — (1 — Xy + Y2))

1
< —(5 + €g)eoY; — €02y

€o
—2V,.
4t

IA

On the other hand, solving the following differential equation:
’ € ’ ’
A% :_ZOth’ Vi = Vo= (2+€0)yo + 20

gives us

€gt

V, = Voe 4.

Therefore, by letting o = 4e, *(log Vy — log €*), we have

/

Viy =€
which indicates
Vip < €.

Note that Vi, = (2+ €)Y;, + Zi, < € implies both Y}, and Z;, are smaller than €*.
Third, we complete the proof by showing both Y}, and Z,, are greater than

€* > (0, where € depends on €*.
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In terms of (4.2.1), we have the following inequalities for p(Y") and p(Z2):
p(Y) > =Y

—2Z.

=
XN
v

Therefore, the two following ODE’s

’

dY' = =Y'dt, Y, = yo;
dz' = =2Z'dt, Z,= z
derives Y, = yoe~ and Z, = zpe 2.
If we let € = 2ege2, then
Yip > €7,
Zto > €,

here we use the assumption that Yj, Zy > 2¢.

In sum, let L(e*) = to, we conclude
€ <Y, Zp <€
for arbitrary €* > 0, whence
Pe* <YM, Z) <) =1 as N — oo,
we are done. N

Lemma 4.2.2. Suppose we start at (xq,yo, 20) such that €*(5) < yo, 20 < €°(0),

then AL, T(0), L < T(0) s.t.
Y;' < §ZL in probability,
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5 and € depends on €* in terms of lemma 4.2.1.

* )
where € = 16(1+2/0)

Proof. As similar to lemma 4.2.1, it is sufficient to show
0
Y, < §ZL for some L < T'(9)

for the corresponding deterministic model because of (4.1.4) and 7T'(0) not depending
on N.
First, from the proof in lemma 4.2.1, we see V; = (24¢9)Y;+ Z; is non-increasing.
Therefore, V; <V < 4€* which implies Y}, Z; < 4¢* for all ¢.
Second, we define 7 := inf{t : %Zt —Y, >0} Ifyy < gzo, then we are done.
Otherwise, we have yg > gzo. Therefore, Vt < 7, we have
p(Y) < =Y +(1+2/6)°Y?
< —(1—4(1+2/0)2)Y;
wW(Z) > 067 — 7 — (6*/4+ (1 +6/2)*) 2*
> —(1—0+4(6%/4+ (1+8§/2)*)e")Z.
Furthermore, if we plug in €* = m, we deduce
p(Y) < —(1 - §/4)Y;
w(2) > —(1-5/2)2
Therefore, we have the following inequalities:
Y, < yoe 08

7, > zoe~ 10121
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Let tg = ZSllog 5%, then we have Y;, < thO.

Finally, let T'(§) = to, we have 7 < T'(9). Thus, we are done with the proof. [J

Next, we verify the second statement using lemma 4.2.3-4.2.4. Before we go
ahead, from lemma 4.2.2, we see that 3L independent of N (in fact, L < §log %)
such that Y, < gZ 1, and both Y7 and Z;, are bounded between two positive numbers
independent of N (in fact, the one candidate for upper bound is 4¢* = m).
We denote €3 and €4 as the lower and upper bounds for Y, and Z}, respectively for

the later proof.

Lemma 4.2.3. Suppose we start at (xg, yo, 20) such that yo < gzo and €3 < 1o, 2o <
€4, then

YN <62V ¥t < 2loglog N in probability.
Proof. First, let T'= 2loglog N in (4.1.4), we have

C
sup ’(XN’YN’ZN)t_(X,Y"Z)t‘ S\/_lﬁeCzloglogN

t<2loglog N
. Cl IOgC2 N
VN

< log ' N as. (4.2.3)
We will be using (4.2.3) later in this proof.
Second, from lemma 4.2.2, we see 2Y; + Z; < 4e4 for all t. let W, = 62, — Y},
then Wy = dz0 — yo > yo > €3.

We claim: 360(J) > 0 s.t.

p(Wy) > —(14+0)IW,,



which is equivalent to

—0Z+(1+20)Y =0V’ —(1+0)(Y+2)*>—-(1+0)(0Z-Y)
& 062+ 120-0)Y —0Y?>—(1+6)(Y +2)*>>0
< (00 —4(1+0)eq)Z + (20 — 0 — 40ey — 4(1 4+ 0)es)Y >0
= 05> 4(1+0)es, 20> 0+ 4dey +4(1+6)ey

149 § + 262

S Txzoe ~® " ax2en

& 1+20+25%<8/5+ 8+ 20,

which is true for small . Here, we use ¢ = m for the above inequalities.

Therefore, we have W, > Wye~ (19t for all .

Finally, if we restrict ¢ € [0, 2loglog N|, applying (4.2.3) provides us:

inf 6ZN -YN= inf 62N -2Z)- (YN -Y)+0Z, Y,

t<2loglog N t<2loglog N

> inf §Z,-Y,— sup |(XV,YN,ZM), — (X,Y, 2),

~ t<2loglog N t<2loglog N
c.

> Woe_2(1+9) loglog N Cylog™? N
- VN

c
> ezlog 2O N — —Cl log * NV
- VN
>0 as N — oo,

which completes the proof of this lemma. n

Finally, we complete this section by proving:

Lemma 4.2.4 (I). Suppose we start at (xo, Yo, 20) such that yo < gzo and e5 <
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Yo, 20 < €4, then
(1 —9)loglog N < Tigger < (14 6)loglog N.
Proof. First, due to (4.2.3), it is sufficient to show
(1—0)loglogN < 7" < (14 0)loglogN

where 7* = inf{t : Y2 + Z? < log > N'} for the corresponding deterministic model.
According to lemma 4.2.3, we know that Y; < 07, and Y}, Z; < 4ey for t <
2loglog N. We restrict the time interval to be [0,2loglog N| in the rest of the
proof.
Second, we consider the process U; = 3Y; + Z;. The drift has the following

bounds:
pU) = -U+2Y —Y?+2(Y + Z)?

> =U;

pU) = —-U+2Y —Y? +2(Y + Z)?

< — 1

< U+3+1/5U—|— 6e,U
)

<_n-2

<-a-Sv

for sufficiently small §.

Thus we derive the bounds for U;:
Uge ™ < Uy < Upe™1-2)
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which indicates (1 — §)loglog N < 7* < (1 + 0) loglog N because
Uy log_l_‘$/2+‘52/2 N < log™ ' N < Uylog ' ° N
Therefore, we have
(1 —0)loglog N < Tyter < (14 6)loglog N in probability,
we are done. N

To sum up, lemma 4.2.1-4.2.4 implies the total amount of time from Spyer to
reaching Sieg —aist 18 O(1) +O(1) +1loglog N +o(log log N') = log log N +o(log log N)

which completes the proof of I.

4.3 Proof of IT and II1

In this chapter, the main idea is to construct some martingale arguments to prove II.
In particular, lemma 4.3.4, 5, 7, 8 will deduce some geometric properties for some
process we construct; lemma 4.3.9 will study the original (X, Y™ ZV), process
through some random walk estimation when the process is within Sig —gist; lemma
4.3.11 illustrates the core estimation using all previous lemmas. Eventually, we
complete our proof for theorem 3.1.3 at the end of this chapter.

Before stating the lemmas, we need the following definitions:
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Definition 4.3.1. We define the 2-dimensional flow as follows:
F<y7 Z) = (_y7 2y - Z),
O (y, z,t) satisfies:
0
a@(y,z,t) = F(®(y, 2, 1)),

®(y, 2,0) = (y, 2),

where F(y, z) is the linear aproximation for (4.2.5).

Furthermore, we introduce the hitting time function

U(y, z) = inf{t : ®(y, 2,t) € OE},

where E = {(y, 2) : y* + & < 5= }. And we let
0,,¥ 9,0
H(y,2) =
0.V 0,V

denote the Hessian matrix for W.
By definition, we have
g = inf{t : (YN, Z)) € E}.

Remark 4.3.2. For all the following notations and calculations, we use the conven-
tions for rows versus columns as follows:
Vector valued functions such as F' and ® are written as row vectors;
Coordinates of a derivative occupy columns. Thus, the gradient of a scalar
function is a column vector. However, the derivative of gradient, i.e., Hessian is
regarded as a matrix, not as a tensor with two types of columns.
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Moreover we will use (u, v) for the product of a row vector v and a column vector
v, so that the notation makes clear that the quantity is a scalar. The Hessian of a

scalar function such as G is denoted

0*G
no- (29

Definition 4.3.3. We define

W, = U(YN, ZN) + 1,
where {YV, ZN} is the stochastic process of opinion broadcasting model at time ¢.

Lemma 4.3.4. Vv = (Y0, 20) € Slog—dist, We have:

N
log% < U(vg) <log N + 1.

Proof. First, we can solve the flow ® in terms of F' as follows:

Y = yoe

Zt = (2y0t -+ Zo)eit.

Then,

2
Z 1

: 2
W(Vo) = IItlf{yt + Z = m .
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Let t; = log (|vo|N/2), then

2 2

2 2
T = (088 + oot + (0 + ))e ™
A e )2 24
T [vo2NZ (Yot1 + yozol1 + yp + Z)
g + 23
= Tvo[2N2
1
> N2
whence ¥(vy) > log (|vo|N/2).
Let t =log N + 1, then
2 Zt22 2,92 9 2(2] oty
Uiy T = (Wots + yozotz + (45 + 7))e
1 2 2 o 28
T 2N (y5(log N +1)* + yozo(log N + 1) + y5 + Z)
1 4
< (1
- €2N2 ( + 10gN)
1
< el

provided that |vo| < log™* N. Therefore,

\IJ(VO) S 10gN+ 1a

we are done.

]

Lemma 4.3.5. We can write both the gradient and Hessian of W in terms of ®, F,
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and B:

dD(-, )T (Vo) VB(v1)

V() =~ B (4.3.1)
H(V)(vo) = VU (vg) - H(P1)(vo) + VWa(vo) - H(P2) (Vo) (4.3.2)
() () ST (v0) - () ()
a0t (vn) 1= e | s () - daCe o))
—%d@(yuﬁTbm)%%?;%%;[I——Z;%;%S]dﬁ(vﬁ-d@(,m)bmy

where ty = W(vy), vy = ®(vq,t); & = (P, Py), and V¥ = (VU,, V)T, B(y,z) =

y? + % - % indicating B(vy) = 0 by definition.

Proof. We first tackle the special case where ty = 0, that is where the initial point
vy already satisfies B(vg) = 0. In this case the time ¢t map ®(-,t) is the identity,

therefore d® = I and H(®) = 0. Thus (4.3.1) and (4.3.2) reduce to

VB

VU = ~TFNE (4.3.3)
_ dFVBVBT VBF | #(B)
H(T) = (F,VB)? _{ - (F, VBJ (F,VB) (4.3.4)
VBV BT VBF dr
+(RVB)[_(RVBJ<RVBY

where we omit the point at which the functions are valued since in this special case
Vo = V1, so no confusions should be there.
In order to verify these two equations above, we consider calculating the gradient

and Hessian for B(®(v,n(v))) where 7 is any C? function with v satisfying n(v) = 0.
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Applying basic calculus and chain rules, we have

VB(®(v,n(v))) = V(v) + Vi(v) - (F(v), VB(v)); (4.3.5)
H(B(®(v,1(v)))) = dFVnVB(v) + [I + VnF] H(B)(v) (4.3.6)

+ H()FVB(~) + VBT [I + VnF]dF(v).

Now notice the function ¥ satisfies B(®(v, ¥(v))) = 0, therefore the gradient
and Hessian vanish. Also, ¥(vy) = 0 since B(vy) = 0. Letting n = ¥ in (4.3.5) and
(4.3.6), and setting the right-hand sides equal to zero, we may solve for VW and
H(V) to obtain (4.3.3) and (4.3.4) respectively.

The general case relies on the following explicit chain rule for any composition of

maps:

Remark 4.3.6. Let ® : R™ — R"™ and ¥ : R" — R be any twice continuously

differentiable maps. Then

V[V o ®] = dOVY,

H[Wo @] =) VUH(P;) + dd"H(T)dD,
=1

where ® = (&1, ®y, -+, ®,), VU = (VU,,VU,,--- VI, )T

With this in mind, observe that for fixed s, the quantity W o ®(-,s) differs
from W by the constant s. Letting s = ¢y := ¥U(vy), and recalling the notation v; =
(v, 1), we see that VU(vg) = V[Wod(-, t)] at vo and H(V)(vy) = H[VoD(-, to)]

at vg. In both cases, the derivatives of ¥ are evaluated only where B vanishes.
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Therefore, we may use remark 5.3.6 along with (4.3.3) and (4.3.4) to obtain (4.3.1)

and (4.3.2) respectively. O

Lemma 4.3.7.

IVE(vo)|l < Ci - log|vo| N - [|vol| ™
fOT Vo = (y0720) c Slogfdist-

Proof. We follow the same notations we used in lemma 4.3.5. Then lemma 4.3.5

implies:
O(-, 1) B
VU(vy) = _d®(:, )" (vo) VB(v1)
(F(v1), VB(v1))
Therefore,
IVT()|| < V10[|d®(-, to) (vo) || - [[VB(v) ||
— IEG)I-IVB)I| - [ cos ]
_ V10[[d® (-, to) (Vo)
[E(v)ll - |cos 6] -

where the matrix norm is defined to be || - ||, the maximum absolute value of all

elements in the matrix; 6 is the angle between the vectors F' and VB.

In particular, notice that

(F(vy1),VB(v1)) = ((—y1, 211 — 21), (2y1, ﬁ»

2
2
z
= -2 +pa— 5
2
1 3
= —5(91 — )’ - éy%

< 0,
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hence cos @ is uniformly up-bounded by some negative constant, i.e. |cosf| > M; >

0.

Next, since vy satisfies B(vy) = 0,

1
[ F(vi)|l > My - N

for some constant My > 0. Moreover, according to lemma 4.3.4, we have

|d® (-, to)(vo)|| = 2t - ™™

N
< 4log |V°2| /IVoIN

Summing up the above inequalities, we proved the lemma. O

Lemma 4.3.8.

IH(2) (vo)|| < C2 - log® [vo| N - [|vol| 72,
fOT Vo = (y07 ZO) € Slog—dist'

Proof. Again lemma 4.3.5 states:

H(‘P)(V0> = V‘Il1<V0) : H(®1>(V0) + V\PQ<V0) : H(@g)(VQ)

+ d®(~,t0)T(vo)%(vl) D (- 10) (vo)
A0t () [ = o] o () - d( o))
A0t (ol s |1~ T | AF(V) - 00 t0) (v
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where ® = (&1, ®,), and VU = (VU VU,)T. We can further write V¥ in terms
of ® F, B, but there is no necesssity to do that here.

In order to estimate the norm for H(vy), it is sufficient to estimate the norm of
each term in the above expression, and the dominant term will determine the entire

one. Before estimation, we do some calculation for preparation:

Py (vo, to) = yoe
= H(P1)(vo) =0
CI)Q(V(), to) = (Qyot — Zo>€_t0

= H(@Q)(VO) = O,

thus the first two terms disappeared.

M; log |vo| N

(- to)(vo)ll < =50

VBF
- || <M
17 <F,VB)” =

[EV)ll > M- 5=
|dF(vi)] =2

IVB(v)| > My -

==

IH(B)(vi)ll =2,

for some constants My, My, M3, M, > 0.

Therefore, we see that each of the rest term has the same order. In particular, each
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term is up-bounded by

log® |vo|N

Mo -
0 Vo2 N2

N?,
whence the norm of H(W)(vy) is bounded by
Cy - log? [vo| N - ||vo| 2.
[

Now that we have completed the lemmas on geometric properties for process
{W;}, we move on to study some properties for the original process (X, YV ZV),
within Sjog _aist (lemma 4.3.9). Eventually we will combine them to deduce lemma

4.3.11.

Lemma 4.3.9. Suppose the process is inside Siog —dist, define the set of time stripes
To—{s: 27 < |vif <27},

where [logylog N1 <i < [logy N| — 1, ||vs|]* = YV? 4 ZN2,

Then we have max |T;| is O(1) in probability.

Proof. We consider the process U}¥ = 3Y,¥ + ZV which has negative drift which
is upper bounded by U} /6. U} is a pure jump markov process with jump rate
N. Let N(t) be the number of jumps between [0,¢], then N(t) ~ Pois(Nt). Fur-

thermore, we define V¥ be the discrete random walk embedded in U}. Namely,
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Uy = V]\],V(t),Vt. Before stating the proof in detail, note that we have the relation
between UN and ||v||:

Vel < U2 < 12f|wa?,

which indicates that instead of studying {7;}, we can equivalently estimate the

probability for max |7; | greater than some big constant, where
T, ={s:277' <UN <27}, [logylogN] <i < [log, N| — 1.

Therefore, WLOG, we prove max |7; | is O(1) in probability. Let 7; = inf{t : UN <

27} d; = it — i, [logylog N| < i < |logy N| — 1. The idea is to show
e maxd; is O(1) in probability;
o max;sup, <., U/¥/27" is O(1) in probability.

Then, the result follows since each 7; can cover at most constant number of time
intervals [1;, 7;41] and all d;’s are constant. We seperate the proof into four parts.

First, we show the following inequality:
P(ry > CN) < e N4 for some constant a > 0 (4.3.7)

where 7y = inf{k : V¥ < 4}, and Vj" = A for A between N~! and log™' N.
Define V¥ = V¥ + Zle M;, where M; corresponds to each jump.
According to table 4.2 and table 4.3 in chapter 4.1, we know that M; has the

following distribtution given current position (X,Y, Z);_1:

e —Z with probability (XY + X2 + 272) (14 0(5)) :=p_2;
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e —= with probability $XZ - (1+ O(%)) == p-1;

e + with probability (XY +3XZ) - (14 O(5)) == p1;
. % with probability %YZ- (1+ O(%)) = po;
e + with probability 2% (14 O(x)) := ps;

e () otherwise := py.

We claim: 36 > 0 such that:

A A /
E(e —)<1- for some constant M
( 2 ) — M/
uniformly with respect to i.
By definition, we have
A
E(e N 5) — poe N L e L p oy eN 4 pge!N Lt

A A
=1+ 0E(M|VE, > 5) +O@E(MFVE, > 5))

1—§VN+Oﬁlﬂ)
0 02
<1— oA+ O(554).

Here, the first inequality follows from the fact that UN’s drift is upper bounded by

—1U}, and the second inequality follows from the condition V;¥; > 2.

Therefore, if we let 6 = % for some large constant M, then since M; ~ i

Na

is small. Furthermore,

Yy<i- A 4o

Efe o TOGR) S




for some constants M > 0, we are done for the claim.
Therefore, if we pick such #, we have that

A
P(ry > CON) = P(V}N > 507k < CN)

CN-1 A
= P(Viy - H Loynsajy > 5)
k=0

CN CN-1 A
= P(Z M; - H Loynsajey > —5)
=1 k=0
on CN-1 .
— P(eez:i:l M; | H 1{VkN>A/2} > 6_07)
k=0
on CN-1
) A
< E(ee =1 M, H 1{VkN>A/2}) . 602
k=0
onor,,  ONCE A
_ 1
= B("Z= M T Lumsam BN VA, > 5)) - e
k=0
ono1y, O A
o, o
< B(efim M H 1{VkN>A/2}) (11— M’) e
k=0
S ......
A
< (1 . M)CN eﬁ
K CN,A
= (& M

which completes our proof of (4.3.7)
Second, we convert V¥ to U according to the relation UN = V]\J,V(t).
According to Chernoff bound argument, for any Possion random variable X ~

Pois(v), we have the bound for tail probability:

e " (ev)®

P(X <)<
'II

, forx<w.
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Let v = Nt,z = v/2, we obtain for UY,

P(# jumps < Nt/2 between [0,t]) < e " - (2¢)”

Therefore, P(# jumps > Nt/2) > 1 — (%)Nt/Q'

Combining the first two parts, we have

A
P(d;<2C)=P( inf UN<Z)

T <t<T;+2C - 2

> P(ry < CN|# jumps > CN) - P(# jumps > CN)

> (1 —e @M. (1 - (g) CN) ,

where A =27 i = [logylog N|,... |log, N| — 1.
Third, we show

_9,—2aC
P( max di<C)>e 2,
:N—1<2-i<log™!' N

We do the calculation as follows:

P( max d < C)=]]Pdi<C)

i:N—-1<2-i<log" ' N
9\ CN/2 ,
> 1—(= (1 — e ON2Y L (4.3.8
=11 ( (%) ) (1- )| (438)

Taking logarithm of (4.3.8), we obtain

Z llog (1 - (g) CN/Q) +log (1 - G_QCN/W)] ~ = Z [(g) L e—aCN/Z"]

2 CN/2 6—2aC
_loeN-|[Z -
log (e) 1 — e 2aC

> —2¢72%¢  for large constant C,

v
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which completes the proof for the third part.

Finally, we show

P( sup UN<(CM +1)-27"Vi=[logylogN],...|log, N| —1) > e *

TiStSTipn

Notice that from the first part of the proof we can pick 6§ = % such that eV

is a non-negative supermartingale due to U has negative drift, we apply Doob’s

ouN

maximal inequality to e within each time interval [7;, 7;11], we obtain

P( sup UN>(CM+1)-27)=P( sup e > HOMED2T

7 <t<Tit1 7 <t<Tit1

B(™7)
= ef(CM+1)-2-7

6—90A42*

IN

_ —i
e CN2 ]

Therefore,

P( sup UN <(CM +1)-27"Vi=[logylog N],...|log, N| —1)

Ti<t<Tiy1

_HP sup UN < (CM +1)-27%

T <t<Ti41
> H e~CON2T (4.3.9)

Taking logarithm of (4.3.9), we have

Z log (1 B 670N2*i) ~ _ ZechZ*i

[log, log N<i<[|logy N|—1

6_20

11—

v

> —2¢72¢  for larget constant C,
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which completes the proof for the last part.

To sum up, we reach our conclusion that max |7;] is O(1) in probability. O

Remark 4.3.10 (IIT). When the process enters Sp, we verify that it takes O(1) time
to reach (1,0,0).

Inside Sp, the possible value set for UY is { Following exactly the

NN N
same arguemts in lemma 4.3.9, we see that, in probability, it takes O(1) time for

N
the pure jump process to reach UTO < Since each jump step is a multiple of 1/N,

1
N

Uy . .
we see that when the process goes below =~ it reaches termination.

It is time to add up all the above 5 lemmas to verify statement II as below:

Lemma 4.3.11 (II). W, = log N + O(1) in probability given the starting point

(20, Y0, 20) € OSiog —dist-
Proof. First, for convenience, we denote v; = (Y}, ZN). Note that v; is a pure
jump markov process, by definition 4.1.1, we can write

vi(w) = vo(w) + > A(vs(w)),

jump happens at s(w) < t

then for W(.),

Y (vi(w)) = ¥(vo(w)) + > AV(vy(w)),

jump happens at s(w) <t

where AV (vy(w)) = ¥(ve(w)) — ¥(vye-(w)). In the below, we will use notations

without w for convenience.
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We write W, = My+A,, where A, = [ N-[ [(W (v, + A(v,)) — U(v))dvs(A(vs))] ds+
t. Recall the N term in the formula for A; is the transition rate for the original

process. Notice that

E(Mt|f5) - E(Wt - At’Fs)

= () - [ N [+ 8000 - a0 iz

BU(v)|F,) - (/ [) B [+ s - v awiz]

—ue) = N [ e 80 - wivania )| ar

So {M,} is a local martingale.
Next, we calculate and estimate A; by seperating the process in terms of which
strip the current position is located. In particular, we consider the time stripes as

defined in lemma 4.3.9:
Ti={s:27"<|v] <27}, N '<27"<log'N.
Then,

A= [ ] [ 800 - v as

[ A - ) s+ 17
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Within 7;, according to Taylor expansion, we have:

v/ [0 A wvan(a )| ds + 171
N /T [ / (W(vs)-A<vs)+7zs>dys(a<vs))] ds + /T ds
:/Ti(V\IJ(VS)~,uS(VS)+1)ds+N[E {/deys@(vs))] ds
= [ (9900 Flv) + 14 9w = ) )s + N [ [ R as

(4.3.10)

where by (4.2.1),
(s = F)(va) = (Y + 2)%, =Y* = (Y + 2)")s - (1 + 0(%));

and
Rs:=U(vs+ A(vy)) — U(vy) — VIU(vy) - A(vy)
is the residual part in the Taylor expansion beyond the linear term.

We claim: VU(vy) - F(vs)+1=0, Vs.

By lemma 4.3.5, we have

(-, 1,)"(v,)VB(v)
(F'(v1), VB(v1))

VU¥(vy) =

ets 2tets 5 -
-~ 2, 2 2 — ) - 2 2
0 et

—ts 2

_ . ze z
= (2y1e b p 2te s, 1T)t/(2yf — 121+ 51)

Recall that y; = yse " and 21 = (2usts + 25)e™ ", so we have ys = elyp,z, =
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z1ets — 2y tgels. Therefore,

2 Z%
5)

ze " ts
VU(vy) F(ve) = (—ys, 205 — 25) - (2yie™" + zt e, = 5 )"/ 2yt — iz +

—2yyse "t — ystse Tz yse oz — zge Ttz /2
2y? — 121 + 23/2

—2y? 4+ 121 — 21/2

208 — 121 + 212

=—1

)

we proved the claim. Thus (4.3.10) becomes

/Tiw(vs) (s = F)(vs)ds + N/Ti [/RSdVS(A(VS))} ds. (4.3.11)

For the first part of (4.3.11), lemma 4.3.7 indicates:
/TV‘I’(VS) (s = F)(vs)ds < sup [V (v)]| - (e = F)(vs)l - [Tl

< sup5C; - log [ve|N - [[ve]| =+ [[vell® - | T3

teT;

<5C;log N - 27"t |T)). (4.3.12)

For the second part of (4.3.11), according to Taylor inequality, we have

N/ [/Rdus (vs)) }ds

= sup  |H@)(vy)]|-N- / (AYN)? +2AYNAZY + (AZNYF,)ds
QteT T Tit

I/\

< s [H@)N- / E((AYN)? + (AZY )| F.)ds
teTi—1,Ti,Tit1 T:

= s [H@) / (VM) 1 0*(ZN)ds,
teTi—1,Ti,Ti+1 T
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where the right-hand-side of the first inequality is due to the fact that the norm of
the position after one jump from v; such that 27 < ||v¢| < 27"! will be within
27771, 2772) The reason is that one jump can at most change the norm by +
which is smaller than any of 27%,i = [log,log N |, - - |log, N].

Recall from (4.1.2), we have:
1 1
oMY, Z) = XY +2YZ + 27°,2XY +2YZ +2XZ + Z%); + O(+3)-

If we write it in terms of Y and Z using the equation X + Y + Z = 1, we obtain:

1

Y. ) =

1
Y =Y?+YZ+22°2Y +22 —-2Y*-2YZ — Z°), + O(m),

which implies

1

YY)+ P (Z) < 22

within 7;; and lemma 4.3.8 indicates:

sup |H(D) (vy)| < sup Cy-log? [vi|N-||vi|| 72 < Cy-log® 272 N . 22142,
teTi—1, T, Tit1 teTi—1,Ti,Tit1

Therefore,
2! -
N / [ / deus(A(Vs))} ds < 160, - 5 -log? 2 12N - |Ti|. (4.3.13)
Ti

By lemma 4.3.9, we know that the time for {V;, ZN} staying in 7; for any i is

O(1) in probability, and notice that we only need 7;’s for 27% > <+ because we only

L
N

consider the process W, until time 7j,,. So adding up (4.3.12) and (4.3.13) we obtain
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an upper bound for A; as follows:

. 21 .
A, <C Z 27 log N + - log? 27" 2N
:N—1<2-i<log™! N
ac i : 2
<20+ > 2 (log N —ilog2) (4.3.14)
i2=i>2

where C' is some constant, and 0 <t < 7.

Denote k =log, N, then log?2 - k =log N. We claim that
k-1
Z 2'(log N — ilog2)?
=0

is up-bounded by C" - n, for some constant C’, which is sufficient to verify (4.3.14)

being bounded by some constant.

We have
k—1
Z 2'(log N — ilog2)?
=0
k—1 k—1 k—1
= 2 -log’ N —2log2log N' Y i-2' +1log*2) i*-2'
=0 i=0 =0

= (2" — 1) log® N — 2log2log N ((k — 2)2" + 2) + log? 2((k* — 4k + 6)2" — 6)
= —log”? N — 4log2log N + 6log®2 - 2¥ — 61og” 2
=6log*2- N —1log*? N — 4log2log N — 6log*2

< C'N. (4.3.15)

Thus, we have shown A; = O(1). Therefore, A, = O(1) in probablity.

Tlog

Next we claim that the quadratic variation for M; is also bounded by O(1).
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According to [Fox16], we have
t
(M), = / o2(M)ds, and (M) = N - E[A2(M)|F).
0

We calculate o7(M) first, for ¢ in some 7;. Notice that process A; contains no

jumps, we have the following:

of (M) = N - E[A{(M)| F]
= N E[A}(D)|F

< sup  [[VU(vy)|?- N - E[(AYN + AZY)?F
t€Ti—1,7Ti,Tiv1

< sup  [[VU(vy)|?-2N - E[(AYY)? + (AZ]))?| A
teTi—1,7Ti,Tiv1

= sup  [[VU(v)|?-2- (0®(Y) + 0*(2)))
teTi—1,7T:,Tiv1

1 .
< sup Oy -log? |[vi N - ||ve] 722 N-Q-T’H
teTi—1,T:,Tit1
, 9t
<320, -log® 272N . ¥ (4.3.16)

where the first inequality follows the same reason as the estimation for residual R

in previous proof.
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Next, using (4.3.16), we obtain the upper bound on (M ),:
t
(M), = / o2(M)ds
0

= /T o?(M)ds

i~ 1
3:2 ZZN

% Z 2¢ . 1log® 272N

270>

IN

= 0(1), (4.3.17)

where the last equation comes from (4.3.15), using which we verified 4; = O(1) as
well.

= O(1) implies bounded variance, i.e. E(M.

Tlog

Finally, let t = 7joq, since (M)

Tlog

My)? < C, for some constant C, > 0, applying Doob’s maximal inequality, we ob-

tain

|9

P(|My,, — Mo| > L) < P( sup |M; — Mo| > L) < ; (4.3.18)
0< <m0y L
Therefore, Ve > 0, let L = %, (4.3.18) implies
P(|My,, — Mo| > L) <, (4.3.19)
namely, |M,,, — My| = O(1) in probability. Thus we have
Whee = Mr,, + Ar,, = Mo+ O(1) =log N + O(1) in probability,

where the first equality is by definition; the second one is from (4.3.15) and (4.3.19);

the third one is from lemma 4.3.4.
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So far, remark 4.3.10 plus lemma 4.3.11 completes the arguments for IT and III.
Finally, combining with chapter 4.2, we have proved I, II, III, whence we com-

plete our proof for theorem 3.1.3.
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