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Basics of Analytic Combinatorics
There are deep links between analytic properties of a 
generating function and asymptotics of its coefficients. 

If                         is analytic at the origin, then CIF implies 

 
 
where C is a sufficiently small circle around the origin 
 
 
There are uniform treatments for functions satisfying (algebraic,  
differential, …) equations of different forms. Can be linked to 
different combinatorial behaviours.



Multivariate Rational Diagonals
Idea: Use a multivariate rational function                            to 
encode sequences 

 

z z z

 Example (Main Diagonal) 
 The main diagonal sequence consists of the terms   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Multivariate Rational Diagonals
Idea: Use a multivariate rational function                            to 
encode sequences 

 

z z z

 Example (Apéry) 
     

 Here                   determines Apéry’s sequence, related to his  
 celebrated proof of the irrationality of       .  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In general, the r-diagonal of F forms the coefficient sequence of 
 
 
 
 
A priori, the coefficient       is only nonzero if  
In particular, this sequence is only non-trivial when  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In general, the r-diagonal of F forms the coefficient sequence of 
 
 
 
 
A priori, the coefficient       is only nonzero if  
In particular, this sequence is only non-trivial when  
The CIF has a (somewhat) natural generalization  
 
 
 
 
The field of analytic combinatorics in several variables (ACSV) uses 
this expression and singularity analysis to determine asymptotics
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Analytic Combinatorics in Several Variables

Singularities of                            form algebraic set  
 
Easiest cases:  
• A finite set of singularities determines asymptotics of the  

 r-diagonal 
• A local analysis of F at these points can be automated, and 

effective methods have been developed 

 
Difficulties:  
• An infinite number of singularities to consider 
• Geometry of singular set determines type of singularity 
• Singularities of multivariate functions can be very complicated
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Analytic Combinatorics in Several Variables

Theory developing rapidly



Generic Asymptotics
For “generic” directions r asymptotics have a uniform expression 
varying smoothly with r staying in fixed cones of  
 
 
Thus, one can define asymptotics for any (generic) direction  
as a limit! 
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2D Example
Let  
 
 
 
Then                      satisfies

F (x, y) =
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Asymptotic Regime Change
The exponential growth of                       varies smoothly with  
      , so scale by the exponential growth. 

For our example, around               the remaining terms go from 
decaying as           to being the constant 2. 
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Asymptotic Regime Change
The exponential growth of                       varies smoothly with  
      , so scale by the exponential growth. 

For our example, around               the remaining terms go from 
decaying as           to being the constant 2. 

How does this transition occur? 
It makes sense to look at the transition on the square-root scale 
 
 
                                   for  
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Asymptotic Regime Change
The exponential growth of                       varies smoothly with  
      , so scale by the exponential growth. 

For our example, around               the remaining terms go from 
decaying as           to being the constant 2. 

How does this transition occur? 
It makes sense to look at the transition on the square-root scale 
 
 
                                   for  

 
First step: Get data for our example!
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Experimental Data
How do we usually generate        for large n?  

Theorem (Christol, Lipshitz): The sequence       satisfies a 
linear recurrence relation with polynomial coefficients. 

There are effective algorithms (Lairez / Bostan, Lairez, Salvy) for 
determining such a recurrence and practical implementations 
(Best: Lairez’s MAGMA package, Also Good: Koutschan’s 
Mathematica package) 
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Experimental Data
How do we usually generate        for large n?  

Theorem (Christol, Lipshitz): The sequence       satisfies a 
linear recurrence relation with polynomial coefficients. 

There are effective algorithms (Lairez / Bostan, Lairez, Salvy) for 
determining such a recurrence and practical implementations 
(Best: Lairez’s MAGMA package, Also Good: Koutschan’s 
Mathematica package) 

Problem #1: Singly exponential complexity which increases 
with the numer/denom of  .’s coordinates 

Problem #2: We need truly multidimensional data
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Computing Coefficients
With Kevin Hyun and Éric Schost: 
Efficient algorithm for generating terms of multivariate rational 
function (right now only in bivariate case) 

Idea: Each section                     is a rational function 

Can find      using fast interpolation procedures 

Since denominator is a power of a fixed polynomial, can 
find terms in good complexity using work of Hyun, M., 
Schost, and St-Pierre 
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Very efficient implementation in C++ using Shoup’s NTL library





Asymptotic Transition For Our Example
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A Gaussian error curve!
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Final term calculated (5501 bits)
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Transition in this Example
Integral manipulations show



Transition in this Example
Integral manipulations show



General (Linear) 2D Transition

Theorem (Baryshnikov, M., Pemantle):  This error function 
appears more generally. For instance, suppose 

For “non-generic” directions where asymptotics are determined by 
a singularity     there exist explicit constants              and            
such that

v 2 R2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�nr+t
p
nv ·

h
znr+t

p
nv

i
F (z) ⇠ A · erf (Bt) +A

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A,B 2 R
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F (x, y) =
G(x, y)

`1(x, y)`2(x, y)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Example #2
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CONCLUSION



Conclusion
• ACSV developing rapidly 

• Diagonals are data structures for univariate sequences, but ACSV   
 also allows for treatment of truly multivariate questions 

• Now that “generic” behaviour is starting to be figured out, time to  
 branch out to more pathological cases 

• Perhaps most interesting, we can examine how behaviour transitions 
between different uniform regimes 

• Still many ways to generalize, and lots more to come!



THANK YOU!

Asymptotics of multivariate sequences IV: generating 
functions with poles on a hyperplane arrangement.  
Y. Baryshnikov, S. Melczer, and R. Pemantle.  
In preparation.

Please contact me if interested in knowing more!



After introducing negligible error terms, some residue computations 
reduce dominant asymptotics to finding asymptotics of a Fourier-
Laplace integral 
 
 
 
 
where             and     is a symmetric positive definite matrix  
 
 
 
Terms in such an asymptotic expansion are known explicitly.

Asymptotics in Generic Directions
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In “non-generic” directions, one is not allowed to do all the necessary  
residue computations needed to reduce to a Fourier-Laplace integral,  
while still having acceptable error bounds 

One ultimately obtains a modified expression of the form 

 
where            . 

 
These “negative Gaussian moments” seem to be much less studied 
(one dimension is easy, otherwise ad hoc using e.g. int. by parts)

Asymptotics in Non-Generic Directions
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