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What are Partitions?



What are Partitions?
A partition          is a sequence of nonnegative integers  
 
with
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Why Partitions?

• Index conjugacy classes and irreducible representations of Sn 

• Signatures of irreducible polynomial representations of GLn 

• Basis for the ring of symmetric functions 

• Connections to Lie algebra identities 

• Arise in physics  
(ex: Baxter’s solution of the hard hexagon model)



q-Binomial coefficients

This is also the q-binomial coefficient 

They 

• Count  -dimensional subspaces of  

• Count lattice paths taking fixed # of north and east steps 

• Appear in statistical tests (Wilcoxon rank sum test)

Nn = # partitions of n
Nn(m) = # partitions of n with at most m parts

Nn(`,m) = # partitions of n with at most m parts of size `
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History of Partitions
Partitions w/ restricted parts and sizes studied at least as far back as 
Bishop Wibold of Cambrai (c. 965) in the context of dice 

Leibniz appears to be first interested explicitly in partitions (“divulsions”) 

(Excerpt from 1745 printing of Leibniz-Bernoulli letters)



Generating Function

First major results by Euler in 
1748, using generating function

1X

n=0

Nnq
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Euler’s use of generating functions was 
the most important innovation in the 
entire history of partitions. Almost every 
discovery in partitions owes something to 
Euler’s beginnings. - George Andrews





History
In 1856, Cayley conjectured that for fixed       the sequence       
is unimodal: 
 
 
Proven by Sylvester via representation theory of sl2 
Several modern proofs, none asymptotic - none with good bounds

`,m
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History
(Pak and Panova 2013)  
q-binomial coefficients are strictly unimodal 
 
Authors later showed 
 
 
 
Use that

Nn(`,m)�Nn�1(`,m) � 0.004
2
p
s

s9/4
, s = min{2n, `2,m2}
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Kronecker coefficient (describes decomposition of tensor product of two reps of Sn).  
Geometric complexity theory relies on (conjectured) ability to show positivity in poly time.
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Asymptotics
Herschel (1818), Cayley (1855), Sylvester (1882)  
Asymptotics of           for small fixed m  
Easy using partial fraction decomposition 

Hardy and Ramanujan (1918) 
Asymptotics of      (w/ error tending to 0) 

 
 
Rademacher (1937) 
Convergent series expansion of

Nn
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Asymptotics of Nn(m)
Erdös and Lehner (1941)  
 

Szekeres (1953) 

 

Nn(m) ⇠ nm�1

m!(m� 1)!
for m = o(n1/3)
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Asymptotics of Nn(l,m)
Mann and Whitney (1947) 
Size of a uniform random partition in a rectangle satisfies a 
normal distribution  

Takács (1986) 

 
when 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Asymptotics of Nn(l,m)



Our Results
We give asymptotics in all cases where a limit shape exists 
 
 
Given A and B, let c and d be defined from  
 
 
 
 
 
 

`/m ! A and n/m2 ! B
<latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit>

A =

Z 1

0

1

1� e�c�dt
dt� 1 =

1

d
log

✓
ec+d � 1

ec � 1

◆

B =

Z 1

0

t

1� e�c�dt
dt� 1

2
=

d log(1� e�c�d) + dilog(1� e�c)� dilog(1� e�c�d)

d2
<latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit>



Our Results
We give asymptotics in all cases where a limit shape exists 
 
 
Given A and B, let c and d be defined from  
 
 
 
 
 
 

`/m ! A and n/m2 ! B
<latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit>

A =

Z 1

0

1

1� e�c�dt
dt� 1 =

1

d
log

✓
ec+d � 1

ec � 1

◆

B =

Z 1

0

t

1� e�c�dt
dt� 1

2
=

d log(1� e�c�d) + dilog(1� e�c)� dilog(1� e�c�d)

d2
<latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit>



Our Results
We give asymptotics in all cases where a limit shape exists 
 
 
Given A and B, let c and d be defined from  
 
 
 
 
 
 
and set

`/m ! A and n/m2 ! B
<latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit>

A =

Z 1

0

1

1� e�c�dt
dt� 1 =

1

d
log

✓
ec+d � 1

ec � 1

◆

B =

Z 1

0

t

1� e�c�dt
dt� 1

2
=

d log(1� e�c�d) + dilog(1� e�c)� dilog(1� e�c�d)

d2
<latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit>

� :=
2Bec(ed � 1) + 2A(ec � 1)� 1

d2(ed+c � 1)(ec � 1)
� A2

d2
<latexit sha1_base64="XbUYaARj317GaX3iT1bEiXluhWs="></latexit><latexit sha1_base64="XbUYaARj317GaX3iT1bEiXluhWs="></latexit><latexit sha1_base64="XbUYaARj317GaX3iT1bEiXluhWs="></latexit><latexit sha1_base64="XbUYaARj317GaX3iT1bEiXluhWs="></latexit>



Our Results
We give asymptotics in all cases where a limit shape exists 
 
 
Given A and B, let c and d be defined from  
 
 
 
 
 
 
and set

`/m ! A and n/m2 ! B
<latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit><latexit sha1_base64="g06tK3hfWg4yA3fvD48xLmxQL7Y="></latexit>

A =

Z 1

0

1

1� e�c�dt
dt� 1 =

1

d
log

✓
ec+d � 1

ec � 1

◆

B =

Z 1

0

t

1� e�c�dt
dt� 1

2
=

d log(1� e�c�d) + dilog(1� e�c)� dilog(1� e�c�d)

d2
<latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit><latexit sha1_base64="Z9ZzWOdTvX3oTBQIafBENEWwUKY="></latexit>

Sufficient to consider 
A � 2B

<latexit sha1_base64="PGYg3ALmilytXkQb17UipV2Z0ow="></latexit><latexit sha1_base64="PGYg3ALmilytXkQb17UipV2Z0ow="></latexit><latexit sha1_base64="PGYg3ALmilytXkQb17UipV2Z0ow="></latexit><latexit sha1_base64="PGYg3ALmilytXkQb17UipV2Z0ow="></latexit>



Our Results
Theorem (M., Panova, Pemantle 2018) 
Let K be a compact subset of   
As              and l and n vary so that (A,B) remains in K, 
 
 
 
where c and d vary in a Lipshitz manner with (A,B) 

Our methods allows us to determine the expected limit curve

{(x, y) : x > 2y > 0}
<latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit><latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit><latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit><latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit>

m ! 1
<latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit><latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit><latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit><latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit>

A = `/m

B = n/m2
<latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit><latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit><latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit><latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit>

Nn(`,m) ⇠ em[cA+2dB�log(1�e�c�d)]

2⇡m2
p
� (1� e�c) (1� e�c�d)

<latexit sha1_base64="0kpST9ywkTaBBQ7R0Xs0DwmfjzM="></latexit><latexit sha1_base64="0kpST9ywkTaBBQ7R0Xs0DwmfjzM="></latexit><latexit sha1_base64="0kpST9ywkTaBBQ7R0Xs0DwmfjzM="></latexit><latexit sha1_base64="0kpST9ywkTaBBQ7R0Xs0DwmfjzM="></latexit>





Our Results
Theorem (M., Panova, Pemantle 2018) 
Let K be a compact subset of   
As              and l and n vary so that (A,B) remains in K, 
 
 
 

This gives a significant asymptotic generalization of Sylvester’s 
unimodality theorem 

{(x, y) : x > 2y > 0}
<latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit><latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit><latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit><latexit sha1_base64="lgbpVovSGWqAD2GL6O4nsYcAOeQ="></latexit>

m ! 1
<latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit><latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit><latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit><latexit sha1_base64="uF+n7TK1/07WxlfmGTsVF+tEHL4="></latexit>

A = `/m

B = n/m2
<latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit><latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit><latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit><latexit sha1_base64="Jqzy6u0IeSf1QqKS3S5dLzlcQUY="></latexit>

Nn+1(`,m)�Nn(`,m) ⇠ d

m
Nn(`,m)

<latexit sha1_base64="/0D+Ns+R/ZxJSvwq2fIZ0JvxqOY="></latexit><latexit sha1_base64="/0D+Ns+R/ZxJSvwq2fIZ0JvxqOY="></latexit><latexit sha1_base64="/0D+Ns+R/ZxJSvwq2fIZ0JvxqOY="></latexit><latexit sha1_base64="/0D+Ns+R/ZxJSvwq2fIZ0JvxqOY="></latexit>



RANDOM GENERATION  
AND  

LOCAL LIMIT THEOREMS



Encoding by Gaps
Fix partition                        and define  
A partition is uniquely determined by its gaps 

 

� = (�1, . . . ,�m)
<latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit><latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit><latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit><latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit>

�0 := `, �m+1 := 0
<latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit><latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit><latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit><latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit>

xj := �j � �j+1 � 0
<latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit><latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit><latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit><latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit>



Encoding by Gaps
Fix partition                        and define  
A partition is uniquely determined by its gaps 

 
Being in the rectangle corresponds to

� = (�1, . . . ,�m)
<latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit><latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit><latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit><latexit sha1_base64="4O1n0hJ1H3OHiP/bYgd9M6AuZvI="></latexit>

�0 := `, �m+1 := 0
<latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit><latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit><latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit><latexit sha1_base64="u7hOVu3chAc+1zYA3KBWxC2Optc="></latexit>

xj := �j � �j+1 � 0
<latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit><latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit><latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit><latexit sha1_base64="yTYBbLEpjoCktvA1do0rBUSB7i0="></latexit>

mX

j=0

xj = `

<latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit>

mX

j=0

jxj = n

<latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit>



Encoding by Gaps
This is a bijection: given                      with 

 
 
the partition with                                  is in the rectangle.  

 
Suppose we want to generate a partition uniformly at random 
Generate a non-negative tuple subject to 

mX

j=0

xj = `

<latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit>

mX

j=0

jxj = n

<latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit>

x0, . . . , xm � 0
<latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit><latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit><latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit><latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit>

(?)
<latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit>

�j = `� x0 � · · ·� xj�1
<latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit><latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit><latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit><latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit>

(?)
<latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit>



Encoding by Gaps
This is a bijection: given                      with 

 
 
the partition with                                  is in the rectangle.  

 
Suppose we want to generate a partition uniformly at random 
Generate a non-negative tuple subject to 
 
Random var X has geometric distribution with parameter p if

mX

j=0

xj = `

<latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit><latexit sha1_base64="4B5a9rFONqSt2ZbGhU0YMaFKZXE="></latexit>

mX

j=0

jxj = n

<latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit><latexit sha1_base64="dTOeY2NEydkhhZ9VkCf3tEOuKjc="></latexit>

x0, . . . , xm � 0
<latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit><latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit><latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit><latexit sha1_base64="kFCA6AAFkNDjmqMuItJw5i0LAxg="></latexit>

P(X = k) = p · (1� p)k, k = 0, 1, . . .
<latexit sha1_base64="VDe1U0WGHprtgh3AYEKVnAfCdhA="></latexit><latexit sha1_base64="VDe1U0WGHprtgh3AYEKVnAfCdhA="></latexit><latexit sha1_base64="VDe1U0WGHprtgh3AYEKVnAfCdhA="></latexit><latexit sha1_base64="VDe1U0WGHprtgh3AYEKVnAfCdhA="></latexit>

(?)
<latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit>

(?)
<latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit>

�j = `� x0 � · · ·� xj�1
<latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit><latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit><latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit><latexit sha1_base64="wwPq4ln0vUynuHlsa/dBL8tGd8U="></latexit>



Rejection Sampling
Suppose                         satisfies       
                                     RV geometrics with parameters 

 
Then 

 
 

x = (x0, . . . , xm)
<latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit><latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit><latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit><latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit>

(?)
<latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit>

X = (X0, . . . , Xm)
<latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit><latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit><latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit><latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit>

p0, . . . , pm
<latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit><latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit><latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit><latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit>

P(X = x) = (p0 · · · pm)(1� p0)
x0 · · · (1� pm)xm

<latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit><latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit><latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit><latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit>



Rejection Sampling
Suppose                         satisfies       
                                     RV geometrics with parameters 

 
Then 

 
 
If                       , 
 
 
 
Independent of x!

x = (x0, . . . , xm)
<latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit><latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit><latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit><latexit sha1_base64="9FHaNUCAYaHq1WW/BvPEVEmhL/A="></latexit>
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<latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit><latexit sha1_base64="hW4AlRDdvlEEmJQ3Cohi5M3ArGU="></latexit>
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<latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit><latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit><latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit><latexit sha1_base64="PzX2QJ0OWW7kZpuoKtnBUWPGGC4="></latexit>

p0, . . . , pm
<latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit><latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit><latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit><latexit sha1_base64="E5RMGDgmRTdAHAfMkJoS8spY5uk="></latexit>

P(X = x) = (p0 · · · pm)(1� p0)
x0 · · · (1� pm)xm

<latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit><latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit><latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit><latexit sha1_base64="1MZM/O0//h5yqNQOzSzwqR62ac8="></latexit>
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<latexit sha1_base64="85haFpjhg+GB0XbQmIRhcibF+kw="></latexit><latexit sha1_base64="85haFpjhg+GB0XbQmIRhcibF+kw="></latexit><latexit sha1_base64="85haFpjhg+GB0XbQmIRhcibF+kw="></latexit><latexit sha1_base64="85haFpjhg+GB0XbQmIRhcibF+kw="></latexit>
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<latexit sha1_base64="vyL23q9VSve1NMu/gCPLEGkyyfg="></latexit><latexit sha1_base64="vyL23q9VSve1NMu/gCPLEGkyyfg="></latexit><latexit sha1_base64="vyL23q9VSve1NMu/gCPLEGkyyfg="></latexit><latexit sha1_base64="vyL23q9VSve1NMu/gCPLEGkyyfg="></latexit>



Rejection Sampling
Thus, to randomly sample a partition in a box we can sample the 
RVs X until we get a sequence satisfying  

 
But which distribution should we use?
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` = E [Sm] n = E [Tm]
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2 +O(m)
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` = (A� 1)m+O(1) n = (B � 1/2)m2 +O(m)
<latexit sha1_base64="Gz3AMkeKJKGH0HIk6b/EsjUdtM4="></latexit><latexit sha1_base64="Gz3AMkeKJKGH0HIk6b/EsjUdtM4="></latexit><latexit sha1_base64="Gz3AMkeKJKGH0HIk6b/EsjUdtM4="></latexit><latexit sha1_base64="Gz3AMkeKJKGH0HIk6b/EsjUdtM4="></latexit>



To Counting
If x satisfies      then               is constant  
Thus, 

 

(?)
<latexit sha1_base64="oCqxNbPQ/74EqiI6RU6MoBcBq1c="></latexit><latexit sha1_base64="oCqxNbPQ/74EqiI6RU6MoBcBq1c="></latexit><latexit sha1_base64="oCqxNbPQ/74EqiI6RU6MoBcBq1c="></latexit><latexit sha1_base64="oCqxNbPQ/74EqiI6RU6MoBcBq1c="></latexit>
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<latexit sha1_base64="4IDu/5/gp/wVP4zcTzlGCuCrow4="></latexit><latexit sha1_base64="4IDu/5/gp/wVP4zcTzlGCuCrow4="></latexit><latexit sha1_base64="4IDu/5/gp/wVP4zcTzlGCuCrow4="></latexit><latexit sha1_base64="4IDu/5/gp/wVP4zcTzlGCuCrow4="></latexit>
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<latexit sha1_base64="rgLSCz+Yurtv6riBEhSy+UYyoa8="></latexit><latexit sha1_base64="rgLSCz+Yurtv6riBEhSy+UYyoa8="></latexit><latexit sha1_base64="rgLSCz+Yurtv6riBEhSy+UYyoa8="></latexit><latexit sha1_base64="rgLSCz+Yurtv6riBEhSy+UYyoa8="></latexit>
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Local Central Limit Theorem
Let 

 
Then

� 2 (0, 1/2]

Xj = geo w/ parameter pj 2 [�, 1� �]

M = covariance matrix for (Sm, Tm)

µ = E [Sm] ⌫ = E [Tm]

p(a, b) = P [(Sm, Tm) = (a, b)]

N (a, b) =
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2⇡(detM)1/2
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1
2 (a�µ,b�⌫)M�1(a�µ,b�⌫)T
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Conclusion
Partitions are classical objects, appearing all over mathematics 

We give the first asymptotics of partitions in a rectangle for the 
general regime where a limit shape exists 

Can we use these methods to derive new results on other kinds of 
partitions?



THANK YOU!

Counting partitions in a rectangle 
S. Melczer, G. Panova and R. Pemantle  
Submitted May 2018  
arxiv.org/abs/1805.08375




